


Motivation

• Symmetries are a main source of unifying principles

in mathematics and physics
• Groups  are the appropriate math

.
concept for describingsymmetries

o Representation theory studies linear transformations  in the presence

of  symmetries

° Every representationof a group G is built up from
" atomic

"

ones
.

The structure of those  only depends on
G

.

The way the
"

atoms
"

combine
,

explain the  manifold phenomena  observed
.

o Role in computer science :

← behind several fast  algorithms ( FFT
,

efficient polynomial arithmetic
,

matrix  multiplication )
- graph isomorphism problem

-
Construction of expander graphs

- Geometric  complexity theory
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1. Basic  notions

A  represent ;  on of a group G is  a group morphism

g : G → GLCV ) ,
where V f. d. E - vector  space

-

group of invertible liner transformation

Toys of invertible complex  mxm  matrices

If V=  am, g : G → Glm

represent  abstract ge
G by matrix glg )g$jh)=9's '.pk"

abstract
matrix  mult

mult  in G

Ed Cyclic group E± S1={ zed 112-1=1 }

Cn = { 1. d
, ...

,

d
" '

}
,

d
"

=L
g

( eid ) e Glzgldi
) e Glz rotation by angle it

u  c

rotation by ask
If G is infinite , assmetopohyy

n=6

j .
21

n and g
Continuous
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subspace We V called sub representation  if

* * fgc . G gig) ( w ) c- W
glgt

o *

Want to decompose into sub reps Wi

V = Wze . . .
to Was simultaneous block diagouahjation

glg, =

V called irreducible if  it doesn't  contain  a proper

subrep OF W § V

Red dim V =L => V irreducible

g : G → GLCV ) ±e× called character of G



2. Basic facts 3

Hp p : G → Gl ( V ) is called unitary if  all glg ) are  unitary wrt  some

hermit '

an  inner product

Prop If G is finite C or  an pact ) thin way rep of G is  unitary .

If Averaging over G :
< in

,  vz >  au
:  = Ltg

, g§a< 591141.
 54141 > a

/

Thin ( Maschke
, weyl )

If G  is finite ( w compact ) then every rlp g : G - GLCV ) decomposes  as

V= W , @ . . .
@ Ws ,

Wi  imd  SUVs
.

"

Group G is  reductive
"

PI g is  unitary .
Note : We Vsubup ⇒ htsnbmp.  a

view the imeps W ;
 as the

"

atomic parts
"

of g

Warning 6 = ( R
,  + ) is  not  reductive : gcxl  = [ to I ) , 91×+1 ) =P '×' 913)

Q [ ! ) only proper swbrep of 62



4
3

. Cyhic group and Fourier transform

Ziti

characters of Cn = { L
,

d
, ...

,

d
" "

} [ Gauss ] : w=ea

Xg : Cn → E×
,

It ↳ wkj group morphisms
,

oek < n

E[ Cn) :={ f : Cn → e } Cn acts on EC Cn ] via

gcgl,lf
,-

91g) ( f ) :  = to  nut  with gt (
n

→ Cn f-K
h 1- 9th

scdwmwt
Q Xk is swbrep of E[ Cn } :

91811×1 ( h) = Xlgth )±Titgj'

Xlh )
,

plg )(Xu| =
Xklglttxk

Xo
, ...

,
Xu

. ,
Who  name basis  w .  r

.
t

.
< f .

,
fz > :  = In { f. 1 9) f2#

Stcn
n - 1

n - 1

4 [ Cn) = @ GXL
,

f  = [ cuxn
,

on  = ( f
,

Xn >
Fowivcoeff

k=u h=o

Fourier decomposition  of f
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View Cn E E [ Cn ] by g a indicate fat of g

G[ Cn ] has basis Cn

( §agg )§bnh )= { ( gq.gsbn ) k Convention pains

¢ [ Cn ] becomes  a e - algebra wrt  convolution
,

called group algebra of Cn

Thin

E[ Cw ] → E
"

, g he Ko(g) , ...
,

Xnilsl )

defines algebra  isomorphism
,

called Discrete Fourier Transform
.

Fast  algorithm far it :
FFT

Applications  in CS Fast polynomial anmmetc I multiplication )

Fast  intew multiplication ( Svhinhye & Stassen )

Similar reasoning , for group
St ;

leads to Fourier decomposition

of "

periodic
" fmaim . f :S

'
→ 6



4
.

