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Entanglement	
  in	
  QFT	
  

•  Governed	
  by	
  the	
  RenormalizaDon	
  Group	
  
•  Has	
  been	
  useful	
  in	
  Condensed	
  MaIer	
  
•  Has	
  been	
  useful	
  as	
  a	
  tool	
  to	
  prove	
  the	
  c,	
  f	
  
theorems.	
  	
  

•  Has	
  been	
  useful	
  to	
  prove	
  the	
  Bekenstein	
  
bound	
  and	
  2nd	
  Law	
  for	
  black	
  holes.	
  	
  

Casini,	
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Casini,	
  Wall	
  

∆Sent ≤ 2π∆KRindler



A	
  

Minimal	
  area	
  surface	
  in	
  the	
  bulk	
  

Ryu-­‐Takayanagi	
  	
  
(Hubeny,	
  Rangamani	
  ..)	
  	
  	
  	
  	
  	
  
	
  	
  	
  SA =

Aminimal

4GN
Fursaev,	
  Headrick,	
  	
  
	
  Lewkowycz,	
  JM	
  	
  

This	
  a	
  generalizaDon	
  of	
  the	
  Bekenstein-­‐Hawking	
  
	
  formula	
  for	
  black	
  hole	
  entropy	
  

Entanglement	
  from	
  gravity	
  



	
  Eternal	
  AdS	
  black	
  hole	
  
two interior regions. It is important not to confuse the future interior with the left exterior.

Sometimes the left exterior is referred colloquially as the “interior” of the right black hole,

but we think it is important not to do that. Note that no signal from the future interior

can travel to either of the two exteriors.
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Figure 1: Penrose diagram of the eternal black hole in AdS. 1 and 2, or Left and Right,
denote the two boundaries and the two CFT’s that the system is dual to.

The system is described by two identical uncoupled CFTs defined on disconnected

boundary spheres. We’ll call them the Left and Right sectors. The energy levels of the

QFT’s En are discrete. The corresponding eigenstates are denoted |n�L, |n�R. To simplify

the notation the tensor product state |n�L ⊗ |m�R will be called |n, m�.
The eternal black hole is described by the entangled state,

|Ψ� =
�

n

e
−βEn/2|n, n� (2.1)

where β is the inverse temperature of the black hole. The density matrix of each side is a

pure thermal density matrix.

This state can be interpreted in two ways. The first is that it represents the thermofield

description of a single black hole in thermal equilibrium [6]. In this context the evolution of

the state is usually defined by a fictitious thermofield Hamiltonian which is the difference

of Hamiltonians of the two CFTs.

Htf = HR −HL. (2.2)

The thermofield hamiltonian (2.2) generates boosts which are translations of the usual

hyperbolic angle ω. One can think of the boost as propagating upward on the right side
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two	
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SpaDal	
  slice	
  ends.	
  	
  



ER	
  =	
  EPR	
  

Figure 2: Maximally extended Schwarzschild spacetime. There are two asymptotic regions.
The blue spatial slice contains the Einstein-Rosen bridge connecting the two regions.

not in causal contact and information cannot be transmitted across the bridge. This can

easily seen from the Penrose diagram, and is consistent with the fact that entanglement

does not imply non-local signal propagation.

(a) (b)

Figure 3: (a) Another representation of the blue spatial slice of figure 2. It contains a neck
connecting two asymptotically flat regions. (b) Here we have two distant entangled black
holes in the same space. The horizons are identified as indicated. This is not an exact
solution of the equations but an approximate solution where we can ignore the small force
between the black holes.

All of this is well known, but what may be less familiar is a third interpretation of the

eternal Schwarzschild black hole. Instead of black holes on two disconnected sheets, we

can consider two very distant black holes in the same space. If the black holes were not

entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the

entanglement. See figure 3(b). Of course, in this case, the dynamical decoupling is not
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Non	
  travesable	
  
	
  
No	
  signals	
  	
  
	
  
No	
  causality	
  violaDon	
  	
  

Fuller,	
  Wheeler,	
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  Schleich,	
  WiI,	
  Galloway,	
  Wooglar	
  	
  

Wormhole	
  

JM	
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AMPS	
  paradox	
  

•  Black	
  hole	
  entangled	
  with	
  radiaDon.	
  	
  
•  In	
  the	
  radiaDon,	
  disDll	
  the	
  qubit	
  that	
  is	
  
entangled	
  with	
  an	
  outside	
  mode.	
  	
  

•  Is	
  the	
  outside	
  mode	
  sDll	
  entangled	
  with	
  the	
  
interior	
  ?	
  	
