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1890s-1970s: Many problems in mathematics were understood to
be problems in algebraic topology/homotopy theory.

This was due in large measure to the homotopy invariance of
bundle theory.

long entwined

relation between fields allowing
radically different intuitions to be
brought to bear

Story of Milnor in Dec. Theme of

. : conference. Joyal’s talk.
eg Frobenius vs complex analysis

coding and eigenvalues of Frobenius
quantum physics and quantum
computing

Milnor of conj -> cat thy -> equations
summarized by diagrams a la Joyal

you can take that as an affirmation that

we are all connected in this great
universe, that the things that seem to
divide us are illusions and whether by
virtue of low entropy or a spirit in the sky
all beings are but one being.

and sometimes | have the reaction, of




1890s-1970s: Many problems in mathematics were understood to
be problems in algebraic topology/homotopy theory.

1970s: Abstract homotopy theory

Today: Thanks in large measure to Voevodsky, more and more
mathematical questions are being understood to have a

homotopy theoretic component, often rooted in abstract
homotopy theory.



Question: Which complex vector bundles on complex algebraic
varieties have algebraic structures?



1970s: Griffiths investigated this question on smooth affine
varieties in connection with the Hodge Conjecture.

Griffiths’ approach was via complex analysis. By a theorem of
Grauert, every complex vector bundle on a Stein manifold has a
unique holomorphic connection. The obstruction fo the
existence of an algebraic structure can be expressed in terms
of the growth rate of the connection form. Griffiths used
value distribution theory (Nevanlinna theory) to express this
obstruction.

1990s - present: The work of Morel and Voevodsky lets us
approach this question using the methods of homotopy theory.



Methods in homotopy theory

Homotopy groups gD

Cell attachment



Methods in homotopy theory

Cell decompositions _- ae

LA



Methods in homotopy theory

Eilenberg-MaclLane spaces

Postnikov towers
Spectra

Brown-Gitler spectra Dyer-Lashof algebra

Steenrod algebra
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Algebra vs topology

P"  n-dimensional projective space over C

%o a X X l=21

O(d) line bundle whose local sections are
homogeneous rational functions of
degree d

&0



Algebra vs topology

On P! the vector bundles

O(1) & O(-1) and 040
are not isomorphic:

Hom(O(1) b O(—1),0(—1)) =C

Hom(O ® O,0(—-1)) =0



Algebra vs topology

However they have the same first Chern class, so
topologically they are isomorphic.

If we add variables Yo and y; of degree -1 satisfying

XoYo + X1¥Y1 = |

then there is an isomorphism

O(—1) @ O(1) — — 00




Jouanoulous Device

J-n

JI‘I

Clxo, - s Xn, Y0, -+ ¥Yal/(XoYo + - - - + XnYn =1}

Xi =1
Ve -\
Spec R;

is the space of rank 1 projection operators on ¢!

The map J" — P" sending a projection operator to its image

is an (algebraic) homotopy equivalence.



Algebra vs topology

The pullbacks of

O(1) @01} and P i

to J2 are isomorphic, so the classification of algebraic vector
bundles is not a problem in “"homotopy theory.’

But maybe it has to do with splitting exact sequences of
projective modules, and it is homotopy theoretic when restricted
to affine varieties.



Algebra vs topology (dimension 2)
Let I be the ideal sheaf of [0,0,1] € P¢
I'—=AXo; %) C|xau %

Since dimcExt'(0(2),I) =1

there is a unique non-trivial extension

0—-01)-V—-I®O0-1) —0

defining a rank 2 vector bundle V on P2.



Algebra vs topology

V is non-trivial:

Hom(O(1),0°) =0

V is topologically trivial: (ci(V) = c2(V) = 0)

Question: IsV trivial on J2?



Algebra vs topology

Observation: In the ring

C[an X1, X2, Y0, Y1, YZ]/(E oo 1)

the ideal

(x07 X1)

can be generated by two elements a and b of degree -l.

'

0?2 40(1)




Algebra vs topology

Choose r1,s,t € R]

o 2 il e
satisfying rxp+sx;+1tx; =1 i
set
rl Somg oréi g rs R
S__s_-[r S| w1 Gl e st

and :[a bl =x; XS

One can check that a and b generate (xo, x1) and have
degree -1.



Question: Is every topologically trivial vector bundle on J" frivial?

Question: Is the map

Vec’r,‘(llg (TJ") — Vec’r;:oP (P")

a bijection?



Homotopy invariance of bundle theory in
algebraic geometry



Serre (1955) Faisceaux algebriques cohérents

projective modules

Vector bundles on X G—
over Ox

“Note that when X=Kr (so that Ox=KI[xi,...,xr]) it is
unknown if there exist finitely generated projective
modules which are not free”

Serres problem



Serre (1955) Faisceaux algebriques cohérents

Serres problem was solved independently by Quillen and Suslin
Theorem (Quillen, Suslin 1977): If k is a field then every finitely
generated projective module over

k[x1,...,Xn]

is free.



