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[ ] [ ]
Y x € Z? independent random weight w,.
m— v e
[ ] [ ) . 2
IID random medium w = (wx : x € Z%).
[ ] [ ]
o o Weight of an up-right path ~ is
[ ] [ ]
w = Wx
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Point-to-point polymer:  Given u,v. 0< (8 < c0.

Probability of a path vy :u— v is Quu(v) =

Partition fun

ction

eBW()

Zu,v

Zuy = Z eBW(M).

Yiu—v
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Partition function  Zg () = Z eBW() + Bh-~n
Y0=0, |v|=n

Zero-temperature p2¢ polymer:

lim B tlogZy(m = max { wx+h-,,}EG,,

Called last-passage percolation (LPP) because slowest path wins.
Point-to-point last-passage percolation: for u < v in Z?

Tu—v
xey

lim B tlogZ,, = max E wx = Gy
B—o0 ’
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Point-to-line case: for external field h € R?

gf,(h) = lim n !B tlog Z 2~ "exp{ﬁZka + Bh- x,,}

n—oo

X, : xo=0
n—1

g’ (h) = lim n~! max { E wy, + h.xn}
n—oo0 X, 1 x0=0 o

Point-to-point case: for directions { e U = {(5,1—5):0<s < 1}

n—1
gn(€) = lm n1pog Y 2 ep{ 8w,
k=0

X, 1 x0=0, x,=|n&]

gop (&) = lim n! max wak

n— oo X, 1 x0=0, x,=|n&] —o
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Duality:
gn(&) = inf {ga(h) — € h}

foré e ={(s,1—5):0<s<1}.

This is a large deviations duality because (take 5 = 1)

lim “tlog Quy{Xn = [n€]} = gpp(€) — &i(0)

ILm n~Ltlog EQn[eh™] = g,(h) — g(0)

Formulas for gg(h) and gP(¢)?



Warm-up:

periodic environment, p2/¢ case

fld e f|lde fld e Q = finite set of weight configurations
cla b cla b cla b w = (W) yez2

fld e f|d e f|d e

cla b cla b cla b translations (T,w), = Waty, X,y € Z2,
fld e flde fld e act transitively.

cla b cla b cla b




Warm-up: periodic environment, p2¢ case

fld e f|lde fld e Q = finite set of weight configurations
cla b cla b cla b w = (W) yez2

fld e f|d e f|d e

cla b cla b cla b translations (T,w), = Waty, X,y € Z2,
fld e flde fld e act transitively.

cla b cla b cla b

Define Q x 2 matrix A, 5 = %(1{781“,:@} + l{Tezw:a,})e“’O



Warm-up: periodic environment, p2¢ case

fld e f|lde fld e Q = finite set of weight configurations
cla b cla b cla b w = (W) yez2

fld e f|d e f|d e

cla b cla b cla b translations (T,w), = Waty, X,y € Z2,
fld e flde fld e act transitively.

cla b cla b cla b

Define Q x 2 matrix A, 5 = %(1{781“,:@} + l{Tezw:a,})e“’O

Then n'log » 27" exp{ wak}

X, : xo=0



Warm-up: periodic environment, p2¢ case

fld e f|lde fld e Q = finite set of weight configurations
cla b cla b cla b w = (W) yez2

fld e f|d e f|d e

cla b cla b cla b translations (T,w), = Waty, X,y € Z2,
fld e flde fld e act transitively.

cla b cla b cla b

Define Q x 2 matrix A, 5 = %(1{781“,:@} + l{Tezw:a,})e“’O

Then L log Z 27" exp{ wak} = ntlog Z(A”)w &

X, : xo=0



Warm-up: periodic environment, p2¢ case

fld e f|lde fld e Q = finite set of weight configurations
cla b cla b cla b w = (W) yez2

fld e f|d e f|d e

cla b cla b cla b translations (T,w), = Waty, X,y € Z2,
fld e flde fld e act transitively.

