SPECTRA  OF MeTRIC

GRAPHS AND CK\/STALLWE MEASURE S

PETE R SARN/H(

TAS MEMBERS SEMNAR

——

O ——

FER A020

Jomr WoRK Wit P KurASoV



X A CoMPACT RIEMANNIAN  MAHIFoLD 4

A THe LAPLACIAN ©OF FUNCTIONS

SPECTRUM: AP +Rep =0

S?Eob(\ = g_lz,} DISCRETE N R
suTiseyme Wepe AsymP.

. CHAZARAIN | DUISTERMAAT [GUILLEMIN
DETERMINE THE  SINGULAR SOUPPORT OF 77:t£
TEMPERED DISTRIBUTION 5 THE 'WAVE. TRACE

//z\s((t\z TRACE(gws(FATJc\)',/uxm:E Sk |
pestec()
N TERMS OF THE CLOSED ORBITS ©F THE

GeoDeslc FLoW ON ’If(X). HERE Ss Is
The DiRAC PoT MASS AT S.

- TF X HAs BoUNDARY oR Is SINGULAR

The ANALYySIs OF Tue 7PROPo&ATIoN OF
IINGULARITIES IS MUCH MORE DELICATE

( MmeLROSE , ... )



L
EXAMPLE Y= O = E/Z WiTH ARC LENGTH =

27r m ¢
SPec.( X)= Z ) #?M (=)= (
< THe CLASSICAL Toisson SUM

Elgm , ARITHMETIC
k€ Z. meTl PROGRESIIONS,

IN GENBRAL 1T IS RARE THAT /LQ 1S A SUM

oF A DscRere S&’(‘ of PoINT MASSES WHAT
IS cALLED A c&\/TALL\Nt: MEASURE" (MEyER),

LO cCALL \/
-JuLbl

SUMMATION FORMULA
/\

»SELRERG'S TRAC_E_ FoRMULA  FOR
SYMMETR(C 3( s Glves TRE

DISTRIBUTION /,Lx expLIQTLY 3 THE
RIEMANN - GUINAND ExpPLICUT FoRmMU LA

IN  THe THEDRY OF <€ET.
sUe A CRYTALUNE LKE

A FuNcTzaNs G‘—Wgs
STRUCTURE  IF "RH' HOLDS

Ne srick To X One DIMENSION AL

AND ALLOW T To HAVE A FINTE

NUMBER OF POINT SINGULARTIES,



METRIC OR QUANTUM_GRAPHS - E

CoMBINATORIA L
CoNNE<TED GRAPH
N BEDEES e,

M VERTCES U,

EaUiP ThE EDEES WiTH LENGTHS Lo 122, N

To CET A METRIC GRAPH X WhicH IS SMeoTH
oN The EDGES (INTERIOR) SWGULAR AT TrE VERTICES,

2

A = d. on FUNeTINS C}é ON THE
o R .
N EDGES W RT 2

For THE  BoundDARy %UDITIONS AT THE
JERT\CES WE CHooSE ANEUMANN  OR KIRCHOFF
cONDVTION

!
. c# Is coNTiNUousS AT THE s

. Z 3&}; (v) =0 For  EAch
e veRmex U AND
C Is (NWARD EDEE 10

U,
WiTh T#s A DEGREE ONE VERTEX X%,
CORRESPONDS ToO <THE USUAL NEUMMN  condiTioN .

A DEGREE Two VERTRX  ‘ne—a—"" #A4s

=
EMoVA S ' e _HRE
A R BLE SINGULARITY SO Assuﬁg DEIGREE “TWo VERTICES,



A 15 SELF ADTONT AND HAS 4.
DISCRETE R~ SPeeTRUM N K.
« TT |5 CONVENIENT ’1'6, DEFINE spec (X) To
To pe THE Non-FERO R-SPRETROM of A’ AND
To (NeluDE O WiTH MULTIPLCITY  Q+N-M.

é, Eq,_

EXAMPLE |
X = m ~7FIG’URE‘ E(GHT | N=2,M=|

Ccark  ork 2R ézg
see(X)= § T G T I

\NE_‘[ L LAW: For AN X As ABolE

{ spee(X) N End E = 2—(—%@4‘)’ ™+ 04)

AS T=3c0,

___________,.._-.———‘

So  stec(X) HAs A DENSUTY n IR
wWHieH )]s THAT  OF AN ARITHMETI C
PROGRESSION  AND /’ex 1S LocALLY

UNIFORMLY ~ BOUNDED — THe NUMBER oF
ATOMS IN AN INTERVAL OF FIxeD LENGE™

S  RoUNDED TFROM ABOVE.



