
Geometry and Arithmetic of
Crystallographic Packings

Alex Kontorovich

Rutgers / IAS



Review: Apollonian Circle Packings

Geometry: (Apollonius, ∼200 BCE)

=⇒

(Proof by Viète, ∼1600)

(Baragar-K 2017:
Construction using
7 elementary moves)

Dynamics: (Leibniz, ∼1700)
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(K-Oh)

Arithmetic: Soddy (1936): Study the “bends” b = 1/r
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(Baragar-K 2017:
Construction using
7 elementary moves)

Dynamics: (Leibniz, ∼1700)

=⇒ =⇒ =⇒
(K-Oh)

Arithmetic: Soddy (1936): Study the “bends” b = 1/r

18

23

-10

=⇒ 18

23
27

35

=⇒ 18

23
27

35

62

47
162

78

63

146

=⇒
-10

18

23
27

146

62

234

135
242

123210

47
194

110
207

83
222

135
203

35 162

78
183

147
242

63
242158

107
167

243



Review: Apollonian Circle Packings
Geometry: (Apollonius, ∼200 BCE)

=⇒

(Proof by Viète, ∼1600)

(Baragar-K 2017:
Construction using
7 elementary moves)

Dynamics: (Leibniz, ∼1700)

=⇒ =⇒ =⇒
(K-Oh)

Arithmetic: Soddy (1936): Study the “bends” b = 1/r

18

23

-10

=⇒ 18

23
27

35

=⇒ 18

23
27

35

62

47
162

78

63

146

=⇒
-10

18

23
27

146

62

234

135
242

123210

47
194

110
207

83
222

135
203

35 162

78
183

147
242

63
242158

107
167

243



Review: Apollonian Circle Packings
Geometry: (Apollonius, ∼200 BCE)

=⇒

(Proof by Viète, ∼1600)
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Integral Apollonian Circle Packings
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Q: (GLMWY 2003)
Which numbers arise?

Let B = {bend(C) : C ∈ P}.
B = {−10, 18, 23, 27, 35, . . . }

Obs: (GLMWY, Fuchs 2010)
B ≡ {2, 3, 6, 11, 14, 15,

18, 23} (mod 24)
Def: n ∈ Z is admissible

if n(mod 24) is as above.
Local-Global Conjecture:

(GLMWY 2003, Fuchs-Sanden 2011)
Every sufficiently large admissible integer arises in B.

Thm: (Bourgain-K, 2014)
Almost all admissible numbers arise.

#B∩[1,X]
#admissibles∩[1,X] → 1.

Builds on GLMWY, Sarnak ’07, Fuchs ’10, Bourgain-Fuchs ’11
(Survey in: K. “From Apollonius to Zaremba” BAMS 2013)
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Every sufficiently large admissible integer arises in B.

Thm: (Bourgain-K, 2014)
Almost all admissible numbers arise.

#B∩[1,X]
#admissibles∩[1,X] → 1.

Builds on GLMWY, Sarnak ’07, Fuchs ’10, Bourgain-Fuchs ’11
(Survey in: K. “From Apollonius to Zaremba” BAMS 2013)
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Answer:
I There are infinitely many such packings! And moreover,
I There are only finitely many such packings!
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Answer:
I There are infinitely many such packings! And moreover,
I There are only finitely many such packings!
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Answer:
I There are infinitely many such packings! And moreover,
I There are only finitely many such packings!
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How many more?
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Answer:
I There are infinitely many such packings! And moreover,
I There are only finitely many such packings!



Main Project Goals:
(K-N = with Kei Nakamura)

Understand the basic “nature” of the Apollonian gasket:
I Why does this integral structure exist? (Follows from
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fundamental, intrinsic explanation?)

