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Thank you for inviting me to give this talk!
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Reeb vector fields

Let Y be an oriented 2n — 1 dimensional manifold.

@ A contact form on Y is a differential one-form satisfying
AN (dN)" 1> 0.

One can think of this as an odd-dimensional analogue of a
symplectic form.
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symplectic form.

@ A contact form determines a canonical vector field, called the
Reeb vector field, by the equations

One would like to better understand the dynamics of the Reeb
vector field (e.g. geodesic flows, autonomous Hamiltonian systems)
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The Weinstein conjecture

An important conjecture about Reeb vector fields is the following,
due to Weinstein in the late 70s:
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The Weinstein conjecture

An important conjecture about Reeb vector fields is the following,

due to Weinstein in the late 70s:

Weinstein Conjecture

IfY is a closed manifold with a contact form, then the Reeb vector
field always has at least one closed orbit.

A closed orbit of the Reeb vector field is called a Reeb orbit.
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Progress!

Here are some seminal results about the Weinstein conjecture:
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Here are some seminal results about the Weinstein conjecture:

o (Viterbo, '87) The Weinstein conjecture holds for “closed
hypersurfaces of contact type” in R?”
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Progress!

Here are some seminal results about the Weinstein conjecture:

o (Viterbo, '87) The Weinstein conjecture holds for “closed
hypersurfaces of contact type” in R?" .

@ (Hofer, '93) In dimension 3, if the contact structure is
“overtwisted”, or if mo(Y) # 0, or if Y is diffeomorphic to S>,
then there is a contractible Reeb orbit .

o (Taubes, '07) The Weinstein conjecture holds in dimension 3 .

The rest of this talk will be about the three-dimensional Weinstein
conjecture and its generalizations.
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Proof of the Weinstein conjecture

Here is a very rough strategy for proving the three-dimensional
Weinstein conjecture that is related to Taubes’ proof. The ideas
behind this type of argument go back to Floer, Hofer, Eliashberg,

Taubes, and others.
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@ Step 1. Define a chain complex C.(Y, \) that is generated by
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Embedded contact homology

(Step 1: Define a chain complex that is generated by Reeb orbits)
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Embedded contact homology

(Step 1: Define a chain complex that is generated by Reeb orbits)

@ Hutchings: The embedded contact homology ECH(Y, \) is
the homology of a chain complex generated by certain finite
sets {(a;, m;j)} such that «; is an embedded Reeb orbit and

m; 1S a nonnegative integer.
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Embedded contact homology

(Step 1: Define a chain complex that is generated by Reeb orbits)

@ Hutchings: The embedded contact homology ECH(Y, \) is
the homology of a chain complex generated by certain finite
sets {(a;, m;j)} such that «; is an embedded Reeb orbit and
m; 1S a nonnegative integer.

@ The chain complex differential counts “ECH index 1"
J-holomorphic curves in the symplectization R x Y. The ECH
index is the key nontrivial component of the definition of ECH.
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A surprising relationship

(Step 2: Show that the homology of this chain complex only
depends on Y and not on ).
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A surprising relationship

(Step 2: Show that the homology of this chain complex only
depends on Y and not on ).

Theorem 1 (Taubes)

There is a canonical isomorphism of graded abelian groups
ECH,(Y,)\) ~ HM ™ (Y),

between ECH and the “Seiberg-Witten Floer cohomology” defined
by Kronheimer and Mrowka.
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A surprising relationship

(Step 2: Show that the homology of this chain complex only
depends on Y and not on ).

Theorem 1 (Taubes)

There is a canonical isomorphism of graded abelian groups
ECH,(Y,)\) ~ HM ™ (Y),

between ECH and the “Seiberg-Witten Floer cohomology” defined
by Kronheimer and Mrowka.

