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Non-intersecting Brownian motions

@ N non intersecting Brownian motions in one-dimension
xi(t)

4(0) \/_\/

xi(t) < xo(t) <...<xn(t), 0] N
21(0) f\/\
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Non-intersecting Brownian motions

@ N non intersecting Brownian motions in one-dimension
;i(t) N =4

xi(t) < x(t) <..<xn(t), :
vi >0 1

watermelons
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Non-intersecting Brownian motions

@ N non intersecting Brownian motions in one-dimension
;i(t) N =4

X1(t) < Xg(t) < ... < XN(t) s .
vi >0 1

watermelons

l',j(t) N=4

Tracy & Widom '07

watermelons "with a wall"
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Non-intersecting excursions and RMT

@ Joint probability of x1(7), x2(7), - - - , xy(7) at fixed time 7

N
1 W e
Pjoint(x, T) X l_IXI2 H (X’2 — ij)ze 2(7) iy Xi

i=1  1<i<j<N

o(t)=+v2r(1 — 1)

@ The rescaled positions . are distributed like the eigenvalues of
random matrices of the Bogoliubov-de Gennes type (class C)

A. Atland, M. R. Zirnbauer '96
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Extremes of N non-intersecting excursions

0 < xq(t) < xo(f) < ... < xn(1)

= ma t
Hn t€[0,>1<] xn(t)

= t
- Ty = arg tg}gf} xn(t)

@ Distribution of the maximum Fy(h) = P(Hy < h)

@ Joint probability density function of Hy, 73: Pn(h, )
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Extremes of N non-intersecting excursions

0 < xq(t) < xo(f) < ... < xn(1)

= ma t
Hn t€[0,>1<] xn(t)

= arg ma t
3 T g te[o,)1(] XN( )

@ Distribution of the maximum Fy(h) = P(Hy < h)

@ Joint probability density function of Hy, 73: Pn(h, )

In this talk :
e Exact computation for Fy(h) and Py(h, 74) for all N

e Large N asymptotics (typical and large fluctuations)
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@ PDF of the maximum, Yang-Mills theory and 3™ order transition
9 Applications to directed polymers in random media
e Relation with determinantal formulas from Airy, process

0 Conclusion
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@ PDF of the maximum, Yang-Mills theory and 3™ order transition
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An exact expression for Fy(h)

@ Distribution of the maximal height #

Fn(h) = Pxn(r) <h, V0 <7<I]

0 T IIT I I T T T T T T T T T T T T T TT T 1

T—
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An exact expression for Fy(h)

@ Distribution of the maximal height H

Fn(h) = Plxn(r)<h, Y0<7<A]

71

@ Exact result for finite N G. S., S. N. Majumdar, A. Comtet, J. Randon-Furling '08

AN +o0 N ) 5 2 N2
Ny, ,ny=0 i=1 1<j<k<N
m2N+N

SV T+ )N+ )

An see also T. Feierl, M. Katori et al. ‘08
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Connection to Yang-Mills theory in 2d

@ Partition function of Yang-Mills theory on a 2d manifold M with a gauge
group G, described by a gauge field A,(x) = A%(x) T4, n € {1,2}

Zm = /[DA,L]e‘ﬁfTr[F“" Fruv] VG x
B =AY G ALSSITALIAT]

Ex: G = SU(2) : electro-weak interact®, G = SU(3) : chromodynamics
@ Regularization on the lattice

ZM:/HdUL 1 Zelel
L

plaquettes

U= [] w

L € plaquette P
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Heat-kernel action

zu= [Tlav [T Zelval
L

plaquettes

U= [ W

Leplaquette P
U2
@ A common choice : Wilson’s action Wilson'74, Gross & Witten '80, Wadia 80
Zp(Up) = exp [bNTr(Up + U,Z,)}
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Heat-kernel action

zu= [Tlav [T Zelval
L

plaquettes

U= [ W

Leplaquette P
U2
@ A common choice : Wilson’s action Wilson'74, Gross & Witten '80, Wadia 80
Zp(Up) = exp [bNTr(Up + U,L)}

@ Alternative choice : invariance under decimation = Migdal’s recursion
relation

/ dUs Zp, (U Ua Us) Zp, (Us Us US) = Zp, . p, (U Ua Uy Us)

