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Chain of oscillators with tension
P Pioy 2 Pior
q) 4i qi G qn
=0

r

Hamiltonian dynamics (FPU type):

r(t) = pi(t) —pi-1(t),  j=1,...,N,
dpj(t) = (V' (rjs1(t)) - V' (r;(1))) dt, j=1,...,N-1,
dpn(t) = (1u(t/N) = V'(rn(1))) dt,
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Chain of oscillators with tension
P Pioy 2 Pior
q) 4i qi qis1 qn
=0

7

Hamiltonian dynamics (FPU type):

ij(t):pj(t)_pj—l(t)a J=1.. N,
dpj(t) = (V'(rjs1(t)) = V' (rj(t))) dt + 7 noise, j=1,...,N-1
dpn(t) = (m1(t/N) = V'(rn(t))) dt + noise,

we add a noise that conserve energy and momentum:

momentum exchange For each couple of nearest neighbor particle,
we randomly exchange momentum,

(pi, pi+1) = (pi+1, pi), with intensity 1.
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Chain of oscillators with tension

Py Pia p

i Pi+1
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=0

7

Hamiltonian dynamics (FPU type):

ij(t):pj(t)_pj—l(t)a J=1.. N,
dpj(t) = (V'(rjs1(t)) = V' (rj(t))) dt + 7 noise, j=1,...,N-1
dpn(t) = (m1(t/N) = V'(rn(t))) dt + noise,

we add a noise that conserve energy and momentum:

momentum exchange For each couple of nearest neighbor particle,
we randomly exchange momentum,
(pi, pi+1) = (pi+1, pi), with intensity 1.

diffusive exchange of momentum 3-—particle continuous exchange
of momentum.

S. Olla - CEREMADE Energy superdiffusion



Chain of oscillators: infinite model
Py Pia Pi Pi+1
q) 49 qi G qn
70=0

r

Hamiltonian dynamics (FPU type): j € Z

r(t) = pi(t) - pi-1(t),
dp;(t) = (V' (rja (1)) = V' (ri(1))) dt
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Chain of oscillators: infinite model

Pi Pia

Ham|Iton|an dynamlcs (FPU type): jeZ

rj(t) = pj(t) - pj-1(1),
dpj(t) = (V'(rjs1(t)) = V'(r;(t))) dt + v noise

we add a noise that conserve energy and momentum:

momentum exchange For each couple of nearest neighbor particle,
we randomly exchange momentum,

(pi; piv1) = (piv1, pi), with intensity ~.
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Chain of oscillators: infinite model

Pi Pia

Ham|Iton|an dynamlcs (FPU type): jeZ

rj(t) = pj(t) - pj-1(1),
dpj(t) = (V'(rjs1(t)) = V'(r;(t))) dt + v noise

we add a noise that conserve energy and momentum:

momentum exchange For each couple of nearest neighbor particle,
we randomly exchange momentum,
(pi, pis1) = (Piv1, pi), with intensity ~.

diffusive exchange of momentum 3-—particle continuous exchange
of momentum.
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Ergodicity (of the infinite system)

The stocastic perturbation of the dynamics is sufficient to give
ergodicity:

Theorem

(Fritz, Funaki, Lebowitz, PTRF 1994)

Assume that v is translation invariant and stationary, with finite
entropy density, and furthemore that

v(dplr)

is exchangeable. Then v is a convex combination of Gibbs measure.
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Ergodicity (of the infinite system)

The stocastic perturbation of the dynamics is sufficient to give
ergodicity:

Theorem

(Fritz, Funaki, Lebowitz, PTRF 1994)

Assume that v is translation invariant and stationary, with finite
entropy density, and furthemore that

v(dplr)
is exchangeable. Then v is a convex combination of Gibbs measure.

