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Model definition

Distributions in R", depending on the function V and g > 0

pn,ﬁ()\ly ooy An) = Z1:1 [/87 V]eﬁH(Al’m’)\n)/2a
where H (Hamiltonian) and Z,[8, V] (partition function) are

H(\, .. A :_HZV(A +) log | — Ajl,

i#j
Zn[8, V] = /fﬂ“h A)/240; L dAn,

V(A) >(1+¢)log(1 + A%).

For 8 =1,2,4 it is a joint eigenvalues distribution of real symmetric,
hermitian and symplectic matrix models respectively.
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Expectation and correlation functions

For given h: R* = C, (h)v,= /h()\l, o An)Pn,g( AL, s An)dA

Correlation functions (marginal densities):
pﬁfg(xl,...,Am):/ Do A At A A A
R

The linear eigenvalue statistics (LES) and the counting measure of eigenvalues

Naltl =SB0V, NalA] = 3 1a(h).
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Main problems of the global regime

@ weak limit of the first correlation function w — lim,,_, pfllg()\) = p(N),
support o of p(A);

@ weak limits of the other correlation functions p, ﬂ) (A1, .-y Am) and their
factorization property

PO, o Am) = PUS () pU S (M) = 0, as 1 — oo;

@ large deviation type bounds for the correlation functions;

@ generating functional of LES

Zn[B,V — ih]
®ft. h] = BtNL[h]/2 0= ) n

[ ) ] <e >V, Zn[/Byv]
and CLT for LES.

@ expansion in n™! for log Z,[3, V] and correlation functions;

M.Shcherbina (ILTP) Beta-matrix models 01.04.2014 4 /25



Main problems of the local regime

@ Universality of local eigenvalue statistics. In the bulk case it means that
for any A\g € o (p(Mo) # 0) all correlation functions after a proper scaling
have limits which do not depend on V, i.e. the limits

lim (p(%)) "3 (M + 51/8p(X0), - Ao + 5m/np(A0))

n— oo
coincide with that for the Gaussian case V*(\) = 1A%,
© Universality of gap probabilities. For a fixed system of nonintersecting

intervals A = (Aq,...,Ax) and m = (my, ..., my) introduce the
indicators functions

Ui (A N) =1 A A .
A)m( 0) N.1(>\0+Wio)):m17'--,Nn(>\o+ﬁ):mk

Universality means that lim (W3 - (A Ao))v.n = lim (Wx = (X 0))sn
n—oo z n—o0 ’
@ Universality of the generating functional, which has the form

Ws(ido) i= [T (1= 6(ap0)( = X)), 0<6(x) <1, |suppg| < oo

j=1
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The equilibrium problem

EV] = —mrg\l/lll { — L[dm,dm] + /V()\)m(d)\)} = Ey(m*),
where L[dm,dm'] = /10g|>\ — p|dm(N\)dm’(p),

For any continuous V the problem has a unique solution m*. If V' is a Holder
function then m*(d)) has the density m*(d\) = p(A)d\ with a compact
support ¢ := supp m*. The density p is an equilibrium density and it is
uniquely defined by the condition

v(A) ::2/log A — plp(p)dp — V(A) =v* =const, A€o
v(d) <vx, Ao

Without loss of generality we can assume that v* = 0.
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The first step for the global regime

Theorem [Boutet de Monvel, Pastur, S:95; Johansson:98|
If V is a Holder function, then

log 24[3. V] = “-Le[V] + Onlogn)

where E[V] = Ev(m*).

Moreover, if h' € Ly[o]

0 E{Nu[h]} — (b, m*)| < Co~ /2 log!/? n|['||3/?|h]|5/>
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Small perturbations for one cut potentials

Theorem [Johansson:9§]

V is a polynomial, o = [-2,2], and p is "generic", h : R — R with
|Ih©)]|oo, ||B'[|oo < en'/?, h:=h — (p,h)

(@) = exp { (1 g)(h, V) + g(ﬁc,h, b))} (1+n 0 (W@I,))

where the "variance operator" D, depends only of o, and the measure v have
the form

i) = i(h(—Q) +h(2)) - % % + %(DglogP,h)

P is defined by the relation p(\) = (27) 'P(A\)v4 — A2

Remark

D, is a rank one perturbation of —£_ !, where £, is the integral operator
defined by the kernel log |\ — p| for the interval o
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Large deviation type bounds

Take any n-independent small € > 0. It was proven in [Albeverio, Pastur, S:01]
that if we replace in the definition of the partition function and of the
correlation functions the integration over R by the integration o., then
pfl 5 and the new marginal densities p( m¢) for m = 1,2,... satisfy the

1nequa11t1es

sup ‘pl(lr,n@)(Ala ey >\m) pk ﬁ )(/\17 ey Am)| S Cmeinﬁdsa
Aty Am€0e

ZalB,V] = ZO)[B, V] (1 + e d=).