Zp(Up) = Z drxr(Up) exp [—/24—;\702(/:1’)] Migdal'75, Rusakov’90
R
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Partition function of Yang-Mills theory on the

2d-sphere

@ Partition funct® on M, of genus g, computed with the heat-kernel action

_ A
Zv=)Y di ¥ exp {—mCQ(R)}
R
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Partition function of Yang-Mills theory on the

2d-sphere

@ Partition funct® on the sphere computed with the heat-kernel action

A
Zym =) diexp [—Wcz(m}
R
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Partition function of Yang-Mills theory on the

2d-sphere

@ Partition funct® on the sphere computed with the heat-kernel action
A
_ Z 2 _
Zm = : dRexp |: 2NCZ(R):|

@ Irreducible representations R of G are labelled by the lengths of the
Young diagrams:

o I G=U(N)
ZM:cNe*AN221 Z & 2=y X 1
,,,,, ny=0 i<j
o If G = Sp(2N)
[eS) N
Zp = by AN S ATL7 | T2 - np)2e w 2
Ny,..., ny=0 \ j=1 i<j
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Correspondence between YM, on the sphere and

watermelons

@ Partition function of YM, on the sphere with gauge group Sp(2N)

Zp = Z(A; Sp(2N))

Z(A SpleN) = en MDY (H”)H 7 - PP hEh

i<j

‘ 2
o[+

@ Cumulative distribution of the maximal height of watermelons with a wall
AN +o0 N , _ﬁZ’.V 2
Fn(h) = orern Z [172 | TI(n? - nfyPerae =m
Ny, ,ny=0 \ j=1 i<j

212N
Z (A = 7;7 ;S (2N)) P. J. Forrester, S. N. Majumdar, G. S. '11
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Large N limit of YM, and consequences for Fy(M)

@ Weak-strong coupling transition in YMo Douglas-Kazakov '93

Fn(h) TW N critical region
right tail 2 _ 27?2N weak strong
coupling coupling
left tail
: h A
V2N w2
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Large N asymptotics: discrete Coulomb gas

@ Saddle point analysis for large N, h = hv/2N

+o00 N )
Fv(hoo > T/ ] (njz;,,i)zefmz,“:m?

Ny, ,ny=0 i=1 1§j<kSN

nj . .
when N — oo , N = X; are continuous variables

Fn(hV2N) ~ / Dp(x)e NS | 5(x) = %/ D d(x—x)<2

i=1

S[p] = /dXXp /dx/ ax’ p(x)p(x") In |x® — x"?|

G. Schehr (LPTMS Orsay) Extremes of vicious walkers Princeton IAS, Nov. 6, 2013

13/39



Large N asymptotics: saddle point analysis

@ Constrained saddle point

i\ NPS[p 6S[p]
Dj(x)e~N Sl = exp [-N2S[p*] + O(N)] , — =0
| i) P [-NSIF+ON) . 52|
— integral equation for p*(x)
ix2—2/a *(xX)In|x —x'|dx' + C=0
2h? ' B

/a pr(x)dx =1, p*(x) <1,Vx € [-a, 4]
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Large N asymptotics: saddle point analysis

@ Analogous to the Douglas-Kazakov transition in Yang-Mills theory

p*(x) pr(x)
11 L
1/h
—2h/m oh/m b a x
h>1 h<1
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Large N asymptotics: saddle point analysis

@ Analogous to the Douglas-Kazakov transition in Yang-Mills theory

p*(x) pr(x)
11 11
1/ |
—2h/m oh/m b a x
h>1 h<1
@ Phase transition
¢~(h), h<1,

0, h>1

N—oco

lim —% In Fn(h V2N) = {
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Large N asymptotics: explicit expression for the left tail

¢-(h) = 2[F_(n?/h?) — Fi(n*/H?)]

