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SOME COMMENTS ON MASSIVE NEUTRINOS

Edward Witten .
Lyman Laboratory of Physics, Harvard University, Cambridge, MA 02138

ABSTRACT

In this talk, the concept of massive Majorana neutrinos is explained; .one
‘particular scenario is pointed out by which grand unified theories may lead to
"Jarge" neutrino masses; and some astrcphysical avidence for a neutrino weigh-

ing several tens of electron volts is reviewed,

At this conference we have had ample discussion of the possibility that
neutrinos may have small, non-zero rest masses, which are likely to be so-
called "Majorana masses". I would like to begin by reviewing the subject of
what is a "Majorana mass".

First, let us recall why it has been conventionally believed that the
neutrinos are massless. While experiment has long provided good upper hounds
on neutrino masses, there is also a standard theoretical argument that the
neutrine mass should be zero. This argument is based on the two component
fheory of the neutrino. It is argued that the neéutrino has only one helicity
state (left-handed), but a massive spin 1/2 fermieon would have two helicity
states, so the neutrino must be massless. The claim, in other words, is that
the neutrino must be massless if the right-handed neutrino vR does not exist.

It has long been recognized that these arguments contain in principle a
fallacy, although until recently most physicists doubted that nature really
makes use of the fallacy. The fallacy is that in the two component theory of
the neutrino, we have actually two helicity states, not one. There are left-
handed neutrinos and right-handed antineutrinos. Two helicity states are the
right number for a massive spin 1/2 fermion, so why can't we combine the
negative helicity Vv and positive helicity V into a massive fermion?

The answer is that lepton number conservation makes it impossible to
combine V and V into a massive fermion. The neutrino is a lepton, with
L = +1; the antineutrinc is an anti-lepton, wifh L = -1. The two helicity
states of a massive fermion must have the same lepton number (if lepton mmber
is a.symmetry!), because rotations and boosts exchange the two helicity states.
So the different lepton numbers of V and vV (and only that)} prevents us from
making a massive fermion out of V and V.

If lepton number is not conserved, we ¢an combine them.

To see how this works mathematically, let us recalf'that the Lie algebra

of the Lorentz group 0(3,1) can be‘decompbsed as SU(2) x sU{2):



0(3,1) T su{2) x su(2). (1)
Since the reéresentations of SU{2} are labeled by an integer or half-integer,
the representations of SU(Z} x SU{2) or of 0(3,1) are labeled by a pair of
numbers {p,q} which are each integers or half-integers.

The usual neutrino field vL and its Dirac adjoint GL transform as
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follows:

L
involved in going from v, to GL sxchanges the two factors of SU(2) in Egq. (11)

.V, transforms oppositely to vL because the complex conjugation which is

and so exchanges p and g. (This in turn is because of some factors of i which
must be introduced in relating the 0(3,1) Lie algebra to SU(2) x SU(2).)

If the opposite helicity fields vR and GR existed (they apparently don't,
at least not in ordinary particle phenomenology), they would transform as
follows:
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Now, what is a fermion mass term? Fermions {of spin 1/2) always trans-
form 2s {1/2,0} or (0,1/2), and a mass term always combines two fermi fields
of the same type. 1f one multiplies two fermi fields of the same type, let us

say both of type (1/2,0), the cecomposition is

1 1 [ {
[—2-,0] x (-2—,9} = [O'O} + [1,0], (4)
and the (0,0) piece is a Lorentz invariant which can appear in the Lagrangian.

(By contrast, combining fermi fields of opposite type gives

) 4 - 24
there is no Lorentz invariant component which could be a mass term. So a mass
term always combines fields of the same type.)
Let us now return to our neutrino fields which transform as indicated in
Eqs (2} and (3). If the right-handed neutrino existed, we could take vL and
GR' both of them transforming as (1/2,0), and form the usual Dirac mass term

VR Ve (3)

which combines the two fieids as

-

This Dirac mass term is obviously invariant under the "lepton number" trans-
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formation

Ve V. (6)

Since UR does not exist, the only {1/2,0) field at our disposal is vL,
and to write a mass term we must write something bilinear in vL:

UL vL. (7
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This is obviously not invariant under thé lepton number transformation

VL - eia vL. It leads to the lepton number violating Lagrangian

L= J dx \';L if v - [% vV * h.c.} ' (8)
which is the Lagrangian for a massive Majorana neutrino. (The Dirac algebra
in Egs. (7) and (8) will be commented on later.)

The mass term (7) is known as a Majorana mass term; a Majorana mass is
.simply a mass which violates a lepteon or fermion number conservation law.