» v(dp|r) maxwellian (Gallavotti-Verboven 1975)

» v(dpl|r) convex combination of maxwellians (Olla, Varadhan,
Yau, 1993).
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Hyperbolic Adiabatic Dynamics

3 conserved quantities:
stretch Ry(t)[G] = % >i G(i/N)ri(Nt)
momentum wy(t)[G] = % >i G(i/N)p;i(Nt)
energy en(1)[G] = & 5 G(i/N)Ei(Ne)
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Hyperbolic Adiabatic Dynamics

3 conserved quantities:
stretch Ry(t)[G] = % >i G(i/N)ri(Nt)
momentum wy(t)[G] = % >i G(i/N)p;i(Nt)
energy en(1)[G] = & 5 G(i/N)Ei(Ne)

(Run(t),mn(t),en(t)) — (r(x,t)dx,m(x,t)dx,e(x,t)dx)

Oer =0xm  Opm=0xr  Ope=(TT)
m(0,6)=0,  7(r(1,1),U(1,1)) =11 (1)

U=¢-7m2/2 : internal energy. For smooth solutions this is proven
in:

> N. Even, S.0., arXiv.org/abs/1009.2175 (2010)

» S.0., SRS Varadhan, HT Yau, CMP (1993)
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entropy evolution

Or = Oy Oy = OxT Ore = Ox(77)
(0, t) =0, 7(r(1,t),U(1,t)) = 71(t)

U=e-7?/2, ,6:%, Tz—%gf
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entropy evolution

Or = Oy Oy = OxT Ore = Ox(77)
(0, t) =0, 7(r(1,t),U(1,t)) = 71(t)

U=e-72/2, ﬁz%, Tz—%gf

%S(r(x, t),U(x,t))=0 for smooth solutions
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entropy evolution

Or = Oy Oy = OxT Ore = Ox(77)
(0, t) =0, 7(r(1,t),U(1,t)) = 71(t)

U=e-7?/2, ﬁz%, Tz—%gf

%S(r(x, t),U(x,t))=0 for smooth solutions

When shocks will appear, we will have dissipation and

d

= fol S(r(x, 1), U(x, t))dx > 0

and (eventually) convergence to equilibrium.
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Energy Superdiffusion

Consider the Harmonic chain with noise conserving energy and
momentum.

V(=% 7(r,U)=r, S=1+log(x37")

In the hyperbolic space-time scale limit we have

Ot = Oyt O¢m = Oyr Ore = Ox(rm)
77(0’ t) :07 r(]-?t):Tl(t)

linear wave equation: no shocks! no dissipation!
Profiles of temperature and entropy do not change in time.
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Energy Superdiffusion

Consider the Harmonic chain with noise conserving energy and
momentum.

V(=% 7(r,U)=r, S=1+log(x37")

In the hyperbolic space-time scale limit we have

Ot = Oyt O¢m = Oyr Ore = Ox(rm)
77(0’ t) :07 r(]-?t):Tl(t)

linear wave equation: no shocks! no dissipation!

Profiles of temperature and entropy do not change in time.
Since microscopically the noise made the dynamic 'ergodic’, the
convergence to equilibrium should happen in another space-time
scale.
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Diverging thermal conductivity

d€;=(Jii—Jii1) dt Jiisr = =piV'(ris1) = =pirisa

Green-Kubo formula:

2 oo
D= % fo Z(Ji,iﬂ(s)JO,l(O))ﬂ ds
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Diverging thermal conductivity

d€;=(Jii—Jii1) dt Jiisr = =piV'(ris1) = =pirisa

Green-Kubo formula:

2 oo
D= % fo Z(Ji,iﬂ(s)JO,l(O))ﬂ ds

Basile, Bernardin, O. (Phys. Rev. Lett. 2006, CMP 2009):

Z (Ji,i+1(S)J071(O)>B Y.

