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Wave operators

Let V real-valued potential in RY, bounded, sufficiently decaying,
H:=—-A+V, Hy:= —A. Define

Wy := lim e'tHeitHo
t—Fo0
Exists in the strong [?-sense: d >3, f € L' N [*(RY), V € [
.
Wif =f— i/ e Ve ithof gt
Oo . . Oo O .
[ lletve e de < [ Ville or | at
1 1 - ,
< |V||2/ 4|1l dt < oo
1

Unitarity of evolution, density of L1 N L2(R9) in L? shows limit
exists for all f € L% and W, are isometries.
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Intertwining property of wave operators

f(H)Wi = Wif(Ho), or
F(H)P = f(H)WL WL = Waf(Ho) WZ,

with P orthogonal projection onto Ran(W.). Easy to see:
Ran(Wy) L Lf)p (eigenfunctions of H).
Asymptotic completeness: Ran(Wy) = L2.(RY), L2, = {0}.
Agmon-Kato-Kuroda theory 1960s, early 70s: |V/(x)| < (x)~17¢
guarantees this, and no embedded eigenvalues in the continuous
spectrum [0, c0). Short range condition.
Based on trace lemma: || | Slizesy < CIX)7Fll 2 (may, 0 > %
where S C R? compact hyper-surface (reduces to the case of a
plane). Define restriction operator pf := f [ S. Then p*g = gos,
p*pf=0gx*f.

1
Weighted L2 bound: |[wp*pw f|l2 < C(S)||f]l2, w(x) = (x)"27*.
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Limiting Absorption Principle

Same bound holds for the imaginary parts of the free resolvents
(A = (N2 +i0) = (—A -\ —i0) Yf =cAtogaa*f
For the full resolvent still true, Limiting Absorption Principle:

—&

NI

Iw(=A = (X +i0) 7w fll2 < CV)Ifll2,  w(x) = (x)~
C(A) — 0 as A — 0o. Resolvent identity:

R(\) = (H— (A +i0))"! = Ro(\) + Ro(\) VR(\) =
= ... = Ro(A) + Ro(A) VRo(A) + Ro(A) VRo(A) VRo(A) + - ...

If V short range, small: R()) inherits the limiting absorption
principle. Split V = |V|2 sign(V)|V|2 = | V|2 U.
Large V: R(A) = Ro(\) + Ro(A)|V|2(1 — URo(N)|V|2)"LURy(N).
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Resolvent and Fourier restriction

Inverse (I — URg(A)|V|2)~1: L2 — [2 exists for A > 0 (absence
of embedded resonances and eigenvalues). For A =0 inverse
might not exist: zero energy eigenvalue or resonance.
Stein-Tomas in place of trace lemma: If S has nonzero Gaussian
curvature, then

I 1 Sllizs) < Clifllipaqrey,  Pa = (2d +2)/(d +3)
Kenig-Ruiz-Sogge 87 established corresponding bound for Ry(\):

I(—A — (A2 + i0)) < Caan

HLPd(Rd)—>LP&(Rd) =

Agmon-Kato-Kuroda theory in this setting:
1

d+1

IVIly —Z2J”VHL°° <oo, MgVel=(RY) (%)
j=0
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Agmon-Kato-Kuroda via restriction theory

Theorem (lonescu-S., 2004): V real-valued, V = Vi + V> with
constituents satisfying either of conditions in (%), 0ac = [0,00), no
singular continuous spectrum, pure point spectrum lies in (—oo, 0],
discrete in (—o0,0), eigenfunctions decay rapidly, wave operators
W.. exist and complete. Suitable limiting absorption principle
holds.

Magnetic potentials also admissible for this theorem. Goldberg-S.
(2003): Stein-Tomas type limiting absorption principle for L5
potentials d = 3; lonescu-Jerison (2001): absence of embedded
eigenvalues for L5 potentials; Koch-Tataru 2005: absence of
embedded evals under (x).

Condition Md Ve L%(Rd) weaker than V € L%(Rd) and sharp
for d > 3. Ionescu Jerison example V € LP(RY), p > 9FL with
embedded evals, anisotropic decay |V/(x)| ~ (1 + |xq| —i— \X’] )t
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Intertwining operators for random potentials

Let H, = —Ays + Vi, Viu(n) = wp(n)~%, w, = 1 iid random.

Theorem (Bourgain, 2001): d =2, a > % 7> 0, and

| C[-4+7,—7|U|[1,4 —7]. Then a.s. wave operators, restricted
spectrally to I, i.e., Wy (H,, Ho)Eo(!), Wx(Ho, Hy)EuL(!) exist
and are complete.

