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w5 -4 -3 -2-10 1 2 3 4 -
n¢(x) € {0, 1} is the occupation variable.

We will take g = p, so the interface tends to grow.

The case p=0, g=1 (TASEP) is equivalent to last passage percolation.



Three special classes of initial data (scale invariance)

» Step / curved: no(x) =19 ~> h(0,x)=|xl.

- R

» Flat / periodic: no(x) =lxe2z ~» h(0,x) = %(1 + (—=1)%).
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» Stationary / Bernoulli: 1o =product of Bernoullis
~>  h(0,x) =SRW path
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» Stationary / Bernoulli: 1o =product of Bernoullis
~>  h(0,x) =SRW path

There are also three “mixed” cases.



TASEP asymptotics

For TASEP/LPP these six cases can be fully analyzed. Exact
computations based on determinantal structure give exact limiting
distributions.

[2000-07: Baik, Deift, Johansson, Rains, Borodin, Ferrari, Prihofer, Spohn, Sasamoto,...]
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Limits given in terms of Fredholm determinants are not so
surprising in view of the determinantal structure.

There are also multipoint results, leading to the Airy processes.



Difference between the blue and red curves is an approximate Airy,
process. At each x the distribution is Fguyg.
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Exact formulas for step ASEP [Tracy-Widom "08]

g=p ~» non-determinantal/“positive temperature” model

By KPZ universality one expects the same limiting distributions in
the partially asymmetric (ASEP) case.

Most well understood case is the step initial condition:

PSP (h(t/(g—p),x) = y) = f H(l u(g)k)det(I—D,
2miJ B o=
O w (B

'l’(C—TI) k=—00 u— (

f(ﬂ,ﬂ’):fd( ‘P(():—xlog(l—()+%+(y+x)log(.

)

Qs

Obtained by solving the forward equation for the n-particle transition
functions (Bethe ansatz). Combinatorial miracles (Cauchy determinant,
Ramanujan summation formula, etc...) lead to the Fredholm determinant.

Significant “post-processing” yields a formula suitable for asymptotic
analysis and the conjectured GUE asymptotics [Tracy-Widom '08].
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Obtained by solving the forward equation for the n-particle transition
functions (Bethe ansatz). Combinatorial miracles (Cauchy determinant,
Ramanujan summation formula, etc...) lead to the Fredholm determinant.

Significant “post-processing” yields a formula suitable for asymptotic
analysis and the conjectured GUE asymptotics [Tracy-Widom '08].

The same method yields the conjectured asymptotics for the
step-Bernoulli case [Tracy-Widom ’09].



The flat cases remain unclear.
» Exact formulas for the ASEP distribution function [Lee '10]. Not
suitable for asymptotics, not even at a formal level.
> PhySiCS derivations for flat and half-flat KPZ [Le Doussal-Calabrese
'12, Le Doussal '14]. Highly non-rigorous @eplica method + ...).



The flat cases remain unclear.
» Exact formulas for the ASEP distribution function [Lee'10]. Not
suitable for asymptotics, not even at a formal level.
» Physics derivations for flat and half-flat KPZ [Le Doussal-Calabrese
'12, Le Doussal '14]. Highly non-rigorous @eplica method + ...).

Let Z(t,x) = "™ with 0;h=30:h)*+30%h+¢  (KPZequation).

Then u(t,X) =E[Z(t,x1) - Z(t,x,)] satisfies

ou(t,X) = (% Z?:l aii + % Z;;jzl O(x;— Xj)) u(t,X) attractive 5-Bose gas .

» Explicit (rigorous) eigenfunctions/eigenvalues (Bethe ansatz)
leads to formulas for E[Z(z, x)"].

> Sum the moments to obtain E[e %] = ¥°° (_,f!)”[E[Z”].
But E[Z"] ~ e2:"" =1}

» Use the Airy trick [dx Ai(x)e™ = ¢ to manipulate the
divergent series. For example,
YO (D = [dx Ai(x) Y2 (— 1) dx = [ dx Al(x) 1.

» Resulting formulas “formally” lead to conjectured asymptotics.




Our results: [Ortmann-Quastel-R '13+]

» Exact formulas for half-flat and flat ASEP.
» Fredholm Pfaffian in the flat case.

» Suitable in principle for asymptotics, but technical problems
remain.