Bass-Quillen conjecture

Bass-Quillen Conjecture: If A is a commutative regular ring of
finite Krull dimension, then every finitely generated projective
module over A[Xi,...,xn] is extended from A, ie

P~Po®AlX,...,Xn

where



Bass-Quillen conjecture

Theorem (Lindel, 1981): The Bass-Quillen conjecture is true
when A is a finitely generated (commutative reqular) algebra
over a field.

(the geometric case)

Lam, T. Y. "Serre's problem on projective modules”


http://www.ams.org.ezp-prod1.hul.harvard.edu/mathscinet/search/author.html?mrauthid=109495

Algebraic and motivic homotopy Theory



Classical homotopy theory

C the category of topological spaces
W the class of (weak) homotopy equivalences
Ctop Classical homotopy theory

[X, Yltop = ho C'P(X, Y)



Algebraic homotopy theory

Ken Brown ('73), "Abstract homotopy theory and generalized sheaf cohomology”

Sm the category of smooth varieties (over C)

G the category of (simplicial) presheaves on Sm



Algebraic homotopy theory

Ken Brown ('73), "Abstract homotopy theory and generalized sheaf cohomology”

Sm the category of smooth varieties (over C)

G the category of (simplicial) presheaves on Sm
W the class of Nisnevich (hyper-)coverings.
Calg Algebraic homotopy theory

[Xa Y]alg = ho Calg(xa Y)



Motivic Homotopy Theory (viorei-voevodsky 2001)

Sm the category of smooth varieties (over C)
G the category of (simplicial) presheaves on Sm
W the class of Nisnevich (hyper-)coverings

together with the maps X x Al — X

Fpen Motivic homotopy theory

X, Ylmot := ho Cmo’r(X7 %



Abstract homotopy theory

Calg e Cmo’r s CfOp

realization functors



Algebraic and Motivic Vector Bundles



Classifying spaces

Classifying space for principal G-bundles: BG

foichgc =9c

Bundle theory Adams was referring to

Topology

[x7 BGLK(C)]’rop ~ [Xa Bu(k)]’rop ~ V€C'|'k(X)



Classifying spaces

For X a smooth variety, there is an isomorphism

X, BGLilaig ~ Vect9(X)

(local description of vector bundles in terms of
charts and transition functions)



Algebraic and motivic vector bundles

Vect,P(X) = [X, BGLk(C)ltop Vect? 9(X) = [X, BGLylayq

Vect!(X)

[X, BGLk]mo’r

motivic vector bundles

Realization maps

Vectd'9(X) — Vect™ (X) — Vect;P(X)



Vector bundles on affine varieties

Fabien Morel (2012) M. Schlichting (2015)
Aravand Asok, Marc Hoyois, Matthias Wendt (2015)

Theorem: For smooth affine X, the map

Vectd'9(X) — Vectl™(X)

IS an isomorphism.

affine homotopy invariance of algebraic bundle theory
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Cell decompositions



Obstruction theory

P H (X; — [X,Y]

Algebraic Homotopy Theory:

e

GLk el

7TiBG|_|< = 4 3
0 otherwise

\

H!(X: GLy) ~ Vecty(X)



Obstruction theory

Motivic Homotopy Theory:

ﬂoBGLk — X

go to town here...mention our
example (rational chern classes)

relation with griffiths,

Interesting obstruction theory

Morel and Asok-Fasel have investigated splitting free summands off of projective
modules over regular rings and classification of projective modules over smooth
algebras of Krull dimension less than or equal to 3.
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The Rees bundles

VectP(CP") ~ [CP", BU(2)]1op

Obstruction theory
P H¥ (CP"; m2BU(2)) = Vect,(CP")

one needs to understand

T2iBU(2) ~ 715i1U(2)
~ 7T2i_15U(2) (I > 1)

55 3
RS TIi 19

odd homotopy groups of S3



The Rees bundles

The first non-zero odd homotopy group of S3 (localized at p) is
i 48 =~ Z/p
Rees considers the bundle &, corresponding to

CPePrl_y CcpePal fep Pt GPa e o BEH D)

Theorem (Rees): The bundle & is non-trivial for all p.

Note: The bundle & has no Chern classes.



The Rees bundles

Question: Do the Rees bundles exist over J2p-1?



The Rees bundles

Answer (Asok, Fasel, H.): Yes.



Motivic Rees bundles

The motivic Rees bundle corresponds to a rank 2 projective
module over the degree zero part, Ro, of the ring

ClXo, -, X2p—1,¥0, " »Yop-1l/X -y =1

Homotopy theory implies that it arises as the kernel of a map

(Ro)®> — Ro

(s,t,u) — as + bt + cu

for some unimodular row [a,b,c] in Ro .



