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§1 Mumford–Tate groups

Let A/C abelian variety.
Its Betti cohomology V := H1(A,Q) is equipped with a Hodge structure
of type (0,-1),(-1,0).
Determines a homomorphism µ : Gm → GL(V ⊗Q C) called the Hodge
cocharacter.

Definition

The Mumford–Tate group GA of A is the smallest algebraic group
GA ⊂ GL(V ) defined over Q such that Im(µ(C×)) ⊂ GA(C).

Alternatively, it is the subgroup of GL(V ) which stabilizes all Hodge cycles.
Fact: GA is a reductive group.
Example: A an elliptic curve.

GA
∼=

{
ResK/QGm if A has CM by K/Q quadratic imaginary

GL2 if A does not have CM
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§1 `-adic representations

Assume A defined over E ⊂ C number field.
E algebraic closure of E . Fix ` prime.
The étale cohomology H1

ét(AE ,Q`) is equipped with an action of
Gal(E/E ).
We write

ρ` : Gal(E/E )→ GL(H1
ét(AE ,Q`))

for the resulting representation.
Let v |p 6= ` a prime of E where A has good reduction.
Neron–Ogg–Shafarevich criterion implies that ρ` is unramified at v .
Fix Frobv a geometric Frobenius element at v .
It follows from the Weil conjectures that

Det(I − ρ`(Frobv )t|H1
ét(AE ,Q`)) ∈ Q`[t]

has coefficients in Z and is independent of `.
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§1 Deligne’s Theorem

Betti–étale comparison gives an isomorphism

VQ`
:= V ⊗Q Q`

∼= H1
ét(AE ,Q`).

Thus we may consider ρ` as a map ρ` : Gal(E/E )→ GL(VQ`
).

Deligne’s Theorem that Hodge cycles are absolutely Hodge implies ∃ finite
extension E ′/E such that ρ`|Gal(E/E ′) factors through GA(Q`) ⊂ GL(VQ`

).

Upon replacing E by E ′, write

ρGA
` : Gal(E/E )→ GA(Q`)

for the induced representation.
For G a reductive group over a field K of characteristic 0, write ConjG for
the K -variety of conjugacy classes in G .
Let χ : G → ConjG be the natural projection.
For v a prime of good reduction as above, obtain well-defined element

γ` := χ(ρGA
` (Frobv )) ∈ ConjGA

(Q`).

the conjugacy class of `-adic Frobenius at v .
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§1 Main Theorem

Natural question: Does `-independence hold in GA?

Theorem (1)(Kisin, Z.)

Let A be an abelian variety over a number field E ⊂ C and assume ρ`
factors as ρGA

` : Gal(E/E )→ GA(Ql). For p > 2 and v |p a prime of good
reduction for A, there exists γ ∈ ConjGA

(Q) such that

γ = γ` ∈ ConjGA
(Q`),∀` 6= p.

Remark: (i) Weil conjectures implies the `-independence inside GL(V ). In
general ConjGA

(Q)→ ConjGL(V )(Q) not injective.
(ii) Related to a conjecture of Serre on `-independence in motivic Galois
groups.
(iii) Obstruction in case p = 2 is related to construction of integral models
for Shimura varieties.
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§1 Previous work

1 If A has CM, result is classical. (Shimura–Taniyama)

2 Noot proves result for Conj′GA
under the additional assumption that

γ` is weakly neat.

3 Kisin proves result when GA,Qp := GA ⊗Q Qp is unramified (i.e. is
quasi-split and splits over an unramified extension). Follows from
Langlands–Rapoport conjecture.
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§2 Relationship with Shimura varieties I

We will reinterpret Theorem (1) in terms of Shimura varieties.
Let (G ,X ) be a Shimura datum, i.e. G a reductive group over Q and X a
G (R)-conjugacy class of homomorphisms h : S := ResC/RGm → GR.
Fix Kp ⊂ G (Ap

f ) a compact open subgroup, Kp ⊂ G (Qp) a parahoric
subgroup and set K := KpK

p ⊂ G (Af ).
Let ShK(G ,X ) be associated Shimura variety, an algebraic variety over a
number field E.
For A/C, abelian variety dim d , can attach Shimura datum (GA,XA).

ShK(GA,XA)(C) = “{Abelian varieties A′ of dim d such that GA′ ⊂ GA}”

Eg. If G = GL2, ShK(G ,X ) is the modular curve.
If A defined over E , A corresponds to a point xA ∈ ShK(GA,XA)(E ).
Let v ′|p place of E and SK (G ,X ) “good” integral model for ShK(G ,X )
over OE(v′) .

Let S denote the special fiber of SK (G ,X ) over residue field kv ′ ∼= Fq.
A := A mod v corresponds to xA ∈ S(Fqn) (Fqn residue field at v),
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§2 Relationship with Shimura varieties II

For each ` 6= p, there exists a G (Q`)-local system LS,ét
` on S.

