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Expanders

E'SM;LGWL E;”"%G'BL Well connected graphs of small degree are called expanders.

© Expanders o Expanders

‘@ Equivalent definitions e Equivalent definitions

SiCvE/SIents OC 3y ERES Definition A graph I' is called an e-expander if for any set of vertices A,

Kazhdan Constants Kazhdan Constants SUCh that |A| S |F|/2 we have ‘aA‘ 2 E‘A‘

Computation of Kazhdan ; ; Computation of Kazhdan

Constants Constants

Bounded Generation Bounded Generation

Property Property. . . . . .

o Constans or d h o Comstons o The maximal € with this property is called the expanding constant of I
e Expander Graphs Kazhn

P TED VI A family of graphs (of bounded degree) is called an expander family if
(dis-)Prove Proper (dis-)Prove Property ’ ) )

Subepace Arandements | | ubepace Amangements their expanding constants are uniformly bounded.

Easy Example Easy Example

Applications Applications
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Equivalent definitions of Expanders

Theorem A family of k-regular graphs I'; are expanders if any of the
following holds:

o the expanding constants of I'; are bounded from 0,
e the Cheeger constants of I'; are bounded form 0,

e the spectral gaps of the Laplacians (Id- normalized adjacency
matrices) are bounded form 0.

Any of these conditions implies that the random walks on I'; mix in
O(log|T';|) steps.

If one allows £ to increase then the these conditions are NOT equivalent,
thus there are several different definitions of unbounded degree
expanders.
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Cayley Graphs as Expanders

In the case of Cayley graphs of finite groups, there is an other condition
equivalent to “expansion”, which is related to representation theory, more
precisely to the “Kazhdan constants”.

Problem Let be {G;} a family of finite groups. Is it possible to find
generating sets \S;, which make the Cayley graphs C(G;, S;) expanders?

e there are many cases where such generating sets are known to
exist, e.g., for quotients of a group with a variant of property T;

e and only a few where it can be proven that such generating sets do
not exist, e.g., solvable groups of a fixed class.
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Unitary Representations

Let H ba a Hilbert space.
A representation a group of (7 into 7 is called unitary if

gl = llll

forany v € Hand g € G.

Definition A unit vector v € ‘H is called e-almost invariant under the set
S'if
llg(v) —v|| < eforany g € S.

One easy way to produce almost invariant vectors is to take
perturbations of invariant vectors.
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Kazhdan Property T

Definition Let G be a group, generated by a finite set .S.

The maximal € such that the existence of an -almost invariant vector
implies the existence of an invariant vector is called Kazhdan constant of
G with respect to S and is denoted by K(G; S).

The group G has property T if the Kazhdan constant C(G; S) is positive.

If H is a normal subgroup of G, we can also define about relative
Kazhdan constants:

Definition The maximal € such that the existence of an e-almost
invariant vector implies the existence of an H invariant vector is called
relative Kazhdan constant of GG with respect to .S relative to H and is
denoted by K(G, H; S).
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Examples of Groups with T

e All finite groups
e Lattices in high rank Lie groups, e.g., SL,,(Z)

e Random group, with sufficiently many relations

Infinite groups with property T can be used to construct expander graphs.

Also, families of finite groups with a generating sets of fixed size lead to
expanders, provided that their Kazhdan constants are uniformly bounded.

Moreover, estimates for the Kazhdan constant give to estimates for the
mixing time for some random walks.
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Several Kazhdan Constants

Let GG be a group, generated by a finite set .S.

The Kazhdan constant of G is

llp(s)o = ol

K(G;S) = inf inf max e
v

H veEH s€S

where H is a representation of G without invariant vectors

Similarly we can define

2 _ llp(s)v — vl |?
K, (G;S) = inf 1275@2 ol

’U

KC2,(G; S) is equal to twice the spectral gap of the Laplacian and the inf
is achieved at some irreducible representation.
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Trivial bounds

It is very easy to see that:

and

2> K(G;G) > V2,

K2,(G;G) =2.