1
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Diverging thermal conductivity

d€; = (Jifl,i _Ji,i+1) dt  Jis1=-piV'(ris1) = -pirina

Green-Kubo formula:

2 00
p- 2" 2 i1 (5)0a(0)) ds

Basile, Bernardin, O. (Phys. Rev. Lett. 2006, CMP 2009):

Z<J",i+1(5)Jo,1(0))ﬁ L L2

1

More generally in dimension d

Z (17,i+1(5)10,21(0) >,6’ L pdf2

1
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Diverging thermal conductivity

d€i=(Jirvi—Jis1)dt  Jiia=—-piV'(riv1) = -pirina

Green-Kubo formula:

2 o0
D= %]0- ;(Ji,iﬂ(s)JO,l(O))ﬁ ds

Basile, Bernardin, O. (Phys. Rev. Lett. 2006, CMP 2009):

Z<Jf,i+1(5)JO,1(O)>B ~ t7L2

i

This imply, in d =1, a superdiffusion of the energy: diffusive
space-time scale is not the right one.
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Diverging thermal conductivity

d€; = (Jifl,i _Ji,i+1) dt  Jis1=-piV'(ris1) = -pirina

Green-Kubo formula:

2 00
p- 2" 2 i1 (5)0a(0)) ds

Basile, Bernardin, O. (Phys. Rev. Lett. 2006, CMP 2009):

Z<J",i+1(5)Jo,1(0))ﬁ L L2

1

in pinned case

Z(Ji,i+1(5)_10,1(0)>ﬁ ~ t*d/2+1

1
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diffusive cases

In d > 3 or pinned systems, diffusivity is finite and we can prove
the linearized heat equation (Basile, O., 2013):

B e

€ 5 2 e 2D
<E-1,0(e7 t)E1(0) >3 — €

x(ﬂ)[ ) (EDE0)(0) >5 - ] — PTooT
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diffusive cases

In d > 3 or pinned systems, diffusivity is finite and we can prove
the linearized heat equation (Basile, O., 2013):

1 X2

€ 2 ) e 2tD
<Ee-1,0(e7 t)E01(0) >3 — 87| —

x(ﬁ)[ (e (0) > — & >

In d =2 unpinned (some details in the proof still missing):

X2
gt %t 2 e Mo
& —— | &r91(0 - € O~
x(5) [< g M(mogel)Z) (0) > e] N /2Dyt

S. Olla - CEREMADE Energy superdiffusion



Superdiffusion in d =1

We expect a Levy type superdiffusion:

8_1

m [< E[E—lx](€_3/2t)g[o](0) >3 = éz] A:; f(X, t)

with »
F(n,) ~ &P

Bf = —(-A)34f

Result: (Komorowski, O. 2013)

Starting with initial distribution with finite energy, the
correponding Wigner distribution W (e~1x, k,e~3/?t) converges to
the solution of the fractional heat equation f(x, t) (for a.e. k).
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Conjectured result for FPU dynamics

Recent fluctuation hydrodynamics and mode coupling calculation
by Herbert Spohn (arXiv:1305.6412, (2013)) for the deterministic
FPU dynamics:

Heat mode superdiffusion:

» If V asymmetric (a-FPU), or symmetric but 7 # 0:
Fln.t) ~ e
» If V symmetric (5-FPU), and 7 =0:

Fln.t) ~ e
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Conjectured result for FPU dynamics

Recent fluctuation hydrodynamics and mode coupling calculation
by Herbert Spohn (arXiv:1305.6412, (2013)) for the deterministic
FPU dynamics:

Heat mode superdiffusion:

» If V asymmetric (a-FPU), or symmetric but 7 # 0:
Fn,t) ~ el

» If V symmetric (5-FPU), and 7 =0:
Fln1) ~ e

== Heat mode in our model behave as in the symmetric FPU
non-linear case.
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Wave function and Wigner distribution

ry =qy — qy-1, y €L

qx(t) = px(t)

dpx(t) = Agy dt +71/2 Z YirePx (1) 0 dwi i (1),
=101

{wy(t) }xez iid Wiener processes,

Yx = (Px - px+1)apx_1 + (px+1 - px—l)apx + (px—l - px)apx+1



Wave function and Wigner distribution

ry=dy = qy-1, y € L

4x(t) = px(1)
dpx(t) = —(ax*q(t))xdt +’Yl/2ﬁ 2130 . YierePx(t) o dwiik (1),
o symmetric, compact support or |ay| < Ce /€, &(k) >0 and
» &(0) = 0 unpinned chain
» &"(0) > 0 acustic chain
Dispersion function:

w(k) = a(k)H? (=2|sin(7k)|),  keT.

