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The logarithm map is the homomorphism
Log: C* — R, z — —log|z|,
and the argument map is the homomorphism

Arg: C* — 8, z— z/|z|.
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Let N be a finitely generated free abelian group.

There are homomorphisms
TN
Logiz/ Xg@zl
Nr SN,
called the logarithm map and the argument map for N respectively, where

Ty := the complex algebraic torus C* ®z N,
Sn the compact real torus S* ®z N,
Ngr := thereal vector space R ®z N.
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Corresponding to a p-dimensional rational subspace H of R", there is

0

0 0
0—>Sann (Sl) SZ"/(HHZ") —0
g ;Arg
0 —— THnzr (S Tzr j(inzry —> 0
lLog
0 H R” R"/H ——>0,
0 0 0

where the vertical surjections are the logarithm maps.
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We define a homomorphism 7z as the composition

Arg

7 Log™*(H) (shyr Szn/(mrzny -
Its kernel is the closed subgroup
ker(7rH) = THHZ",

and all other fibers are translations of the kernel by the action of (S*)".
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Let A be a p-dimensional affine subspace of R" parallel to the linear subspace H.

We define a submersion 74 as the composition
A - LOgil(A) E—a> LOgil(H) L SZ"/(HHZ"); a € A.

The submersion 74 does not depend on the choice of a.
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Let o be a p-dimensional rational polyhedron in R". We define

aff(c) := the affine span of o,
¢° := theinterior of o in aff(c),
H, := the linear subspace parallel to aff(o).

The normal lattice of o is the quotient group
N(o):=Z"/(H-NZ").
The normal lattice defines the (n — p)-dimensional vector spaces

N(o)r := R®z N(0), N(o)c:=C®z N(0).
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We define a submersion . as the restriction of ma() to Log™*(c°):
7o : Log™ (6°) — Sw(o)-

Each fiber 7, ! (z) is a p-dimensional complex submanifold of (C*)".
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We define a submersion . as the restriction of mag(,) to Log™*(c°):
7o : Log *(c°) — Sn(o)-
Each fiber 7, ! (z) is a p-dimensional complex submanifold of (C*)".
Definition
Let u be a complex Borel measure on Sy (). We define a (p, p)-dimensional current

%)= [ . el

If u is the normalized Haar measure, we write

T i = Ta()-
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A p-dimensional weighted complex in R™ is a polyhedral complex % such that
1. each inclusion-maximal cell o in € is rational,

2. each inclusion-maximal cell o in % is p-dimensional, and

3. each inclusion-maximal cell o in % is assigned a complex humber w« (o).
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A p-dimensional weighted complex in R™ is a polyhedral complex % such that
1. each inclusion-maximal cell o in € is rational,

2. each inclusion-maximal cell o in % is p-dimensional, and

3. each inclusion-maximal cell o in % is assigned a complex humber w« (o).

The weighted complex ¥ is said to be positive if, for all p-dimensional cells ¢ in &,
we (o) > 0.

The support of % is the union of all p-dimensional cells of & with nonzero weight.
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Definition
We define a (p, p)-dimensional current on (C*)" by

T = Z we (o) o,

where the sum is over all p-dimensional cells in €.
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Let 7 be a codimension 1 face of a p-dimensional rational polyhedron o.

The difference of o and 7 defines a ray in the normal space
cone(oc — 7)/H, C H,/H; CR"/H, = N(T)r.

We write u, /- for the primitive generator of this ray in the lattice N (7).
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Let 7 be a codimension 1 face of a p-dimensional rational polyhedron o.

The difference of o and 7 defines a ray in the normal space
cone(oc — 7)/H, C H,/H; CR"/H, = N(T)r.

We write u, /- for the primitive generator of this ray in the lattice N (7).

Definition
A p-dimensional weighted complex ¢ satisfies the balancing condition at T if

Z W (0)Uo/r =0

oOT

in N(7)c, where the sum is over all p-dimensional cells o in ¢ containing 7.
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A weighted complex is balanced if it satisfies the balancing condition at

each of its codimension 1 cells.

A tropical variety is a positive and balanced weighted complex, and

a tropical current is the current associated to a tropical variety.
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Theorem (A)

A weighted complex € is balanced if and only if 7« is closed.
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Definition
A normal closed current .7 is strongly extremal if for any normal closed current .7’
which has the same dimension and support as .7 there is a complex number ¢ such

that 7' = c¢- 7.
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Definition
A normal closed current .7 is strongly extremal if for any normal closed current .7’

which has the same dimension and support as .7 there is a complex number ¢ such

that 7' = c¢- 7.

If 7 is positive and strongly extremal, then . generates an extremal ray in the cone
of positive closed currents: If 7 = 71 + % is any decomposition of .7 into
positive closed currents, then

|7 =7 + Al =T + 2|,

and hence both 71 and .7, are positive multiples of .7.
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Definition
A balanced complex % is strongly extremal if for any balanced complex ¢’
which has the same dimension and support as % there is a complex number c

suchthat ¢’ ~ c- €.

June Huh 15/27



A weighted complex in R™ is non-degenerate if its support is contained in

no proper affine subspace of R".

Theorem (B)

A non-degenerate weighted complex ¢ is strongly extremal if and only if

T is strongly extremal.
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Let &7 be a p-dimensional locally finite polyhedral complex in R™.