ComPUTING SPES(X)* 5
ON Tee EDGES AN = GENCTION TAKES THE FORM

Px;) = o S BwD WIS OUR BounARy Colmons

z T NAN i<oTTUs!
LEAD To “TRE SecUWAR  DETERMINA 'TS";“ By )

GIVEN THE UNDERL\[!NG- QRAPH G JeruE
THE aN By ’aN  MATRICES INDEX2D By THE
oRENTED EDGES  Sn& &l &S

Ulai)w:z&\ = (u'f-ﬂ) ) | u"ﬁg Z'F g{s

AND THE <cATTERNG  MATRIX 2
= (s \ ~ _ 17 ey
S ( 53 ' Fq T | % g follows +

through U

o otherwse

S 1S ONITAR Y

SpeeTRAL OR SECULAR PolyNomiAL oF &

’PG-(—Z\,%,,,-..,QN) ‘= Ae‘t ( - U(a""%ﬂ) S)

WHItH NWE ConsiDER AS A LAURENT PoLyNomIAL
IN Biyee ) BN -



IMMEDATE TRePERmES ©F T

(i) P(2) !5 DEGREE 2N AND (s OF
DEGR3E Two 1N BACH &

(ii) LeT ?L(%z;---,&ﬂ)'-‘- ?(72-.,7%,,---,72N>

/7
Teen Dok Pe AR B AR D=Zaikiei
stagLE” THAT 5 ey DonT vANsH  FeR
‘%2’ WeTH %A‘éD,FDP\AL\.j(FoLLONg EROM
THE VNTARITY OF S).
,THE CoNNECTION “To CoMPUTING seec(X) Is:

(-BAKRA/GAs?ARb)
SyEC(X) =§2ERDS WiTH MULTIPLICITY ©F }

~ : ¢ kG
 —= Ptk et ]

CLEARLY THE ALGEBRAIC VARIETY .

o W
2e=h T Pe(2)=0 c (¢*)
PlLays A cenTRAL RoLe Adp (N e

PARTICULAR  THRE QUESTION OF P%
TAcTto R1zRTION OF Pe- (o\/gg q;)



SPecIAL EXAMPLES: 17
G- = OQ FIGURE EIGHT, PG»(EWZ:)"@«‘1)(2{1—)(2.2;1)
Ze IS5 A vnion ©F THREE SUBTORE .

N
G.z @ W3 S OR MoRe GENERAUY WN'. @m&s

Re(®dats) =(2nes* g(mﬁ%.%;*%%:)-g-@ﬂ*%) -1)(%&%'% [RRTELLY
-3lat g, )+

FACRIZATIN CORRESPokDS O The SYMMETRY : REFLBCTION THRY THE
MIDPOINT OF EACH EDGE .

THEOREM L (Kurasol-S) °

KSSOME THAT G (s NeT Wy THEN

(4 R =Q @\ TT (2e-4)
€ A Loop
)s ovER AL Loed EDGES W 6,

IRREDUC IRLE .

WHERE THE PRODCT
AnD G\G_(z\ s ABSoLVTELY

(4;{:) ZQ& Does NoT CONTAIN AN N-4
'DIMENScor(fTL suBRToRUS OR TRANS LATE THERROF

UNLESS G IS THE FIGURE BIGHT .

REMARK! PART (4) WAS  CONTESTURED
By CoUN D& VERD\BRE .



