QUANTITATIVE DISTRIBUTIONAL ASPECTS OF
GENERIC DIAGONAL FORMS

o Quantitative Oppenheim theorem
o Eigenvalue spacing for rectangular billiards

o Pair correlation for higher degree diagonal forms



EFFECTIVE ESTIMATES ON
INDEFINITE TERNARY FORMS

Theorem (Dani-Margulis) Let Q be an indefinite,
irrational, ternary quadratic form. Then the set

{Q(v) v e Z> primitive}

Is dense in the real line.

There is the following quantification obtained by an effective
version of Ratner’s theorem.



Theorem (Lindenstrauss—Margulis) Let Q be a given
indefinite, ternary quadratic form with det @ = 1 and ¢ > 0.
Then, for T" large enough, at least one of the following holds

e [here is an integral quadratic form (1 such that
|det Q1| < T¢ and

1Q — A\Q1|| < T~ where )\ = detQ1|_1/3

e Forany ¢ € | — (logT)¢, (logT)|, there is primitive
v € Z3,0 < ||v|| < T such that

Q(v) — €| <« (logT)~¢ 3



Let Q@ be as above. For which functions A(N) — oo and 6(N) — O
(depending on ) does the statement

max min x) — & <o(N *
(Max . min - [Q(z) €] < 5(V) (+)
O<|z|<N
hold? In the [L-M] result, A(N) and 6(N) depend logarithmically on N.

Consider diagonal forms of signature (2, 1) Q(z) = 2% + asr3 — azz3 (az,az > 0)

There is the stronger statement for one-parameter families

Theorem B) Leta, > 0 befixed. For most a3 > 0, the following holds

(1) Assuming the Lindelof hypothesis

min 1Q(z)| < N~17¢ and (x) holds provided A(N)§(N)™2 « N17¢
r€73,0<|z|<N

(i1) Unconditionally,

2 11
min 1Q(z)| < N~57¢ and () holds assuming A(N)3§(N)~2 <« N1—¢
r€Z3,0<|z|<N



REMARKS

e [he statement

min  |Q(z)| <« NT1TE
r€73,0<|z|<N

IS essentially best possible

e [or generic diagonal forms, i.e. considering both a» and
a3 as parameters, (z) holds without need of Lindelof

e Ghosh and Kelmer obtained similar results for generic

elements in the full space of indefinite ternary quadratic forms
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EIGENVALUE SPACINGS OF FLAT TORI

Berry—Tabor Conjecture: local statistics of ‘generic’ integrable quantum
Hamiltonian coincide with those of random numbers generated by
Poisson process

PAIR CORRELATION FOR 2D FLAT TORI
[ C R? lattice and M = R?2/I" associated flat torus.

Eigenvalues of M given by 472||v||2,v € * (= dual lattice). These are
the values at integral points of binary quadratic form B(m,n) =
472||nqv1 + novs||?, with {v1,vo} a Z-basis for M*. Weyl law holds

|{] : )\j(M) < T}| ~ cp T with ¢y = (area M)/47T
Distribution of local spacings A; — A, 7 #= k
1 . .

where —oco < a < b < 0.



According to the Berry—Tabor conjecture, A; — A, (j # k) should be
uniformly distributed on R. Thus for given a < b,

im R(a,b,T) = c2,;(b—a) (%)

T— o0

Theorem (Sarnak, 1996) () holds for a set of full measure in the
space of all tori.

Analytical approach which seems to require 2 parameters and not
applicable to rectangular billiards with eigenvalues am? 4+ n? (where /o
is the aspect ratio between height « and width 7 /4/a).

Theorem (Eskin-Margulis-Mozes) () holds for (weakly)
diophantine billiards, assuming O & (a,b)

In particular (%) is valid for rectangular billiards provided « is diophantine,
in the sense that ||ga|| > ¢—¢ for some C > 0.

Ergodic theory approach with no (or very poor) quantitative versions if we
let b — a — 0 with T" — oc.



MINIMAL GAP FUNCTION OF SPECTRUM
OF RECTANGULAR BILLIARD

For « irrational, we get simple spectrum 0 < A1 < Ao < ---, with growth
{5 -2 <TH =[{(m,n)im,n >1,am? +n? < T}| ~ ﬁazﬂ
Definition

5L (N) = min(Aq1 — A 1 1 < < N)

min — Y =

For a Poisson sequence of N uncorrelated levels with unit mean spacing,

the smallest gap is almost surely of size ~ .



Remark For the Gaussian unitary ensemble, on the scale of the mean
spacing, smallest eigenphase gap is ~ N—1/3, while for the Gaussian
orthogonal ensemble, it is expected that the minimal gap is of size N—1/2.

Theorem (Bloomer-B-Radziwill-Rudnick) For almost all o > 0

° 5(@) (N) < 1

min N1—-¢

° 6&0%(N) > (logTN)c with ¢ =1 — |og|(5é029 2) = 0,086. . . infinitely often




PAIR CORRELATION FOR
GENERIC 3D RECTANGULAR BILLIARDS

Consider generic positive definite ternary quadratic form
Q(x) = az% + oz:v% + Baz% with «, 8 > 0. Restricting the variables to
Z N [0, N], mean spacing is O(+).