cla b cla b cla b

Define Q x 2 matrix A, 5 = %(I{Telw:&} + l{Tezw:a,})e“’“

Then L log Z 27" exp{ wak} = ntlog Z(A”)w &

X, : xo=0

— logp(A) where p(A) = Perron-Frobenius e-value of A.
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Limiting free energy for periodic environment

P2¢ limiting free energy gp = log p(A)  for

Avs = 3(Yrpw-o} + L w=s)) €™

Textbook characterization of P-F e-value:

~ A, o o(@
p(A) = inf max —Z“’ w5 P(5)
©>0  w o(w)
Formula for free energy:
— 1 jwo+ f(Tgw)—f(w)
8l flenﬂ.{FQ max log .212 €
=1,

Infimum over gradients, achieved at right e-vector ¢ = ef.
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Let P be invariant under ( Ty )yczz2-

B:Q x 7Z? x7Z? — R is a stationary L' cocycle if it satisfies

o integrability: E|B(w,x,y)| < cc.
e stationarity: B(w,z+x,z+y) = B(T,w,x,y) P-as.
e cocycle property: B(w,x,y)+ B(w,y,z) = B(w,x,z) P-as.

Cocycle F is a corrector if E[F(w,x,y)] = 0.

Correctors = L! closure of gradients F(w,x,y) = f(Tw) — f(T,w).
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Recall the p2¢ limiting free energy of the directed polymer:

gpl(h) = I|m n~tB tlog Z 2~ "exp{ﬁZka + Bh- x,,}

X, : xp=0

Theorem (Rassoul-Agha, S, Yilmaz, 2013)

gfl(h) = mf P—esssup B tlog Z 1 gBwo + Bh-ei + BF(w,0.e)
i=1,2

where infimum over stationary L! correctors F. A minimizing corrector
exists.

Proof Develop a quenched large deviation theory for the empirical

- -1 : .
measure n= >, 0Ty, w, Xis1—x, under a fixed w, Xj is RW.
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Point-to-line last-passage percolation

A.s. limit

&pl °(h) = lim n™" max {wak + h- x,,}

n—oo X, 1 X0 =

also zero-temperature limit of polymers

g (h) = lim gi(h).

B—o0

Variational formula for gf,(h) converges as [ — oo and gives:

Theorem (Georgiou, Rassoul-Agha, S, 2013+)

gy (h) = mf P- ess sup ngax {wo + h-e + F(w,0,e)}

w ie{1,2

where the infimum is over stationary L! correctors F. A minimizing
corrector exists.
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g¥ = lim n7! max Wy, = lim n7? max
pl k
n—o0 w=wo, wl,...,

0 T, T,
R R i

¢ {Taw, Tow}

|
8
&
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Periodic LPP and max-plus eigenvalue

n—1 n—1
gy = lim n7" max E Wy, = lim n max g Ak kit
P n— o0 ()1t n— 00 w=wo, wl,..., w"
kJk=0 k=0 k=0
with A Jwo O € {Tqw, Tew}
W, — ~
—00, @& ¢ {Tqw, Tew}

3! max-plus e-value X and a (not unique) e-vector o such that
max [Auz + 0(3)] = At o(w)
we

This leads to g;” = A and e-value equation is

g = max[wo + o(Tew) — o(w)]

so variational formula for g5° minimized by o(Te,w) — o(w).
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Hammersley and Welsh introduced first-passage percolation 1965.
Last-passage percolation appeared in Rost 1981.
No formulas for the limits have existed until now.

Independently from us and concurrently, A. Krishnan (NYU) proved an
analogous variational formula for FPP.

Krishnan's work utilizes homogenization of Hamilton-Jacobi PDEs.

Ours is probabilistic as explained:

e variational formula for polymers via large deviation theory (though
we borrow technical ideas from homogenization work of Kosygina
and Varadhan)

@ zero-temperature limit.
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So we have these variational formulas...

Directed polymer:

n—1

gf,(h) = lim n!log 22’" exp{Zka + h.x,,}
n—oo

()1_g k=0
gﬁ(h) = |nf P—esssup log Z 1 gwo +hei+F(w,0.6)
i=1,2
Last-passage percolation:

g (h) = lim n™" max {wak + h- X,,}

n—oo (Xk =0

o] — _ . A F .
gy (h) |r}f IP- ess sup ien{]ﬁ);}{wo + h-e + F(w,0,¢)}

w

with infima over stationary L! correctors F.

