regularized gradient flows on convex bodies
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alternating minimization and competing constraints
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Potential function (e.qg., the capacity) The dynamics can tell us interesting
drives progress forward. things about the endpoint.



a small world

the Gaussian case

Theorem [Eldan-L 2014): | Entropy optimality: Matrix scaling Entropy optimality:
f f: R" — R, saf R o —
Vz Ing(X) = 1 the first ( ( J ‘ of * : , ‘.
g "1 tly I ! ’ of this | I » IC !

I nt settings (I 101 | v
pe ) 1101 1] ! i

ed [0 man /el e ) \ 1ne lear: .

iahl te | AST e Optimality on path spaces

scaling This 1 . m that arises in statistics, numerical analysi:

] e - " T
Nnoper ol '\! I dreas (see seclion L2 N

> N

1€ same row and column sumsas 7



navigating a convex body online
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navigating a convex body online

-
-
-
-

-
-
-
-

-="
-
P
-
-

-
-
-
_=
- N
_"
-
———
_"

; Time-varying vector field F, : K —» R"
4 x'(t) = I Ft(x(t))




navigating a convex body online

Hessian structure: Resulting algorithm is called...
If ® : K > Ris strictly convey, it gives - Mirror descent
a local inner product at x € K: - Interior point method

(u, vy, = (u, V2o (x)v) - “Natural gradient” in information geometry




navigating a convex body online

Hessian structure: Dynamics:

If & : K —> Ris strictly convey, it gives V2o(x (1)) x'(t) = Fo(x(t)) — A(t)
a local inner product at x € K:

(u,v), = (u, V*d(x)v)

x(0) =x, €K
A(t) € Ng(x(t))




navigating a convex body online

Hessian structure:
If ® : K > Ris strictly convey, it gives
a local inner product at x € K:

(w, ) = (u, V2@ (x)v)

Dynamics: [Bubeck-Cohen-L-Lee-Madry 2017]
VZd(x(t)) x'(£) = Fe(x(t)) — A(t)
x(0) =x, €K
A(t) € Ng(x(t))
Lyapunov function:
Dy (y; x) =
P(y) — P(x) —(VO(x),y — x)
Forany y € K:
0tDo (v x(8)) < —(Fe(x(®)),y — x (1))



some applications

Matrix scaling [Sinkhorn-Knopp 1967, Franklin-Lorenz 1989]

K= XEIR’J}X”:ZXU=1} X(0) = input matrix
ij
00 0 0 00 1 0
11 1 1 00 1 0
+ +
FXEYEl g 0 0 ol Flo o 1 o
00 0 0 00 1 0

D(X) = Z Xijlog X;; V2d(x(t)) x'(t) = Fo(x(t)) — A(t)
ij



some applications

Matrix scaling [Sinkhorn-Knopp 1967, Franklin-Lorenz 1989]

K=1XeR}™": inj = 1} X(0) = input matrix
lj
0 (1) (1) (1) 8 8 1 8 Converges to target marginals <
Fe(X) € {4 (1) 00 ol Tlo o 1 o There exists a left-right scaling Y € K
0000 00 10 of X(0) such that

<OO

d(X) = ZXU log X;; Do(Y;X(0)) = 2 108
Lj



navigating a convex body online

Hessian structure:
If ® : K > Ris strictly convey, it gives
a local inner product at x € K:

(w, ) = (u, V2@ (x)v)

Dynamics: [Bubeck-Cohen-L-Lee-Madry 2017]
VZd(x(t)) x'(£) = Fe(x(t)) — A(t)
x(0) =x, €K
A(t) € Ng(x(t))
Lyapunov function:
Dy (y; x) =
P(y) — P(x) —(VO(x),y — x)
Forany y € K:
0tDo (v x(8)) < —(Fe(x(®)),y — x (1))



some applications

Quantitative Roth's theorem for 3-term progressions in dense subsets of Z

Theorem [Roth, ..., Bourgain, Sanders, Bloom 2015]:
If A < {1,2,..., N} contains no non-trivial 3-term arithmetic progressions, then
loglog N)*
(loglog N) N
log N

1Al < c

Bloom's main Fourier-analytic tool falls out of this setup [L 2016]:

K={f:6->oR;|2yecf(x) =1} Ft(f)e{ug:gEG*}

_L _1a _
fO=& v=r o (f) ;Gﬂx) log f (x)



some applications

Spectrahedral lifts of the cut polytope [L-Raghavendra-Steurer 2015]