» Formal critical point analysis leads to the conjectured
asymptotics

I will focus first on the half-flat case  17¢(x) = 1ye27.,-



ASEP duality [Sasamoto-Imamura '10, Borodin-Corwin-Sasamoto '13]

Suppose there is a left-most particle. Let Ny(f) be the net number of
particles which have crossed to the right of site x up to time . Then

ult;x):=E [TNXI“(t)nxl (- 'TNX’“_IU)ka-(t)]

is the unique solution of
(1) 0,u(t,®) =Xk, [pu(t, %) + qu(t, %) — u(t, %)

Fc;—’ =(X1,..., Xagx1,..., Xr)

(2) Whenx; <...<Xp, Xg4e1 =Xg+1,
pu(t,X,.1) + qu(t,X;) = u(t,%).

(3) Forx; <xp <---<xg
u(0,%) = up(%).



» Borodin and Corwin found contour integral formulas for
moments of the g-Whittaker process, arising from their study
of Macdonald processes.

» Suitable scaling limit yields formulas for the moments of the
delta Bose gas with 6 initial condition [Heckman, Opdam '97]:

(1)' atu(t)_x)) = Au(tyk»))

@2y 0 9 —l]u(t,k’):o when x; <--- < xp and X; = Xg41,

E - 6xa+1
(3) K f dxu(0,X)f(X) = f(0) for suitable f.
X< <X

» By analogy, this allowed them to find contour integral formulas
for ASEP with step (and step-Bernoulli) initial conditions:

Xa—1 1-z 1-12,
(1—Tza) a et(pl_n“aﬂ] Tt ~1)
Zq—Zp 1-z,4

u(t,x) = —kf
@r~Jck <ok Za= T2 =1 1-24

Cis a small circle around 1

» Nevertheless, ASEP does not fit into theory of Macdonald
processes.



ASEP with half-flat initial condition translates into the initial
condition

k
=k L
up(® =7 [ [ Lxpe2z., 72
a=1

Our solution of the equations in this case is based on a careful study
7 (k=m)(k=m+1)/2
P(Ny(®)=m)=(-D" )

of E. Lee’s half-flat ASEP formula
k-1 ]
=, A+ k=D [ k-m |

L Xelps HadimD)
d .
Xfcg ¢ 11 1-&)E-7)
] §i—¢i 1+T—(fi+fj).
A P+ asigi—Ciig; T4




Contour integral ansatz for half-flat ASEP

(1) 0,u(t,®) =Xk, [pult,33) + qut, %) — u(t, %),

(2) pu(t,X,,,)+qut,X,)—u(t,X) =0 when x4 =x4+1,

k
N _ 1
3) w(0,%) =7 [ 1y,e22.,72™ forx <x <---<xp,

a=1
is solved by
1
N pz k=1 Za—2p 1—242p
u(t,x) = — z
@2rd* Jok  ycpch<k@a—T2p 1 —T2q2p

1-zq 1-12q

Xqa—1
_]'_TZ”) “ et(pl—rzu “7@71)

( 1-z,
<11 1221

Cis a small circle around 1
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Half-flat KPZ moments

We can similarly solve the delta Bose gas with initial condition
u(0,%) = la€ 1 =0:

k
u(t,® :=E |[[Z(s,x)

f daz Za—2p Zgtzp—1
i=1 0

5+aRk ik s \za—2p—1 24+ 2

X l_[ _eé a_l(za 9)2+Z Za_e)xu
a=1%a

where 61 >0, +1>--->0+k—-1>k—-1land x; <--- < xi.

After some post-processing we recover Le Doussal-Calabrese’s

formulas:
[E[ —(Z( tx)] 1[ - = Hz"a T'(1-2ug—2y—ngq) (n}fna)ﬁ+natu§l—ynas+xnaua
TO-2ug-2
k' iRk N0y NE= ¢ Ua=2y)
I I(-ug—1— 2y- D) (1- g =gy~ 2y+ 2B (1) —4(ug—up)?®
b) (ng+np)? —4(ug—up)?

ach D= tig=uy=2y+ "B T (1~ gy, —2y - "2



Half-flat KPZ moments
We can similarly solve the delta Bose gas with initial condition
u(0,%) = la€ 1 =0:

k
[1z@x

i=1

dz Za—2p Zgtazp—1
u(t,® :=E —f a b ZaT*h
5

S+ir)k 2Dk s \za—2zp—1 za+2zp

X l_[ _eé a_l(za 9)2+Z Za_e)xu
a=1%a

where 61 >0, +1>--->0+k—-1>k—-1land x; <--- < xi.