Switch to exactly solvable models where we can understand what
goes on in these formulas.
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Exactly solvable models

3 special directed polymer and LPP models for which explicit
computation is possible.

Log-gamma polymer. (S 2012)

{wy} ~ IID Gamma(p) P(wy < t) = /At % "~ le=5 ds.
Jo P

For u < v on Z2 partition functions Zuy = Z H ng
Yiu—v X€y
This model has two special features.

e Connections with combinatorics through Robinson-Schensted-Knuth
correspondence.

o Tractable stationary version of the Z, , process.
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Stationary log-gamma polymer

Define partition functions

i~ > (Tt

x(+):0—v =

Two parameters 0 < o < p.
¥ x € IN? attach Gamma(p) weight w.

Edge weights: Tie, (i41)e; ~ Gamma(a)

Ties,(j+1)e, ~ Gamma(p — )

[v]1
-1
x(k) ‘ ( H Wx(k))
k=T+1

where T is the exit time of the path from the boundary.
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Stationary log-gamma polymer

Let Txy = So—-

Then {log 7, : x,y € Z2% } is a stationary cocycle with

Txxte, ~ Gamma(a) and Ty xqe, ~ Gamma(p — ).

Tractable steady states useful for calculations and proofs.
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Busemann functions

Introduced in first-passage percolation by C. Newman in mid-90's in
order to study geodesics.
Defined by the limit (if it exists) as v — oo in some specific direction:

B(x,y) = in_)moo[Gx}v - Gy

Newman proved almost sure existence under uniform curvature
assumption on the limit shape of FPP.

Recently Damron-Hanson used a weak limit of Busemann functions to
get information about geodesics in FPP under weaker assumptions than
those of Newman.
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Busemann functions give cocycles

Let N2 > v — 0o so that v/|v|; — & Busemann functions exist a.s.:

BS(x,y) = VIi_}m()@(Iog Ze —logZ,,).

{B¢(x,y)} is a stationary cocycle with distributions

—B%(x,x+e1) —B&(

e ~ Gamma(a) and e B (xte) o Gamma(p — «)

where direction £ picks a parameter a = a(€) € (0, p) via

£ (Vi(a), —Vi(p—a)) = 0.

Wo=T"/T, Wy =W,

Proof. Couple with stationary version that gives control of ratios of Z, ,.
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Busemann functions solve variational formulas for
log-gamma polymer

Recall go(h) = ir;f P-esssup log Z 1 ewothetF(woe)
w i=1,2

3 unique velocity ¢ € U dual to h: gpﬁp(g) = gfl(h) —&¢-h
Define corrector ~ F*(x,y) = h(¢) - (x — y) — B&(x, y)

This cocycle solves the variational formula:

W e+ F&(w.0.e
go(h) = log Y LewtheatFwoe) — (h_h(e)). ¢
i=1,2

Explicitly:  gu(h) = h1— Wo(c(§)) = h — Wo(p — a(§)).
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Busemann functions reconstruct stationary polymer

Ingredients of stationary polymer defined from Busemann functions:

@ boundary weights

Tieq,(i+1)e; = e~ Bler(itl)er) Gamma(«)
Tjes,(j+1)er = e BUe2ithea) Gamma(p — a)
o bulk weights

~ RS (x— B (x—

Wy = e B 0max) | o= B (—ex) | Gamma(p)
Busemann limit gives convergence of {log Zo, x4, — log Zo,y4v }, ,toa
stationary cocycle, as N2 5 v — oo.

Parameter oo = () € (0, p) of the limiting stationary polymer process is
selected by the spatial direction £ of the limit.
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Kardar-Parisi-Zhang (KPZ) fluctuations

141 dimensional FPP, LPP, and directed polymer models believed to be
members of KPZ universality class characterized by

e n'/3 fluctuations for log Zo,ne) and Go |ne)

e n?/3 fluctuations for path

@ limit distributions related to Tracy-Widom distributions from
random matrix theory

Exponents can be obtained from calculations involving the stationary
process and the curvature of the (known) limit shape.