To clarify the physical content of Lagrangian (8}, this Lagrangian
describes a massive neutral fermion--neutral in the sense that the particle
is its own antiparticle. It is obvious that the particle described by (8)
must be identical with its own antiparticle, because otherwise we would need
four helicity states, two for the particle and two for the antiparticle, but
if vR dces not exist we havg only. two helicity states at our disposal.

We are quite acquainted in physics with particles which are identical
with their own antiparticles--for example, the neutral pi meson ﬂo. The only
novelty is that we do not usually deal with fermions which are their own
antiparticles (or which, differently put, do not carry-éonsérved additive
quantum numbers) .

Roughly- speaking, the Majorana neutrine is to the Dirac electron as the
neutral ﬂo is to the charged ﬂ+. The Majorana neutrino is described by a two
component field and the electron by a four component field. The electron
field has twice as many components as the neutrino field, and correspondingly
it describes Zwo massive spin 1/2 particles, e+ and e , while the Majorana
neutrino describes a single neutral massive fermion. Likewise, the neutral
“0 can be described by a real scalar field while the charged ﬁ+ reguires a
complex scalar field. The complex field has twice as many degrees of
freedom as the real field, and describes two states, ﬂt, while the real field
describes only one, the wo.

If from the beginning of the development of quantum field theory,
fermions that do not carry conserved additive guantum numbers had been known,
then Majorana fermicns would probably be as familiar to us as neutral wo's.

{Some further points about the Majorana mass term (7) should be clarified.
To form (0,0} frem (1/2,0) x (1/2,0}, one combines the two fields anti-
symmetrically since only the antisymmetrie combination of spin 1/2 and spin 1/2
makes spin 0. Therefore the two fields vL in {7) or {8) are combined anti=-
symmetrically with respect to their spinor indices. But fermi fields anti-
commute and should be combined antisymmetrically, so the Majorana mass term
is in fact consistent with Fermi statistics. By “vL UL" in Eq. (7} is meant
Fhe following. The field UL is a twoe compqnent spinor field vLu,.u =1,2.

By “VL VL" we mean the antisvtmetric combination of the two fields, which
transforms as (0,0). ZIntroducing the two index antisymmetrie tensor

Eﬂﬁ' 612 = +]1, the antisymmetric ccmbination can be written more explicitly as
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The conclusjion is that, despite the two component nature of the neutrino,
the neutrino may have a mass--1f lepton nuther is not conserved.

2, lepton number is generally

As is well known, in grand unified theories
not conserved, for the same reason that baryen number is generally not
conserved. Grand unified theories generally combine guarks and antiquarks,
leptons and antileptons, into the same representation of a gauge group. The
bosons of the unified group mediate transitions among the various states, and
thus mediate violations of the varicus guantum numbers. Because of the
lepton number violaticn that is introduced by grand unification, unified
theories will generically have nun-zero neutrine masses. (The major
exception is the minimal SU(S) theory, in which neutrino masses are
Prevented by B-L conservatian.) Mcreover, this subject is lent some
importance by the fact that neutrinc masses are by far the most sensitive way
to search for lepton number viclation of the sort that unified theories
suggest.

On the scale of grand unification, SU{(2)} x U{l} is a verv good
symmetrya'“, and this leads to a simple estimate of the scale of neutrino
masses that should be expected. (Much of the discussion below follows
Ref. {4).) The simple Majorana mass term VL vL that we have discussed above
is not SU(2) x U(l) invariant, because the neutrino field vL is an SU(2) x

U(1) nonsinglet. To form a gauge invariant expression, one must introduce
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and replace the neutrino field V_ by the gauge invariant form (¢0UL - ¢ eL).

the Weinberg-sSalam doublet

This is a gauge invariant version of V. because, after symmetry breaking,
Es)
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(¢ vL -¢ eL) = <¢ >UL + ... The gauge invariant version of vL v, is then"
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This operator has dimension five, so it is a nonrenormalizable interactiocn
and will not be present in the fundamental Lagrangian. However, it may be
induced@ as an effective interaction py the exchange of very massive particles
with lepton-number violating couplings. {((9) will in fact then describe the
dominant lepton number violationm at iow energies, because it is the lowest
dimensior lepton number noncenserving cperator that.can be formed from the
usual particle fields.)