After some post-processing we recover Le Doussal-Calabrese’s
formulas:

[E[ —{Z( tx)] lf B HZ"H T(1-2ug—2y—nq) (n}t—na)ﬁ+natué—ynas+xnaua
o KJamk ) Th=17d Ma - T(1-2ua=2Y)

at
h)I‘l Ug—Up— 2y+n 2"

< l—[ I(1-ug—up— 27— b) (ng—np)? —4(ug—up)?
a<h DA —ta—up— 2y+ b)F(l Ug—Up— ny%nb) (na+np) ~4(ug—up)?

In the case of half-flat g-TASEP and half-flat semi-discrete
polymers, it appears that formulas are much more complicated.



Half-flat ASEP moments

Recall that we obtained a formula for

u(t; %) ::[E[Tle‘l(t)nxl(t)---Tka‘l(t)nxk(t)] with X} <+ < Xg.

Additional combinatorics + enlarging contours yields

(Imamura-Sasamoto '11, Borodin-Corwin-Sasamoto '13)

k
a,b=1

-1

wr”ﬂ—w

n,.. Jlk>1 Lk (2nl)k ‘ b
nm+--+n=m

x Hf(wa, 1na)8(wa; ng) | | a(wa, wp; na, np),

a<b

m
[E[‘rme(t)] =m!) ,i,
k=0

{ € C\R, C contour containing —1,0 with -1 s 771 on outside

with
1 1 n x-1
f(w;n):(I_T)"uet[l+wu71+r”ﬂwal(w) ,
1+wg
. ZHWZ. . ny+ny .
-w;T T T (W w2; T)eo (T wywo; T
gy = W Teo ( )°°, a(wy, wy;ny, np) = oo Jeo

CT"W oo (TMWA5T) o (M W w23 T) oo (T2 W) W5 T

[e.°]
Here the g-Pochhammer symbolis (@ q), = [](1 -4 a).
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m k
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e;-Laplace transform and formal asymptotics
1 o xk
(1= 9% Poo ; kgt

(series only valid for |x| < 1)

Standard g-exponential fn.:  e4(x) =

=

Here ko= [1lg-[2lg -+ [Klg with [Klg="L.



e;-Laplace transform and formal asymptotics
1 © xk
(1- 9% Poo Z kgt

(series only valid for |x| < 1)

Standard g-exponential fn.:  e4(x) =

=

Here ko= [1lg-[2lg -+ [Klg with [Klg="L.

Summing the moment formula + analytic continuation yields

ds div k
hf No(DY] — -1
E [e (CT )] Z G+iRk (zni)kfck (Zﬂi)k det[wa‘[su—wb]a,bzl
<[]

4 sin(—ms,)

05 f(Wa; $2) 8 Was sa) | | a(wa, wy; sa, 1),
a<b

Mellin-Barnes:

MYICE

=1 2711 S+iR sm( TS)

——f(9).



e;-Laplace transform and formal asymptotics

das dw k
[Ehf[e (CTN (1) )] _ Z f det[ Waf;l—wb

G+iRk @rk Jor @mi)k ab=1
x[1]

4 Sin(—7msy)

0% f(Wa; $2) 8 Wi $a) | | a(wa, w3 sa, 1),
a<b

To compute the asymptotics the idea is to use the basic trick that for
a >0 and a sequence of random variables X,

. aXm _ .
lim E[exp(—¢*™)] = lim P(X,,>0).



e;-Laplace transform and formal asymptotics

das dw k
[Ehf[e (CTN (1) )] _ Z f det[ Waf;l—wb

G+iRk @rk Jor @mi)k ab=1
x[1]

4 Sin(—7msy)

0% f(Wa; $2) 8 Wi $a) | | a(wa, w3 sa, 1),
a<b

To compute the asymptotics the idea is to use the basic trick that for
a >0 and a sequence of random variables X,

. _ aXm _ .
lim E[exp(—¢*™)] = lim P(X,,>0).
er (x) behaves sufficiently like exp(x) for x € (—o0,0) so that

lim [Ehf[ ( T Npos, ( L )_leH l —%fmlexzo*-tmr)]

t—o0

= lim PM
t—o0o

(h( t t2/3x) %tuglexzo )
>—r|.

tl/g

(this uses h(t, x) = Ny(f) — %x)



e;-Laplace transform and formal asymptotics

das dw k
[Ehf[e (CTN (1) )] _ Z [ det[ Waf;l—wb

G+iRk @rk Jor @mi)k ab=1

7'[ S,
X N | ———C"f (W Sa) §(Wa; Sa) | | a(Wa, W; Sa, Sp),
E[SIH(—T[SQ)C f > Sa) §(Wq a}:[b 'a» Wh; Sa» Sh.