Assume S is normal and fix y ∈ S(Fq) a geometric point.

LS,ét
` corresponds to a homomorphism ρS` : π1(S, y)→ G (Q`).

For x ∈ S(Fqn), obtain well-defined conjugacy class γx ,` ∈ ConjG (Q`)
given by image of Frx ∈ π1(S, x) (Frobenius at x) under composition

π1(S, x) ∼= π1(S, y)
ρS`−→ G (Q`)

χ−→ ConjG (Q`).

Fact: If G = GA and x = xA for some A/E , then γx ,` = γ`.
Definition: Say x ∈ S(Fqn) satisfies (`-ind) if ∃γ ∈ ConjG (Q) such that

γ = γx ,` ∀` 6= p.

Conjecture (1)

For any n and x ∈ S(Fqn), x satisfies (`-ind).

Then Theorem (1) follows from Conjecture (1) applied to (GA,XA).
Key point: The γx ,` occurs as part of a family.
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` corresponds to a homomorphism ρS` : π1(S, y)→ G (Q`).

For x ∈ S(Fqn), obtain well-defined conjugacy class γx ,` ∈ ConjG (Q`)
given by image of Frx ∈ π1(S, x) (Frobenius at x) under composition

π1(S, x) ∼= π1(S, y)
ρS`−→ G (Q`)

χ−→ ConjG (Q`).

Fact: If G = GA and x = xA for some A/E , then γx ,` = γ`.
Definition: Say x ∈ S(Fqn) satisfies (`-ind) if ∃γ ∈ ConjG (Q) such that

γ = γx ,` ∀` 6= p.

Conjecture (1)

For any n and x ∈ S(Fqn), x satisfies (`-ind).

Then Theorem (1) follows from Conjecture (1) applied to (GA,XA).
Key point: The γx ,` occurs as part of a family.
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§2 Reduction Step

We will prove Conjecture (1) in a special case which is sufficient to deduce
Theorem (1).
We now explain how to reduce to this special case.
Let F/Q be a totally real field.
(G ,X ) induces Shimura datum (ResF/QGF ,X

′).
The diagonal map G → ResF/QGF induces map

SK(G ,X )→ SK′(ResF/QGF ,X
′)

and for any field K/Q, there is an injection

ConjG (K ) ↪→ ConjResF/QGF
(K ).

This gives the following reduction step.
Reduction Step: Conjecture (1) holds for (ResF/QGF ,X

′) implies
Conjecture (1) holds for (G ,X ).
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§2 Second Main Theorem

Assumptions (†):
• p > 2 and (G ,X ) is Hodge type (i.e. ∃ embedding
(G ,X ) ↪→ (GSp(V ),S±)).
• There is an isomorphism Gad,Qp

∼=
∏n

i=1ResFi/Qp
Hi where Hi is a split

group over Fi/Qp.
• Kp is a very special parahoric subgroup of G (Qp).
Under these assumptions we construct good integral models for
ShK(G ,X ).
Note that Fi/Qp may be wildly ramified; thus the existence of good
integral models SK(G ,X ) does not follow directly from Kisin–Pappas.

Theorem (2)(Kisin, Z.)

Under the Assumptions (†), Conjecture (1) is true, i.e. x satisfies (`-ind)
∀x ∈ S(Fqn).

Applying the Theorem (2) to (ResF/QGA,F ,X
′) for suitably chosen totally

real F implies Theorem (1) using the Reduction Step.
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§3 Idea of Proof of Theorem (2)

We may assume G is not a torus (this is the CM case).
To prove Theorem (2), three main ingredients.
(1) Show the existence of an open dense set of points in S which satisfy
(`-ind) by using CM (special) lifts.
(2) Use the existence of compatible local systems to deduce (`-ind) for all
points on S using (1).
(3) Construct explicit smooth curves on S in order to apply (2) above.
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§3 CM liftings I: Special points

Let T ⊂ G a torus such that there exists hT ∈ X factoring through TR.
ShKT

(T , {hT}) is a finite set of points.
A point x ∈ ShK(G ,X )(C) is a special point if there is some T ⊂ G as
above such that x lies in the image of

ShKT
(T , {hT})→ ShK(G ,X ).

Special points correspond to CM abelian varieties.
Suppose x ∈ S(Fqn) admits a lift to a special point x̃ ∈ ShK(G ,X )(K ),
K/Q finite.
x̃ corresponds to a CM abelian variety Ax̃ .
γx ,` corresponds to Frobenius endomorphism Fr of Ax̃ mod p.
Since Ax̃ has CM, Fr lifts to Ax̃ .
Considering action on Betti cohomology of Ax̃ , obtain

γ̃ ∈ T (Q) ⊂ G (Q)

such that γ := χ(γ̃) = γx ,` in ConjG (Q`) for all ` 6= p.
Upshot: If x ∈ S(Fqn) admits a special lifting, then x satisfies (`-ind).
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§3 CM-liftings II: Serre–Tate canonical lift

We show ∃ open dense set of x which admit special liftings.
There exists map δ : S(Fq)→ B(GQp , µ).
B(GQp , µ) = “{GQp -isocrystals satisfying Mazur’s inequality}”
δ induces Newton stratification of S; indexed by B(GQp , µ).
B(GQp , µ) is equipped with a partial order ≤.
Under (†), B(GQp , µ) contains a maximal element [b]ord and
Sord := δ−1([b]ord) is open and dense in S
We call Sord the µ-ordinary locus.
Eg. G = GL2, Sord is the ordinary locus.