X 15 A METRC GRAPH ON & 19

THEOREM Z. (K-5) ADDITIVE STRUCTURE OF SPEC (X)

[——

@) sec(X)= L (0 L0 LILOLNG (T

Wxere L, (X) 1s A FULL WNANTE ARITHMETIC
PRoGRESSION AND THE NON -LINEAR PART N(X) F
NoT EMPTY , SATISFIES

#(N(MY}TFD"’(TM(
~ WITH 0(5?2__‘__,(&)({;”*“),.(al.‘—»,g-jw*ﬁﬁ » .
Mp

« 70, a;,' F FEKENCE.
+ DiMg 3PN (Npd) = 0

. TughE 5 C=C(G) <0 SULH THAT ANy
ARTuMETc PRo6REsSion i R nEETS N m ATMsT C A

. stec(X) Is UNIFoRMLY DIscRETE  IFF 2.N Tl
s A snooTH dimT-4 DIMENSIeNAL [MANIFOD Wieke

Tl ) 1s The ReAL ConnEcTED ToRUS Wiickt /5 The
T POLOGICAL CLOSURE OF k—-»(e‘e'f...,e‘m)@kéﬂ/ﬂ (s
o TF dohy. b € B (PR0TETVEL) THEN NiX) =P .

Te Lo b, .00 ARE LINEARLY INDEPEND ENT

OVER (R ,THE EXCEPT FOR THE ElCORE EIGHT ¥
IS E QUAL To THE NUMBER OF LootS N (Cl

dird (b X)= 00, AND F G HAs No Loops, sPecfe) =N(x) .

1) RR T LARGE



JUMMATION FRMULA FOR X 9.

FoR METRIC GRAPHS THE somMATIoN FORMULA
TAKES AN EXAcT  FoRm (RoTH, ko:oslsm:ws&y,

YRASOV )
LT

ST 5, = ieble) L) dhn|sh IS
kesmac(x)k Al °+r§ [(P“» v &;}\

WHERE ©
ep PERIODIC PATHS

. P s Tee seT of Ofwen
in G up To cyetlc EQUIVALENCE (BACkTRAcw ALLOWED)

f(y) s THE LENGTH OF THE PATH
(GonG

: Pdm(r) s Tre PRimTIVE  PART OF P "Arouw oHcE)

. Sylp) 15 THE PRoducT OF THE e ATTERNG

cocer MF THg VERTICES ENCOUNTERED N TRAVERSING
P.
//u\x 1S SuPPORTED N
YR Z}

VAR {. 'M‘Q‘-\—m,e,_-\» ""("”N‘eN M
WHICH IS A  DiscRETE SET JBUT  NeT
LocALLy  UNIFORM LY BOUNIED .



nysmwus M EASURES (Aup [owN #s FoumicR @A;,.azymg)llo

Z- Q"l g . j\*' = Z- h gs
se N
peRED AND A, S DISCRETE N R

WiTh M TEM

PotSSoN SUM R A FNTE

MAIN EXAMPLE .
SOERSUMS CALLED

UNIo ©F SUeH

DIRAC COMBS.
oTHeRS [¢

frRe TueRE ¢
sEXPLICIT FORMULA (N PRIM E NUMBER THeaﬁy

(RIEMARNN , &ulAleD WeiL, - - )

/X( A, ReAL ,\D(R\cl—k LET cHARACTERS O
%l)%z. DeNoTE THE NMITRNML 2efes OF LIS, %) L5 %) By

M ’/ %‘XY«‘+/Z‘SX«
2 (K5 X(f )lgf»g

S+ gt +
Pt P msp

TEMPERED |FE R HolbS, | /Ql (S NoT TEMPERED .

"Z(RDS AND FROGS'' SUGCESTS THE C LASSIRCATION

MEAsUREs As A FROS A??%&QCH

NCTE '/u. IS

DyseN
oF odF DINENSIOWAL CRysTALLUINE



THERE ARE THEOREMS GIUNG ConDiTioNs a1

S Which EMSURE THAT s (S A DRAC comg
( MeyeR, CoRdoBA, Lev-0ULgUSKTI, FAVoRoY, - )

@, €F W F A FuE SET, AND

Y-MeveR:  IF
(4L 15 TRANSUATION BoundEd ( SUP ‘/l‘\‘\(w‘[""ﬂ <)
/J' XER

(s A DwRAc COMB.