Schur ; lemma 6

gi : G →

GLIV
;) reps ,  i=h2

Det Linear  map y : Un→Us called G - efhivaoianf if

4 ( Ss ( g) 1 v ) ) = gzl g) ( ylvll
"

group action  commutes  win y
"

Denni
Homalv, ,uz) = { y : V. → keqnivoiatl

Call V
,

and Vz equivalent ,
the Vz

,

if there  is

invertible G- equivaiant V. →Uz

Rey 4 E Homa ( Vs
,

Vd
,

=D key , imy are swb reps

.

Thm (Schurr ,
Lemma ) If Vr

,
kind Pf almost

dim Hornak , k ) = {
°

,
if"Leth trivial

Cor G abelian
,

Vimed ⇒ dim V =L PI Homed ,V)= Eid

glhleHomglv,V ) since
Gatehnan
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.
Tso typical decomposition

Decompose rep f : G → GLIV ) and group together equivalent swbreps

r

V =

El
( get Vij ) , Vijewi ,

Wn
, ...

.

,w .
nonequivalent  imeps

¥V .

then we V
,

W
'

e Wi  ⇒ W
'

a- Vi

isG-egui

variantPI iyi , projectionV →Virj=p W
'

e V
;

 a

Tri - to by Sbwisbmna

We  call V = V
,

@ . . .  @ Vr the iso typical decomposition

]t  is  unique : Vi  is  sum of all  sub reps
W '  E V st

.

W '  < Wi

The decomposition if Vi  = Vi
,

�1�
...  @ Vin

,
.  is  not unifue ,

but

mi= dim Homalwi
,

V ) multiplicity of Wi  in V
,

indep of deump

T
Suhw 's  tuna

them Computing

multiplicities
 is often computationally hard

, es .
her decomposition

of tenserpnihifs G → GL (

Uixhz
) , grs f. 1g ) @ 52cg)Kronevhuwefhiiuts

( G= Sn)
,

Littlewood - Richardson  coefficients (GLD
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6. Group algebra

Where ( and how ) to find the imps of a finite group
G ?

We already introduced the group  algebra E[ G) = { f :
6 - 6 }

Multiplication  in ¢[G1 is  convolution ( fn * fz ) ( gl =[ tnlhjfzlhlg )
h

g(g) (f) :  = fo left  met  wing ' G  → G f- E

him  5th

Thin ( Frobemins )
¢[ a win  multiplicity dimwi .

Each imep Wi  occurs  as sub up of

End 1W;) :={ linear  maps
W;  → W; } is  a

e - algebra 1 malt  =  composition)

The imep p ; : G →

GLlwijexbnohtclpbramorfhismCfGfIsEud@uy.T
hm If W

, , ... ,
wr are  all G- imps , up to eynivshnu ( no repetition )

,
ha

r

Q[ G ] → �1� End 1W;)
,

ghs (gslgl ,  - .  . ,5r
' 511

i= I

is  a E - Umbra  isomorphism .

[ special ccu of Wedderburn's thin ]

This generalizes he Disant Former transform to non abelian groups
!
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There is  an analogous  result for compact G

A

QCG ] e TO one @, ,
Peter - Wege Thw

iso ( harmonic  analysis )

{± G = SO ( z ) rotations  in R3
.

Tneps ge naturally labeled by ten
.

They ge transform the  spherical harmonics Yet
, ...

,

Yel
,

m= . e
, ... ,e )

° Angular  momentum in qhankw mechanics

° solution of Shredinge 's equation
her H - atom

Back to hint G : Center Z @[ a , ) Is §
. .

Z ( Enel will = er

Z ¢[ GY = { f : G →6| f annulus  win left - mnhipliwhms of G }

f e EC at a⇒ Hg g( {
tlhlh)=({flhh)g ⇐ > VJ § flesh ) h=§fKj 'll

< ⇒ f  constant  on  anjngacy classy

Cor
- ¥ imeps of G =  t  = dim Z K [ Gr ) = # conjugacy classes of G-



Part I not

line
• Representing of general linear

groups
Gln

Via reps of subgroup of diagonal matrices ( ton )

• Highest weights and highest weight vectors

° Intriguing
"

duality
"

between Gln reps

and reps
of symmetric

.gr#y.n.u.

Shur - Weyl duality



107. Symmetric groups Sn :  construction of imeps

Conjngacy classes given by cycle deaup . of permutations

{1 Sz ( 123 )
,

( 132 ) ( 14 ( }) ,
113 ) ( y ,

(4) ( 11 ( 111413 )

- -2¥ cycle lengths
3 -2+1

# partitions of n  = # anjugacg classes of Sn  = # equ .
classes of Sn - imps

Feet 1 , sgn : Sn - E× are
he  only tdim reps of Sn

"
T T

r/

bosons " fermions "

Partition 2 of n < → Young diagram ,  eg .