These inequalities hold, because if unit vector v is moved by less than
\/5 by any element of the group G then the whole orbit of v lies in some

half-space.

Thus, the center of mass of the orbit is a non-zero invariant vector in the

representation.

Equivalently, we use that the normalized adjacency matrix of a complete
graph has a spectral gap equal to 1.
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Dependance on the generating set |

Let G be a group and let S be a set (containing the identity) then

K(G:8) 2 1K(G: 8Y),

where S* denotes all group elements which can be written as a product

of k elements from S.

These inequality holds, because any e-almost invariant vector w.r.t. S is

also ke-almost invariant w.r.t. to S*.
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Dependance on

the generating set Il

If H is a normal subgroup of GG then

K(G;S) > =K(G; H U S)K(G, H; S),

DO | =

where K(G, H; S) is the relative Kazhdan constant.

These inequality holds, because any e-almost invariant vector w.r.t. S’ is

also 2K(G, H

Lemma If H;

Then

; S)~Le-almost invariant w.r.t. to H.

<1 N; are subgroups of G such that

K(G5US:) > %L x K(G; UHS).
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Some Relative Kazhdan Constants

Theorem (Burger, Shalom, K.)
Let R be an associative ring generated by «v;,i = 1,..., k.
Consider the subgroup GL2(R) x R? C GL3(R).

S ¥ %
S * *
% %

Then 1
K(GLy(R) x R2, R:L, F) > ————,

where F is the set consisting of 4(k + 1) elementary matrices with £1

or +q; off the diagonal and the two standard generators of R2.

The proof uses almost invariant measures on the unitary dual of R?
considered as additive group.
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Bounded Generation

Definition A group G is said to be boundedly generated by the ordered
multi-set S = {s1, s2,..., s} if any element g € G can be written a a
product

g=s{'s5? . sk

for some integers a;.

This is a very strong condition and implies strong restrictions on the
group G.
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Example: SL,(Z)

Theorem (Carter-Keller) Any matrix in SL;,(Z) can be written as a

product of less than 2n? + 100 elementary matrices.

The proof uses reduction from SL,,(Z) to SL,,_1(Z) for n > 3,
which only uses existence of primes in arithmetic progression.

The main step is to show that any element in SLy(Z) C SL3(Z)
can be written as a product of 100 elementary matrices.
This step uses K-theory and playing with Mennicke symbols.

If we are only interested in SL,, (I},) then the proof becomes much
easier and uses only Gauss elimination.
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Uniform bounded elementary generation

For groups like SL,, (R) it is better to consider the following property

Definition
H;, if there exists N such that any g € G can be written as

9=0192...9n, whereg; € | JH;.

Theorem Let R be a “nice” finite associative ring with 1, then any

element in EL3(R) can be written as a product of 50 elementary
matrices.

A group G called is boundedly generated by the subgroups

A “nice” ring is any product of matrix rings over fields, or commutative

rings.

It is unknown if similar result holds for SL;, (Z[x]) for a big 7.
It if false for SL,, (C[z]).

1
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SL, (F,) for fixed n > 3

The homomorphisms from SLa(Z) x Z? to SL,,(F,),
and estimates for the relative Kazhdan constant of SLy(Z) x Z?
imply that

(ST (Fy); Bn(21)) 2 56 K(STn(Fy); En),

where E,,(+1) is the set of elementary matrices with +1 off the
diagonal and E,, is the set of all el. matrices.

By bounded generation E,LQ"2 = SL,,, therefore

1 1
: By > — : >—
K(SL,(Fp); En) > 2”216(SL”(IFI,),SL,,,(IFP)) 253

Theorem (Shalom)

1

]
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SLs,(F,) foraall nand p

Block decomposition implies SL3;, (F;,) ~ EL3(Mat,,(F,)).