It is more convenient to consider the integration with respect to o., thus,
starting from this moment it is assumed that this truncation is made, and
below the integration without limits means the integration over o, but the
superindex ¢ will be omitted.
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Change of variables in the one cut case

Let V be some smooth enough potential with equilibrium density p such that

suppp = [-2,2], and {(\) : 0. = [-2 — €,2 + €] — 0. be some smooth function
such that inf, ¢’ > 0.
Consider

HOO, ) = =0 3 VW) + S 1oB1600) = )| + 5 3 log¢'(A)

i#j

It is evident that the corresponding partition function and all the marginal
densities satisfy the relations

K= [P =i V)
P, ) = (200)) ! /eﬁH‘“/?dAm+1 d,

gg(C(Al)a ceey C()‘m))
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On the other hand,
HOM, ) = -1 V() + ;log i = Ayl
i#j
+Zl %M — 1) Y log /(%)
Denote
L0 ) = tog | 1O, 1) - 1O ) = T (el

where LSE) and L) are positive compact operators in Ls[R] having smooth

kernels (there is some freedom here which we will be used below).

For sufficiently smooth {(\) these operators have smooth eigenfunctions
{x (M) }22, and eigenvalues {nks }72, such that if we denote

Yok —1(A) := Vi (A), Yax(A) = Y (A) and na2k—1 = My, Mok = Ni— the
convergence above is uniform in o,
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Choice of ()

Choose ¢(\) from the equation

’ Psc(N) )
where
pse(A) = (2m) 1 V/4 — A2,
and

p(N) = (21) T P(N) V4 - A2
is the equilibrium density corresponding to V.
Then
C@=2  p(C(A)C(A) = pse(N)

and ¢(\) could be extended to o. with the same number of derivatives as P.
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For this choice of ¢ write

ZL@(Ai,Aj)=an(2wk(xi))2:Z (Z(wk wk,psc))z
—i—ZHZanwk ) (W, pse) — 1 Z"?k Uiy pse)?

=R+ 23 L0l — 2 [ LOQ W Npicliddrd

where (f,g) := [fgdA. It is easy to see that

22

/L(C)()‘,,u)psc()‘)f)sc(ﬂ)d/\dﬂ =& — Ev =1 —AE.

Hence we finally obtain that our Hamiltonian has the form:
HOX :—nz +Zlog|)\ )\|+<——1)Zlog( (\) +n?A&
i#]

M.Shcherbina (ILTP) Beta-matrix models 01.04.2014 13 / 25



Linearization of R())

Consider the Hamiltonian

H,(5) = By () + (1= ) Y los /() + Z (S0 (o))

k

where H? is the Hamiltonian corresponding to V*(\) = A\? /2. Write for any
1<k<M

o {3 (3000 - ()}
\/’ [ e {2 Z@W ) = (o)) s — 0 /4) }

and denote

M
Z Ve (A )ug + (% —1)log¢’(A), hg =hg — (ha, pse)-
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Global regime

We obtain

Zu[V, 5]

A = exp{An®AE/2 +n(1 — g)(log ¢\ pse)}

( &) )M/2/e_ﬂ(ﬁ,ﬁ)/8<eﬁf\/n[f1u]/2>* di

87
Then for <eﬁN"[h“]/2>*7n the Johansson theorem yields
Zn[V, 8] =Za[V*, B] exp {§H2AS +n(1— g)(log ¢, psc)}

(2)"" [ ew-5@m + £ 0eha )1 +o(1)O((n,u) ).

The only fact which we need to prove is that the integral with respect to 1 is
convergent.
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Local bulk regime.

To study the gap probabilities we consider W A,ﬁl(j‘; o).
After the change of variables we obtain that W A,rﬁ(:\? o) will be transform

into the indicator function \U(AOm(/_\; ¢71(Xo)) of the same type but for the new
system of intervals: each interval A; = (a;,b;),j=1,...,k or

Ao + aj/np(Xg) < A < Ao+ bj/np(Ao)
should be replaced by

Ao + aj/np(Ao) < ((A) < Ao + bj/np(Ao)
& (Ao +a3/np(Xo)) < A < ¢TH(Ao + bj/np(Xo))-

But, e.g., for the left edge point we have

¢ (Mo +2j/np(Xo)) =¢""(Xo) + aj/np(Ao)¢ (Ao) + O(n~?)
:Cil()‘O) + aj/nPSC(Cil(/\O)) =+ O(niz)

Hence we indeed have the indicator function of the same type.

M.Shcherbina (ILTP) Beta-matrix models 01.04.2014 16 / 25



To prove the universality of correlation functions in the weak form, it suffices
to take arbitrary smooth functions ¢;j(x) (j =1,...k) and to consider the
limits of the expectations of the functions of the form

Wi ho) = ( 53 gy (np(ho) (N —)\0))>7 No € (—2+6,2—¢),

j=1 i=1

:w

we need to replace ®(\; \o) by

o = TT (X #i(np(20) () = 20)).

