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We conclude that if a hypertoric factor is a degree two in any of the variables it
depends on, then it is a degree two polynomial in all other variables it depends on
and is given by

(49) T (z1, . . . , zn) = z21z
2
2 . . . z

2
m

� 1,

which is obviously factorizable as in the case of one variable

(z1z2 . . . zm � 1)(z1z2 . . . zm + 1).

We conclude that any (irreducible) hypertoric factor is a first degree polynomial in
all variables it depends on. ⇤

Let us study how first order hypertoric factors may look like.

Theorem 5. Let G be a finite connected graph without degree two vertices, not

a segment and not figure-eight graph, then any irreducible hypertoric factor in the

secular polynomial is of the form

(50) T (~z) = z
j

� 1,

and occurs if and only if the edge e
j

forms a loop in G. If G is a segment or a

figure-eight graph, then the secular polynomials are

(51) P (z1) = (z1 � 1)(z1 + 1) and P (z1, z2) = (z1 � 1)(z2 � 1)(z1z2 � 1)

respectively and contain additional hypertoric factors z1 + 1 and z1z2 � 1.

Proof. Consider arbitrary connected graph G which is not a watermelon and the
corresponding secular polynomial. Let G have d loops formed by e1, . . . , ed, then the
secular polynomial contains hypertoric factors (z

j

�1), j = 1, 2, . . . , d in accordance
with Theorem

Thfactor
4. The irreducible factor Q

G

(~z) appearing in the factorisation (
eqfactor
45)

is a first degree polynomial in z1, . . . , zd and second degree in all other variables.
But Lemma

Le-second
5 states that any hypertoric factor is a first degree polynomial in all

variables it depends on. Hence d coincides with the number of edges in G, i.e. all
edges in G form loops. In other words, G is a flower graph F

d

. The factor QFd is
hypertoric if and only if d = 1, 2 when G is a loop or a figure-eight graph.
In the case G is a watermelon the two factors are not hypertoric unless d = 2
corresponding to the loop graph on two edges, which contains degree two vertices
and therefore is excluded. ⇤

8. Arithmetic properties of the spectrum
SecArithmetic

9. Spectral measures and crystalline measures.
SecCrystalline

The spectra of metric graphs yield exotic measures related to the theory of quasi-
crystals. We review briefly some of the relevant theory following the recent paper
[
Me16
35] before examining the properties of the spectral measures of metric graphs.

Definition 4. ([
Me16
35]) A tempered distribution µ is a crystalline measure if µ and µ̂

are of the form

mudefmudef (52) µ =
X

�2⇤

a
�

�
�

, µ̂ =
X

s2S

b
s

�
s

,

with ⇤ and S discrete subsets of R.
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The basic examples of such measures come from the Poisson summation formula
which asserts that µ =

P

m2Z �m = µ̂. Finite linear combinations of these are called
Dirac combs and for these ⇤ and S are finite unions of arithmetic progressions.
Guinand [

Gu59
18] pointed to other crystalline measures and in particular ones coming

from the explicit formula in the theory of prime numbers. If �1, �2 are primitive
even real Diricihlet characters of conductors q1 and q2 and the non-trivial zeros of
Diricihlet functions L(s,�1) and L(s,�2) are denoted by 1

2 + i�(�1) and 1
2 + i�(�2),

then assuming the Riemann hypothesis (that is that the �’s are real) we have that
for

GuinandGuinand (53)

µ = �1

2

X

�

(�1)

�
�

(�1) +
1

2

X

�

(�2)

�
�

(�2) ,

µ̂ =
1

2
log

⇣q1
q2

⌘

�0 +
X

p,m

�

�1(pm)� �2(pm)
�

log p

pm/2
�
m log p

,

the last sum being over m � 1 and p prime. Clearly µ is a crystalline measure.
Similar crystalline measures can be constructed from the Selberg trace formula (and
without any unproven hypotheses).
While µ is tempered in (