I Are there more like it? How many more?
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Answer:
I There are infinitely many such packings! And moreover,
I There are only finitely many such packings!
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Answer:
I There are infinitely many such packings! And moreover,
I There are only finitely many such packings!
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Answer:
I There are infinitely many such packings! And moreover,
I There are only finitely many such packings!
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Understand the basic “nature” of the Apollonian gasket:
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I Are there more like it? How many more?
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Basic Setup
Def: (K-N) An Sn−1-packing P of R̂n := Rn ∪ {∞}, is an ∞
collection of oriented spheres (or co-dim-1 planes) s.t.:

I the interiors of spheres are disjoint, and

I the packing fills up space;
⊔

S∈P interior(S) = R̂n

Not enough structure; can make arbitrary constructions.
Key property enjoyed by the Apollonian packing is:
Def: (K-N) A packing is crystallographic if its limit set is that
of some geometrically finite reflection group Γ < Isom(Hn+1).



Basic Setup
Def: (K-N) An Sn−1-packing P of R̂n := Rn ∪ {∞}, is an ∞
collection of oriented spheres (or co-dim-1 planes) s.t.:

I the interiors of spheres are disjoint,

and

I the packing fills up space;
⊔

S∈P interior(S) = R̂n

Not enough structure; can make arbitrary constructions.
Key property enjoyed by the Apollonian packing is:
Def: (K-N) A packing is crystallographic if its limit set is that
of some geometrically finite reflection group Γ < Isom(Hn+1).



Basic Setup
Def: (K-N) An Sn−1-packing P of R̂n := Rn ∪ {∞}, is an ∞
collection of oriented spheres (or co-dim-1 planes) s.t.:

I the interiors of spheres are disjoint, and

I the packing fills up space;
⊔

S∈P interior(S) = R̂n

Not enough structure; can make arbitrary constructions.
Key property enjoyed by the Apollonian packing is:
Def: (K-N) A packing is crystallographic if its limit set is that
of some geometrically finite reflection group Γ < Isom(Hn+1).



Basic Setup
Def: (K-N) An Sn−1-packing P of R̂n := Rn ∪ {∞}, is an ∞
collection of oriented spheres (or co-dim-1 planes) s.t.:

I the interiors of spheres are disjoint, and

I the packing fills up space;
⊔

S∈P interior(S) = R̂n

Not enough structure; can make arbitrary constructions.

Key property enjoyed by the Apollonian packing is:
Def: (K-N) A packing is crystallographic if its limit set is that
of some geometrically finite reflection group Γ < Isom(Hn+1).



Basic Setup
Def: (K-N) An Sn−1-packing P of R̂n := Rn ∪ {∞}, is an ∞
collection of oriented spheres (or co-dim-1 planes) s.t.:

I the interiors of spheres are disjoint, and

I the packing fills up space;
⊔

S∈P interior(S) = R̂n

Not enough structure; can make arbitrary constructions.
Key property enjoyed by the Apollonian packing is:
Def: (K-N) A packing is crystallographic

if its limit set is that
of some geometrically finite reflection group Γ < Isom(Hn+1).



Basic Setup
Def: (K-N) An Sn−1-packing P of R̂n := Rn ∪ {∞}, is an ∞
collection of oriented spheres (or co-dim-1 planes) s.t.:

I the interiors of spheres are disjoint, and

I the packing fills up space;
⊔

S∈P interior(S) = R̂n

Not enough structure; can make arbitrary constructions.
Key property enjoyed by the Apollonian packing is:
Def: (K-N) A packing is crystallographic if its limit set is that
of some geometrically finite reflection group Γ < Isom(Hn+1).



Basic Setup
Def: (K-N) An Sn−1-packing P of R̂n := Rn ∪ {∞}, is an ∞
collection of oriented spheres (or co-dim-1 planes) s.t.:

I the interiors of spheres are disjoint, and

I the packing fills up space;
⊔

S∈P interior(S) = R̂n

Not enough structure; can make arbitrary constructions.
Key property enjoyed by the Apollonian packing is:
Def: (K-N) A packing is crystallographic if its limit set is that
of some geometrically finite reflection group Γ < Isom(Hn+1).