Since the ring Mat,, (F,) is 2-generated, and EL3(Mat,,(F,)) has

uniform bounded generation property, we have:

K(SL3n(Fp); E3(£1, A, B)) > —K(SLsn(Fp); E:

1
20 i E3),
1 1
’C(SL:;”(FP); E3)) > EK(SL&L(F}')); SL37L(F]))) > 4_0

where F3(+1, A, B) is the set of block elementary matrices with

generators of Mat,, (IF,,) off the diagonal and E3 is the set of all block el.

matrices.

Theorem (K) There resists a generating set .S’ of SLgn(]Fp) with

|S| < 20 and
1
9) > ——.
KC(SLan(Fy)i 8) > s
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Example D, Groups generated by involutions
Beergirly The infinite dihedral group LExpanderGraphs Assume that the generating set .S consist of involutions.
Kazhdan Contants Kazhdan Contants Let H denotes the fixed subspace of s € S.
Computation of Kazhdan D _ bl 2 __ b2 _ 1> Computation of Kazhdan )
Constants oo = <a7 a =0 = Constants Notice that:
Bounded Generation Bounded Generation
Propert Property . .
. does not have property T. o 'H has no G invariant vectors < (| Hs = {0}
Kazhdan Constants for Kazhdan Constants for
SLy (Fp) SLy, (F.
Using Geometry to Using Geometry to ° P(S)U =0= 2d(’U, HS)
e For any ¢ there is a representation @ AL
® Example D o, ® Example D oo . .
ROy of Do on R? where a, b act as re- O RETDEREEEy Thus, the group G has property T if for any representation of G on H,
luti luti H H H
T - flections across two lines at angle 20 T . any vector which is close to all subspaces H is not too far from the
subspaces subspaces . .
® Angle between many 2@. ® Angle between many intersection ﬂ HS-
subspaces Thi . d h b subspaces
o Bounding the angle is representation does not have o Bounding the angle
between subspaces = = = = between subspaces
o Groups generated by 3 invariant vectors, but it has a unit o Groups generated by 3
involutions involutions

vector which is 2 sin ¢ invariant.

© 3 Subspaces ® 3 Subspaces

Subspace Arrangements . Subspace Arrangements

R This example shows that we need some bound for the angle between the R

EasyBExampe EasyExampe

Applications subspaces HE and HE? in order to prove property T for TS
| G= le GQ = | | |
! 25/48 " ! 26148
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Angle between two subspaces Angle between many subspaces

ExpanderGraphs Definition Let H; and Ha be two subspaces of a Hilbert space H. The Expander Graphs Definition Let H;, @ = 1,...,n be subspaces of a Hilbert space H.
LazhdenConsens . gngle <{(Hy, Hz) is the smallest angle between vectors v; and va, such LecdenConsants_ \\e say that the angle <{(H;) between them is ¢ if

Computation of Kazhdan Computation of Kazhdan

Constants that v; € ‘H; and v; 1 Hy N Ho. Constants

Bounded Generation Bounded Generation 1 || Z v; ‘ ‘2

Property ' » Property cosp=——|(sup g — 1

Kazhtian Constants for Notice that the operator norm of the addition azhian Constants for n—1 S|

SLn (Fp) SLin (Fp)

Using Geometry to . Using Geometry to where is taken over v; jandv; L (). H;.

R sum : Hy/(H1 N Ha) © Ha/(H1 N Ha) — H/(H1 N Ha) R sup is vi € Hyandv; L (M

o Example D o, o Example D o,

OO IR is less than /1 + cos <t(H1, Ha). OOEIEIEE Equivalently the norm of the addition

® Angle between two @ Angle between two

subspaces . 3 . subspaces

oy e e SR Equivalently, we can define the angle using the spectral gap near /2 of oy sum : Hi/ N H ... Ho) NHi — H)NH;

OERE T the addition S,

between subspaces : — between subspaces A o

© Groups generated by 3 Skt Hl ® H2 H ® Groups generated by 3 1S + (n 1) cos ¢

involutions Notice that the angle between two subspaces is ‘not defined’ if one is subspace of the other. In this case we say that the angle is involutions ) ) X .

o 3 Subspaces /2 and the subspaces are perpendicar. © 3 Subspaces Notice that the angle between any collection of subspaces in a finite

_Subspace Arrangements _Subspace Arrangements dimensional spaces is positive, but this is not true in general.

p p 9

Easy Example Easy Example ) .