5=3+2
< →

3>-2

tableau t= }13 of shape 3

2  4  3row  equivalent tableau I's 3

I
rs

(12) . }223 = 4g { 3
=

2453
± ( 14 ,

243
2 '

1 S

Sn action  well - defined  in  equivalence classes

ftp.
of tableau
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Consider fond linear combinations of twbhan classes [ t ]

Young symmetnization ( Alfred Young ) tableau t

[ sgnloyo .
[ t ]

,

(
t

;  = { re Sn  respecting columns of t }
oec

t

The span of the Youngsymmehjahnsof all tableau t of shape ]

gun an  imep 9
,

"

of type I
"

Specht module E±

( Wilhelm Specht )
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.

Tori 12

torus T e @×

)
"

infinite abelian
group

all imps are 1 - dim
,

since T abelian

they are given by he group morphisms (characters )

X : T → G×
,

Xlst ,  = XCSIXH ,

assume X is  rational function

EI ae 2
"

,
Xaltl :=tE . . .

Ei

Prop All ( rational ) characters of The of

this form
.

Character
group XLT ) ± 21

" Xa . Xb = Xatb
1

t T
mult addition
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Thin {
very I rational ) representation of a tons T deamposes  into a

direct sum of 1- dim reps .

"
ton are  reluohvu

"

PI Via Weyl 's unitarian . true 51 = ¢ ' Sh

U :-, ( Syn E @×T=T compact  subgroup

U is farishi dense  in T ( think of n=i )

g : T → GLIV ) rep ,
entries gij :

T  → E  wrt basis of V are

retinal Lnchns

g ( U ) is bearish. dmu  in
g CT )

There is g ( U) - invariant C-
,  

. ) on V

( average our  anpcct  group U w.rs
.

 invariant ( Haar ) measure )

W EV swlrep ⇒
w£ submp

Hhu V dewpom  into innit snbrhps .

I
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. Weight  space decomposition

To
@×T

,
XCT ) ezn

. g : T → GLCV ) rat up

Define weight space of Much XE XCD

Vx
:= { re V 1 tftet patch = Xttlv }

" is  eigenvector guy
,

for  all ttT

Vy is he  isotypicd component of 1- tin  imp com
.

to X

weisht ✓ = @ Vy weight of V : X st .
Vx ¥ °

space
decomposition X

Enka T=@y
"

- 64
,

t  H [ '  '  "

+ 
if

{ × 1 V= E
" =¥

,

Eei Ex 2 V=Q[×n , ... Hula hong dyrud
pohywrninh

gltle , :=

tiei
 = Xeiltlei gltlv ) :=  Vlt

,  x.
,

...

,

tnxn
)

g.  = C 0 , ...
,

0
,

1,0 ,
- i° ) ✓ = @ Exa

,
gCt(x9=taX9

: ' did T
weight Xa
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. General linear
group Gln

Focus
 now  on  rational representations g

:#
) → GL ( H

Thm ( Hilbert ) Everyrational representation of Gln decomposes  into a direct

sum of imps .

"
Gln  is  reductive

"

Pf  idea Weyl 's  unitarian tnik : unitary group
is  compact  and ifaishi tense

in Gln ( nontniial ) .

Otherwise  argue as far ton
.

(A)

View g as rep of subgroup Tn :  ={[*o.

.?*|} e @× I
"

it 6h
.

weight  space

decomposition
V = to Vx

XEXKN )

Subgroup Sn G Gln permutes the weight spaces :

gioylkl =k×
£ permutation  matrix of o

, ( or X ) IH :  = XIE 't  E)
,

oXa= Xoa
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action  of

big.  c x ) =p .

. .£*¥I itj big :(E. + ) → Gln group morphism

tetn

titj
tbijcxlt

"
= bijltixtj

'

) = bij ( ( ei - Ejlltlx ) Ei.Ej = 10 , ... ,  0,1 ,u , ... ,o ,  # ,o , ... ,° )

p p
i j

Lemma H  ve Vx Fvke Vxtkcei - ejl

tx bijcxiv =  v  + §
.

,×hk
Dominance  order  on X(Tn)EZ

"
E  is pahidwdv

§aiei Q §big . ←→ Vs §,ai = ?§bi
Note

X EX + k ( Ei - Ej) if  icj ,
k >  o

Thus for upper triangular bijcx) licjl

bijcx ) ✓ has only contributions  in weight spaces of

weight larger than weight X of v
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. Highest  weight  vectors 17

✓ = ¥ Vx weight space decomposition  of f : 64 - GLIY

Let Xmax be maximal wrt  a- among
the weight X st Vxto

By lemma
,

for re Vxm
.