Main Infinitude Theorem (K-N)

Thm 1: Known examples are tip of iceberg: There exist
infinitely many conformally-inequivalent integral
crystallographic packings.
E.g.:

To explain the proof, we need some more notation.
Def: A symmetry group Γ of a packing P is a geom. finite
reflection group having limit set P.
E.g. Apollonian:

Def: The supergroup of P is:
Γ̃ := 〈Γ,P〉

Def: The superpacking P̃ of P is:
P̃ := Γ̃ · P.

M1
 M2



M3


M4


M1

Def: If ∀S ∈ P̃, bend(S) ∈ Z,
then P is called superintegral.

Thm 2: Known examples are tip of iceberg: There exist
infinitely many conformally-inequivalent integral superintegral
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(Super)Integral Polyhedra

Determining whether a given Π is (super)integral is non-trivial:
- KAT is an existence proof; actual geometrization is achieved
through infinite limiting process (see Stephenson). Is 3.999=4?
- To the rescue: Selberg/Mostow/Prasad rigidity: can make all
bends and centers algebraic! After enough decimal places, guess
the algebraic values, then verify tangencies rigorously.
Thm (K-N):
(i) Infinitely many polyhedra are integral and superintegral.
This is an immediate corollary of:
(ii) Inf many polyhedra give rise to the same circle packing P!
Moreover,
(iii) There are infinitely many conformally-inequivalent
superintegral polyhedral packings. (=⇒ Theorem 2)
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Polyhedral Packings
Thm: (K-N) There are infinitely many conformally
inequivalent superintegral polyhedral packings.

Proof: Two stages.
Stage 1: Find some superintegral “seed” polyhedra.
Stage 2: Exhibit certain operations on polyhedra,
giving rise to polyhedral “growths” from the seed.

In Stage 1, we classify uniform polyhedra
(faces=regular polygons, vertex-transitive)
Thm: (K-N) The only integral uniform polyhedra are:
Platonic: X tetrahedron X octahedron X cube
Archimedean: X cuboctahedron X truncated tetrahedron
X truncated octahedron
Prisms/Antiprisms: X 3-/4-/6-prisms X 3-/anti-prism.6-prism
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Stage 2: “Growths”

3-prism = gluing two tetrahedra along a vertex.
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So superintegrality is preserved under growth!
(Not necessarily integrality)
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We define 6 operations, 3 on verts + 3 on faces (same by dual):

I Double
I Glue seed
I Glue growths

Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)



Stage 2: “Growths”
3-prism = gluing two tetrahedra along a vertex.
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So superintegrality is preserved under growth!
(Not necessarily integrality)
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So superintegrality is preserved under growth!
(Not necessarily integrality)



Stage 2: “Growths”
3-prism = gluing two tetrahedra along a vertex.
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(new from old!)

We define 6 operations, 3 on verts + 3 on faces (same by dual):
I Double
I Glue seed
I Glue growths

Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)
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(Not necessarily integrality)
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Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)



Stage 2: “Growths”
3-prism = gluing two tetrahedra along a vertex.
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(new from old!)
We define 6 operations, 3 on verts + 3 on faces (same by dual):

I Double

I Glue seed
I Glue growths

Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)
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We define 6 operations, 3 on verts + 3 on faces (same by dual):
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I Glue seed
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Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)
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Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)
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We define 6 operations, 3 on verts + 3 on faces (same by dual):

I Double
I Glue seed
I Glue growths

Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)
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Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)
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(new from old!)
We define 6 operations, 3 on verts + 3 on faces (same by dual):

I Double
I Glue seed
I Glue growths

Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)

So superintegrality is preserved under growth!
(Not necessarily integrality)



Stage 2: “Growths”
3-prism = gluing two tetrahedra along a vertex.
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(new from old!)
We define 6 operations, 3 on verts + 3 on faces (same by dual):

I Double
I Glue seed
I Glue growths

Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!