Jr— Jr— Also any lower bound for <((;) gives a lower bound of maximal
| ) i distance from a unit vector v to the subspaces H,;. !
! 27/48" ! 28148
t t t t

Bounding the angle between subspaces Groups generated by 3 involutions

Expander Graphs Lemma If the the involutions s and ¢ generate a dihedral group of order _— Let GG be a group generated by 3 involutions, i.e., G is a Coxeter group
Kazhdan Contants 2k then the angle <t(Hs, Ht) > 7 /k, where H, and H; are the fixed Kazhdan Constants

Computation of Kazhdan ) ) : ) Computation of Kazhdan G o 2 1 e\ 1

Constants points of s and ¢ in any unitary representation of GG. Constants = (s1,82,83 | 857 =1, (88;)™ =1)

Bounded Generation Bounded Generation

Property Property .

o . . o Question When does G has property T?

e The proof uses the representation theory of the dihedral group Dj,. e

Using Geometry to - . . Using Geometry to Using the classification of 3 generated Coxeter groups one can see that
Laepoepepen - Similar result hold if s and ¢ are elements of order p and (s, ¢) is the MSRmRmwd . e e

o Example Do . : o Example Do :

@ Groups generated by Heisenberg group mod p. In this case we have @ Groups generated by

involutions involutions

® Angle between two ® Angle between two

subspaces 1 subspaces e G has property T

. :ngle between many cos <{ (’}—(S’ Ht) < —. . Sng\e between many

subspaces subspaces e

o Bounding the angle \/ﬁ  Bounding the angle o G is finite

between subspaces between subspaces

® Groups generated by 3 P . : o f : : ® Groups generated by 3

pineia Again it suffices to verify this bound for any irreducible representation of b . ﬁ = ﬁ S % >1

© 3 Subspaces the Heisenberg group. ® 3 Subspaces

Subspace Arrangements Subspace Arrangements

Easy ExamEIe Easy Examgle

Applications Applications
| } } }
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3 Subspaces

Expander Graphs Let H; be 3 subspaces in a Hilbert space H, with trivial intersection. Expander Graphs
Kazhdan Constants . d h | b Kazhdan Constants
Computation of Kazhdan Lemma: Let cvj; denote the angle be- Computation of Kazhdan
Constants tween Hl and Hj- If Z aij > Constants
Bounded Generation . . Bounded Generation
Property than any vector v which is closed to Property " "
Kazhdan Constants for all H,;, is short, i.e. Kazhdan Constants for
SLyp (Fp) ! ! ! SLy, (F.
Using Geometry to Using Geometry to
(dis Prove Property T [[v]|?< C § d(v, H:)?, s )Prove Propery T _ Subspace Arrangements
OEEF2 B Subspace Arrangements
® Groups generated by c . s
involutions
O een o where the constant C' depends only in A
subspaces Q. 3 Subspaces | |
® Angle between many J . . ® Relationship with ! '
subspaces Notice that the condition groups
® Bounding the angle ® Easy Observation
between subspaces
 Groups generated by 3 E - _EasyExample
involutions @ > o
Applications
® 3 Subspaces
Subspace Arrangements is equivalent to the existence of spher-
EasyExample ical triangle with angles cv;;.