Construction of the motivic Rees bundles



Do you have
15 min left?

go for it!

Prell-e n d 1- h e . requires years of training in meditation
and the martial arts at secret remote
. . himalayan dojos
construction is e
waaay too

hard to explain
-and sKip it



Construction of ¢

Key ste
e GLA(C)

.

SZn—l & SZn——l
(n—1)!

leads to a map
0 0 S — S°
which may be composed with its suspension to give

SR 0t X
ol - S o6




Motivic spheres

/ “dimenSion”

SiLl = Al-{0}

SLo = Al/{0,1} Spa = (sL1)N A (810)/\P—

Hodge weight

Other examples
An fs: {O} ~ SZn—l,n

pn/pn—l ~ SZn,n



Motivic homotopy groups

ﬂa,b(x) = [Sa’bzx]mo’r

topological realization

Cmo’r i C’rop

St s B0 el

T[a,bx =7 T[ax

SP9 1 SF



We need a diagram

.

SZn—l,n ~ J(An £ {O}) (n_l)f AN — {O} ~ SZn—l,n



Suslins n! theorem (unimodular rows)

Theorem (Suslin): Let R be a commutative ring, and
X1 3 Xp Clnd y17'°°7Yn

elements of R, satisfying

lel"‘"""ann:l
If

€1, ", €En

is a sequence of positive integers whose product

€1...€n

is divisible by (n-1)!, then there exists a unimodular
matrix whose first row is

b and]



Movitic Xp and CP (requires (-1) to be a sum of squares)

Suslins theorem gives a diagram
GL,

g

SZn—l,n ~ J(An oo {O}) - AD {O} ~ SZn—l,n

Leads, as in topology, to a map (the case n=p+1)

(XI;O'l' : SZP,P—I—I S S3,2

which when composed with its suspension gives

C;wo’r : S4p—3,2p 5 S3,2

(having order p)



Rank 2 vector bundles on Pr

the motivic Rees bundle should arise as

p2p—1 2 p2p—l/p2p—2 i S4p—2,2p—1 B¢ BGLZ

from a map

S4p—3,2p—1 it AZ B {O} ) S3,2

But we produced

Cglo’r : S4p——3,2p S S3,2

The Hodge weight is wrong.



Moftivic p

There is a map in motivic homotopy theory

P - (ﬂa’bX) torsion % (Wa,b—lx) torsion

which changes weight, and realizes to the identity



Motivic Rees bundles

The motivic map % is Killed by p, so it can be multiplied by p,
and we can form

p2p-—1 _, p2p-1/p2p-2 o ghp-2p-1 P&, pe)

and lift the Rees bundles to motivic vector bundles.



Motivic Rees bundles

The motivic Rees bundle corresponds to a rank 2 projective
module over the degree zero part, Ro, of the ring

ClXo, -, X2p—1,¥0, " »Yop-1l/X -y =1

Homotopy theory implies that it arises as the kernel of a map

(Ro)®> — Ro

(s,t,u) — as + bt + cu

for some unimodular row [a,b,c] in Ro .



Question: Is the map

VectS9(I") — Vect,P(P")

a bijection?



Unstable Adams-Novikov resolution

X— QPMUAX--- — (Q®MUA (=)™ X — - -
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Homologically even spaces

Many naturally occurring spaces have cell decompositions
with only even dimensional cells: homologically even
spaces

For such a space X

i) HznaX =0

ii) Han(X) is a free abelian group.



Homotopically even spaces

Definition: A space X is homotopically even if

I) 7'(2n_1X =)

i) T2 X i a free abelian group.



Wilson spaces (even spaces)

Definition: An even space is a space which is both homologically
and homotopically even.

Examples:  CP< BU BSU



Wilsons Theorem

Theorem (Steve Wilson): The classifying spaces for complex
cobordism

Q>®s%" A MU

are even spaces.

Consequence. If X is homologically even then

QMU A X

IS even.



Unstable Adams-Novikov resolution

Start with X homologically even

X5 P ML/ x (OCMU At 1 X s
even

Leads to a resolution of X by K(Z,2n)



Motivic spaces

Notation: S2nn = An/An_$§0}
S2n-Ln = An-{0}

Definition: A motivic space X is homologically even if
HZ A X =~ \/HZ A §2""

Definition: A motivic space X is homotopically even if

Tlann X 1S @ free abelian group.
Ton—1nX =0



Motivic spaces

Definition: A motivic space X is even if it is both homologically
and homtopically even.

Wilson space hypothesis: For every n, the motivic space

Q>°s2mn A MGL

IS even.



Equivariant Wilson spaces

Theorem (Hill, H.): For every integer n, the real space
Q*°sS"P /A MUg
IS an even real space.

complex cobordism with
complex conjugation

A friend sent me this yesterday. |
know it’s not possible but | take some
comfort in imagining it to be a

“sighting.”
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