F_(X):—%—%—%Inx,
=2 - 20k - o+ Z ke
where
b
k=2 (1)
al2E(k) — (1 — K*)K(k)] =1 (2)
aX = 4K (k) (3)

where E(y) and K(y) are elliptic integrals

1 1 _ 2R
Ky = | e T I
0 1—y2z2y1-22 o 1-2z
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Large N asymptotics: third order phase transition

@ Third-order phase transition

N—oo N2

lim —— InFy(hv2N) = {o (;”)’h<1’ ,¢*(Fl)~§(1_h)3,

— the third derivative of the partition function is discontinuous at h = 1
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Large N asymptotics: third order phase transition

@ Third-order phase transition

lim —— InFy(hV2N) = {o (g)’h<1’ , ¢ (h)~ (1 -h)?,

N—oo N2

— the third derivative of the partition function is discontinuous at h = 1

@ A similar third order phase transition occurs for Gaussian -ensembles
in presence of a wall

W)o</ d\ - / dAn exp

exhibits a third order phase transition at the critical value w, = V2
for a review see S. N. Majumdar, G. S. arXiv:1311.0580

i#

- (NZ)\Z > In|) - )\,)]
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Beyond the Coulomb gas: orthogonal polynomials

Fn(h) = % Z Hn [[ (%- e ishir

-,ny=0 i=1 1<j<k<N

Introduce discrete orthogonal polynomials

Z Pr(n)pk(n)e~ L = Ok Dk, Fn(h h2N2+N Hh2/ 1

nN=—oc
Large N analysis of the three terms recursion relation

hy

X P(X) = Pr+1(X) + Rk px—1(x) , Bk = B
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Large N asymptotics: summary

P. J. Forrester, S. N. Majumdar, G. S.’11
G. S., S. N. Majumdar, A. Comtet, P. J. Forrester '12

Fu(h)  ~exp|-N2¢_(h/V2N)|, h< V2N & |h- V2N| ~ O(VN)
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Large N asymptotics: summary

P. J. Forrester, S. N. Majumdar, G. S.’11
G. S., S. N. Majumdar, A. Comtet, P. J. Forrester '12

Fu(h)  ~exp|-N2¢_(h/V2N)|, h< V2N & |h- V2N| ~ O(VN)

11— Fu(h) ~exp[-No, (h/V2N)], h> V2N &|h—v2N|~ O(VN),
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Large N asymptotics: summary

P. J. Forrester, S. N. Majumdar, G. S.’11
G. S., S. N. Majumdar, A. Comtet, P. J. Forrester '12

Fa(h) ~exp[-N26_ (h/vaN)]|, h< V2N & [h— V2N| ~ O(VN)

11— Fu(h) ~exp[-No, (h/V2N)], h> V2N &|h—v2N|~ O(VN),
¢(x) =4xv/x2—1-2In [2x (\/ﬁ—FX) - 1}
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Large N asymptotics: summary

P. J. Forrester, S. N. Majumdar, G. S.’11
G. S., S. N. Majumdar, A. Comtet, P. J. Forrester '12

Fa(h) ~exp[-N26_ (h/vaN)]|, h< V2N & [h— V2N| ~ O(VN)

Fu(h)  ~F [21/oNY(h— V2N)| , h~ V2N & |h— vV2N| ~ O(N-4)

1= Fu(h) ~exp[-No, (h/V2N)], h> V2N &|h—v2N|~ O(VN),

Fi is the Tracy-Widom distribution for GOE

Fimow( =5 [ (s~ D)+ als) o)

obtained here via a double scaling analysis of the discrete OP system
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Large N asymptotics: summary

P. J. Forrester, S. N. Majumdar, G. S.’11
G. S., S. N. Majumdar, A. Comtet, P. J. Forrester '12

Fa(h) ~exp[-N26_ (h/vaN)]|, h< V2N & [h— V2N| ~ O(VN)

Fu(h)  ~F [21/oNY(h— V2N)| , h~ V2N & |h— vV2N| ~ O(N-4)

1= Fu(h) ~exp[-No, (h/V2N)], h> V2N &|h—v2N|~ O(VN),

Fi is the Tracy-Widom distribution for GOE

Fimow( =5 [ (s~ D)+ als) o)

obtained here via a double scaling analysis of the discrete OP system
see K. Liechty '12 for a rigorous proof
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Typical and large fluctuations

Fn(h) ~exp[-N2¢_ (h/v2N)|, h< V2N & |h—v2N| ~ O(VN)

Fa(h) ~ Fi [21"/8NVe(h— V2N)| , h~ V2N & |h—v2N| ~ O(N-})

1—Fu(h) ~exp|-No, (h/V2N)|, h> V2N & |h— V2N| ~ O(VN)
Fx(h)