=1 i
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Then in the case of the indicator functions we get
<\|J ﬁ1>V n = <\U(A<7)n—q>H(<)
M/2 —B(1,0)/8 3= :
(87‘(’) /e o )/Sdu<w(5<,)ﬁneﬁ/\fn[hU]/2>*,n = <W(A<,)n_1>*’n

o (SE)M/2/e_ﬂ(ﬁ,ﬁ)/8dl—l<<w(C oANulhy 2y (Wg)ﬁl%,n<6BN“[B“]/2>*,H)

|m

where I, is the normalization constant. It is €2(1), so can give only some
additional constant in the bounds.
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The first step: real h

Lemma
Let Vi, = V* + Lh with real analytic h such that |[h(¥)||; < Clogn Then
(\U(O eBNa[h]/2

N = >*r1

A,m ’ ©
. — (W

(eﬁNn[h]ﬂ)*m < Am

>*,n <éen—0

Apply the change of variables procedure to Vi = V* + %h. But then h should
be a "good" perturbation, i.e. the equilibrium density, corresponding to Vy,
should have the support [—2,2]. Hence, one should find a,b such that the
function
h(A) =h(A) —£()), £(\) = ar? — b,
is a "good" perturbation (a = (h’/,f,), b = (b, f,) with some fixed f,,f},), and
apply the change of variables to V.
Since ;
(X)) =A+n7'G(N) )
the corresponding integral operator kernel will be
log (1 + lM) — lﬁh()\,u)
n A— U n
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Then, completing the change of variables, we obtain that it suffices to check
that © ~
BR(A)/2n _
(\I!A’m(e 1))en —0

It is easy, since )
(D 1), 0,

To remove ¢ we use the following result

Corollary from the result of Valko and Virag (09)

{Waa(2 Ao +t/0))n — (WA 53,00l <en =0, n— oo,

where the first bound is uniform for Ay € [-2 + ¢,2 — €], and the second
relation is uniform in the same \g and |t| < n'=% if § > 0 is fixed.

Since there is no result similar to the above for the convergence of correlation
functions in the case of ®i(\, \g) we obtain that it coincides in the limit with
Dy (A, Ao + t(h)/n) where t(h) = (b/,f) with some smooth f depending on V.
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The second step: complex h

Lemma

Let the analytic in t € D = {t : [t| < log?/? ¢!, St > 0} functions F, satisfy
two bounds:

[Fa(t)] < Cieqe® /2, —log'?e !t <t <log'/?e;l, ey <1,
[Fa(t)] < Coe®)*/2 ¢ cD.

Then the inequality
2
[Fa(t)] < Cey/?le* /2|

holds for t € D' := :D with C = C¥/*C/*.
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Main results for the one-cut case

Theorem 1 [S:13]

Let V be a smooth (possessing 7 derivatives) one-cut potential with

o = [—2, 2] of generic behavior, and \g € [-2 + ¢,2 — £] with any fixed ¢ > 0.
Then the following relations hold uniformly in A\g € [-2+¢,2 —€]:

(i) for any fixed nonintersecting intervals A, any fixed m € Nk

lim (Wx m()\ X0))V,n = hm <\I157ﬁ1(/\,0))*,n

n—o00
(i) any \Il¢(5\, o) with compactly supported piece-wise continuous ¢

nl;n;o(\lllﬁ(/\ A0))V.n = HIL%<W¢(A’0)>*7“
(iii) There exists s, > 0 depending on V, 8 and Ag such that for any k > 1 and
any ®i(A, Ag) with compactly supported smooth (belonging to Cy) {¢; }}‘:1 we
have

lim <¢k()\ )\0) \/E/dt — St /2 ¢k(/\—|—n Lt ,C™ (/\0))>

n—o00

4
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Multi-cut potentials and local edge regime

Theorem 2 [S:13]

Let V be a real analytic multi-cut potential with o = U2_,0, (04 = [aa,ba])
of generic behavior. Then, for any Ay € U3:1 [—aq + &, by — €] the assertions
(i)—(iii) holds.

For the local edge regime the procedure is the same, but one should consider
the function W3 5 (A, ba) which is the indicator of the set, where

Nu(ba + A1/112/37) =my,...Np(ba + Ak/nz/gﬁ’) = my

Theorem 3 |S:14]

Let V be a real analytic multi-cut potential with o = U2 _;04 (64 = [2a,bal)

lim (V3 (A, ba))va = lim (W5 5(X,2))n
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Previous results

These results should be compared with

Theorem |Bourgade, Erdos, Yau: 11-13|

If V is a one-cut potential of generic behavior and |[V®*)| < C, then for any k,
and any smooth ¢; with a compact support

n—1+a

lim (2n®~1)~! /_n—1+a dt((q)k(/\o +t))v.a — (Pu(Xo + t)>*,n> =0

n—o00

Similar results were obtained for the edge universality.
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Problems

(1) potentials with "hard edges"

(2) potentials with non generic behavior of the equilibrium density ("double
scaling" case, etc.)
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