Tred M
OUR /U»x‘s WHEN N(x\+® ARe FaR FRod DiRAc COMES.
pEc(X)

TagoRem 3I3): Assome THAT N(x)=S

0) s A CRYsTALLINE MEASURE | TRUE FR

(.. /(XX A ! _ gl—\w X

(i) My=>O )l/ux\ s TEMPERED

() DIM@A:-OO ; DlN@S £ 00
(x) MEETS BEVR) ARITH

(V) A\ = SPec
IN AT MOST c(c) ToOwWTS.

menc PReGRESSIon

oNS OF CRySTA LUINE MEASURES

© THER CoNSTRVUETI
Have BeewN =y,

wWiet ARe NeoT DIRAc ComBS
(GUNAND, MEYER , KoL oUN TEARLS, Lev- OLE(SKIT )
HOWEVER ~THE M N THEOREM 3 ARE THE
FIRST SUcH WHIcH ARE PostTIVE AS WELL
As SANSEYING OTHER TECHUIcAL CONDITIONS



QO")

ONE CAN  PRODUCE SIMILAR SUcH EXeTiC

cp\\/sﬁ-}wwa MEASURES USING ANY SEUERAL

VaRIA®E P (2y).-,2¢) FoR Wic P AD P
Mg D-STABLE . Fok BXAMPLE FROM Suctt
DoLy NomIALS ARISWE (N THE LEE-YANG
THEOREM AnD  THE TigoRy OF HWPERBoUC
POLYNOMIALS , WHERE THE PACOE OF STABWLITY
5 NoT A CONSEQUENCE OF A DETERMINANTAL

FoAMV LA Add  UNI TARITY .



0

OUTLINE OF PRAFS.

Tue PRooF OF  THEGREM L (S BASED ©N
EDGE coN TRACTION

\

&

By RemouNG &

NTS. WE AlLew
Two VERTICES, LocPS

G Is coNTRACTED To G
IDENTIFYING  THE END o
INTRODUCTION DEGKEE

. The  Key -EmMA A<sERTS THAT (N

sycH A CoNTRACTION P. AND Poi ARE
RELATED B stze) ALIZING  THE VARIABLE Ze TO 1

N TS WAY ONB CAN Follew °THE FACTERRATION

PROPERTIES OF T ULNPER REP BATED CONTRACTION,
Tug "WATER MELLOn CRAPSNRPTEAR A
D joNTs  THAT NEED SPECIAL ATTENTION
AND  OTHERWISE onNE  NAVIGATES ) THE
conTRAcTiIONS To A ENITEA NUMBER ©OF
C oNEIGLRATIONS  THAT Afe EXAMINED DIRECTLY.



e

IS BASED ON SomE

THEOKEM Z
(N DIoPHANTINE

ADYANCED  RESULTS
AvaLysts oN  TTORT .

LANG's &, CONJECTURES

THERE ARE TwWeo FLAVORS 5 VERTICA L-
AND HORIZONTAL | WE NEeD BoTh.,

| *
G = MULTIPLICATIVE GRou? 4.’2
m

N )

* an N-TORUS , TT
= (¢ ) s

AN A LGEBRAMC CRoLp  UNDER co ORINATE PROPUET,

N
* AN ALGEBRAIC
V < (¢ ) SUBVARIET Y

GIVEN BY THR

of LAURENT
2efo SET ?oLyNoMIALS,

tor (T) = {2 3 5 R ey}

‘I:or(ﬂ CONSISTS ©oF ALL PoINTS (N T
OF FNMTE ORIER



VERTICAL ~ LANG CONJ: '3

GIVEN VVC T As ABOVE , THERE ARE
AMTEL MANY sUBTORT ©R TRANSLATCS
THERESF By ToRStoN  POINTS | Ty Tay . oo ¥
CoNTRINED (N Y Sucd THAT

trT) NN = tor(T) N (TVT--OT)

So WHAT APPEARS Te BE A NON-LINEAR
COMPLICATED PROBLEM I3 IN FACT
VERy STRUCTURED (N THAT TORSION
ToONTS CAN ©ONLY Lle onN A FINtTE
NUMBER ©F COSETS ©F SURGROUPS .
Nore Twe T;'s MAy BE ZERC DIMENSIoNAL
N WHICH CaAse ey ARE TokstoN  PLNTS,

TeeRe ARE A& NUMBER OF PRo®FS
oF THIS VERTICAL CASE AND THE
PRooF  chn BE mAPE EFFECTIVE N

fT‘ /

et THe T 's  ARE  DETERMINED,



L(j._

oNE  PRooF PROcEEDS As FolLows:

N=2:
VA (S'xs') c VAT

&

TE P=(S,8, )< 4or (YN, ,.- ;5,2

A« € GAL | Klgn8) k) WherRe K18
Tus FIELD OF DERNITION OF \ , TTHEN

G‘((f‘)gz)\ e tor(MNV.,
NoW THESE GhAlois ORUTS GRowW FAST
AS THE ORDER ©F P (NCRRASES
\-€

deq | B ( Sm)* R T=m) H>m
HENCE IF ONE CAN ESTABLISH A SUITABLE

NoN TAVIAL  UPPBR  BOUND FoR  THE

NUMBER of  ToRStoN  PoINTS oF SucH
ofDeR ON V  ( Assuming \ Do€S NoT CoNTAN
SUbTOR1) “THEN oNE /s LED 7o THERE BEING
No SUCH PolNTS OF LARGE oRDeR .

<uen UPPER BOUNDS CAN RE ©VEN IN Tens
ToRVS CASE Ry ELEMEATARY METHDS.




7’}"5 UPPER  BoUND Vs &ALOIS oRB'T ILS——-
METHOD HAS PRevEN To BE RoBUST FoR
OTHER VERTICAL PRoBLEMS

UpP2R BOUNDS

R TRANGENDETA L.
FoR  RATIoNAL POINTS

. BomBIERI-PILA  Gwe
SHARP LP T BXTONENT Fo
CURVES N THE PLANE;

. PILA - WILkiIE  GWE SsHARP UPPTER
Bounds FoR RATIONAL POINTS fori® oN
THE TRANSCENTAL PAKIS ©OF DEEINARLE
sgis IN O-MMAL STRUCTURES W rR"
VERTICAL
» PILh - ZANNER PRoVE THENABELAN

VARIETY VERSION ©F LANR's conT,
Also Known As THE MAN IV -MVMEDRD  CONT,

« THE VERTICAL ANALOGVE (N

swmvRA  VARIET 1ES  ©F TORSION
PuNTS ARE QM - PanNTS” AND THEX
LIE oN FNTELY MANY SHIMURA Su BVARIETIES

"ANDRE ~ DORT"  CONT.
Depied FoR PRoDUcTs 6F ModULAR curkes By PILA

. TRovep FoR @3 BY PILA AND TSIMERMAN .



HoRizowTAL  LANG (5, cont FoR T.—.—(¢*)N i3

TE VC T I AS ABWE AND (s A
GEoNeRATED SUBGRoUP OF T )Tﬁsﬁe

FINITELY
FNTELY  MANY TRANSLATES oF SUBTORL
T Ty Ty IN V, SUCH THAT

ANV = PNTVTR - V).

T Whs PROVEN
1S THE

Ts LIES DEEPER AND
By M.LAURENT . The KEYy WPUT

ScHM) DT  SUBSPACE THE OREM wWHicH S
A4 STRIKNG HIGHER DIMENS tONAL VERSION

oF THE THUE- SIEGEL-ROTH THeEOREM
SIMPLEST VELSIeN (ScHMIDT )
LeT Li(x), Lz(>0)» ‘y L, 0e) BE M *&MW%

t.InEAR  FORMs IN (5, - - ) =2C
coE FFICIENTS )

— of soluTieNS Py

INDEPENDENT
Wi TH REAL ALGEBRA\C

THeN FoR €70 THe S

xeZ ©F e
L6 L6 - Lul |< Jlse]t

Ll IN RNTEY Mm/w, PROPER @R —LIVEAR

SUBSPACES OF R".
NGTE: THE PRoof YIELDS AN CEFECTIVE Bound FoR
THE NUMBER OF SUBSPALES %.’.{O%g% Ao



17

VERTICAL AND HORIZONTAL .

To COMBINE THE T WO et [!

be Tee DivistoN GRop ©F
ﬁ: {z e T ¢ Z'eér ok SoM

(so 21 = tor (T ).

E fzi}

IMATE  VERSION WHiCH IS ALSO

ONIFORM  OVER ThHE DEFINING F1ELDS AND
QUANTITATIVE IN TTHE sk T oF U IS
pUE TO  EVERSTRE |SCHLICKEWE! [ Sermt DT

THEOREM‘ N

v Ve @) [ A RNTELY GENZRATED
SUBEROLVY OF =
ToTay - Y

Tae OLLT

ConTAINED IN '/  SucH THAT
aay =T N(TUL- V)
AN Ve WY

KemARK:.  THE cONSTANT C.(v) CAN BE

SUEN BxpliciTLY , HOWEVER THE Ao TUAL

SAY 28Re DIMENSIONAL T,s  cANOT W
GENERAL BE DETERMINED BY THIS PRooF.