1

RIGHT TAIL
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e Applications to directed polymers in random media
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Non-intersecting excursions and Airy» process

@ N non-intersecting excursions for large N
i) N—4 IXH)NQ\/W\MU?T&/\

—
N> 1

0 t

1 0 1 T

@ Typical fluctuations of the top path are related to Airy, process
minus a parabola

G+ unE) - V]
lim

a 2
N—oo N—% B AZ(U) u

Prahofer & Spohn '02
Tracy & Widom ‘07 As(u) = Airy, process
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Extreme statistics of Airy, process minus a parabola

M =max Ay(u) — u?, T =argmax As(u) — u? J
ueR ueR

Johansson 03, Corwin & Hammond '11

0 < xqi(t) < xo(f) < ... < xn()

Hn = trg}(z)a}] xn (1)

! T = arg max xy(t
0 ™ 1 te[0,1] ( )
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Extreme statistics of Airy, process minus a parabola

M =max Ay(u) — u?, T =argmax As(u) — u? J
ueR ueR

Johansson 03, Corwin & Hammond '11

0 < xqi(t) < xo(f) < ... < xn()
Hy = max xy(f)

te[0,1]
Ty = arg max xpy(t
0 5 = w = arg max (1) ‘
lim 22/3N"/8(Hy — vV2N) £ M
N— oo
lim 243N'3(T5 —1/2) £ T
N— oo
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Extreme statistics of Airy, process minus a parabola

M =max As(u) — u?, T =argmax As(u) — u? J
ueR ueR

@ Our result for the PDF of the maximum on non-intersecting
excursion yields

P(M < m) = F(2%3m)

Johansson ‘03
Corwin, Quastel, Remenik '12
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Relation to irected olymersin andom edia

@ DPRM with one free end ("point to line”)

€ 11ds E(Eopt) ~arl ,E(X)=0
' Eopt —-E (Eopt) s O(T1/3)
X ~ O(T?/3)

X - Q: what is the joint pdf of
’ Eopt, X ?

e E,,c = Energy of the optimal polymer
e X = Transverse coordinate of the optimal polymer

Related to KPZ growth see review by Halpin-Healy & Zhang '95
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DPRM and the Airy» process minus a parabola

@ The "Airy, process minus a parabola”

Y(u) = As(u) — U?

where Ax(u) is the Airy, process Préhofer & Spohn 02

@ Fluctuations in the DPRM

im T (E(T) ~ E (Eon(T) = max V(1) = M

T—o0 ueR

and
2

lim T—X = arg max Y(uy=T
T—o0 f

Johansson '03
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Extremes of N non-intersecting excursions

0 < xq1(t) < x2(f) < ... < xn(1)

Hy = max xn(t
N te[0,1] N()

! Ty = arg max xy(t
0 ™ 1 te[0,1] ( )

Pn(h, mh) = joint probability distribution function of Hy, T3

HERE :
e Compute exactly Py(h, ) for any finite N

e Typical fluctuations of Hy, 75 when N — o yield
the statistics of the extremes of A, (u) — u?
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An exact expression for Py(h, 71)

0 < xqi(t) < xo(f) < ... < xn()
Hy = max xy(f)

te[0,1]
Ty = arg max xy(t)
0 - 1 ¢ te[0,1]
, 2N—1
PN(ha 7—h) = W Z |:(—1)nN+nN nﬁn;\, H I'l,-2 AN(I“HZ7 00 n,2V71 9 nﬁ,)
(- 0y ) EZN+T i=1
2 Rf 2 /2
XAn(RE, ..., N3, nfvz)eizi i=1 nlgim{“#h)nlv Mhnm
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An exact expression for Py(h, 71)

0 < xqi(t) < xo(f) < ... < xn()
Hy = max xy(f)

|

te[0,1]
- Ty = arg max xy(t)
0 Th 1 te[0,1]
, , N—1
PN(ha 7—h) = W Z (—1)"N+nN nﬁn;\, H I'l,-2 AN(n12,...,n,2V71,n§,)
(- 0y ) EZN+T i=1
2 N1 2
— T n,gf"— (177—h)n,’V2+rhnfl
XAN("$7"'7n12V—17n;\IZ)e E 2h2[ ]
N 2N?+N+2