This transform determines the distribution of N, ().

Formal critical point analysis shows that the asymptotic
fluctuations are the conjectured ones:

h(=L, 2R3x) = 1= 1113221 20
. hf q-p’ 27 2 x=
}LI&P 73 =T

=Pt 27 Px) <2!37).

Unfortunately, a(wg, wy; sS4, Sp) is not controlled away from the
critical point.



Difference between the blue and red curves is an approximate
Airy,_,, process. The distribution at each x interpolates between
Fgor and FGug.



From half-flat to flat

Recall we have

hf[_mN (1) = 1 dw -1
E [T * ]:mT!ZP Z kdet[wr"ﬂ—w
k=0 npomz=1 JCF 2mi) “ b
nm+--+n=m

k
a,b=1

1-72,\"7) .
<[] F(wa; na) g(wa; na) [ | a(wa, wp; ng, np),
a\l-2z a<b

1

{ € C\R, C contour containing —1,0 with —7~1,77! on outside



From half-flat to flat

Recall we have

k
a,b=1

[Ehf[_[m(Nx(t)—%x)

U w1
= my! E b E € [ Tl —
prar k! =1 ck (27‘[1')k WaT"a—wy,
nm+--+ng=m

1-724 _1, "'
<[T|=—=172"|  fwenadgwa na [ a(wa, wp; ng, np),
a\l-2z a<b

1

{ € C\R, C contour containing —1,0 with —7~1,77! on outside

We want to take the wedge to —oo:

= lim [Ehf[rm(NZ"(t)_X)] )

[Eﬂat[T 1 mh(1,0)
X—00




From half-flat to flat

Recall we have

k
a,b=1

[Ehf[_[m(Nx(t)—%x)

U w1
= my! E b E € [ Tl —
prar k! =1 ck (27‘[1')k WaT"a—wy,
nm+--+n=m

1-724 _1, "'
<[T|=—=172"|  fwenadgwa na [ a(wa, wp; ng, np),
a\l-2z a<b

1

{ € C\R, C contour containing —1,0 with —7~1,77! on outside

We want to take the wedge to —oc:

[Eﬂat[T%mh(t,O) — lim [Ehf[rm(NZX(t)—x)]_

X—00
It turns out that
l1-72 1 _1
Armalal <1 — |Zq| > 172",
1-2z,

. . _1
So we have to deform z, to a circle of radius R, > 712",



Flat formula

» Flat formula is monster sum of residues collected as we deform
each contour to a circle of radius R,
» There are two types of poles:

1. Tla<p @(wy, wp; ng, np) gives rise to “paired variables”
2. [1ag(wgy ny) gives rise to “unpaired variables”
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» Miracle 1: All residues lose dependence on x.



Flat formula

» Flat formula is monster sum of residues collected as we deform
each contour to a circle of radius R,
» There are two types of poles:
1. Tla<p @(wy, wp; ng, np) gives rise to “paired variables”
2. [1ag(wgy ny) gives rise to “unpaired variables”

» Miracle 1: All residues lose dependence on x.

We end up with a formula like

m
flat . mh(2,0)y _ 1
B ), Y Y e Y
k=0 kukp=0 Ku'e™PKp' @ quimyean
ku+2k,=k P

1

x dzP 1A%, 7P 2% 2P, Z27P)
@ri)k Jow

with C a circle of radius slightly > 1, 2% = ¢, and z,° = 1/2}.



» Miracle 2: The integrand contains product of a(z,, zp; ng, np)
involving all pairs among the variables 2%, 2, z.".

After massive cancellations these products turn into things like

2k

Yo—Ya :Pf[ Yo=Ya ]
Yayb—1

(non-linear Schur Pfaffian identity) and

1=a<b=2k YaVb—1 a,b=1

[T (—cacr)™ ™ sgn(cama—cpmyp)
l<a<b<k

k
= Pf[(—¢agp) ™ "™ sgn(cpmy — Cama)]a,bzl

for positive integers my, ..., my, and ¢1,...¢ € {—1,1}.

Here
n

Pf(A) = 51 Y. sgn(0) [[Avei-noei PA? = Vdet(A).
i=1

0ESy, 1= (A antisymmetric matrix)



> At this point the formulas still involve two Pfaffians, in
different variables, and works only for k; even.

» Step 3: The result can (almost) be written as a single Pfaffian
while getting rid of the distinction between paired and
unpaired variables.



> At this point the formulas still involve two Pfaffians, in
different variables, and works only for k; even.