If the operator (9) does appear in the affective Lagrangian, then, on
dimensional grounds, it will appear with a coupling constant that has
dimensions of inverse mass. The mass in guestion will presumably be related
to the mass scale of grand unification since we expect that the effective
interaction (2) will be induced by diagrams with exchange -of superheavy

particles. So let ug parametrize the cocfficient of the operator (9) as a



dimensionless constant £, which will depend on the model, divided by the

grand unified mass scale M:

£ 0 + - a -
Loprmyg @y - dey - de).
£ _,0.2 '
== <> 10
M ¢ . vL vL * ) (10)

With this definition the neutrinc mass is

£ 0.2
D o o > 11
mv- ¢ - (11}
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with <¢0> = 300 GeV and M equal to the usual unification scale of 10 GeV,
this is approximately

m, = (.1 ev) £. {12)

The value of f is extremely model dependent and depends on the nature of
diagrams which are assumed to generate the effective actioﬁ (10). A
particularly simple possibility is that this effective interaction may be
generated by a tree diagram with an exchange of a superheavy fermién
{figure (1)). This possibilit? was considered by Gell-Mann, Ramond, and
Slansky in work that stimulated much of the current interest in neutrino
masses.® (A similar mechanism in an SU(2) x sU(2) % U{1) model has been
given by Mohapatra and Senjanovic.)GIf no suitable heavy fermion exists or if
the Yukawa couplings in figure (1) are extremely small, one might consider
instead a loop dizgram, such as the diagram of figure (2} (suggested by
Weinberqg).

Although f is extremely model dependent, in many models f will be much
less than one, perhaps of oxder 10_3 or 10“4. For example, from figure (1),
we would get f = 12, the sguare of the Yukawa coupling constant. Yukawa
couplings, of course, seem to be rather small. From figure (2}, we would
get £ of order az. If £ is as small as one might guess from looking at

4 eV and are too small to be

figures (1) and {2), then neutrino masses are 2107
detected except in mixing experiments in which the path length is the radius
of the earth (as in amexperiment described at this conference by Lo Secco) or
the earth-sun separation (as in the Davis solar neutrino experiment, which,
of course, may have already provided evidence for neutrino mixing}. Also--to
anticipate ourselves a bit--if f is equai to or less than one, then neutrino
masses are much the small to play a role in cosmology.

Many scenarios might lead to neutrinc messes larger than the above
pessimistic estimates. I will here just point out one simple possibility.

If the heavy fermion which is exchanged in figure (1) is much lighter
than the other superheavy particles, then the neutriro masses will be
enhanced, since the neutrino mass from figure (1} is k2<¢>2 divided by the
mass of the heavy fermion. In models in which the heavy fermion mass is a
free parameter, we can make the neutrino masses as larqé as we wish by

choosing the heavy fermion light encugh. However, the procedure is not very



natural and there is no predictive power.

it may happen, howéver, that the heavy fermion of figure (1} is
naturally massless at the tree level and receives its mass from a loop cor-
rection, proportional to the other superhéavy masses, In this case the heavy
fermion of figure (1) will be naturally much lighter than the other super-
heavy particles, by a calculable factor. The neutrino masses will then be
automatically "large".

This actually happens’ in the minimal form of the 0{10) model. In that
medel, the heavy fermion is massless at the tree- level but gets mass from a
two loop diagram, which is shown in figure (3). The mass is therefore
{roughly) of corder GZM, M being the typical grand unified mass (for a more
accurate discussion see reference (7))}. The neutrino masses are then
naturally enfunced by a factor l/az.

After a certain amount of analysis, in which one must use relations
among Yukawa couplings provided by 0(10), one finds in this model the

following formula for neutrino masses:

MW
m =TI =~=. {13)
Voo 2y

Bere M is the grard unified mass, MW is the W boson mass, and mQ is the mass
of the up quark in the same generation as whatever neutrino we are considering.
With L 2 100 Gev and M ¥ 10%° gev (but actually the right M to use here is

quite uncertain} tais becomes

m, = 10 mQ. (14)
Quantitatively, this means
m, =10%nm %5x10° ev
e u
-9 =
m,, = 10 mc 1 ev {15)
u
-9 -
m = 10 m ™~ 30 eV
UT t

{(if, for instance, mt = 30 GeV).

Also, it should be noted that the proportionality in eguation (14) between
neutrino masses and up quark masses is a proportionality not just betwesn
masses but between mass matrices. This means that, in this model, the
Neutrino mixing angles are equal to the Cabibbo—Kobayashi-Maskawa angles.
These results should not be taken too literzlly, for two reasons. First,
although it is true that in this model the neutrino masses are proportional
to the up quark masses, the censtant of proportiorality, quoted in eéuation
(14) as 10-9, is actually uncertain in & quite wide range because the
superheavy masses that enter the diagram of figure:(3) are not really known.

Second, the model in question also predicts m, = m . and so definitely

d
requires modification. However, it may be that the mechanism considered



here could have applications in other models or in a modified form of this
model.

