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Local statistics, localization and delocalization

One of the key physical parameter of models is the localization length,
which describes the typical length scale of the eigenvectors of random
matrices. The system is called delocalized if the localization length ¢ is
comparable with the matrix size, and it is called localized otherwise.

e Localized eigenvectors: lack of transport (insulators), and Poisson
local spectral statistics

e Delocalization: diffusion (electric conductors), and GUE local
statistics.

The questions of the order of the localization length are closely related
to the universality conjecture of the bulk local regime of the random
matrix theory.
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From the RMT point of view, the main objects of the local regime are
k-point correlation functions Ry (k = 1,2,...), which can be defined by
the equalities:
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where ¢y : R — C is bounded, continuous and symmetric in its
arguments.

Universality conjecture in the bulk of the spectrum (hermitian
case, deloc.eg.s.) (Wigner — Dyson):

(Np(X0)) R ({Xo + &/Np(Xo)}) = det{%}:{j—l'
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e Wigner matrices, S-ensembles with 8 = 1,2, sample covariance
matrices, etc.: delocalization, GUE/GOE local spectral statistics

e Anderson model (Random Schrédinger operators):
HRS =—-A+ V7

where A is the discrete Laplacian in lattice box A = [1,n]9 N Z4, V
is a random potential (i.e. a diagonal matrix with i.i.d. entries).
In d = 1: narrow band matrix with i.i.d. diagonal

Vi 1 0 0 .. 0
1 Ve 1 0 - 0
0 1 Vg 1 0
Hgs = ) :
0 0 1 Vy1 1
0 0 0 1 Vi

Localization, Poisson local spectral statistics (Frohlich, Spencer,
Aizenman, Molchanov, ...)
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Random band matrices

Intermediate model that interpolates between random Schrodinger
operator and Wigner matrices.

A = [1,n]9 N Z4 is a lattice box, N = nd.
H = {Hy}jker, H=H", E{Hy}=0.

Entries are independent (up to the symmetry) but not identically
distributed. Variance is given by some function J (even, compact
support or rapid decay)

oy 1 /li—K
E{IH*} = ) ()

Main parameter: band width W € [1; N].

It also has nontrivial spatial structure like RS, but technically more
simple.

Tatyana Shcherbina (IAS) SUSY approach to RBM 02.03.2016

5/ 28



Anderson transition in random band matrices

W = 0O(1) [~ random Schrodinger] <«+— W = N [Wigner matrices|

Varying W, we can see the transition between localization and
delocalization

Conjecture (in the bulk of the spectrum):

d=1: ¢£~W2 W>+/N Delocalization, GUE statistics
W < VN Localization, Poisson statistics
d=2: ¢~eV’' W> VIog N  Delocalization, GUE statistics
W < /Iog N Localization, Poisson statistics
d>3: ¢{~N W > Wy Delocalization, GUE statistics
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At the present time only some upper and lower bounds on the order of
localization length are proved rigorously (d = 1).

o Schenker (2009) ¢ < W® — localization techniques;
e Erdds, Yau, Yin (2011) ¢ > W — RM methods;

e Bourgade, Erdds, Yau, Yin (Feb. 2016) gap universality for
W ~ N.
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At the present time only some upper and lower bounds on the order of
localization length are proved rigorously (d = 1).

o Schenker (2009) ¢ < W® — localization techniques;
e Erdds, Yau, Yin (2011) ¢ > W — RM methods;

e Bourgade, Erdds, Yau, Yin (Feb. 2016) gap universality for
W ~ N.

By the developing the Erd&s-Yau approach, other results were obtained.
In these bounds the localization length is controlled in a rather weak
sense, i.e. the estimates hold for “most” eigenfunctions only:

o Erdss, Knowles (2011): £ > W/6;
o Erdds, Knowles, Yau, Yin (2012): £ > W4 (not uniform in N).

Main problem: to control of the resolvent G(z) = (H — z)~! for

e :=Imz ~ 1/N (more precisely, to obtain the bounds for

E{|G(E +ie)|?}). The techniques allows to obtain the control only for
e~1/W.
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Another method, which allows to work with random operators with
non-trivial spatial structures, is supersymmetry techniques (SUSY),
which based on the representation of the determinant as an integral
over the Grassmann variables.