Applications

1
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Subspace Arrangements 3 Subspaces

LExpanderGrephs __ Definition A subspace arrangement is the collection of all possible Expander Graphs The previous lemma is equivalent to saying that any 3 subspaces such
LazdanConstans . py_tuples of subspaces {H; }icr in some Hilbert space H, satisfying a KazhdanConstants . that

Computation of Kazhdan . . . Computation of Kazhdan

Constants fixed set of conditions of the following type. Constants

Bounded Generation Bounded Generation L] <(H1,H2) Z @192

Z"’:‘yci' o for some subsets .J C I there exists oy such that Z“’:"ycim

azhdan Constants for @azhdan Constants for

SLy (Fy) SLa(En) o (H2, H3) > ass

Using Geometry to <(H;); >« Using Geometry to

d\‘s-)vae ngyevlyT ( ])]GJ & [m;-)vae Pm?:erty'r ° Q(Hg, Hl) > 31

Subspace Arrangements Subspace Arrangements

Sub l ] . . Sub: : 3 5

RS o for some subsets J C I and some i € I we have H; D (;c; H; oS satisfy <\(H1, Ha, H3) > ag > 0if

® 3 Subspaces ® 3 Subspaces

o menstip i A collection is called “good”, if there is a strictly positive lower bound for o atonship it g + ag3 + agp > T

® Easy Observation @ Easy Observation

Easy Example <(H;); Easy Example o

o (Ha)ier, o In other words the arrangement of 3 subspaces H;, satisfying the above

lications \pplications
o ’ ) ) - conditions is “good”.
which is valid for all n-tuples of subspaces which satisfy the conditions 9
listed above.
| } | }
33/48 34148
t t t t
Relationship with groups Easy Observation

Expander Graphs Our motivation for studying such arrangements of subspaces comes from Expander Graphs Theorem Let G be a group generated by 7 finite subgroups G;.
Z““"”‘C%K"‘SM representation theory. z“““"c% Suppose that the inclusions between Gy for J C {1,...,n} and the

omputation of Kazhdan omputation of Kazhdan

Constant . - Constants representation theory of these groups define a "good” arrangement of

E::: d::eeneram Let H be a representation of a group GG and let GG; be finite subgroups of Bz:i ::d cenoraton ‘; y group 9 9

) subspaces.

Propery G. Denote H; = HEi the set of vectors fixed by each subgroup. fErbor R P

G O C T Then G has property T.

SLy (Fp —_ R SLy,

Aot The two type of restrictions on the subspaces are related to properties of 3l

U(d S“s'?)gpi?ﬁ";:gygﬁ T the group G (and the collections of subgroups G;): Tl

Subspace Arrangements Subspace Arrangements

® Subspace : . . : ® Subspace

Ao e representation theory of the group (G, ..., G, ) vields lower s et

® 3 Subspaces bounds for the angle <I('HZ'1, . 77—{Z.k)’ ® 3 Subspaces

® Relationship with @ Relationship with

groups groups

* Easy Observation e inclusions G C (G, ..., Gj,) correspond H; D Ni/H,, . * Easy Obsenvation

Easy Example Easy Example

Applications Applications
| } } }
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® Main result
e Equivalent Statement

® “Proof”
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An Example

Suppose that a collection of subspaces is given only by conditions of the

first type, in the simplest case we have bounds for the angles «;;
between any pair of H;-es.

If we find sufficient condition for having a good collection we can deduce
property T for some groups.
Previous results: (g; ; = cos «; ;)

e Dymara-Januszkiewicz proved that the collection is "good” if

&ij < 2712 for all 4, j

o Ershov-Jaikin improved the bound to ;; <

1

n—1

for all i, j

e They also showed that the collection is good if n = 3 and some

inequality is satisfied.
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Main result

Theorem (K.) Let H; are subspaces of a Hilbert space H. Denote
eij = cos(<(H;, H;)). Suppose that the matrix

A=

1
=@l
—€3,1

—€n,1

=Eiy) <CiLY
1 —€22

—E€32 1

—€n2 —Eng3

—€1n
—€2n
—€3n

is positive definite, then there is lower bound for <I(’HZ-), which depends

only the matrix A.
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Equivalent Statement

Theorem The arrangement of n subspaces H; satisfying the conditions

<(H;, Hj) > oy

for all 7, 7, is "good” if there exists an n-dimensional spherical simplex
with angles between the faces equal to c;;.