This also implies nontriviality (step 3). Nontriviality of
Seiberg-Witten Floer cohomology is known by work of Kronheimer

and Mrowka. Actually they show that mﬂ_*(Y) has infinite rank
as a Z-module.
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Improved lower bounds

This is not quite Taubes’ proof, which just uses Seiberg-Witten
theory.
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This is not quite Taubes’ proof, which just uses Seiberg-Witten

theory. However, embedded contact homology can be used to say
more about the Reeb flow.
For example:

Dan Cristofaro-Gardiner Reeb dynamics in dimension 3
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This is not quite Taubes’ proof, which just uses Seiberg-Witten

theory. However, embedded contact homology can be used to say
more about the Reeb flow.
For example:

@ (Hutchings, Taubes, '09) Any nondegenerate contact form on

any three-manifold has at least 2 embedded Reeb orbits and 3
if the manifold is not a lens space.
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Improved lower bounds

This is not quite Taubes’ proof, which just uses Seiberg-Witten
theory. However, embedded contact homology can be used to say
more about the Reeb flow.

For example:

@ (Hutchings, Taubes, '09) Any nondegenerate contact form on
any three-manifold has at least 2 embedded Reeb orbits and 3
if the manifold is not a lens space.

o (CG., Hutchings, '12) Any contact form on any
three-manifold has at least 2 embedded Reeb orbits (cf.
Ginzburg-Hein-Hryniewicz-Macarini).
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Future directions

There are examples of contact 3-manifolds with exactly 2 Reeb
orbits. However, there certainly is more that one can say. For
example:
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Future directions

There are examples of contact 3-manifolds with exactly 2 Reeb
orbits. However, there certainly is more that one can say. For
example:

o Hofer-Wysocki-Zehnder ('03): Any nondegenerate contact
form on S3 giving the “standard” contact structure has either
two or infinitely many embedded Reeb orbits, provided that all
stable and unstable manifolds of the hyperbolic periodic orbits

intersect transversally.

One might even guess:
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Future directions

There are examples of contact 3-manifolds with exactly 2 Reeb
orbits. However, there certainly is more that one can say. For
example:

o Hofer-Wysocki-Zehnder ('03): Any nondegenerate contact
form on S3 giving the “standard” contact structure has either
two or infinitely many embedded Reeb orbits, provided that all
stable and unstable manifolds of the hyperbolic periodic orbits
intersect transversally.

One might even guess:

Speculation

If Y is not a lens space, then the Reeb flow has infinitely many
embedded Reeb orbits.
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Is there a short Reeb orbit?

Here is another refinement that | am interested in thinking about
while at the institute:
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Here is another refinement that | am interested in thinking about
while at the institute:

Question J

Is there always a short Reeb orbit?

To make sense of this, define the action of a Reeb orbit ~

A(y) = A \
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Is there a short Reeb orbit?

Here is another refinement that | am interested in thinking about
while at the institute:

Question J

Is there always a short Reeb orbit?

To make sense of this, define the action of a Reeb orbit ~

A(y) = A \

The action of a Reeb orbit is equal to its period. Also define the
volume of (Y, \) by

vol(Y, ) = / AN dA.
Y
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Based on limited experimental evidence, we have the following
optimistic conjecture:

Short reeb orbit conjecture

There is always a Reeb orbit v with A(y) < y/vol(Y, ).

Dan Cristofaro-Gardiner Reeb dynamics in dimension 3




Based on limited experimental evidence, we have the following
optimistic conjecture:

Short reeb orbit conjecture

There is always a Reeb orbit v with A(y) < y/vol(Y, ).

This type of conjecture is familiar from systolic geometry.

Dan Cristofaro-Gardiner Reeb dynamics in dimension 3




Based on limited experimental evidence, we have the following
optimistic conjecture:

Short reeb orbit conjecture

There is always a Reeb orbit v with A(y) < y/vol(Y, ).

This type of conjecture is familiar from systolic geometry.

