Mirror symmetry for
minuscule flag varieties

with Thomas Lam (U. of Michigan)

“Everything should be made as simple as
possible, but not simpler.”



Deligne’s purity theorem

Let p be a prime number, the finite field F, = Z/pZ, and n > 2. Define
the hyper Kloosterman sums by

Kl, = E er <X1+ +X"_1+X1'“Xn71)

X
X1, xn_1€F

th

Each term is a p'M-root of unity and there are (p — 1)"~! terms. Very

important in number theory is that there is “square-root cancellation”

n—1

Deligne's bound: |Kl,| < np 2

This can be thought as the Riemann Hypothesis over finite fields.
For n = 2, this is Weil's bound for Kloosterman sums.



Kloosterman sums, brief timeline.
First appears in Poincare 1912: Fourier expansion of Poincare series.

Kl(a) := Z e (a: - g) :";. J-“»

? -~ -
z€F,

3

Weil's bound, 1948, consequence of RH for curves: [Kl(a)| <2/p

First application by Kloosterman 1926: quadratic forms in four
variables. f

Deligne SGA41/2, hyper-Kloosterman sums:

Kin(@):= 3 elmtmttao) Kl ()| < np™T

L1To Ty =0

Katz's proof. Rigid local systems. Monodromy.

Bump-Friedberg-Goldfeld: Fourier expansion of Poincare series and
Peterson trace formula for GL(n).

Jacquet-Ye fundamental lemma, Ngo Ph.D. 1997

Heinloth-Ngo-Yun 2010: generalized Kloosterman sums.

Omitted here: Linnik-Selberg, Laumon, Iwaniec, Fouvry-Michel, Voronoi summation.
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F, R, C

|-adic sheaf vs D-module

Kloosterman sum Bessel function
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F, R, C

|-adic sheaf vs D-module

Kloosterman sum Bessel function






F, R, C
[-adic sheaf vs D-module

exponential sum Landau-Ginzburg
attached to (Y,f) model (Y,f)

This analogy is implicit in the influential work of Kontsevich-Soibelman.
However our approach with Lam is even more direct and made explicit in its
relation to the Langlands program.



m Local fields map
Q

& transfer

QT (1) C((1))

deformation family

F, . R, C

|-adic sheaf vs D-module






Projective homogeneous spaces: G/P with P parabolic subgroup.

Grassmannian: Gr(k,n) = { k-subspaces in C"}

There is a transitive action by G=GL(n,C). Restricting the action to the torus T of
diagonal matrices inside GL(n,C), the fixed points are the coordinate subspaces
spanned by the choice of k coordinate vectors. So there are 2’ fixed points. This is the
dimension of cohomology, and also the number of Plucker coordinates p,.

The stabilizer of a standard coordinate subspace is a parabolic subgroup P, i.e. the
subgroup (k,n-k) block triangular matrices.

Example: Gr(1,n) = {lines in C"}= projective space P"" . e
Example: Gr(2,4) = {planes in C*} = Klein 4-dimensional quadric = GL(4,C)/ (§ § . i)

Pliicker embedding inside P(A2C?)
Plucker relation: P12P34 4 P14P23 = P13P24



Motivation to study flag manifolds appear in many different fields.

Lie theory: G/B parametrizes the Borel subgroups of G.
Algebraic geometry: Tautological vector bundle. Characteristic classes.

Geometric representation theory: Borel-Weil-Bott theorem.

Combinatorics: generalizations of toric varieties. Replace torus action by group action.

Enumerative geometry: Schubert calculus.

Number theory: Geometry at the boundary of Shimura varieties. Harish-Chandra
structure theory.
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Gross automorphic form A,

Let G be a complex reductive group. Gross constructed an automorphic form A,
which one can think as the simplest automorphic form.

Theorem (Gross) There exists a unique automorphic form A, over P' which is
Steinberg at zero, simple supercuspidal at infinity and unramified otherwise.

It is rigid, similarly as Riemann’s theory of Gauss hypergeometric function. The
proof is via the simple trace formula.

“Everything should be made as simple as possible, but not simpler”

On the Galois side it coincides with some of the local systems found by Katz.



Heinloth-Ngo-Yun constructed A by writing down a newvector inside as the trace
function of an |-adic sheaf.

| like to think of their construction as a far-reaching generalization of Poincaré
g-expansion of Poincaré series. Nowadays known as Petersson trace formula, see also
Bump-Friedberg-Goldfeld.

We are going to use the construction of Heinloth-Ngo-Yun which also works over the
complex numbers in the sense of geometric Langlands.

Historical note: This was Poincaré’s last paper written in 1912 a few days before he died.
Whereas Poincaré series was the first major work of Poincaré, during the years
1880-1882, when he discovered automorphic forms, the theory of Fuchsian and Kleinian
groups, the uniformization theorem, monodromy, etc.
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Solving linear ODEs as a Goal

d 0
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Solving linear ODEs as a Goal

d 0
z4+1 ° q _ .
/me solves qdq (1 0> (Gauss—Manin)

| want to make the following two key observations:

We have seen that Mirror Symmetry relates to integral representations of
linear ODE. Indeed a key expectation is that the Landau—Ginzburg model
provides a solution of the quantum differential equation.

Geometric Langlands reciprocity also relates to ODE on the Galois side.
The reciprocity conjecture says that the Hecke integral solves the ODE.