(Not necessarily integrality)



Stage 2: “Growths”
3-prism = gluing two tetrahedra along a vertex.
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(new from old!)
We define 6 operations, 3 on verts + 3 on faces (same by dual):

I Double
I Glue seed
I Glue growths

Key Observation:
While P(growth) can be completely unrelated to P(seed),

P̃(growth) ⊂ P̃(seed)
So superintegrality is preserved under growth!
(Not necessarily integrality)



Main Finiteness Theorems (K-N)

Thm 3: Crystallographic packings can only exist in
dimensions n < 996.
Easy corollary of
Structure Theorem: The supergroup Γ̃ of a
crystallographic packing is a lattice, i.e., discrete (hyperbolic
reflection) group of finite covolume.
Thm: [Vinberg 1981, Prokhorov 1986] Hyperbolic reflection
lattices only exist in dim n < 996.

Main “thm”: There are only finitely many
[commensurability classes of] supergroups of superintegral
crystallographic packings, in all dimensions!
Easy corollary of
“theorem” 4: If a crystallographic packing P is
superintegral, then its supergroup is arithmetic!
Thm: [Vinberg, Long-Maclahlan-Reid, Agol, Agol-
Belolipetsky-Storm-Whyte, Nikulin] There are only finitely
many maximal arithmetic hyperbolic reflection groups in all
dimensions! All have n < 30.
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Main Finiteness Theorems (K-N)

“theorem” 4: If a crystallographic packing P is
superintegral, then its supergroup is arithmetic.

Remark: Superintegrality is necessary.
Lemma: (K-N) The supergroup of the 6-prism (which is
integral but not superintegral) is not arithmetic. (Later)
Next natural question: To what extent is there a converse?
Q: Which arithmetic reflection groups are commensurate to
supergroups of superintegral crystallographic packings?
Thm 5: (K-N) The convese holds for non-uniform lattices in
dim n = 2 over Q. That is, every reflective Bianchi group
supports a superintegral crystallographic packing.

Remark: In fact, all previously-known integral circle packings
(and many new ones!) arise this way.
On the other hand, we do not know of a single integral packing
whose supergroup is cocompact.
But can construct, e.g., Z[ϕ]-superintegral packings on
right-angled dodecahedron (arithmetic and co-compact)
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Converse Question
Thm 5: (K-N) Every reflective Bianchi group supports a
superintegral crystallographic packing.

These are completely classified, commensurate to PSL2(Om),
m = 1, 2, 3, 5, 6, 7, . . . , 21, 30, 33, 39. [Belolipetsky-Mcleod ’13].
E.g. m = 6. Coxeter diagram: vertex=wall, edge data:

a dotted line, if the walls’ interiors are disjoint,
a thick line, if the walls meet at a cusp, i.e., dihedral angle 0,
m− 2 thin lines, if the walls intersect with dihedral angle π/m,
no line, if the walls intersect orthogonally.
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Structure Thm: (K-N) If walls C̃ of reflection lattice
decompose as C̃ = C

⊔
Ĉ with

• any pair in C=“cluster” is disjoint or tangent, and
• any wall in C is disjoint, tangent, or ⊥ to Ĉ=“cocluster”,

then P =
〈
Ĉ
〉
· C is a crystallographic packing.
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(cuboctahedron,
again!)



Converse Question
Thm 5: (K-N) Every reflective Bianchi group supports a
superintegral crystallographic packing.
These are completely classified, commensurate to PSL2(Om),
m = 1, 2, 3, 5, 6, 7, . . . , 21, 30, 33, 39. [Belolipetsky-Mcleod ’13].

E.g. m = 6. Coxeter diagram: vertex=wall, edge data:
a dotted line, if the walls’ interiors are disjoint,
a thick line, if the walls meet at a cusp, i.e., dihedral angle 0,
m− 2 thin lines, if the walls intersect with dihedral angle π/m,
no line, if the walls intersect orthogonally.

1 2

3 4

5

6

1

2

5

6 4 3

Structure Thm: (K-N) If walls C̃ of reflection lattice
decompose as C̃ = C

⊔
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Ĉ
〉
· C is a crystallographic packing.