This implies

/ 2
f W) e = 4oo
ki< k2
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Fk) = 3 Fly)e >k
YeZ

Complex wave function in Fourier space:

1/3(13 k)= w(k)g(t, k) +ip(t, k)
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Fk) = 3 Fly)e >k
YeZ

Complex wave function in Fourier space:

1/3(13 k)= w(k)g(t, k) +ip(t, k)

06, == 1K) e Rt~ V[ 6,10 e,k
+fyl/2ifTr(k,k’)[$(k—k)—w(—k+k) 1dW(t, k')
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Fk) = 3 Fly)e >k
YeZ

Complex wave function in Fourier space:

1/3(13 k)= w(k)g(t, k) +ip(t, k)

06, == 1K) e Rt~ V[ 6,10 e,k
+fyl/2ifTr(k,k’)[$(k—k)—w(—k+k’)*]dW(t, K

< dW*(t,k)dW (s, k') >= 6(k-k')d(t-s)dt dk, < dW(t, k)dW (s, k') >=0
r(k, k") =22 (K)r (2(k = k') +2r (2k)rZ(k = k'), r(k) =sin(rk)
B(k) = 8r2(k) +4r2(2k) ~ Kk
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Wigner distribution

We(n, k,t) = (" (k—en, t)v(k +en,t))

W.(y, k,t :ef 2 (1. k. t) d
(v, k,t) /0 (n,k,t) dn
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Wigner distribution

We(n, k,t) = (" (k—en, t)v(k +en,t))

W.(y, k,t :ef 2 (1. k. t) d
(v, k,t) /0 (n,k,t) dn

Start with initial distribution such that sup, e < [¢(0)]? >< C, and

W(1,0) = [ We(n.k,0) dk — Wo(n)

Theorem

— _ _az013/2
We(n, k,e32t) — &1 Wo ()
with & = |/ 3556"(0)*/*,
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previous results

» Basile, O. Spohn, ARMA 2009: kinetic limit/weak noise:
~v=e¢y', § =1, convergence to a linear Boltzmann equation

DWW (n, k, t) + inw' (kYW (n, k, t) = LW (n, k, t)
with the scattering operator
LW(n, k, t) = f R(k, K'Y(W(n, k', t) - W(n, k, t))
R(k, k") = R(K' k) = r*(k,k — k") + r?(k, k + k")

=2 3 R(OR(K)

i=+1
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previous results

» Basile, O. Spohn, ARMA 2009: kinetic limit/weak noise:
~v=¢y', § =1, convergence to a linear Boltzmann equation

W (n, k, t) +inw' (k)W (n, k,t) = LW(n, k, t)

» Jara, Komorowski, O. APP 2009: invariance principle for the
corresponding Markov process:

-3/2 _ AT ’ §_
AX(A779t) = A A w'(K(s)) ds)j 5 stable Levy
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previous results

» Basile, O. Spohn, ARMA 2009: kinetic limit/weak noise:
~v=¢y', § =1, convergence to a linear Boltzmann equation

W (n, k, t) +inw' (k)W (n, k,t) = LW(n, k, t)

» Jara, Komorowski, O. APP 2009: invariance principle for the
corresponding Markov process:

-3/2 _ AT ’ §_
AX(A779t) = A A w'(K(s)) dsm 5 stable Levy

» Mellet, Mishler, Mouhot, ARMA 2011: Related work by
analytic approach.
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previous results

» Basile, O. Spohn, ARMA 2009: kinetic limit/weak noise:
~v=¢y', § =1, convergence to a linear Boltzmann equation

W (n, k, t) +inw' (k)W (n, k,t) = LW(n, k, t)

» Jara, Komorowski, O. APP 2009: invariance principle for the
corresponding Markov process:

-3/2 _ AT ’ §_
AX(A779t) = A A w'(K(s)) dsm 5 stable Levy

» Mellet, Mishler, Mouhot, ARMA 2011: Related work by
analytic approach.