2NN/ [T P2+ )T (3 +1)
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An exact expression for Py(h, 71)

0 < xqi(t) < xo(f) < ... < xn()
Hy = max xy(f)

|

te[0,1]
Ty = arg max xy(t)
0 - 1 ¢ te[0,1]
, LN
PN(ha 7—h) = W Z (—1)"N+nN nﬁn;\, H I'l,-2 AN(n12,...,n,2V71,n§,)
(- 0y ) EZN+T i=1
2 N1 2
— T n,gf"— (11— )n’ 2+‘r n?
XAN(TR, ... MRy, mP)e ¥F i g (0=
N 2N?+N+2
2NN/ [T P2+ )T (3 +1)
Large N limit ?
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Typical fluctuations for large N

N—1
A 2
Pn(h, ) o > [(—1)"~+"~ iy T n? an(i?, ..., n5 4, nR)
Ny, ,HN,N;\,)EZN“ i=1
L > P— L{1—T )n’2+7 nz]
2, a2 E 2 N+ ThIly
XAN(”??'”?”%*‘]’”;V )e 2 =

Princeton IAS, Nov. 6, 2013 29/39
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Typical fluctuations for large N

N—1

A 2
Pn(h, ) o > [(—1)"~+"~ iy T n? an(i?, ..., n5 4, nR)
(1, s,y ) €ZNH (=
2 N—1
- P— L{1 T )!7 +T n ]
2 12 22 PR it
XAN(ME, ..., 03 _q,ny)e 27 i

@ Discrete orthogonal polynomials

oo _LGz
S pe(mpe (e 22" = b b, pe(n) =+

n=—oo
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Typical fluctuations for large N

N—1

A 2
Pn(h, ) o > [(—1)"~+"~ iy T n? an(i?, ..., n5 4, nR)
Ny, ,nN,n;\,)EZN“ i=1
o N—1
=dii n2 L{(‘] T )n +T n ]
2 T PR it
XAN(ME, ..., 03 _q,ny)e 27 i

@ Discrete orthogonal polynomials

oo _LGz
S pe(mpe (e 22" = b b, pe(n) =+

n=—oo
@ After some manipulations G.S."12

N N
Pak—1(N)P2k—1(m) (1—=7p)P+rpm?
Pn(h, ) 1]’72/—1 %(—1)”+’"nmkz:; Te o [ h w]
———
P[Hn < h] = Fn(h)

Princeton IAS, Nov. 6, 2013 29/39
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Typical fluctuations for large N

@ Large N asymptotics for extremes of excursions
Nllm 2-EN- 2PN(\/ N+2~ ssN” +2 SwN- ):P(s,w)
—00

P(s,w) = %}'1 (s) /oo f(x, w)f(x, —w) dx

f(x, w) = /Ooo Ca(C, x)e "< d¢

Sw_av, Ly_ w,W:(¢1(47X)) { ®1(¢,x) = o0 (§ + x¢) +0(C)
X

ac "D ®2(¢, X) ®5(¢, x) = —sin (343 +xc) +0(¢
Lax Pair
_ 4¢q 4¢% + x +2¢°% +2q' _(a ¢
2E9)= ( —4¢2 —x —2¢2 +2¢ —4¢q ) A= ( - -9 )
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Extreme statistics of Airy, process minus a parabola

@ This work: joint pdf P(m, t) of M, T G s 12

A 8 2
P(m,t) = —71(2%°m) /2 s, 00,2200, ~2%/2) o

@ Marginal distribution P(t) of 7 G s 12

log P(t) = —ct® + o(t%) , t — oo with ¢ = g

see also Corwin & Hammond 11, Quastel & Remenik '13
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Extreme statistics of Airy, process minus a parabola

@ This work: joint pdf P(m, t) of M, T G s 12

o 8 c2
P(m.t) = —Fi (2%/3m) /2 oo f(x, 24/3t)f(x, —2*/3t) dx

@ Marginal distribution P(t) of 7 G s 12

log P(t) = —ct® + o(t%) , t — oo with ¢ = g

see also Corwin & Hammond ‘11, Quastel & Remenik '13
A more recent asymptotic analysis Bothner & Liechty 13

P(t) = Ce 3¢Mt=3(1 + O(t7 1)) , o(t) = 13 — 2t2 + 3¢+
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e Relation with determinantal formulas from Airy, process
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Extreme statistics of Airy, process minus a parabola