Mirror symmetry implies that a g-generating series of an enumerative
problem is equal to a contour integral of a potential:

j{efq = Z qud.

degree d

Gauss reciprocity says that a prime number g is a square modulo 5 if and
only if 5 is a square modulo g. For example, the largest known prime

q = 274207281 _ 1 is a square modulo 5, because 74207281 =81 =1
(mod 4) and 2* = 1 (mod 5), so the last digit of g is 1. Therefore 5 is a
square modulo g, which is hard to check directly.




Mirror symmetry implies that a g-generating series of an enumerative
problem is equal to a contour integral of a potential:

j{efq = Z qud.

degree d

Gauss reciprocity says that a prime number g is a square modulo 5 if and
only if 5 is a square modulo g. For example, the largest known prime

q = 274207281 _ 1 is a square modulo 5, because 74207281 =81 =1
(mod 4) and 2* = 1 (mod 5), so the last digit of g is 1. Therefore 5 is a
square modulo g, which is hard to check directly.

You should think of quantum g and prime g as analogous!

i 2imqn/5 V5 if 5is a square mod g,
e =
=1 —+/5 if 5is not a square mod q.

On the LHS is a Gauss sum, finite field analogue to the Gamma function.
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Mirror symmetry relates to integral representations
of special functions.

| cherish integral representations because of:

 number theory (used in virtually all applications!)

e Gelfand program (asymptotics of special functions, integrable hierarchies)
e representation theory (Jacquet integral)

« exponential sums (l-adic sheaves are built out of integrals)



Solving linear ODEs in the History

Abel, Gauss: elliptic, hypergeometric functions.

Riemann, Poincaré: monodromy. In 1880, automorphic forms are
discovered.

Lie groups: arised because of Sophus Lie thinking of differential
Galois theory.

Lefschetz: topological methods in algebraic geometry. Picard—Fuchs
equation on de Rham cohomology (Gauss—Manin connection).

Grothendieck, Deligne, Katz: ¢-adic theory.

Kashiwara, Bernstein: D-modules.

Dwork, Faltings, Scholze: p-adic theory.

National Institute of Standards and Technology: dlmf.nist.gov

Mirror symmetry and Langlands program, too!
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Towards the general case: Families

In our work, we exploited the rigidity, namely we have a single ODE, which
admit no deformation. Beyond the rigid case, | propose to work with
families.

Families in number theory: Selberg, Bombieri, lwaniec, Taylor—Wiles,
Katz—Sarnak. Langlands functoriality conjecture says that all automorphic
forms can be pushed to GL(N) over P1. So a family is a certain spectral
set of automorphic forms with the same monodromy (Sato-Tate group).
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Katz—Sarnak. Langlands functoriality conjecture says that all automorphic
forms can be pushed to GL(N) over P1. So a family is a certain spectral
set of automorphic forms with the same monodromy (Sato-Tate group).

In Mirror Symmetry: Witten—Dijkgraaf-Verlinde—Verlinde (WDVV),
Dubrovin, Givental (Frobenius manifolds), Katzarkov—Kontsevich-Pantev
(nc Hodge structure), Abouzaid (family Floer). The key is to construct an
isomonodromic deformation, parametrized by H*(X), of
C((h))-connections, plus additional Hodge data.




Towards the general case: Families

In our work, we exploited the rigidity, namely we have a single ODE, which
admit no deformation. Beyond the rigid case, | propose to work with
families.

Families in number theory: Selberg, Bombieri, lwaniec, Taylor—Wiles,
Katz—Sarnak. Langlands functoriality conjecture says that all automorphic
forms can be pushed to GL(N) over P1. So a family is a certain spectral
set of automorphic forms with the same monodromy (Sato-Tate group).

In Mirror Symmetry: Witten—Dijkgraaf-Verlinde—Verlinde (WDVV),
Dubrovin, Givental (Frobenius manifolds), Katzarkov—Kontsevich-Pantev
(nc Hodge structure), Abouzaid (family Floer). The key is to construct an
isomonodromic deformation, parametrized by H*(X), of
C((h))-connections, plus additional Hodge data.

One wants to relate the two worlds, e.g. by examining more families
of meromorphic connections on P!.



summary

Q. What number theory brings to mirror symmetry?

Purity, weight-monodromy, Ramanujan conj, are at the heart of number theory and
automorphic forms. There are statements inside mirror symmetry that do involve
purity. In this talk | focus on those statements.

Q. What mirror symmetry brings to number theory?

Hodge structures, which could be transported to congruences via p-adic Hodge
theory. Asymptotics, Purity, which could be exploited directly.
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Suppose you want to study an exponential sum (e.g. square-root cancellation).

Step 1. Apply Deligne theorem “Weil I”. It is equivalent to prove purity of cohomology:
(Y, f*Ly) =0, if i # dimY

Step 2. Apply Fourier transform, see Katz, “differential equations and exponential sums.”
Step 3. Apply complex to I-adic comparison theorem.

Step 4. Identify the mirror Fano variety X.

Step 5. Prove that X has cohomology of Hodge-Tate type:

HP9(X,C)=0, ifp#q

Step 6. Prove mirror symmetry for X and (Y,f).

The same outline could work for p-adic slopes (replace etale by Dwork cohomology) and
for asymptotics (replace steps 1-3 by symplectic Lefschetz thimbles).
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"Everything should be made as simple as possible, but not simpler.”
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