Guinand
53) and hence so is µ̂, note that |µ̂| is not tempered, since

there is an exponential in x number of log p in an interval [x, x + 1]. The same
applies to the crystalline measures coming from the Selberg trace formula. For
our (one-dimensional) metric graphs the support of S is contained in the set of
the lengths of the periodic orbits and µ is tempered, and even though there is an
exponential number of closed orbits of a given large length inside [x, x + 1], |µ̂|
is tempered.2 This points to a fundamental di↵erence to the crystalline measures
coming from the explicit formula.
One of the central questions is to understand the crystalline measures which are not
Dirac combs. There is a number of results which show that under some additional
conditions on µ and µ̂, that µ must be a Dirac comb. A couple of these that we
will make us of are:

(1) [
Me70
34] If µ is a crystalline measure and a

�

for � 2 ⇤ takes values in a finite set
and |µ̂| is translation bounded (that is sup

x2R |µ̂|(x+ [0, 1]) is finite), then
µ is a Dirac comb (a key ingredient in the proof is the idempotent theorem
in [

Co60
8]).

(2) [
LeOl17
32] [Theorem 2.1] If µ is a positive Fourier quasi-crystal and S is uniformly
discrete (that is |s� s0| � ✏ > 0 for some ✏ > 0 and all s 6= s0 in S) then µ
is a Dirac comb.

Various constructions of Fourier quasi-crystals from Dirac combs have been given
recently [

Ko16
22

LeOl16
, 31

Me16
, 35

Me17
, 36]. These are gotten from Voronoi summation formulae in odd

dimensions, projections of higher dimensional lattices and delicate limits of Dirac
combs. A basic question that has been open for some time is whether a positive
crystalline measure or a Fourier quasi-crystal must be a Dirac comb. The next
theorem gives the properties of the spectral measure µ� of a metric graph �. It
provides an answer to the last question as well as a number of others. Before
stating the theorem we recall a few more definitions. A distribution µ is almost

periodic if µ ⇤ � is a Bohr almost periodic function for every C1 function � of
compact support. A measure µ is almost periodic if µ ⇤ � is Bohr almost periodic

2Crystalline measures with |µ| and |µ̂| tempered are often called ‘Fourier quasi-crystals”.
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function for every continuous � of compact support. Finally a discrete subset of R
is a Delone set if it is uniformly discrete and relatively dense in R, that is every
interval of length R for some large enough R meets the set.
Our measures µ� =

P

k2spec (�) �k enjoy the following set of properties under spe-
cialization of � :

Theorem 6.

(1) µ� is crystalline.

(2) µ� � 0, a
�

takes on only finitely many positive integer values. |µ�| (= µ�)

is translation bounded and distribution almost periodic.

(3) |µ̂�| is tempered.

(4) dimQ S < 1.
(5) If N(�) 6= ; then dimQ ⇤ = 1 and |µ̂�| is not translation bounded, µ� is

not an almost periodic measure, and S is not a Delone set.

(6) If N(�) = spec (�) then there is C = C(G) < 1, such that ⇤ contains no

more than C elements in any arithmetic progression in R.
(7) If T is a connected subtorus of SN

and Z
T

is the restriction of Z
G

to T , is
smooth, then for any (`1, . . . , `N ) 2 T the support ⇤ of µ� is a Delone set.

Moreover if G is a tree then a
�

= 1 for � 2 ⇤, that is µ� is “idempotent”.

The theorems in the earlier sections describe when � satisfies the conditions in
the theorem including ones satisfying all conditions. Positive crystalline measures
which are not Dirac combs are provided by any µ� satisfying (5), answering the last
questions in [

Me16
35]. Part 3 of Question 11.2 in [

LeOl17
32] asks for such a positive measure

for which every arithmetic progression meets ⇤ in a finite set, this is provided by
µ�’s with � satisfying (6). For � satisfying (7) the support of µ� is Delone set but
the support of µ̂ is not which answers the other question on page 3158 of [

Me16
35] and

Part 2 of Question 11.2 in [
LeOl17
32]. Finally the idempotent measures in (7) give Bohr

almost periodic Delone sets which are not ideal crystals answering Problem 4.4 in
[
La00
28].

10. Perspectives
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