Tue PROOF  (NVOLVES SpEc 1A LIzATION
ARCUMENTS Reducine To [T < (&)
VERSIONS OF THE
SCHMIDT SUBSPACE THEOREM , AS  WELE
As & STYDYy ©OF PuNTs OF SMALL
AND  LARGE HEIEHT - - -

AND ADBSOLVTE

REI\GRT

OUR SV QVARIETIES

AFTER  ANRLYTIN G
D1 OPHANTINE

Ze AnD APPLYING  THE
ANALYSIS We ARRIVE AT:

) cuen G THERE 13 $(G)>0
such THAT  FOR ANY £ DusTINeT
POINTS IN N(X) , %%y L X
dfm@ SP“”‘ (“')H')xf ) > E(G-)loj't
WHicH  LEADS o THEOREM 2,



28 PAVEL KURASOV AND PETER SARNAK

We conclude that if a hypertoric factor is a degree two in any of the variables it
depends on, then it is a degree two polynomial in all other variables it depends on
and is given by
(49) T(21,...,20) = 2522 ... 22, — 1,
which is obviously factorizable as in the case of one variable

(z129...2m — ) (2122 ... 2 + 1).

We conclude that any (irreducible) hypertoric factor is a first degree polynomial in
all variables it depends on. (Il

Let us study how first order hypertoric factors may look like.

Theorem 5. Let G be a finite connected graph without degree two wvertices, not
a segment and not figure-eight graph, then any irreducible hypertoric factor in the
secular polynomial is of the form

(50) T(Z) =z — 1,

and occurs if and only if the edge e; forms a loop in G. If G is a segment or a
figure-eight graph, then the secular polynomials are

(51) P(z1)=(z1—=1)(z1+1) and P(z1,22) = (21 —1)(22 — 1)(2122 — 1)
respectively and contain additional hypertoric factors zy + 1 and z129 — 1.

Proof. Consider arbitrary connected graph G which is not a watermelon and the

corresponding secular polynomial. Let G have d loops formed by e, ..., eq, then the
secular polyno '%lacc,%lrtains hypertoric factors (z;—1), j =1,2,...,din accordaec ctor
with Theorem #. The irreducible factor Q¢ (Z) appearing in the factorisation (E%)

is a first deg ce sg(g(l)xglomial in z1,...,2q and second degree in all other variables.
But Lemma % states that any hypertoric factor is a first degree polynomial in all
variables it depends on. Hence d coincides with the number of edges in G, i.e. all
edges in G form loops. In other words, G is a flower graph F,. The factor Qp, is
hypertoric if and only if d = 1,2 when G is a loop or a figure-eight graph.

In the case G is a watermelon the two factors are not hypertoric unless d = 2
corresponding to the loop graph on two edges, which contains degree two vertices
and therefore is excluded. (]

- - 8. ARITHMETIC PROPERTIES OF THE SPECTRUM
SecArithmetic

9. SPECTRAL MEASURES AND CRYSTALLINE MEASURES.

‘ SecCrystalline ‘

The spectra of metric graphs yield exotic measures related to the theory of quasi-
Y] gals. We review briefly some of the relevant theory following the recent paper
Eg‘éf‘before examining the properties of the spectral measures of metric graphs.

Mel16
Definition 4. ( [&3(&5 ) A tempered distribution p is a crystalline measure if y and [
are of the form

(52) p=Y axdy, =Y b,
AeA seS
with A and S discrete subsets of R.
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The basic examples of such measures come from the Poisson summation formula
which asserts that u =), 0, = fi. Finite linear combinations of these are called
Dirac co Eg gnd for these A and S are finite unions of arithmetic progressions.