~ As the final subject in this talk, I would liké to turn attention
to astrophysics and point out that theras actually are two interesting
astrophysical arguments that suggest the existence of a neutrine with a mass
of several tens of electron volts. These arguments are not new, but do not
seen to be well knoﬁn among particle physicists. One argument involves the
mean mass density of the universe; the second concerns galactic halos, a

- subject about which my knowledge comes mainly from conversations with M. Davis
and M. lecar.

Considering first the average mass density of the universe, we know that
according to general relativity, if the average density p of the universe is
less than a certain critical density, p , the universe will expand forever,
but if it is greater than p , the unlverse will recollapse. Because it
depends on the uncertain Hubble constant, pc isn’t known accurately, but it
is roughly 10-29 gm/cm3.

Moreover, if p/pc igs less than 1, it goes to zerc in time;‘if p/pc is
greather than 1, it diverges in time ({as the universe recollapses to a
singularity).

Experimentally, p/pc isn't known reliably. The baryon density ¢f the
universe {which is estimated by measuring the total starlight from galaxies,
and taking into account the average number of baryons per star and the
average amount of starlight per star) seems to correspond to p/pc of a few
percent. However, indirect measurements {such as the obsérvation of
galactic hales, discussed below) suggest that p/pc might be a few tenths.
Thus, experiment suggests that p/pc islless than one, but by a.fgirly_modest
factor, not by many orders of magnitude,

From the point of view of particle physics, there is something surprising
about this. According to general relativity, if p/pc is less than one, it
goes to zero as a function of time for large time (in fact (P/Dc) ~ 1/t for
large t). But our universe, with an age of order lO10 years, is extremely
0ld by elementary particle physics standards. The age of the universe is
about 1040 in units of 1/GeV, or about 1060 in units of 1/(Planck mass).

_ it p/p is really going to zero in time, why, such a long time after the
big bang, does p/p still differ from one only by one order of magnitude or
s0? Why is p/p not equal to, say, 10° 20 or 10-40?

The fact that in such an old universe p/pc is fairly close to one
suggests that p/pC is not diverging in time either to zero or to infinity
(as‘occurs if p/pc > 1}, but that D/oc is exactly egqual to one. .

That p/pc might equal exactly ome is an old speculation, which goes back
at least to Dirac. Until recently it was just a speculation, in the sense
thaﬁ no rational reason was ever given for o/pc = 1. Recently, for the first

time, a possible reason has been givan. Guth® has described a class of



theories in which it is possibie to show, for dynamical reasons, that D/Gc
mugt equal one.

Although there are many unanswered guestions about Guth's theory, this
theory is an important development because it is the first theory that has
put the value of p/pc on a scientific basis, rather than leaving it as a
matter for speculation. Whether or not Guth's theory proves to be correct,
it should encourage us to believe that the wvalue of p/oc is capable of being
rationally understdod.

In any event, if in ocur present universe the mass density p is equal to
: pc, where 1s this mass density to be found? Since, as mentioned above, the
baryon density seems to give a p that is only a few percent of pc. perhaps
most of the mass is in some form other than baryons. This reasoning led
Cowsik and Mc Lelland® and Lee and Wweinbergl® to consider the possibility
that the neutrino might have a mass and that most of the mass of the
universe might consist of massive neutrinos.

9¢10 yhat neutrino mass is

If this is true, it is easy to determine
required. The neutrino rumber density is easy to calculate from the
standard big bang theory because at a high temperature (of order 1 MeV} the
neutrinos were in thermal egquiliibrium, and since then the neutrino number
has been conserved. In fact, the neutrinc number density is expected to be
approximately lOO/cm3 for each species, ve' Uu, or vt' (This number density
is not affected by the neutrino mass, which, for the range of masses of
interest, was a negligible perturbation when the neutrinos were last in
thermal equilibrium. Likewise, the neutrino mass was a negligible
perturbation with respect to nucleosynthesis.)

With a neutrino number density of lOO/cmB, the mass density is simply
_lOO/cm3 times the mass, summed over species:

@ (neutrines) = (lOO/cm3) X m. . (16)

i
The condition that this neutrino mass density equals the critical density
turns out to be
Im = (50 ev) (n/75)7, (17)
_ i

vhere h is the Hubble constant in units of km/sec/M e (h = 75 is currently
favored). For 50 < h < 100, the sum of the neutring masses reguired to give
g = pc ranges from 25 eV to 100 ev.

It is very interesting that there is alsc a second astrophysical
argument which suggests a nentrine mass in roughly the same range. This
argument, which is due originally to Gunn and Tremainell, involves the
existence of dark galactic hales.

