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Big Picture

Algebraic complexity studies computation of algebraic objects 
(polynomials, matrices, tensors). Two main features: 

 

 



Big Picture
Lower bounds easier to prove in algebraic setting… What do we know 
so far?

 

 

1. Bounds in (1 & 2) are far from the bounds for random 
polynomials. 

2. Why is that the case?  
3. Are the techniques from (1) limited in the general setting?



Boolean Barriers

 
Lower bounds harder to prove, easier to find barriers…



Attempts at Algebraic Barriers

 

Barriers for algebraic setting much harder to find.
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(Algebraic) Lower Bound Game Plan

 

General structure of lower bound proof:



Examples of Decompositions
 



General Lower Bound Techniques 

 

 

 

 

 



Barriers to Lower Bound Techniques

 

 

 

 



Rank Methods 

Used in [Nis’91, Smo’93, NW’96, Raz’09, RY’09 
Kay’12, GKKS’14, KLSS’14, FSS’14, FLMS’15, KS’14, 
LO’17] and many others…

Includes: (shifted) partial derivatives, evaluation 
dimension, coefficient dimension, flattenings

 

Any measure which can be cast as the rank of a 
matrix.



Example of Lower Bound [NW’96]

 

 

 

 



Example of Lower Bound [NW’96]
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Barrier for Tensor Rank
 

 

 

 

 



Barrier for Waring Rank

 

 

 



Proof of Waring Rank Case 

 

 

 

 
Thus



Proof of Waring Rank Case 

 

 

 



Proof of Waring Rank Case 

 

Thus, to prove a barrier, we need to upper bound

 



 

 

 

 



 

 

 

 



 

 

 

 



 

 

Putting things together:

 



 

 

 



 

 

From:

 

And from:

 

By collecting monomials:



 

 

 

 

 

 

Thus:



Open questions

 

• Can we use these barrier techniques to prove 
better lower bounds?

• Is the matrix decomposition that we obtained 
tight?

?



Thank you!