Guinand [I8] pointed to other crystalline measures and in particular ones coming
from the explicit formula in the theory of prime numbers. If x;, x2 are primitive
even real Diricihlet characters of conductors ¢; and g2 and the non-trivial zeros of
Diricihlet functions L(s, x1) and L(s, x2) are denoted by % +iy(x1) and % + iy (x2),
then assuming the Riemann hypothesis (that is that the +’s are real) we have that

for
_ ! 1) 1 )
W= 3 Z ~(x1) T 5 Z 4 (x2)
V(Xl) ~y(x2)
53) 1 q (x1(p™) — x2(p™)) logp
=1 (*1>5 5m ogp
I 5 og © oerZm P log p

the last sum being over m > 1 and p prime. Clearly p is a crystalline measure.
Similar crystalline measures can be constructed from the Selberg trace formula (and
without any unproven hypotheses).

While p is tempered in gﬁiﬁiand hence so is i, note that |ji| is not tempered, since
there is an exponential in z number of logp in an interval [z,z + 1]. The same
applies to the crystalline measures coming from the Selberg trace formula. For
our (one-dimensional) metric graphs the support of S is contained in the set of
the lengths of the periodic orbits and p is tempered, and even though there is an
exponential number of closed orbits of a given large length inside [z,z + 1], |f]
is tempered.? This points to a fundamental difference to the crystalline measures
coming from the explicit formula.

One of the central questions is to understand the crystalline measures which are not
Dirac combs. There is a number of results which show that under some additional
conditions on p and fi, that g must be a Dirac comb. A couple of these that we

will mak?/I us of are:
e
(1) [B4]If p is a crystalline measure and ay for A € A takes values in a finite set

and |fi] is translation bounded (that is sup,cp |2|(z + [0, 1]) is finite), then

Wi CaG](;)irac comb (a key ingredient in the proof is the idempotent theorem

i
(2) [EgeZ i heorem 2.1] If i is a positive Fourier quasi-crystal and S is uniformly
discrete (that is |s — s’| > € > 0 for some € > 0 and all s # s’ in S) then u
is a Dirac comb.

Various %%%Of Fourier quasi-crystals from Dirac combs have been given
[ y y

recently ;36]. These are gotten from Voronoi summation formulae in odd
dimensions, projections of higher dimensional lattices and delicate limits of Dirac
combs. A basic question that has been open for some time is whether a positive
crystalline measure or a Fourier quasi-crystal must be a Dirac comb. The next
theorem gives the properties of the spectral measure ur of a metric graph I'. It
provides an answer to the last question as well as a number of others. Before
stating the theorem we recall a few more definitions. A distribution p is almost
periodic if % ¢ is a Bohr almost periodic function for every C*° function ¢ of
compact support. A measure p is almost periodic if p * ¢ is Bohr almost periodic

2Crystalline measures with || and |f1| tempered are often called ‘Fourier quasi-crystals”.
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function for every continuous ¢ of compact support. Finally a discrete subset of R
is a Delone set if it is uniformly discrete and relatively dense in R, that is every
interval of length R for some large enough R meets the set.

Our measures pr = Zkespcc ) dr enjoy the following set of properties under spe-
cialization of T":

Theorem 6.

(1) pr is crystalline.

(2) pr >0, ay takes on only finitely many positive integer values. |ur| (= pr)
18 translation bounded and distribution almost periodic.

(3) |fr| is tempered.

(4} dimQ S < o0.

(5) If N(T') # 0 then dimg A = oo and |fir| is not translation bounded, ur is
not an almost periodic measure, and S is not a Delone set.

(6) If N(I') = spec (') then there is C = C(G) < oo, such that A contains no
more than C' elements in any arithmetic progression in R.

(7) If T is a connected subtorus of SN and Zr is the restriction of Zg to T, is
smooth, then for any (¢1,...,4n) € T the support A of ur is a Delone set.
Moreover if G is a tree then ay = 1 for A € A, that is pr is “idempotent”.

The theorems in the earlier sections describe when T' satisfies the conditions in
the theorem including ones satisfying all conditions. Positive crystalline measures
which are not Dirac combs are provided by any, iy satisfying (5), answering the last
questions in [35]. Part 3 of Question 11.2 in [%Z%ks for such a positive measure
for which every arithmetic progression meets A in a finite set, this is provided by
ur’s with T satisfying (6). For I" satisfying (7) the support of up is Deloneggfébut
the support of & is not whi L AySwers the other question on page 3158 of [35] and
Part 2 of Question 11.2 in [E%lZ . Finally the idempotent measures in (7) give Bohr
%%Sst periodic Delone sets which are not ideal crystals answering Problem 4.4 in

10. PERSPECTIVES
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