» Milton Jara, 2013: 2 conserved quantity model
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Time evolution of the Wigner distribution

Anti-Wigner distribution:
Ze(n, k) = (k- en, t)ib(k + en, t))
for small ¢, § =2/3,

AW, (1, k, e °t) = —ie L' (k)nd: W, + ve ° LW,
— e 55 [Z.(n, k,t) + Ze(=n, k, t)]
v’ L W+ o(e)
OeZc(n, k,e%t) = ...
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Time evolution of the Wigner distribution

Anti-Wigner distribution:

Ze(n,k, t) = ((k —en, t)(k +en, 1))
for small ¢, § =2/3,
AW, (1, k, e °t) = —ie L' (k)nd: W, + ve ° LW,
— € 6[’ [Zﬁ(na k7 t) + Ze(_777 ka t)]
v’ L W+ o(e)
8t76(77, k,e_‘st) =...

» Because of fast time fluctuations Z(1, k,e9t) — 0.
» By averaging for many collisions W, (1, k, e %t) — W (n, t),
constant in k.
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Let's drop Z. =0 and smaller terms in €, we are left
W, (n, k,e°t) = —ie O (k)nd, W, + ve ° LW,
LW, (n, k) - f Rk, K Y(W (0. K',£) = We(n. k, 1))
R(k, k") = Z Ri(k)R_;(k")
/ +1
To simplify the argument assume the simpler scattering rate
R(k, k") = R(k)R(K"), fR(k)dkzl, R(k) ~ k?
LW, (1,k,£) = R(K) [ ROUW(, K, £)dk = RUOW.(n, K, )
= R(k) < R,W. > -R(k)W.(n, k, t)
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Taking Laplace Transform we(n, k,\) = [, e MW, (n, k,e0t)dt,
and denoting < R, W, >= [ R(k')W(n, k', \)dk’

ENVe + iew’ (k)nwe — R(k) < R, We > +R(k) W, = € Wo(n, k)
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Taking Laplace Transform we(n, k,\) = [, e MW, (n, k,e0t)dt,
and denoting < R, W, >= [ R(k')W(n, k', \)dk’

ENVe + iew’ (k)nwe — R(k) < R, We > +R(k) W, = € Wo(n, k)
rearranging

EWo(n, k) + R(k) < R, W, >

e(n, k, A) = .
we (1 ) N+ R(k) +iew' (k)n

Multiplying by R(k) and integrating in k, after rearrangement:

- R(K?

<R, W.>¢ 5(1_/ 66)\_,_,133(/()+iew’(k)7]dk)
_/‘ R(k)WO(nvk)
~J N+ R(k) +iew (k)

dk
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2
<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7
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2
<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7

f R(k)Wo(n, k)

dk —> /W k) dk = W,
N+ R(k) +iew'(k)n 0, k) o(m)
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2
<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7

f R(k)Wo(n, k)

dk —> /W k) dk = W,
N+ R(k) +iew'(k)n 0, k) o(m)

- R(k)?
5 A 3/2
1—f k| —
‘ ( 65/\+R(k)+iew’(k)77d ) Axen
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2
<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7

f R(k)Wo(n, k)

dk —> /W k) dk = W,
N+ R(k) +iew'(k)n 0, k) o(m)

- R(k)?
5 A 3/2
1—f k| —
‘ ( 65/\+R(k)+iew’(k)77d ) Axen

<Ry >= [ RO,k \)dk —> w(n, ).
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2
<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7

f R(k)Wo(n, k)

dk —> /W k) dk = W,
N+ R(k) +iew'(k)n 0, k) o(m)

_ R(k)?
5 A 3)2
- [ k| —
‘ ( 65/\+R(k)+iew’(k)77d) Aven
<R, W, >= fR(k)\?ve(n,k,)\)dk—> w(m, ).

—  (A+en®?)w(n,\) = Wo(n) O
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