This method is widely (and successively) used in the physics literature
and is potentially very powerful but the rigorous control of the integral
representations, which can be obtained by this method, is quite
difficult.

Part of the formalism is rigorous and can be used. However, good
understanding of saddle point approximation in Grassmann variables is
still a major challenge for mathematicians.
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The method has some restrictions. First of all, up to this point it was
mainly applied to the matrices with Gaussian element’s distribution
(except the case of characteristic polynomials that we will discuss later).
Besides, it is much simpler to consider covariance of a special form.

We consider the following two models:

e Random band matrices: specific covariance J;j = (—W?A + l)i;1
where A is the discrete Laplacian with Neumann boundary
conditions on [1,n]d.

Note that for d = 1 we have Ji; & CyW ! exp{—Cali — j|/W}, and
so the variance of the matrix elements is exponentially small when
i—jl>W.
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e Block band matrices

Assign to every site j € A one copy Kj ~ CW of an W-dimensional
complex vector space, and set K = ©K; ~ CINW . From the
physical point of view, we are assigning W valence electron orbitals
to every atom of a solid with hypercubic lattice structure.

We start from the matrices M : K — K belonging to GUE, and
then multiply the variances of all matrix elements of H connecting
K; and Ky by the positive number Jj, j,k € A (which means that
H becomes the matrix constructed of W x W blocks, and the
variance in each block is constant).

Such models were first introduced and studied by Wegner.

Note that Px(dH) is invariant under conjugation H — U*HU by
U € U, where U is the direct product of all the groups of unitary
transformations in the subspaces K;. This means that the
probability distribution Px(dH) has a local gauge invariance.
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We consider
J=1/W+aA/W, «a<1/4d.

This model is one of the possible realizations of the Gaussian random
band matrices, for example for d = 1 they correspond to the band
matrices with the width of the band 2W + 1.

Density of states for both models:
Denote by Ay, ..., An the eigenvalues of the random matrix H.

NCM and the density of states:

MN[A] = N7H{N € AY 5 N(D), p(N) = \/4 A2 Ae[-2,2]
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SUSY method is especially useful for characteristic polynomials.
Correlation functions of the characteristic polynomials:

Foi(A) = IE{ det(\ — H) ... det( Ao — H)},

where A = diag {1, ..., Aoy}
We are interested in the asymptotic behavior of this function for

&
Np(E)’

A =E+ i=1,2,..., Ee(-2,2).

Although Foi(A) is not a local object, it is also expected to be universal
in some sense. Moreover, correlation functions of characteristic
polynomials are expected to exhibit a crossover which is similar to that
of local eigenvalue statistic (for 1d RBM: GUE/GOE for W > v/N, and
the different behavior for W < v/N ).
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To prove universality, we want to obtain the control of E |G(E + i¢)|?
for e ~ N71, where G(z) = N~'Tr (H — z) L.

This means that we have to control

g det(H—E—ic— =) det(H-E+ic - %)

£(z) =E
G (%) Ox0y det(H— E —ie) - det(H — E + i¢)

x,y=0

Grassmann (fermionic) variables can be used to represent the
determinants in the numerator, and usual complex variables (bosonic)
represents the determinants of the denominator. So from the SUSY
point of view characteristic polynomials correspond to the so-called
fermion-fermion sector of the supersymmetric full model (which
describes the correlation functions Ry).

Tatyana Shcherbina (IAS) SUSY approach to RBM 02.03.2016 13 / 28



SUSY results for the characteristic polynomials:

Let Dy = F2(>\0,)\0), FQ = D2_1 - Fo.

sin €

o ¢ & N ) wE
lim Fy (E+ 9Np(E)’ E_2Np(E)> B I, 1<WKZ<

W > N1/2+6';

N
CylogN’

First part: S., 2013 — saddle-point analysis; (the case of orthogonal
symmetry is also done, S., 2015)

Second part: M. Shcherbina, S., 2016 — transfer matrix approach.
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SUSY results for the density of states:

Let g(z) = NT'E{Tr (H — z) 7!}, gs is a Stieltjes transform of
semi-circle.

e Disertori, Pinson, Spencer, 2002: The smoothness and the local
semicircle for averaged density for RBM in 3d, i.e.

l8(z) — gse(z)] < C/W?

uniformly in Imz, W > W.