Progress:
@ If Y has exactly two embedded Reeb orbits then this is true
(CG., Hutchings).
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Based on limited experimental evidence, we have the following
optimistic conjecture:

Short reeb orbit conjecture
There is always a Reeb orbit v with A(y) < y/vol(Y, ). J

This type of conjecture is familiar from systolic geometry.

Progress:
@ If Y has exactly two embedded Reeb orbits then this is true
(CG., Hutchings).
@ Another promising case is the case where (Y, \) is dynamically
convex. This holds, for example, on the boundary of a convex
domain in R*. Here there is a supporting “open book”.

Dan Cristofaro-Gardiner Reeb dynamics in dimension 3




Symplectic capacities

There is also a “big picture’ reason to think about this conjecture.
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There is also a “big picture’ reason to think about this conjecture.

In 1990, Ekeland and Hofer introduced a way of measuring
“symplectic” size, called the Ekeland-Hofer capacity. Many
symplectic capacities have since been defined.
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There is also a “big picture’ reason to think about this conjecture.

In 1990, Ekeland and Hofer introduced a way of measuring
“symplectic” size, called the Ekeland-Hofer capacity. Many
symplectic capacities have since been defined.

These are quantitative symplectic invariants that obstruct
symplectic embeddings: if (M7,w;) symplectically embeds into
(MQ,WQ), then

c(M1,w) < c(Ms,w)

for any symplectic capacity c.
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One such family are the embedded contact homology capacities,
which are a sequence of nonnegative real numbers

0=c(M,w)<ca(Mw)<...<a(Muw)<... <,

defined for any symplectic 4-manifold. They are defined using
ECH, and they are sharp in interesting cases, for example
embeddings of one ellipsoid into another (McDuff) and many
symplectic ball packing problems.
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Volume axiom

The ECH capacities also satisfy a volume axiom, which is
connected to the existence of 2 Reeb orbits.

Theorem 2
(CG., Gripp, Hutchings) If (X,w) is a 4-dimensional Liouville
domain with all ECH capacities finite, then

X 2
lim (X, w)

k—00 k

= 4vol(X,w).
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Volume axiom

The ECH capacities also satisfy a volume axiom, which is
connected to the existence of 2 Reeb orbits.

Theorem 2

(CG., Gripp, Hutchings) If (X,w) is a 4-dimensional Liouville
domain with all ECH capacities finite, then

X 2
lim (X, w)

k—00 k

= 4vol(X,w).

The definition of Liouville domain forces X to have boundary, and
any ECH capacity bounds the length of the shortest Reeb orbit
from above, hence the motivation for thinking about the
conjecture.
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Closing remarks on the full conjecture

In full generality, the short Reeb orbit conjecture appears hard.
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In full generality, the short Reeb orbit conjecture appears hard.

Seiberg-Witten theory was used in the proof of the volume axiom
and might also be useful.
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Closing remarks on the full conjecture

In full generality, the short Reeb orbit conjecture appears hard.

Seiberg-Witten theory was used in the proof of the volume axiom
and might also be useful. The idea here is that there is an
“energy” in Seiberg-Witten theory which is related to the action
and is potentially easier to bound, although one should not
overstate the applicability.
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Closing remarks on the full conjecture

In full generality, the short Reeb orbit conjecture appears hard.

Seiberg-Witten theory was used in the proof of the volume axiom
and might also be useful. The idea here is that there is an
“energy” in Seiberg-Witten theory which is related to the action
and is potentially easier to bound, although one should not
overstate the applicability.

Good news/bad news:
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Closing remarks on the full conjecture

In full generality, the short Reeb orbit conjecture appears hard.

Seiberg-Witten theory was used in the proof of the volume axiom
and might also be useful. The idea here is that there is an
“energy” in Seiberg-Witten theory which is related to the action
and is potentially easier to bound, although one should not
overstate the applicability.

Good news/bad news: A contact form and almost complex
structure determine a metric, and other invariants of this metric
might also be relevant in bounding the shortest orbit by this
approach.
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