Relies on resolvent expansion, estimate (S.-Shubin-Wolff 2000)

* -
102 Vi x(ni=n P1 li2(s1)—12(50) S N2 (1)

which high probability, S1, 5> curves in the plane. Bourgain’s
proof of (1) applies in any dimension, does not require curvature of
51, 52, uses dual Sudakov entropy bound in Banach spaces.

@ analogy with trace lemma

@ randomness reduces decay in deterministic theory by % power.
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Fourier restriction and random decaying potentials

Stein-Tomas in R? combined with Bourgain’s method yields same

result for V,,(n) = wp vy, v € we £3(Z?), we(n) = (n)~¢
Gap between point wise decay of <n>_% and £3(Z?). Intrinsic

problem with the key bound
o2 Vo xinj=mpill2(s)—>12(s) S 1

with high probability. TT* on the left-hand side yields

Ellp2 Vo xginienpillfz(s) - 12(s)
= Ellp2 Voo X[nf=np101 Vo X [1nl=mP2 | 12(55) - 12(52)

> max  E(Vox[nan P11 VX[ = 2T s p5F)
||f||L2(52):1

=  max Z 7s,(0) VS‘F(”)F

Fll 2000 =1
12 = iy
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Renormalizing random decaying potentials

Let f be Knapp example. Then v € ¢3 supported on a N x /N
rectangle saturates the right-hand side.

“Renormalize” away self-energy interactions: V,, ~» V,, + W with
non-random ‘“correction” W, = v2Ry(E + i0).

Likely that Born-expansion can be controlled at energy E via sharp
restriction in the plane (Carleson-Sjélin/Zygmund L* bound).

@ Consequences for a.c. spectrum of H,, without correction W'.

@ Remove W after the fact? Problem here W just a little better
than L2(Z?).
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Yajima's  theory for the intertwining operator

In the 1990s Kenji Yajima showed that W4 : LP(RY) — RI(RY),
1<p<oo,d>3,and 1 < p< oo, d=1,2. He needed to
assume enough decay (and regularity in d > 4), and no zero energy
eigenvalue/resonance. In dim=3 he needed |V (x)| < (x)~>7¢. If
zero energy singular, then 3/2 < p < 3, |V(x)| < (x)70~=.
Corollary: dispersive estimates for e/®(H)P_(H) from those for
eitw(Ho) via

eitw(H) PC(H) _ Weitw(Ho) w*

Importance of 0 energy condition implied by this, too. For
example, in dim=3

HeitHfHOO IAE Ct_%Hle’ f L bound states

00—00

Possible issues: (i) strong assumptions on potential (ii) in some
nonlinear applications 0 energy singularities do arise.
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Yajima's proof, expansion of the wave operators

Iterate Duhamel with f € L2:
W =Ff+Wif+...4+ W, f+...,
Wif = i/ e AV Af gt .
t>0
Waf = i”/ e ltmRyemilam=)Ay
t>s1>...>s5,-1>0
e 1A Vet A f dt ds; ... ds,_1
Keel-Tao Strichartz endpoint (in R3)
HeitHOfHLngvQ Sl

—isH,
H/Re OF(S) dSHL)% 5 HFHL§L3/5’2’

Vo LS3(R3) - LYPA(R3), V € L3(RY)
Dyson series converges in L2 if ||V||3/, < 1.
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Representations of the summands W,

V, f,g Schwartz functions, ¢ > 0:
(Wif.g) =

(—-1)" [T7—1 V(& — & 1) déy ... dEpq
(27)® Jrsowen [Tg=y(In + &l = [nl? + ie)

F(m&(n + &n) dn dé,,

co 1 V(E) o=
<W1+f7g> - (27T)3 /RG ‘77+§’2 o m,2+l€f(n)g(n+£) dndf

= [ Kibxox =) dy () ox
Ki(x,z) = c|z| 2 e_iSE'(X_Z/z)V(—sf)e_a% sds, z=z/|z|
0

~

Ki(x,z) = c|z| 2L(|z| — 2x - 2,2), L(r,w) :/ V(—s2)e'? sds
0

W. S. Structure theorems for intertwining operators



The structure of Wy in R3

Swx i= x — 2(w - x)w reflection about plane w™.