1
6 6

24 24

3
4 4

27 27

28 28

2
4 4

8 8

10 10

32 32

34 34

2 3

14 14
15 15

6

12 12

5
6

6 6

17 17
18 18

25 25

30 303

10 10

27 27

34 34

3
8 8

5

12 12

4

15 15

4

14 14

6

18 18

6

17 17

18

25

22

27

20

27

24

24 24

25

29

6

18

24

30 30

288

20
22

28 28

32

34 34

26

27 27

24

30

6
25 25

29

27

34 348
27 2732 32

36

10
12

18

10

20

12

24 25

36

18

24 27

20

26 28

14
26

25

29 30

22

15

27 32

17

24

29

28

14

22

24

30

18

15
17

24
26

32

27

18

25

25

29

36

27

28

27

29

30

25

36

27

3225 27

30

34

30

34

(cuboctahedron,
again!)



Converse Question
Thm 5: (K-N) Every reflective Bianchi group supports a
superintegral crystallographic packing.

Structure Thm: (K-N) If walls C̃ of reflection lattice
decompose as C̃ = C

⊔
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Figure 1. Coxeter diagrams of the fundamental domains of the reflective extended Bianchi

groups B̂i(m) studied by Shaiheev and Ruzmanov. Vertices that are filled represent reflec-

tions which are in the group B̂i(m) but not in Bi(m).
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then P =
〈
Ĉ
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Converse Question
Thm 5: (K-N) Every reflective Bianchi group supports a
superintegral crystallographic packing.
Structure Thm: (K-N) If walls C̃ of reflection lattice
decompose as C̃ = C

⊔
Ĉ with

• any pair in C=“cluster” is disjoint or tangent, and
• any wall in C is disjoint, tangent, or ⊥ to Ĉ=“cocluster”,

then P =
〈
Ĉ
〉
· C is a crystallographic packing.

Cocompact?

Only arithmetic cocompact reflective groups in
n = 2 over Q are symmetry groups of:

x21 + x22 + x23 − 7x24 and x21 + x22 + x23 − 15x24

Coxeter diagrams:

and
Can likely prove that no subgroup of these has packing.
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then P =
〈
Ĉ
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Converse Question

Higher dimensions?
“thm” 6: (K-N) Superintegral crystallographic packings exist
in every dimension up to n = 20.

[Vinberg 1972]: Coxeter diagrams for symmetry group of
x21 + · · ·+ x2n+1 − 2x20 (reflective for n = 13)

Again, use Structure Theorem
and just “look”

Higher dimensional examples
known, n = 20 due to Borcherds
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Non-superintegral: Take Π = Hex pyramid
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1395 1395

1464 1464

Integral
But turns out

NOT superintegral!

Is the supergroup arithmetic? Γ̃ =
〈
C, Ĉ

〉

is reflection group with Gram
G = {Ci ? Cj}, where Ci ? Cj = cosh d(Si, Sj)

Thm: (Vinberg 1967) Γ̃ is arithmetic iff all cyclic products of
2G are ∈ Z.

KAT =⇒
G(hex pyr) =



−1 1 1 1 1 1 1 0 0 0 0 0 0 2√
3

1 −1 1 5 7 5 1 0 2
√

3 4
√

3 4
√
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√
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1 7 5 1 −1 1 5 4
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Non-arithmetic! (à la Deligne-Mostow) Γ̃ < G(Z[13 ]), but

Γ̃ is thin in G(R)×G(Q3), since it is lattice in first factor.
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Local-Global?

Recall for classical Apollonian packing

Thm: (Bourgain-K, 2014)
Almost all admissible numbers arise.

#B∩[1,X]
#admissibles∩[1,X] → 1.

Method extended by X. Zhang (2014) to octahedral packing.
Extended by E. Fuchs, K. Stage, X. Zhang (2017) to:
The orbit under Γ of a circle C satisfies asymptotic local-global
if there is a circle C ′ tangent to C such that
ΓC′=stabilizer in Γ of C ′ (= Fuchsian lattice) is congruence.
(General version of Sarnak’s observation on binary quad forms.)
Thm: (K-N) • Infinitely many conformally inequivalent
polyhedral packings satisfy this condition.
• infinitely many don’t!
Non-E.g.
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