@ M. Shcherbina, S., in progress: local semicircle for averaged density
for RBM in 1d (with an arrow W—1).

First result uses the cluster expansion, the second one uses the
supersymmetric transfer matrices.

All other result about the density for RBM deals with Imz > W~!
(but allows to control Gyj, which implies delocalization at this scale).
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Other SUSY results for the full model:

@ S., 2014: Gaussian case, three diagonal block band matrices with

1
J:\(;—VA-i—W. If W ~ N, then

1 Noso o sin®(m(x — y))

2RQ()\o—i-X/Np()\o),)\0+y/N,0(>\O)) — 1= m2(x —y)?

(Np(Xo))

in any dimension.
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Other SUSY results for the full model:

@ S., 2014: Gaussian case, three diagonal block band matrices with

1
J:%A+W. If W ~ N, then

Nooo | sin*(w(x —y))

1
WR2(>\0+X/NP()\0),)\o-l-Y/NP()\o)) — Pw

in any dimension.

e Erdds, Bao, 2015: Combining this techniques with Green’s
function comparison strategy (Erdés-Yau), they proved

in a strong sense for the block band matrices with more or less
general element’s distribution (subexponential tails, four Gaussian

moments).
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Grassmann integration:

Anticommutation relations: J

Q;[)ka ‘H/Jk% = E‘]djk +¢k% = @J,(t_bk +Ek$~] = Oa Jak = 17' -y 10

These two sets of variables {1); }Jn:l and {EJ JL1 generate the
Grassmann algebra 2(. We can also define functions of the Grassmann
variables. Let x be an element of 2, i.e.

X =a+ Y (ajj+bty)

=1
+ ) (ajacbithn + byt + caabith) + -
ik

For any smooth function f we mean by f(x) the element of 2 obtained
by substituting x — a in the Taylor series of f at the point a.
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Examples:
exp{by)} =1+ by + (bYy)?/2+... =1+ b,
exp{ai1¥ 191 + a12¥1%2 + a1 a1 + azatheiha}

=1+ a1 + a12h2 + ag19th
+ agathytha + (11892 — 212821 )Y P19P9%s.
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Integral (Berezin):

/d¢J /d@bj =0, /¢Jd¢J /¢Jd1/)J =1.

Thus, if

K
(W1, 5%) =Po+ D Pt + Y, Pirio®in®is + -+ P12, k1 - - .,

j1=1 j1<j2
then
/f(¢17 conth)d Y. AP = pro, ke

Gaussian integration in Grassmann variables:

/exp{ Z AJkl/)Jl/)k} Hd%dﬁ/h = det A. (1)

j k=1
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a o
F_<p b)’

where a and b > 0 are Hermitian complex k x k matrices and o, p are
k x k matrix of the anticommuting Grassmann variables, and let

= (¢1,...,¢k,zl,...,zk)t,

where {1/JJ} ", are independent Grassmann variables and {ZJ} ", are
complex Varlables Combining (1) with usual Gaussian integration we
obtain

[exo-otre) [ oy T P A et

j=1 j=1

where
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Integral representation for characteristic polynomials

Using representation of the determinant in Grassmann variables we
obtain

2

N
2 X (a—H); Pjalra 20 N _
FQ(A):E{/Q a=1jk=1 k k H Hdwqad%a}

a=1qg=1

2 N
- Z Aa E Epawpa 2 J— —
= E{ /e o=l pel exp { >N (Re Hix - (Yj0¥ka + Yra¥ia)

i<k a=1

N e N 2 "
+HIm Hix - (Y0 ¥ka — wkagbja)) - 21 H;; - 21 %%}dw},
= a=

where {¢jo}, j=1,...,N, @ = 1,2 are the Grassmann variables (N
variables for each determinant).
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2 N N
_ Joo _
Fa(A) = /eXp { =) A Upethps + > %(%1%‘1 + %2%2)2}
s=1 p=1 j=1
X €Xp { Z Jj,k@jﬂﬁkl + Ep%ﬂ@kl%l + $k2¢j2)}dw~
i<k
Hubbard-Stratonovich transform: e**/2 = (27)~1/2 i e/ 2Faxqy