Limit distributions are found by converting probabilities into Fredholm
determinants and performing asymptotic analysis. Combinatorics enters
in the step to Fredholm determinants.
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Sample result: exponents for log Z

Stationary case:
Given parameter « of the boundary, choose direction £ from

£ (Vi(a), —Vi(p—a)) = 0.

Theorem For the stationary log-gamma polymer

C'N?/3 < Var(log Zg' e) < CN?/3.

IID weights case:

Theorem For1l<p<3/2 3 C=C(p)< oo such that
C'nPl3 < E|IogZO,L,,5J — ngpp(§)|p < CnP/3.
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Busemann functions give limiting quenched polymer
measure

In the stationary, ergodic environment {w;, BS(x,y)}x, ez define
transition probability

e_BE(X;X+ei) e—BE(x,x—t-e,-)

e~ BE(xxte) | g—Bf(x,xte2) Wy

Quenched polymer measure for n-paths from 0 with external field h:

n—1

1 _ x

Q (m(x.) = Zh { H kal}eh !
0,(n) \ k=0

Theorem. If ¢ is dual to h, then almost surely as n — oo Qg(n) — PS
= random walk in a random environment (RWRE) with transition 7¢.



Limiting RWRE

Proof.

zZh o T, m—1
0,(n— Xm — *Xm
Q3. n) (0 Xm) = ("z? { ITw l}eh

(n) k=0
m—1 h
. eh'x’" H ZO,(n—k—l) °© TXk+1 _1
- h Xk
o Lok © Tx
m—1
ehxm H e—Bs(xk,xkﬂ)—h(xkﬂ—xk) Wx_l
n—o0 k
k=0

m—1
= H 7 (X, X 41)-
k=0

Large deviation argument proves convergence of ratios of p2¢ Zé’(n) to
Busemann function selected by duality.



Limiting RWRE

Proof.

zZh o T, m—1
0,(n— Xm — *Xm
Q3. n) (0 Xm) = (nZ;:) { ITw l}eh

(n) k=0
m—1 h
. eh'x’" H ZO,(n—k—l) °© TXk+1 _1
- h Xk
o Lok © Tx
m—1
ehxm H e—Bs(xk,xkﬂ)—h(xkﬂ—xk) Wx_l
n—o0 k
k=0

m—1
= H 7 (X, X 41)-
k=0

Large deviation argument proves convergence of ratios of p2¢ Zé’(n) to
Busemann function selected by duality.

* Possible End *
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Variational formulas in terms of measures

Recall the limits:

gg(h) = Ii_>m n~ ! log 22 "exp{Zka + h- X,,}

(K)o

gy (h) = lim n™" max {wak + h- x,,}

n—00 (Xk "o

Translation (Tyw)y = wxyy.

On Q x {e1, e} consider Markov transition probability
p((w,2), (Tw,e)) =3, ie{1,2}.

Pick random step ¢;, jump from 1 = (w, z) to Se,n = (T, €).
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Entropy relative to the Markov kernel

For measures p and transition kernels g on Q X {ey, 2}, familiar relative
entropy

Huxalxp) = [ a5 |ogm;t(dn)~

QX{el,ez} i:1’2

Let po = 2-marginal of . Define

Ho() = inf {H(ux qpxp):pg=p} if po <P
o0 otherwise.

Infimum over Markov kernels g that fix p.
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Variational formulas

M(Q2 x {e1,e}) = space of invariant measures p:

EX[f(w)] = EP[f(Tzw)] where Z € {e, &2} is the step variable

Positive temperature polymers:

gf.(h) = SUP{E“[wo-f—h-Z]—ﬂ_al(u):

1€ My x {er, &}), o < P, E¥[uwy] < oo}

Percolation from zero-temperature limit:

gor (h) = sup { E¥[woth-Z] - 1 € Mo(@x{er, &2}), po < P, E¥fug] < o0}

Condition @y < P removes compactness.



