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What is an expander?

Better:

Great properties: fast communication,

high mixing rate, hard to disconnect.
Similar properties, but now only 2 edges per

vertex! 2/15
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Expansion in graphs

G = (V, E) - a k-regular graph on n vertices.

ey IE(S.S9)n
o Cheeger constant: h(G) = min, S| ]S¢]

@ h(G) is small when G has "bottlenecks’:

C
S Essy S

o Hard to analyze h(G).
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o The graph Laplacian on RY is (Af)(v)=k-f(v)= > f(w)

wnrv

o consts C ker A trivially. The non-trivial spectrum of A is

Spec (A|

constL )

= Spec (A|

sumfzero)

@ The spectral gap is the minimal non-trivial eigenvalue:

A(G) = min Spec (A|

sum—zero)

@ A(G) =0 iff G is disconnected. Is A (G) > 0 when G is "very connected?

Tanner, Dodziuk, . /84/5 )

Theorem (Discrete Cheeger inequalities

Alon—Milman °’

<A (G) < h(G)

Corollary: for k-regular graphs, h > ¢ > 0 iff A > ¢’ > 0 (expanders).

4/15



Geometry (Prehistory)

Compare with geometry:

5/15



Geometry (Prehistory)

Compare with geometry:

. vol ON - vol M
h(M) = inf T Vol Ve

5/15



Geometry (Prehistory)

Compare with geometry:

. vol ON - vol M
h(M) = inf T Vol Ve

5/15



Geometry (Prehistory)

Compare with geometry:

. vol ON - vol M
h(M) = inf T Vol Ve

Theorem (Maz'ya '62, Cheeger '70, Buser '82)

h* (M)

(L <AM) £ C (h(M) + B (M)

X = minimal nontrivial eigenvalue of the Laplace-Beltrami operator on C*° (M)
C = some constant (depends on the Ricci curvature of M).

5/15



Geometry (Prehistory)

Compare with geometry:

. vol ON - vol M
h(M) = inf T Vol Ve

Theorem (Maz'ya '62, Cheeger '70, Buser '82)

h* (M)

(L <AM) £ C (h(M) + B (M)

X = minimal nontrivial eigenvalue of the Laplace-Beltrami operator on C*° (M)
C = some constant (depends on the Ricci curvature of M).

So: for manifolds with globally bounded curvature, h > ¢ > 0 iff A > ¢’ > 0.
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Simplicial complexes

@ A simplicial complex X on a set V is a collection of subsets of V' (cells / simplexes
/ faces / hyperedges).

@ One assumption: TCoe X =76 X
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them are clear.
O Spectral gap A\ (Eckmann '44, Garland '73)
@ Coboundary expansion (Linial-Meshulam '06, Dotterrer-Kahle '12, Gromov '10)
© Geometric/Topological Overlap Property (Gromov '10)
where F (Ao, ..., Ad)

is the set of cells with

0 h(X)= min (Ao A)IIVI

— 5! . Ao © 5000 Ad
V=1 Ai Aol Al one vertex in each A;

A

© Pseudorandomness: estimate |F (Ao, ..., Aq)| for any A;.
@ Random walks
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Spectral theory of complexes

o ¥ (X) - j-forms: anti-symmetric functions on oriented j-cells
o (X) = {f:Xi —>R‘ f@) = —f (o) vg}.

So Q' currents/flows, Q° =RY, and Q! = R{?} >~ R.

@ There are maps § : O/~ — QJ (differentials)

fe®=RY . (5 (.—>—.) = f(u)—f(v)
Fe@* - (5f) (A) () A ) 4 ()
etc...
@ This is a chain complex: 6 = 0.
o H = % is the j*™ cohomology of X (over R) (Poincaré '95).
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1
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A(X)=0< HT 1 (X;R) #0 < Hy 1 (X;R) # 0 (Discrete Hodge theory).

A > 0 : “very trivial homology”. Implies expansion?
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Cheeger inequality?

[VIIF (Ao, . ..

n
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=
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2 3
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(e}
o 8 h X
A (X)
(o]
[e]
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V| = 5,dim = 2 V| =8,dim = 2

Theorem (P-Rosenthal-Tessler)

If X is a d-complex with a complete skeleton, then \ (X) < h(X).
Moreover, ifSpecA]zd C [k —¢,k+e], then
=l

kAo - - JAd|

d
- <e(|Aof: ... |Ag])d1

‘|F(Ao7...,Ad)|

for any disjoint Ao, . .., Ad.

. u P " Friedman—Pippenger ’87, Alon—Chung ' 88,
(Generalizes the “Expander Mixing Lemma” of Beigel Margulis_ Spiclman /93 )
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G is a Ramanujan graph if A(G) > k —2vk —1.
o Lubotzky-Philips-Sarnak '88, Margulis '88, Morgenstern '94:

e For k =p¢+1, Ty = B(PGL> (F)), the Bruhat-Tits building associated with
PGL2 (F), where F = Qp or F =Fpe ((t)).
o Quotients of T = B(PGL2 (F)) by arithmetic lattices are Ramanujan.
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@ Golubev-P: For a Ramanujan triangle complex X, the nontrivial spectrum consists
of n(q® + g — 1) + 1 eigenvalues in the strip [(¢+ 1) — 2,/q, (g + 1) + 2,/q]
but also n — 1 “residual eigenvalues” in [2(q+1) —2,/q,2(q+ 1) +2,/q] ...
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o G, — G if there exist v € G, v, € G, rn — oo such that the r,-ball around v, is
isometric to the r,-ball around v.

e G,= o o . Here G, — N, but also G, — Z.
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@ Zero is a non-isolated point in Spec AX‘ZJ
—1

© The skeletons {X,Sd_l)} form a family of (d — 1)-expanders

then liminf A (X,) < A (X).

However: for

lim X (Xn) = 3 — 2v/2, whereas Spec A (X) |, = {0} U [3—2v/2,3+2Vv?2].
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Thank You!
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