/ / (r—2w-x,w)f(x — rw) drdw
S2

:/ / Ljrs 2w L(r,w)f(Swx — rw) drdw
S? JR

:/ / gi(x, dy,w)f(Swx — y) dw
S2 JR3
Therefore, with ’H}w Hausdorff measure on line along w

g1(x, dy, w) := Lj(yq20)ws0 L(y - w,w) Hj_(dy)

/ €2 (x, dys ) g, Lo dow < / / IL(r,w)] drdew =: ||L|
S2 S?2 JR
IWAFl, < IILI Il
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Bounding L

Define

o
IFllgs == Igai<nfllz + Y 27| Loy, < o0
j=0
Then B2 < L2}(R3), B! — L3:}(R3), and
IL(r,w)lliz, S I1VIIe2

IL(r ), S 3252 pey (P L(r @)z, S IV 41 STV g
keZ

B2

Yajima showed for small potentials that || V|| g1+ < 1 implies
[Wafllp < ClIVIIgse Il

which can be summed. For large potentials he incurred significant
losses by terminating the expansion through the last term which
contains perturbed evolution.
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Structure Theorem |

Theorem (Beceanu-S. 16)

V € B real-valued, zero energy regular for H = —A + V. There
exists g(x, dy,w) € LLM, L with

/Sz Hg(x’ dy’w)HMngo dw < 00
(WJW0:“@+L%@ﬁUﬁ%wﬂix—ndw

X Banach space of measurable functions on R3, invariant under
translations and reflections, Schwartz functions are dense (or dense
in' Y with X = Y*). Assume | 1nf||x < Al|/f||x for all half spaces
H C R3 and f € X with some uniform constant A. Then

W, fllx < AC(V)

flx VFfeX

where C(V') is a constant depending on V alone.
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Structure Theorem I

Theorem (Beceanu-S. 16)
V € B2, 0 < v, with O energy hypothesis. Then
105 3
[ eyl e o < Cold+ [V oz )25 (1 1)
S

sup sup||(/ + Ro(ln> + ie)V) Y|

oo = My < oo
neR3 e>0

Co absolute constant.

o 0 energy regular means that [|(/ + (—A)_lV)_lHOCHOo < 00.

@ would be desirable to bound My through this and size of V is
some sense. Control of My is not effective. See
Rodnianski-Tao 2015, effective limiting absorption principles.

. . 1L
e Fall short by % of scaling invariant class B2. First theorem
also works in B!, but lose quantitative control there.
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Wiener algebra and inversion

We cannot sum the Dyson series. Instead we use Beceanu's
operator-valued Wiener formalism. Recall classical Wiener theorem:

Proposition
Let f € LY(RY). There exists g € L1(RY) with

1+f)1+8)=1 on RY (1)

iff 1+ f # 0 everywhere. Equivalently, there exists g € L1(R?) so
that

(00 + ) * (do + &) = do (2)

iff1+ f #£ 0 everywhere on RY. The function g is unique.

Two critical features (compactness as in Arzela-Ascoli):
e uniform L!-modulus of continuity under translation.
@ vanishing at oo in L! sense.
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An operator-valued version

X Banach space, Wx algebra of bounded linear maps
T : X — [Y(R; X) with convolution

SxT(p)f = /RS(p o)T(o)f do

Adjoin unit, denote larger algebra WX. Fourier transform satisfies
SI;PHT()‘)HB(X) < [ Tlhwx

Theorem (Beceanu 2009, Beceanu-Goldberg 2010)
Suppose T € Wy satisfies

0 lim [T(p) — T(p—8)llwyx = 0.
—0
@ lim I TX)p=rIlwx = 0.

If I + T(\) invertible in B(X) for all \, then 1+ T possesses an
inverse in Wx of the form 1 + S.
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Wiener algebra and resolvents

Set Ry (A2)(x) = (4x|x|)~te=X, T=(X) = VR; (A2). Then

'TXMfU)Z(MwY‘VU)lgih f(y)dy (3)

and thus

//w |W@§//‘ 1)1 dy dx
R3 A Jrs JRr3 \X—)’|

< —||Vkllfll1-
< 2= IVIkli s

where ||V|[ic = ||[x| 7! * |V|||so. Algebra is W1, pointwise
invertibility condition on Fourier side:

(I + VRy (\?))~t e B(LY)

Spectral theory/zero energy assumption. Beceanu-Goldberg thus
prove dispersive estimates for Schrodinger in R3 for || V|| <.cc.
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Algebra for intertwining operators

The formulas for W,, suggest using three-variable kernels. Set

Z :={T(x0.x1,y) € S'(R?)| FyT(x0,x1,m) € LyPLYLL}

X1 7X0

ITlz = svp 175 T30,
n

Operation ® on Ty, To € Z
(T ® T2)(x0,x2,y) = F,; ! {/3]:yT1(Xo,X1,77)J'—y To(x1,x2,7) Xm] (v)
R
Seminormed space V1B defined as
V1B = {f measurable | V(x)f(x) € B°}

with the seminorm HfHV 1g 1= || Vf||go. Set Xy, := L1 V-1B,.
Then L1 L3 dense in X, ,
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Xx,y and Y spaces