Denote CUT,, := conv(x @ x € R™™ : x € {0,1}")

Theorem: If Z i1s a spectrahedron that linearly projects to CUT,,, then

n2/13

dim(Z) = ¢ , c>1

\
<

K={D:{-1,1}" >8] | E,tr(D(x)) =1}
D(0) = maximally (QC) mixed state
®(D) = Eyx tr(D(x) log D(x))
F;(D) € { P(x)? : deg(P(x)) < d}



some applications

Twice-Ramanujan sparsifiers
[Batson, Spielman, Srivastava 2012; Allen-Zhu, Liao, Orecchia 2015]

Roughly: Every graph G can be spectrally approximated by a
graph supported on a subset of O (n) edges of G.

K={X€est:tr(X)=1)
d(X) = —tr(VX)

Fr(X) € {xexe s € € E(G)}



some applications

Solution of the (weak) randomized k-server conjecture
[Bubeck-Cohen-L-Lee-Madry 2017, L 2018]

K = allocation polytope

1
d(x) = 2 W,,Z(xv,,; + 6) log (xv,,; + 5), 5 =—

: k
vev 1=>1

(multiscale shifted metric entropy)



chasing a moving target (and bit complexity?)
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chasing a moving target (and bit complexity?)
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Forany y € K:
0D (y; x(1)) < —(Fe(x(1)), y — x(¢))



chasing a moving target (and bit complexity?)
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Forany y € K:
0D (y; x(1)) < —(Fe(x(1)), y — x(¢))

To chase a moving target, need smoothness of y = Dy (v; x) !



some applications

Solution of the (weak) randomized k-server conjecture
[Bubeck-Cohen-L-Lee-Madry 2017, L 2018]

K = allocation polytope
1

d(x) = 2 W,,Z(xv,,; + 6) log (xv,,; + 5), H = E

VEV =1

(multiscale shifted metric entropy)



geometric BL data (Gaussian version)

Consider subspaces Eq, E,, ..., E,, € R™. Let P; denote the orthogonal
projection of E onto E;, and suppose that c,, ¢y, ..., ¢,,, > 0 are numbers so
that the frame condition holds:

CiPi = ldE

OgE

=1

Let Z denote a standard Gaussian on R"™, and Z; a standard Gaussian on E;.

Then for any random vector X € R":
m

D(XIZ)EZCiD(PinZi)

=1

[Ball / Barthe / Carlen & Cordero-Erausquin]



entropy optimal drifts

Consider a probability 1 on R", y,, = standard Gaussian measure

Let { B, : t € [0,1] } be a Brownian motion with By = 0 (S0 By ~ ¥y,)

Consider the family {v; : t € [0,1] } of all adapted drifts so that if X, = 0 and
dXt —_ dBt ~+ Ut dt
then X; has law L.

1 1
[Follmer-Borelll:  D(u | y,,) = = min f E ||ve||% dt
2 {vt} 0



entropy optimal drifts




geometric BL data (Gaussian version)

Subspaces E; ..., E,, € R" Proof:
S - Let {v,} be the energy-optimal drift so
2 cibi = 1dg thatdX; = dB; + vy dthas X; ~ X
i=1

: By Follmer-Borel:
Let Z denote a standard Gaussian on R", y ore

and Z; a standard Gaussian on E;. For D(X|Z) = ljle 1w, ||2 dt
any random vector X € R™: 0 t
m 1 1 m
D(X|Z)22CiD(PiX|Zi) :—j EciIEllPivtllz dt
i=1 2Jo i=1
m

> Z ¢; D(P.X | Z;)
[Lehec 2010] -



how do operator scaling (or non-geometric BL) fit?

Rank one operator scaling (Barthe, Forster):

Suppose x4, x5, ..., X,, € R¥ are unit vectors so that every subset of k vectors is
linearly independent. Then there is a linear mapping 4 : R* — R¥ such that

S (Ax)(Ax)T  n

=—1Id
. | Ax; [[2 kX
=1
Minimize: z Ds 108—
Define the determinantal measure |S|=k
n over probability measures
Ds = det z x;x; |/ det Z x;x; {ps:|S| = k} satisfying
i€S i=1 ko
(measureon S < [n], |S]| = k) Z ps=— Vi=1..n

S:ES