For T" large and a < b, denote
R(a,b;T) = T732|{(m,n) € 23 x Z} 1 m # n,Q(m) <T,Q(n) <T
and Q(m) — Q(n) € [a,b]}

and

1

c=lim ~{ (2,y) € B} x B Q(x) <1 and Q(2) - Q)| < - |
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Theorem (B) Let Q = Q. 3 with o, 8 > 0 parameters.
Almost surely in o, 3, the following holds. Fix 0 < p < 1.

LetT — oo and a < b, |al, |b|] < O(1) such that
T P<b—a<1. Then

1
R(a,b;T) ~ cT2(b—a)

Remark Vanderkam established the pair correlation
conjecture for generic four-dimensional flat tori using an
unfolding procedure.
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PAIR CORRELATION FOR
HOMOGENOUS FORMS OF DEGREE k

Let F(zq,...,2) = :c]f—l-ozgzvg—I----—l-akxg with o, ..., ar > 0. Thus
average spacing between values of P is asymptotically constant. Define

R(a,b;T) = %H(m,n) € Zlf'_XZlfi_ m#=n, F(m) <T,F(n) <Tand F(m)—F(n) € [a,b]}‘

Theorem (B) Consider o, ...,ap as parameters. There is p > 0
such that almost surely in as, ..., «, the following statement holds. Let
T — oo and |al, |b| =0O(1),b—a >T~P. Then

R(a,b;T) ~ c?(b—a) where ¢ = |[{z € RE : F(z) < 1}

Results of this type for generic elements in the full space of homogenous
forms were obtained by Vanderkam (1999) using Sarnak’s method.



QUANTITATIVE OPPENHEIM FOR 1-PARAMETER FAMILIES

Harmonic analysis approach but rather than expressing the problem
using Gauss sums, reformulate it multiplicatively and rely on Dirichlet sum
behavior. For instance, the sum
3 it
n~N
is ‘small’ for say |t| > N¢; under the Lindelof hypothesis one gets

Z nit

n~N
This permits to decompose in small and large ¢, where the small-t range
provides main term and large-t contribution is an error term.

< N2(1 4+ |t])°
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Consider one-parameter family

Qa(x) = 23 + 235 — a3 with o > 0 a parameter

Taking z1, 2,23 ~ N, condition |z% + x3 — ax3| < § is rewritten as

2 2
ik B P 2, 2y _ _ < 9
‘ Oéx% 1‘ SN2 or ‘Iog(:cl—l—:cz) 2logxz — logal < A2

The number of 1, x>, x3 ~ N for which this inequality holds is then
expressed using Fourier transform as

1 Fy(t) F5(2t) €092 gt with T = N—2
T J)t|l<T ")
Fi1(t) = Z (m% + m%)’it (partial sum of Epstein zeta function)
x1,x0~N
() = > ztt (partial sum of Riemann zeta function)

x~N



Split

= = (1 2
/|t|<T |t\<N%+/N%<|t|<T (1 + )

Contribution of (1) amounts to
0 1
— N2 > 1 1 ~ 6N

N2 asas~n  l109(a3+a3)—2l0gz3—log al<N 2]

without further assumptions on «

To bound contribution of (2), average in « and use Parseval =

N|—

1
1 ) 1 1
~| [ IROPR®PE <13 max 1RON).(5 [ 1F®Pd)
N2 T
NZ<[t|<T <H< <t
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Assuming Lindelof

1
max |Fo(t)| <« N2T*
Ne<|t|<T

For second factor
1

- Fy(t)]2dt
T |t|<T| 1(1)]
1
~ #{(:1:1,332,:1:3,:1:4) c 7% x; ~ N and IOg(a:% + :1:%) — IOg(a:% + :1:421)| < ?}
N2
~ #{(wl,xg,x3,m4) e 7% z; ~ N and CB% + CB% — az% — 51342L| < = (5}
& N2T¢
This gives

1
SN + 0(%.N%+€N1+8> ~ &N provided N~1T¢ <
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Unconditionally, one may show that a.s. in «

. _24¢
min |Qa(x)| K N5
reZ3\{0}
x| <N
by bounding error term using distributional estimates. Main ingredients

e Large value estimate for Dirichlet polynomials

Lemma Define S(t) = S ann'® where |an| < 1. ThenforT > M

n~M
mes [|t| < T : |S()| > V] <« ME(M?V 2 + M4V ~°T)
(due to Jutila, 1977)

Applied here with M = N2 and S(¢) = F»(t)=.
17



e Bounds on partial sums of the Epstein zeta function

Lemma Fror || > N2, one has the estimate

‘ S (m2 + n2)t

m,n~N

1
< NJt37Te

Follows the steps of Van der Corput’s third derivative estimate, i.e.
1 2
(—, —) IS a (2-dim) exponent pair
6 3
Appears in a paper of V. Blomer on Epstein zeta functions where it is used
to establish a bound