,
i< j ,

bijkv = V

Thus  v  is  invariant under subgroup Un :=µ.M .

Line Ev is  invariant under

Bn :=f*j..**| Borel subgroup

Such v is called highest weight vector of g .

hwv
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Thin Any rat

.
Gln - imep has exactly one Bn - invariant line Ev

.

Lt Xmu = §Iiq .
be its weight .

Then

:( 4 Vxm .×=Ev Properties of
12 ) fx Vx to  ⇒ X ⇐ Xnu highest weight  vector

"

(3) 42 . . . 2 an

14 ) V=  span { glglcv) Ife 64 }

Cor ° To  any rat 6h - imep can assign a unique highest  weight
1£ Z ?

1,2 . . .  Zhen
.

o Two Gln - imps are equivalent iff they have the same highest weighs
.

Ex 1 G
"

= FEE ;
EXZ Clay , ... ,xn1a = @ Qxa

1 at  d

highest  weight  4=11,0 .
... ,9 highest  weight des = @ i0 .

... ,
° )

within  weight  vector  e
, highest  weight  rector  XM



{ X } Skew symmetric tensors
"

now  commutative polynomials
"

in  xi
, ×jnxi= ⇐ xinxj

19

×inX ;  =o

Men = @ Clean . . .  reid
- - weights E in t . . .

+ Eid
Inc. . .< id Xin Xin

highest  weight E it . . .
+  Ed  = ( 1

, ...

, 1,0 , ... ,0)

highnl  Wright  vector ein . . . red

Ex4 V=En×n conjugation action gcg|CH=gA5
'

9IEhE×n

Vo :  = { Acid "
1 trace (A) =o } subrep

,

KVOEEZN

Vo =

¥0
.

Cleij  a { §
,

xiei : |§x ; =o } weight  space cleanup

Unique highnt weight EL - E~= (1,0 ,
... ,0

,  
- 1)

⇒ Vo imednnble
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.

Construction of Schur - Weyl rep Wg

I
, z . . .  z In 20 Partition

, size

131=7
,t . : . + In

k
-

wk :  = Eat . . .
t  Eh = ( l

, ...

, 1,0 , ... ,  0 )
n

Write I = { duwh size 111=7
he ,

n

⇒ 111 = E dkk ( 3. 2,2 ) = 2. ( 1,1 , 1) +490 )
k= ,

n @ hdu 111

is :  = Iq
,

can ...  remake @ (NEFM e E. lent =

KY
Easy to cheuh :

⇒
Va is highest weight vector

o Vy is Hn - invariant

o v
,

is weight  vector of weight 1 Thm v , generates 6h - imep
W

,
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.

Shw - wgl duality

TP :  = Cn )
@ d his

acting
of symmetric from Sd

} commuting
�1� d actions

and Gh - action ghsg

Thin Every Gln - epivaiant linear map TP  → TP is  a tin
.

wnbinatim of gcotl 's
.

[
Very Sd - egnivwianf linear  map

TP → TP is  a tin
.

anbinahin of g*d 's

Thm ( Schur )

( ¢
"

)
@ d

has the same  isotypicaldeamp wrt
.

Sa and Gk action
.

�1� [ × , ,
. . . i×n]z

{ g symm matrices antisymw  matrices
{ ×

n

- - m -

Ch)
@ 2

= 52€ "

@ Me
"

Ten)
@ 3

= yen @ 136
"

@ ( Tn @

TaGln imep imp Gln imep imp egwvihnrimgss
i

e

Sz
5

}

1 sgn 1 sgn



22

14
. Gh - reps relevant  in GCT

g : Gln → GLCV ) ret rep
m

G[ V ] := { f : V → �1� pofn.
fct ) = E[ 4 , ...

,Yn]
if KG

Gln acts  on E[ V ] : (g f) ( v ) := f (gcgjlcv, )

timed  sub
reps of E[ V ] determine by hwv f : V → ¢

Note
: fi hwv

,
weight I ;

 ⇒ f. . fz hwv
,

weight 4th

Assume ✓ = ¢[ xn , ... ,×nyd ,
f : V → € polynomial  in  coefficient of v

v  nsfw )

Isotgpicd cleanup of G[ V ] ?

multiplicities  = plethysm  coefficients

More fhwally : 2- c- ✓ Zaish . Ind
,

Gh - invariant ( e.g. orbit closure )

Isotypicd cleanup .

of 6[ Z ] 2.2