Let Y be the space (algebra under ®) of three-variable kernels
Y = {T(xo,xl,y) €Z|Vfel™
(T)0y) = [ F00) T3 b € X
R

with norm
1Ty == 1 Tllz + I Tlsv-18 %00

For X € L;Lf(o, define contraction of T € Y by X to be

(XT)x9) = [ X(r0,30) T, 5. = 0) o i
R

Then XT € X, |XT||x < || T||v|/%X]|x. This turns Y into an
algebra.
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Reason behind these structures: define
FyTi i (x0,x1,m) = e ™" Ro(In|* — i) (x0, x1) V(x0) €™"
y=T®Ti, T = T3 @ Ty etc.

Then

(Wiif.g) = ((;i)n Fro Fray T (0,60, F(n)E(n + €0) dn &,
1) / FoMTE, (0, y)F(x — y)E(x) dy d.

as well as

(Wif. g)

1 = =
=(f.g) — / Fro Py TE(0, &1, m)F ()& (n + &1) dn d&,
(f,g) / Fro T‘E 0,x,y)f(x — y)g(x) dy dx.
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Key invertibility problem

Here
Fy T (x0, x1,7m) := eiXO”(RV(]n\2 F ie) V)(x(),xl)e_"X177
T{., T{ € Z and resolvent identity reads as follows:
(I+T)e(-T)=0-THe(+T) =

We need to invert this in the smaller algebra Y, otherwise too
little control of wave operators.

If |+ Ti, is invertible in Y, hence in Z, its inverse is /| — T both
in Z and in Y, hence we obtain that 75 € Y uniformly in € > 0.
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Small potentials in B*

Define Y with o > 1 fixed. Then

sup | T lly SV whence by induction

B3+
SUPH +Hy<C”HV||” ., forall n>1
and

Wn-i-f / / andy7 f(SX_ )d
S2

where for fixed x € R3, w € S? the expression g5(x,-,w) is a
measure satisfying

sup / 15, dy, ) |ty e deo < CT V7,
e>0.J§2 B2
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Recursive definition of the structure functions

Identifying operator W, with its kernel one has

Wiy = (1) "Igs Ty = (=1)"Drs(T(pqy4 ® T14)
= —((=1)" M ps TGy ) Tie = =Wy Tis

Second line: contraction of a kernel in Y by an element of X.
Thus

SUPH mllx < [ Lgsllv- 1BSUPH nilly < C”HVH"HU (4)
and with £5(x") = We1)+ L(X,y") we have
By i= [ g (x,dy = Suy)) o
and gffygl is the structure function for the potential ny,V.
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Wiener theorem in Y

Proposition

V € B? with % < o0 < 1, define Y with this o, V. Suppose S € Y
satisfies, for some N > 1

lim [le=3x(-/e) * S¥ — SNy =0
e—0
Jim [(1=X(y/L)SW)lly =0
—00
Assume | + 5( ) has inverse in B(L*>®) of the form

(I +5() Y =1+ U(n), with U(ny) € FY for all n € R3, and
uniformly so, i.e.,

sup [U(n)||lFy < oo
neRr3

Finally, suppose n — 5(n) is uniformly continuous R® — B(L>).
Then | + S is invertible in Y under ®.
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A scaling invariant condition

Schwartz V, set || V|| := [|[Lv||3 . Recall

(o] .
Ly(t,w) = / V(—7w)e2' rdr
0
For any Schwartz function v in R3

IVile i=sup / 1oy v(x)l dit

where [1 is a 2-dimensional plane through the origin, and
M(t) =M+ tN, N being the unit norm to 1. Then

> K _
Ivls < sup/ 222“1/1(2 kx’)v(x’—&-sw)HH%(wl)ds

wes? /o0 ey

This is finite on Schwartz functions.
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A scaling theorem for small potentials

Theorem (Beceanu-S. 17)

There exists cg > 0 so that for any real-valued V' with
IVIls + IVl 3 < co, there exists g(x,y,w) € LEM, LS with

[ lelesdyo)lan s do S
such that for any f € L? one has the representation formula

(Wif)60 = £+ [ [ gy )f(Sux—y) o

No theorem for large scaling invariant potentials yet. Requires
redoing all the spectral theory in this new norm.
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