Actually, “if” can be replaced with “if and only if”, but the other direction is

much easier.
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“Proof”

It seems “obvious” that the most difficult case is when H; are
hyper-planes (they have co-dimension 1 in H).

In this case WLOG we can assume that dim H = n and we can find unit

vectors u; perpendicular to the hyper-planes H;. By construction we

have |<uz,uj)| < Eij-
The volume of the simplex spanned by u; is

V2 = dct((ui,u]))i,j > det A

is bounded from below, thus any interior point is "far” form at least one

face, which translates to a lower bound for the angle between the

subspaces H,;.

In the general case one need to do a clever induction to justify the

“obvious”.
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Application to property T

Theorem (Dymara-Januszkiewicz)

finite subgroup G;. If for any 4, j the group G; ; = (Gj, G;) has
property T and the Kazhdan constant (G5, G; U G) is sufficiently

big, than G has property T.

Let G be a group generated by a
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 Coxeter Groups

® SLin (Fp[t1, t2])

o Groups graded by root
systems

Coxeter Groups

Theorem (K.) A Coxeter group G has property T if and only if it is finite.
Moreover, the Kazhdan constant /C(G, S) can be computed using the
defining representation of the group G.

Corollary  The mixing time of the random walk on a Coxeter group G
with respect to the standard generating set .S is bounded by n? logn,
where n is the rank of G.
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o Coxeter Groups

® SLin (Fp[t1, t2])

o Groups graded by root
systems.

SL,, (F,[t1, ..., t])

Theorem The groups SL,,

n > 3andp > 4.

Proof: The subgroups

(Fplta, ..

G; =1d + F}')Ei’zl*,l

and

Gp = Id+(Fp+t1]Fp+' . '+tk-]Fp)En)1

generate the group SL,, (I,

[tl, L. ,tk]).

1
0
0

Gy

@ a@ =

—

o~ Qo

- No o
w

., tx]) have property T for any

Any two of these group either commute of generate a Heisenberg group

mod p.
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@ Coxeter Groups

o SLn (Fplt1, t2])

o Groups graded by root
systems

Thus the "matrix” of cosines of the angles between the subspaces of

fixed points is:

wheree = p~

1/2.

- 0 —€
1 —e . 0

— 1 0
0 0 1

This matrix is positive definite if e < 1/2.

Same result holds for Steinberg groups over any finitely generated ring of

characteristic p > 10.
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o Coxeter Groups

® SLn (Fp[t1, t2])

o Groups graded by root
systems.

Groups graded by root systems

Definition

d if there exists root subgroup X, for & € ® such that

e (G is generated by X,

Let @ be a finite root system. A group (G is called graded by

e if v and /3 are linearly independent then [X,,, X] C (X ), where
vy =aa+bpfora,b>1

o if f =aafora > 1then [X,, Xg] C (X,), where v = b for

b>1

o for each av € ® there exists a set of positive roots @+ such that

a € dt and

Xo C(Xy |y €O, v #0a).
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® Coxeter Groups

©SLy, (Fp [t1, t2])
o Groups graded by root
systems

Theorem (Ershov-Jaikin-K.)

Let G be a group graded by the root

system ®. Then the Kazhdan constant (G, UX,) > 0, i.e., G almost

has property T.

The proof is a bit messy...

Corollary Let G = Stg(R) be a (twisted) Steinberg group of rank > 2
over a finitely generated ring R.

Then G has property T and there is an lower bound for the Kazhdan
constant (G, S) > 0, where S'is the "natural” generating set of G.
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