Choose a complex Borel measure u. for each p-dimensional cell o of &2, and define

7= To(po).
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For each o and its codimension 1 face 7, there are inclusion maps
M(o) — M(1) — (2")"

dual to the quotient maps

z" N(T) N(o).

If m is an element of M (o), the m-th Fourier coefficient of u. is the complex number

fio(m) 1= / x™ dio(2)
zESN
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For a p-dimensional cell o in &2 and an element m of (Z")Y, we set

wer (0, m) = {[lg('m) if m e M(o),
7% o 0 if m ¢ M(o).

This defines a p-dimensional weighted complex ¥« (m) in R™.
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For a p-dimensional cell o in &2 and an element m of (Z")Y, we set

wer (0, m) = {[lg(m) if m e M(o),
7% o 0 if m ¢ M(o).

This defines a p-dimensional weighted complex ¥« (m) in R™.

Theorem (C)

The current .7 is closed if and only if € (m) is balanced for all m € (Z™)V.
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For a p-dimensional cell o in &2 and an element m of (Z")Y, we set
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Theorem (C)

The current 7 is closed if and only if €= (m) is balanced for all m € (Z")" .

This implies Theorem (A) because (m) = 0 for m # 0 if u is an invariant measure.

This implies Theorem (B) because (|, M (o) = 0 if & is non-degenerate.
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Let X be the n-dimensional smooth complex toric variety of a complete fan x.

A cohomology class in X gives a homomorphism from the homology group of X to Z,
defining the Kronecker duality homomorphism
H*(X;Z) — Homz (Ha(X;Z),Z).

The above homomorphism is, in fact, an isomorphism.
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Let X be the n-dimensional smooth complex toric variety of a complete fan .

A cohomology class in X gives a homomorphism from the homology group of X to Z,
defining the Kronecker duality homomorphism
H*(X;Z) — Homz (Ha(X;Z),Z).

The above homomorphism is, in fact, an isomorphism.

Since the homology group is generated by k-dimensional torus orbit closures,
the duality identifies cohomology classes with certain integer valued functions

on the set of p-dimensional cones in &, where p = n — k.
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Theorem (Fulton-Sturmfels)

The Kronecker duality gives isomorphisms between abelian groups
H®*(X;Z) ~ Hom(Hax(X), Z) ~ { p-dimensional balanced integral weights on £},
There is an induced isomorphism between complex vector spaces

H"*(X) ~ {p-dimensional balanced weights on T}
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The recession cone of a polyhedron ¢ is the convex polyhedral cone
rec(c) ={beR" |o+ b C o}

Definition

Let ¢ be a p-dimensional finite weighted complex in R™.

For each p-dimensional cone v in X, we define

wrec(%,E)('Y) = Z ’wcg(O'),

where the sum is over all p-dimensional cells o in ¥ whose recession cone is +.

This defines a p-dimensional weighted complex rec(%, 2), the recession of ¢ in .
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We say that ¢ is compatible with T if rec(o) € X for all o € €. In this case, we write
rec(¢) :=rec(%, ).

For any ¢, there is a subdivision of ¥ that is compatible with a subdivision of X.

Theorem (D)

If € is a p-dimensional balanced weighted complex compatible with ©, then
{T+} =rec(¢) € H*(X).
In particular, if all polyhedrons in € are cones in &, then

{T%} =% e H"*(X).
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Theorem (E)

There is a (2, 2)-dimensional positive closed current T on a smooth projective
variety X of dimension 4 such that
1. {T} € H**(X) N H*(X;Z), and

2. T is not a limit of currents of the form >, X;[ V3] with X; > 0.

The current T is strongly extremal, and this property is crucial in justifying 2.
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If T is positive and strongly extremal, then T spans an extremal ray of the cone of

positive closed currents.

Therefore, if T is a limit of currents of the form . X:[Vi],A; > 0

then T is a limit of currents of the form A[V], A > 0.
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Lemma

3 0 0 0 0 =1 =1 =1 0 0 0 0 0 0
0 3 0 0 =1 0 0 =1 0 0 0 =1 0 0
0 0 3 0 =1 =1 0 0 0 0 0 0 0 =1
0 0 0 3 =1 0 =1 0 0 =1 0 0 0 0
0 -1 -1 -1 1 0 0 0 0 0 0 0 0 0
-1 0 -1 0 0 1 0 0 =1 0 0 0 0 0
=1 0 0 =1 0 0 1 0 0 0 =1 0 0 0
L:=
=1 =1 0 0 0 0 0 ) 0 0 0 0 =1 0
0 0 0 0 0 =1 0 0 0 =1 0 0 0 0
0 0 0 =i 0 0 0 0 =i 0 0 0 0 0
0 0 0 0 0 0 =1 0 0 0 0 =1 0 0
0 =L 0 0 0 0 0 0 0 0 =1 0 0 0
0 0 0 0 0 0 0 =1, 0 0 0 0 0 =1,
0 0 =1 0 0 0 0 0 0 0 0 0 =1 0
The characteristic polynomial of L is
xo(z) = z*(2® — 42® — ¢ + 8)%(z* — 82> + 122® + 24z — 35).
v
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