Theorem (3)(Kisin, Z.)

Under the Assumptions (†), any x ∈ Sord(Fqn) admits a lift to a special
point x̃ ∈ ShK(G ,X )(K ), K/Q finite.

Ax̃ is analogue of Serre–Tate canonical lift for ordinary abelian varieties.
Previously studied by Serre–Tate, Moonen, Shankar–Z.
Upshot: All x ∈ Sord(Fqn) satisfy (`-ind).
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§3 Compatible local systems I

Let X be a normal finite type scheme over Fq (q = pr ).
Let `, `′ 6= p primes and L` (resp. K`′) a lisse Q`-sheaf (resp. Q`′-sheaf)
over X .
Recall L` and K`′ are said to be compatible if there exists a number field
E and embeddings E ↪→ Q`, E ↪→ Q`′ such that for all x ∈ X (Fqn)

Det(I − Frx t|L`,x) = Det(I − Frx t|K`′,x) ∈ E [t].

Conjecture (Deligne)

Let L` be a lisse Q`-sheaf on X . Then there exists a lisse Q`′-sheaf K`′
compatible with L`.

Assuming Deligne’s conjecture, can prove Theorem (2).

Recall G (Q`)-local system LS,ét
` on S. Under (†), S is normal.

Let r : G → GLn be a representation.
The composition r ◦ ρS` : π1(S, y)→ G (Q`)→ GLn(Q`) gives rise to lisse
Q`-sheaf L` over S.
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§3 Compatible local systems II

Over S, have two lisse Q`′-sheaves K`′ , L`′ . K`′ comes from Deligne’s
conjecture and L`′ comes from LS,ét

`′ via the composition r ◦ ρS`′ .
Theorem (3) (existence of special liftings) implies

Det(I − Frx t|K`′,x) = Det(I − Frx t|L`,x)

= Det(I − Frx t|L`′,x) ∈ Q[t], ∀x ∈ Sord(Fqn).

Chebotarev density (for function fields) implies

Det(I − Frx t|L`,x) = Det(I − Frx t|K`′,x)

= Det(I − Frx t|L`′,x) ∈ Q[t], ∀x ∈ S(Fqn).

Since true for all representations r , we have

γx ,` = γx ,`′ ∈ ConjG (Q),∀x ∈ S(Fqn).

Chebotarev density (for number fields) implies there exists γ ∈ ConjG (Q)
such that γ = γx ,` for all ` 6= p, i.e. x satisfies (`-ind) ∀x ∈ S(Fqn).
Problem: Deligne’s Conjecture only known for smooth schemes (L.
Lafforgue, Drinfeld).
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§3 Explicit curves in the special fiber of Shimura varieties I

Let x ∈ S(Fqn).
Suppose there exists smooth curve C/Fqn and a map φ : C → SFqn

defined over Fqn satisfying
(i) ∃z ∈ C (Fqn) with φ(z) = x .
(ii) φ(C ) ∩ Sord 6= ∅.
Applying argument above to C shows that x satisfies (`-ind).
If we replace Fqn by Fq, existence of such a map follows from Bertini’s
theorem.
Drinfeld: There are normal and Cohen–Macaulay schemes X/Fq such that
for some x ∈ X (Fqn), no such (non-constant) map from a smooth curve
C → XFqn

satisfying (i) exist.
However for S, we are able to prove a slightly weaker version of this
statement which is enough to deduce Theorem (2).
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§3 Explicit curves in the special fiber of Shimura varieties II

S is equipped with another stratification (KR-stratification) indexed by a
subset of dominant coweights for G .
Write Sλ for the strata corresponding to a dominant coweight λ.
Closure relations are given by a partial order 4 on dominant coweights.
There is a maximal stratum Sµ which is open and dense; coincides with
smooth locus.

Proposition

Let x ∈ Sλ(Fqn) for some λ ≺ µ. There exists smooth curve C/Fqn and a
map φ : C → SFqn

satisfying:
(i) ∃z ∈ C (Fqn) with φ(z) = x.
(ii) ∃λ′ with λ ≺ λ′ 4 µ such that φ(C ) ∩ Sλ′ 6= ∅.

Existence of φ is local property, so suffices to prove for local model M.
Now use descending induction to prove (`-ind) for all points in S
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