‘E<1 +it>‘ < |t|%+5 where E(s) = > Q(z)™*°
2 2
TEL
z70 18



SMALL GAPS IN SPECTRUM OF RECTANGULAR BILLIARD

Recall that {\; < XAo < ---} = {am? +n? : m,n € Z}
(o) N) = : , Y.
Omin(NV) = Min(Aiys = Ai)

min
In order to bound 551,??2](N), consider equivalently (M = v/'N)
min {n% — n% + a(n% — n£)| :n; < M and (nq,n3) # (nz,n4)}

or

min {|n1n2 —angng| 10 < n; < M} (*)

Problem st true that (%) < M%_g for all ?

In [B-B-R-R], this was shown for certain quadratic irrationals and also generically

Proposition () < M%_E for almost all .



SKETCH OF THE PROOF

Taking n; ~ M, condition

|n1n2 — ozn3n4| <0
is replaced by

) 1
lO lO — lo — lo — o < —= = —
[logni 4+ 10gny — lognz — logng — 10g o ek
This leads to evaluation of

1 4 it(log a) - it
— |F()|" V%Yt with F(¢) = > n
1T Jit|<T oM

Split again

= = (1 2
/|t|<T \t|<M%+/M%<|t|<T (1 + )

Contribution of (1) evaluated independently of « and gives ¢§ M2

Contribution of (2) estimated in the a-mean and by Parseval boundedz(l)ay



1 5

—[/ ! |F(t)|8dt
T'LIM2<|t|<T

Assuming Lindelof, one obtains

/ N |F(t)[Bdt < T e
M2<|t|<T

1
leading to the condition M2 > T~2T°M?2, hence § > M —2te.
The Lindelof hypothesis may be avoided in the following way.

Replace n; ~ M by n; = nin? with nl ~ M1=7 and n; ~ M°
(o arbitrary small and fixed).

We obtain
- F(t)|[*|lG(1))* et1e9 ) gy
t|<T

where

Fit)= > n and G(t) = > n

’]’LNM]-_J nNMU
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Error term becomes

N =

1

= |F<t>|8|G<t>|8dt}

T | /M2<|t|<T
Estimate
[ 3 IFOPIGOPa<( max (GOPF). [ F®*Pd
M?2<t|<T M%<‘t‘<T t|<T

< M87Q=7) (7 4 pA(1-0)y pr4(1=9) for some 7= 7(0) >0

This gives

SM2—C 1 O{ (T_% n %MQ(l—o))M2+20—4UT}

— SM2E 4 O{(5%M—1+20 4 5)M2—407'}

and condition
5 > M—2—|—40' 50



The lower bound

Proposition roraimost all o, letting c = 1_|og|(§§IJ029 2) = 0.086...

5L (N > (log N)°

min

infinitively often

uses K. Ford’s result
1
#{u.v LU,V € Ly u,v < Ni} = N(log N)™ “(loglog N)—2/3

and shows small deviation from expected Poisson statistics for the
eigenvalues.
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PAIR CORRELATION FOR HOMOGENOUS DIAGONAL FORMS

Recall that
F(z1,...,z5) = 2§ + agah + -+ apaf  (a; > 0)
and

R(a,b;T) = %H(m,n) c Zﬁ_xZﬁ_;m #=n, F(m) <T,F(n) <T and F(m)—F(n) € [a, b]}|

A first step consists in a localization of the variables m; € I;,n; € J,
1
where I;, J; are intervals of size Th=2¢ satisfying a separation condition
1
dist (I;, J;) > Tk °.

Let ¢ = 21Y and 6 = %52, Evaluate

%H(m,n) € 2Fx7F:m; € I;,n; € J; and |F(m)—F(n)—¢| < 5}’ (%)

Condition |F'(m) — F(n) — &| < § is replaced by
) 1

| 1og (mf—nf+ao(mb—n5)+- - +ap_1(mi_;—ni_1)—€&)—log(mi—ni)—log ay| < AT 3
k

where A ~ mF —n¥ for my, € Iy, ny € Jj,



Evaluate (x) by

[ S1(OS@ 709 Ty 4 (D ()
B’'B
with
Sty =Y (mh —nf 4 oa(mb—nb) + -+ a1 (mf_ —nf ) —€)"
m,€l;,n,€J;
Sa(t) = Z (m* —n*)*
mel,,ney
—_ akA BO
Set Bg = and decompose 1 1 +
T1= [-5.5] — _B_O’B_O]
(1 1 17 — %1 101 ) producing in (*x*) the main contribution and an
error term.

Evaluation of the error term uses pointwise bound on S>(¢) and an estimate

1 4, .
151 (t)|2dt < T3 %€ in average over as, ..., Qp_1

t]< o5



The following question seems open.

Problem Itis true thatforall o € R

inf  (m 4+ n)||mnal| =0
mnesy

?
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