» Step 3: The result can (almost) be written as a single Pfaffian
while getting rid of the distinction between paired and
unpaired variables.

Half-flat moment formula:

(_1)%k(k+l) %)

flat lmh(t,O)] — il -
E [Tz _m'TZ—zkk! > ) dy

k=0

x [T 7 5mem T utye ma) PHKG )]

k
l<a<b<k a=1



Half-flat moment formula:

flat [ L mh(1,0) L O A=
[Ea[‘[zm ']:mlfzw Z dj/

k
k=0 my,...m=1, JC,
my+-+me=m

L k
< T T—ammHlu(ya,ma)Pf[K@;m)]
a=

l<a<b<k
with

K1,1Wa> Vb3 Ma, mp) = 4tp (Va, Ma) Lmg=my, 6 + (= Yayp) "N sgn (ypmy, — yama)

J’u—i
x Uu (Ya, Ma) uu (Y, mp) (Gy,-1 +5yu+1)(5yb—1 +5yb+1)y
K1,2(Va, Yy Ma, mp) = un (=1, mg)by,+1 — uu (1, ma)by,-1,
1 1
2Mmay, _72™b
Kooy = s,
TZ mg WLb yayb_l
—T’"/zz;r] (e1+12%57)
_ 1 _ 1 Ny _\n o) ©
uz n)_EXp[t(IH*"/Z 1+r*"/2z)]‘[ 1-7) 1"257) (1257) 0y

nlrz2

uy(z,n)=1 2"z —i up(z,n)

= (=D 1+z2



Half-flat moment formula:

flat [ _ L mh(1,0) i (1) k(D i
Ea[rim ']:m!, _— f day
—_— k=0 2k k! mym=1, JG
N my+-+ng=m
~T 4
x T[] 72" [ u(ya ma) PEKG; )]

k
l<a<b<k a=1

Thus, if we want to sum the moments,
. 12
we are forced to premultiply by 74|

Note that premultiplying by rimz gets rid of [ ycpei 7T~ 3 mamy



Flat ASEP moment formula

Symmetric g-exponential fn.:

00 xk
exXpg) = ). 5
k=0 *q*
L g .
where [k]q = m, satisfies

X k-1
= q 4
k=0

exp q(x) = exp 1 (x).

xk



Flat ASEP moment formula

Symmetric g-exponential fn.:

o i i = qk(k4—l) xk
exp,(x) = — = —
q ~
=0 kgt o kq!
L g .
where [k]q = m, satisfies

exp q(x) =exp (x).

Theorem (Ortmann-Quastel-R '13+)

For(eC,|¢| <7V/4, Efat [eXpT(—{‘r%h(t’O))] = PE( = K) 12(0.00)-

The Fredholm Pfaffian is defined as

f(J - Z (_nl)n[ f[ ( )]”
p K) ;2 Pf| K(x;, x; dx
L7[0,00) = 1 [0,00)" i Aj ij=1

= \/ det(I+JK) 2 o,operz000n = (214)



x 1,2
KA =Y — | dyr2™ 2Mudy,y, mvda, 1y, m)uy (y, m)
m=1271JCy
(]
+ 0y Y (=c162)™M M 2sgn(gamy — c1my) uz (1, my) Uz (G2, mp)

my,mp=1¢1,62€{-1,1}
e ln’l2 m

KoM, A2)==Y Y ¢cti"™ {MuA, ¢, muz(s, m)
m=1¢e{-1,1}

Kp,2(A1,A2) = 3sgn(Az - A1)

with

_mi2 _ mil2
VA, y,m) = = yexp(—/ll Ly

1+7M/2y 1+7m/2y

1 _ 1
1+T—m/2y 1+r‘m/2y
(_T—nlzy; T)oo (TH"yZ; T)oo
720 T)0 (1F5T) oo

__pym—m 1+ __—im 17"
wm(yym=-"t yzi—l' up(y,m=1 2 J/W~

xtM1-1)™



By formal critical point analysis we can verify that, under the
correct scaling, Pf(J — K) 2(9 ) converges to

1 .. . 1,.
01, Kai(A1,A2)+5 Ai(A1) Ai(Az) 5 Ai(A)
Pf[]—( : 2 2 ) = Fgog(n),

~ 3 Ai(Ay) Zsgn(li-12)

as conjectured.

» The asymptotic analysis of Pf(J — K) 2| ., presents technical
difficulties similar to those in the half-flat case.

» Additionally exp, behaves very badly on (o0, 0) so
convergence of E12t [exp, (—( T%h(t'o))] does not hold

(moment problem)