Applying many times we get

(27*)Ndet?J exp {% > Tt + Vi) (@i + @kz%bﬂ)}
ik

_Z Uit A )
/exp{ ZJ T XXy — Z(ujﬂ,u}ﬂ)x( )}dej,

=1
where Xj is hermitian 2 x 2 matrix and

de =dRe X12 dIm X12 dX11 dXQQ.
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Integral representation for characteristic polynomials for RBM

Fg(é):CN/exp{ Z (X5 — Xj-1) }
HY =2
1S iE-1
exp{ — égTr (Xj + 5 2Np()\0 ) }Hdet —iE- 1/2)

where {X;} are hermitian 2 x 2 matrices and £ = £o3.
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Transfer matrix for the determinants

Set H = Lg[Herm(2)], and let F : H — H be the operator of
multiplication by

E-1 i

1
F(X) = exp{—z Tr (X—i—
Define K : H — H the operator with the kernel
W W2 9
K(X,Y) = 3 F(X) exp { - ST (X-Y) } F(Y).

Then

£ . WwAN g -2 N
FQ(E 1+Np( ))_ W Ndet=2J . Tr N,

and thus we are interested in the asymptotic behaviour of Tr KN,
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For arbitrary compact operator M we denote \j(M) the jth (by its
modulo) eigenvalue of M, so that [A\g(M)| > [A1(M)]| > ...

Part of K with §A can be considered as a perturbation operator K (of
order N71).

Localization side: We are going to prove

M) = (14 2) 7 H0W2), ()] < [Ao(K)] — Co/W?.
%Y

Then Tr KN = A) (K) (1 + 1), where

ERPICCRYCIE vl e
i=0

<Ce~ON/W? / (X, Y)[2dXdY < CWHeCC-loeN — (1),

The main difficulty is that = K+ K is not self-adjoint; thus
perturbation theory is not easily applied in a rigorous way. For
instance, it is not enough to estimate the gap for K only.
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Main operator K
Changing the variables

X = UAU*, A=diag{a,b}, a>h, UeU(®),

we obtain that K can be represented as an integral operator in
Ly[R?, Z(a — b)? dadb] x Ly[U(2),dU] defined by the kernel

K(a,b, U) = t7'A(ar, a2) A(by, bo) K. (t, Uy, Us)
with
A(x,y) = (27)2W - e WAy 2- ()~ ),

f(x) = ((x +1Xo/2)?/2 — log(x — iXo/2) — C) /2;
K*(t Ul,Ug) = W2t . etW TrU1U503(U1U3)*03/4— tW2/2

where a = (a1,a2), b = (by,b), U= (U, Uy), and
t = (a1 — bl)(ag — bg)
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Density:

Integral representation for the density of states for RBM

N

~ W2 S~ str (F Fj71)2—l§8tr(Fj+@)2 N iE
g(E):/e ’ = : [~ 2)dF

j=2

where

= ia; — pib~Lp:
Fj:(laJ Pi ), str Fj = ia; — by, sdetFj:w.
o b

i D

Transfer matrix: acts on (f1,f2)" := f1(a, b) + f2(a, b)pp

< A(ar,a2)A1(b1, b2) 0 ) . ( 1+ 2D 1(a,b) )
0 A(al, aQ)Al(bl,bQ) _W 1
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Integral representation for the second correlation function for
block RBM

CN/exp { - ? Zstr (F; — Fj/)2}><
i~y

A 9 .
exp{ Zstr( = +Npl(£)\ ) }jeHAsdet_W(Fj—i/\o/Q)dE

JEN
(U pm
FJ_(%‘ B )’

Uj is 2 X 2 unitary matrix, Bj is 2 x 2 positive Hermitian matrix times
o3, and p, T are 2 X 2 matrices whose entries are independent
Grassmann variables.

where

Here

det (U; — 7 B py
sdetFj: (J iP5 PJ)

strFy = Tr U; — Tr B;.

det Bj ’
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