M =max Ay(u)—u?, T =arg max Ap(u) - u? J
u

ueR

@ Our results also yield the joint pdf of M, T as
P(m, t) = 4P(2%/3m, 2%/3)
P(s,w) = %]—"ﬂs)/ f(x, w)f(x, —w) dx
& s

(x, w) = /0 Cba(C x)e S dC

&, is a v-function associated to Painlevé Il
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Extreme statistics of Airy, process minus a parabola

M =max Ay(u)—u?, T =arg max Ap(u) - u? J
u

ueR

@ A different formula was obtained first by Moreno-Flores, Quastel,
Remenik arXiv:1106.2716, CMP 13

Pm,t) =2'/°71(22/%m) [~ ok [ ay & om(@ P X)pg2ran(x:5) S1n(2/)
0 0

. m(x) = 28" [tAI(2 + m + x) + AP’ (2 + m + x)]
and

pm(X,¥) = (I = NoBmMo) ™" (x,¥) , Bm(X,y) = Ai(x + y + m)
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Extreme statistics of Airy, process minus a parabola

M =max Ay(u)—u?, T =arg max Ap(u) - u? J
u

ueR

@ A different formula was obtained first by Moreno-Flores, Quastel,
Remenik arXiv:1106.2716, CMP 13

Pm,t) =2'/°71(22/%m) [~ ok [ ay & om(@ P X)pg2ran(x:5) S1n(2/)
0 0

. m(x) = 28" [tAI(2 + m + x) + AP’ (2 + m + x)]
and

pm(X,¥) = (I = NoBmMo) ™" (x,¥) , Bm(X,y) = Ai(x + y + m)

Show that the two formulas coincide !! )
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Solution to the Lax pair

8., d. [ (¢ x) ®4(¢, x) = cos (3¢ +x¢) +0(¢™)
eV =AY, v \u,wf((b;(gx)), :7.(“ ) e
¢ (¢, x) = —sin (3¢3 +x¢) + O(¢")
Lax Pair
_ 4¢q 4¢2 + x +2¢% + 29’ _( a ¢
A(C’X)_( —42 —x—2¢2 +2¢ —4¢q ) ' (C’X)_( - -9 )

An explicit expression of ®1, ®, in terms of By (X, y) = Ai(x + y + m) ]

J. Baik, K. Liechty, G. S. 12
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Solution to the Lax pair

Aulx.y) = B(ey) = [ Al s+ OAy + 5+ ) o

Ai(x + S)AI (y + 5) — A (x + S)Ai(y + )
xX—y

Define the functions Q and R as
Q:=(1-As) 'Bsdy, R:=(1-A5) "Asdo

Introduce the functions

©4(x) := cos (g@ +(s+ 2x)§> . O(x):=—sin (ng +(s+ 2x)<)
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Solution to the Lax pair

Aulx.y) = B(ey) = [ Al s+ OAy + 5+ ) o

_ Ai(X+ S)AT(y + 5) — A (x + S)AI(y + 8)
xX—y

Define the functions Q and R as
Q:=(1-As) 'Bsdo, R:=(1-As) "Asdo

Introduce the functions

©4(x) := cos (g@ +(s+ 2x)§> . O(x):=—sin (343 +(s+ 2x)<)

Proposition
¢1(C, S) = ©4 (0) +(©1,R— Q)o, ¢2(C, S) = 62(0) + (02, R+ Q)o,

where (-, -)g is the inner product on L]0, o)
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Solution to the Lax pair

Proposition

®1(¢,8) =01(0) +(©1,R—Q)o,  ®2((,8) = 02(0) + (©2, R+ Q)o,

@ An indirect proof of this proposition was obtained by Baik '06
@ Here we give a proof using the method of Tracy and Widom '94

@ After further manipulations, this prop. allows to show that the two
formulas for the jpdf P(m, t) do coincide
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0 Conclusion
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Conclusion

@ Exact results for extreme statistics of N vicious walkers
@ Connection with Yang-Mills theory
@ Large N analysis: typical and large fluctuations

@ Connection between extreme statistics of A»(u) — u? and Painlevé

@ An explicit solution for the Lax pair associated to Painlevé Il
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