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(F3d )

?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d

such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3

−3 ≤ a ≤ 3



Question: how many points are in E (F3d )?

Theorem

#E (F3d ) = 1d−αd−βd+3d such that:

I P(t) = (t−α)(t−β) is a polynomial in Z[t]

I |α| = |β| =
√

3

In particular

I α+β ∈ Z and |α+β| ≤ 2
√

3

I αβ ∈ Z and |αβ| = 3

⇒ P(t) = t2 + a t ± 3 −3 ≤ a ≤ 3



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=

∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=

∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=

∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=

∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞

' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2]

= Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id

∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1

∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [2] and P(t) = t2 + at ± 3 −3 ≤ a ≤ 3

I E [2] = (0, 0), (1, 0), (−1, 0),

IdE

=
∞ ' (Z/2Z)2

I (Frob(x),Frob(y)) = (x3, y 3)

I FrobE [2] = Id ∈ GL2(Z/2Z)

I char(FrobE [2]) = t2+1 ∈ (Z/2Z)[t]

I ⇒ P(t) ≡ t2+1 modulo 2



E [4]

' (Z/4Z)2, a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x

(i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1) = ( i3, i3 – 13 )

= ( -i, -i – 1 ) = 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E [4] ' (Z/4Z)2,

a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x

(i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1) = ( i3, i3 – 13 )

= ( -i, -i – 1 ) = 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E [4] ' (Z/4Z)2, a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x (i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1) = ( i3, i3 – 13 )

= ( -i, -i – 1 ) = 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E [4] ' (Z/4Z)2, a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x (i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1) = ( i3, i3 – 13 )

= ( -i, -i – 1 ) = 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E [4] ' (Z/4Z)2, a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x (i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1)

= ( i3, i3 – 13 )

= ( -i, -i – 1 ) = 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E [4] ' (Z/4Z)2, a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x (i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1) = ( i3, i3 – 13 )

= ( -i, -i – 1 ) = 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E [4] ' (Z/4Z)2, a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x (i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1) = ( i3, i3 – 13 )

= ( -i, -i – 1 )

= 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E [4] ' (Z/4Z)2, a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x (i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1) = ( i3, i3 – 13 )

= ( -i, -i – 1 ) = 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E [4] ' (Z/4Z)2, a basis: e1 = (i, i-1), e2 = (i+1,i-1)

E : y2 = x3−x (i2 = −1 ∈ F9)

+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)

Frob(e1) = ( i3, i3 – 13 )

= ( -i, -i – 1 ) = 3 e1+2 e2

Frob(e2) = ( i3+1, i3 – 13 )

= ( -i+1, -i – 1 ) = 2 e1+1 e2



E[4] and P(t) = t2 + at ± 3

⇒ FrobE [4] =

(
3 2
2 1

)
∈ GL2(Z/4Z)

⇒ char(FrobE [4]) = t2 + 3 ∈ Z/4Z[t]

⇒ P(t) ≡ t2+3 modulo 4

Recall that Theorem ⇒ P(t) = t2 + ax ± 3, −3 ≤ a ≤ 3

⇒ P(t) = t2+3



E[4] and P(t) = t2 + at ± 3

⇒ FrobE [4] =

(
3 2
2 1

)
∈ GL2(Z/4Z)

⇒ char(FrobE [4]) = t2 + 3 ∈ Z/4Z[t]

⇒ P(t) ≡ t2+3 modulo 4

Recall that Theorem ⇒ P(t) = t2 + ax ± 3, −3 ≤ a ≤ 3

⇒ P(t) = t2+3



E[4] and P(t) = t2 + at ± 3

⇒ FrobE [4] =

(
3 2
2 1

)
∈ GL2(Z/4Z)

⇒ char(FrobE [4]) = t2 + 3 ∈ Z/4Z[t]

⇒ P(t) ≡ t2+3 modulo 4

Recall that Theorem ⇒ P(t) = t2 + ax ± 3, −3 ≤ a ≤ 3

⇒ P(t) = t2+3



E[4] and P(t) = t2 + at ± 3

⇒ FrobE [4] =

(
3 2
2 1

)
∈ GL2(Z/4Z)

⇒ char(FrobE [4]) = t2 + 3 ∈ Z/4Z[t]

⇒ P(t) ≡ t2+3 modulo 4

Recall that Theorem ⇒ P(t) = t2 + ax ± 3, −3 ≤ a ≤ 3

⇒ P(t) = t2+3



E[4] and P(t) = t2 + at ± 3

⇒ FrobE [4] =

(
3 2
2 1

)
∈ GL2(Z/4Z)

⇒ char(FrobE [4]) = t2 + 3 ∈ Z/4Z[t]

⇒ P(t) ≡ t2+3 modulo 4

Recall that Theorem ⇒ P(t) = t2 + ax ± 3, −3 ≤ a ≤ 3

⇒ P(t) = t2+3



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3

4

2 1−(−3)−(−3)+9 16



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9

16



#E (F3d )

Theorem ⇒
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

α =
√
−3, β = −

√
−3 = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16



+ 0e1 1e1 2e1 3e1

0e2 [0 : 1 : 0] ( i , i–1) (0,0) ( i , -i+1)

1e2 ( i+1, i–1 ) ( i–1, -i+1) (-i+1, -i–1) (-i–1, -i–1)

2e2 (1,0) (-i , i+1) (-1,0) (-i , -i–1)

3e2 ( i+1, -i+1 ) (-i–1, i+1) (-i+1, i+1) ( i–1, i–1)



#E (F3d )

Theorem
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

⇒ α =
√
−3, β = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16

3 1−α3+α3+27 28



#E (F3d )

Theorem
#E (Fq=3d ) = 1d−αd−βd+3d ,

where α, β are the roots of

P(t) = t2+3.

⇒ α =
√
−3, β = −α

d 1d−αd−(−α)d+3d #E (F3d )

1 1−α+α+3 4

2 1−(−3)−(−3)+9 16

3 1−α3+α3+27 28