Galaxies are observed to be surrounded by dark matter. The dark matter
is detected by its gravitational £ield; the gravitaticnal fields of galaxies,

including ours, are stronger than uxpscted on the basis of the stars maxing



up the galaxy.

The parameters characterizing the dark matter are cbserved to be
roughly as follows. The radius and mass of the dark matter are about five
or ten times those of the visible part of the galaxy (figure {(4)). These
quantities are measured by observing the orbits of particles (either neutral
hydrogentatoms, which are detected by the radiation they emit, or large
objects such as globular clusters) which are in orbit around the galaxy.
From the velocity and orbital radius of an orbiting particle one can, using
_ Newton's laws, determine the galactic mass. The galactic masses determined
in this way exceed by a factor of five or ten the masses expected based on
the stars contained in galaxies. Even more convincingly, the orbital
velocity of a particle in orbit at radius R is determined, according to
Newton's laws, by the total mass contained within the orbit. By studying the
nrotation curve" of orbital velocity as a function of R bpe can determine
the mass distributicon of the galaxy as a function of R (for a review, ses
ref. (12)}. 1In this way, it is determined that eighty or ninety percent of
the mass of a galaxy lies outside the visible region. ’

The density of the dark mattexr is not accurately known, but the maximum
observed density of dark matter seems to be about J.O_Z“1 gm/cmB. .

What does the dark matter consist of? Could it be a c¢loud of massive
ﬁeutrinos, gravitationally bound to the galaxy? If so, then, as Gunn and
Tremaine pointed outll, thare is an interesting lower bound for the neutrino
mass,

The velocity of a neutrino which is gravitationally bound to a galaxy
cannot exceed the escape velocity from the galaxy, Vescape' which is
genarally roughly 300 km/sec. For these nonrelativistic neutrinos, the
momentunt is simply p = mV. So the momentum of a neutrino which is

gravitationally bound to the galaxy cannot exceed a maximum momentum

P =mV -
max escape

For neutrinos of momentum less than Prax’ fermi statistics do not permit

a number density greater than

P max 3
3 P
2 [ —dp. . max (18)
(21R) ITHK :

Actually, although it will not significantly affect the conclusion, we should
note that, as Gunn and Tremaine showed, the maximum plausible neutrino number
density based on big bang cosmolegy is cne half of the maximum allowed by
fermi statistics, orx piax/Gﬁ%ﬁB.

The neutrinc mass density is now simply the mass times the number density,
$o the maximum possible neutrino mass density is

o n pmax _ m4(300 km/sec}3

max 6w2ﬁ3 6ﬂ2ﬁ3

1]
|

(19}
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The condition that the observed density of dark matter of about 10 gm/cm3

should be less than p . now gives a lLower bound on the neutrino mass. With

ma .
2 (300 km/sec) senn” > 107%% gmjem®, we £ind

m 2 20 ev, (20)
which is the bound first derived by Gunn and Tremaine. !

If there are several spécies of massive neutrines, then bmax involves

a sum over neutrino species. Since pmax is proportional to the fourth
- power of the neutrino mass, the inequality (20) becomes
) mj > (20 en)?, (21)

(It should be ncted that,ron the basis of additional assumptions, Gunn
and Tremaine derived additional inegualities that were inconsistent with
(20), and concluded that a neutrine in this mass range could not exist. It
is probably for this reason that their paper was not widely noticed among

.Particle physicists. The additional inequalities of Gunn and Trebaine
involved assumptions about the process of galaxy formation, and in my opinion
are not nearly as reliable as (20}.)

It is very interesting that two separate arguments lead to estimates of
neutrino masses, (17} and (20), which, within the uncertainties of
astrophysical quantities, substantially coincide. Both estimates indicate
the existence of a neutrino weighing several tons of electron volts. Given
that the two estimates, of such different nature c¢oincide, it is nautural

to suspect that a neutrino in this mass range really exists.
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FIGURE CAPTIONS

Figure 1: A diagram in the 0(10) model which leads to neutrino masses. A

lepton number violating effective interaction is generated by

exchange of the heavy fermion YX.

Figure 2: A hypothetical one loop diagram which might generate a lepton

number violating interaction. Superheavy particles are

circulating in the loop.

Figure 3: A two loop diagram which, in the simplest 0(10) model, gives mass

to the ¥. Circulating in the leop are ordinary quarks and leptons

and superheavy fermions.

Figure 4: Galaxies are believed to consist of a visible region {stars)

surrounded by a much larger and more massive hale of dark matter.
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