  

Almheiri,	
  Marolf	
  
Polchinski,	
  Sully	
  
Stanford	
  
	
  Mathur	
  



•  Idea:	
  DisDllaDon	
  process	
  sends	
  a	
  signal	
  
through	
  the	
  wormhole	
  to	
  the	
  interior	
  and	
  
disrupts	
  the	
  entanglement.	
  	
  

•  How	
  are	
  these	
  wormholes	
  and	
  what	
  is	
  their	
  
geometry	
  ?	
  	
  



Thermofield	
  double	
   More	
  generic	
  state	
  

Shenker	
  Stanford	
  

More	
  generic	
  state	
  ?	
  	
  	
  à	
  we	
  expect	
  it	
  to	
  be	
  very	
  long	
  

Taxonomy	
  

Marolf	
  Polchinski	
  



What	
  we	
  expect	
  
•  DisDlling	
  is	
  shortening	
  the	
  wormhole.	
  	
  
	
  
•  Generic	
  wormhole	
  is	
  very	
  long	
  and	
  does	
  not	
  allow	
  one	
  
to	
  send	
  signals	
  doing	
  simple	
  operaDons.	
  	
  

•  The	
  region	
  just	
  behind	
  the	
  horizon	
  is	
  smooth	
  for	
  the	
  
generic	
  wormhole.	
  	
  

•  Wormhole	
  is	
  the	
  construcDon	
  of	
  the	
  entangled	
  state	
  
using	
  “simple”	
  building	
  blocks.	
  	
  



Tensor	
  networks	
  

Condensed	
  maIer	
  theorists	
  found	
  a	
  convenient	
  
quantum	
  mechanical,	
  real	
  Dme	
  descripDon	
  of	
  
the	
  wavefuncDonà	
  Tensor	
  networks.	
  	
  
	
  
It	
  is	
  based	
  on	
  the	
  entanglement	
  paIern	
  of	
  the	
  
state.	
  	
  
	
  
There	
  is	
  a	
  resemblance	
  between	
  the	
  structure	
  of	
  
the	
  tensor	
  network	
  and	
  the	
  bulk	
  	
  
	
  

Swingle	
  



Ψ(s1, · · · , sn) = Tr[T1,s1T2,s2 · · ·Tn,sn ]

s1 s2

si

Ts1 Ts2 Tsi



Time	
  dependence	
  

I	
  

Start	
  with	
  a	
  state	
  with	
  a	
  gap	
  and	
  evolve	
  it.	
  	
  
Eg.	
  Brane	
  in	
  Ads	
  that	
  falls	
  into	
  a	
  black	
  hole	
  

Penrose	
  
diagram	
  

brane	
  

boundary	
  
horizon	
   t=0	
  

This	
  wavefuncDon	
  is	
  	
  not	
  	
  the	
  ground	
  state	
  	
  



I	
  

brane	
  

boundary	
  

Penrose	
  
diagram	
   t>0	
  

Hartman	
  &	
  JM	
  

The	
  wavefuncDon	
  becomes	
  more	
  complicated	
  since	
  we	
  did	
  	
  not	
  start	
  with	
  the	
  ground	
  state.	
  
	
  
This	
  is	
  the	
  structure	
  of	
  the	
  most	
  complicated	
  it	
  can	
  become,	
  since	
  the	
  Hamiltonian	
  is	
  local.	
  	
  

This	
  looks	
  similar	
  to	
  the	
  nice	
  slices	
  that	
  go	
  through	
  the	
  black	
  hole	
  interior.	
  	
  



•  That	
  was	
  the	
  evoluDon	
  of	
  a	
  parDcular	
  state.	
  	
  
•  More	
  generic	
  state?	
  



I	
  

brane	
  

boundary	
  

Penrose	
  
diagram	
   t>0	
  

Hartman	
  &	
  JM	
  

The	
  wavefuncDon	
  becomes	
  more	
  complicated	
  since	
  we	
  did	
  	
  not	
  start	
  with	
  the	
  ground	
  state.	
  
	
  
This	
  is	
  the	
  structure	
  of	
  the	
  most	
  complicated	
  it	
  can	
  become,	
  since	
  the	
  Hamiltonian	
  is	
  local.	
  	
  

This	
  looks	
  similar	
  to	
  the	
  nice	
  slices	
  that	
  go	
  through	
  the	
  black	
  hole	
  interior.	
  	
  



Formal	
  Hilbert	
  space	
  à	
  True	
  one	
  
•  Changes	
  in	
  the	
  tensors	
  generate	
  new	
  states.	
  	
  
•  We	
  can	
  superpose	
  them.	
  	
  
•  This	
  looks	
  like	
  the	
  bulk	
  Hilbert	
  space	
  on	
  the	
  nice	
  
slices.	
  	
  

•  We	
  can	
  have	
  more	
  states	
  than	
  the	
  black	
  hole	
  
entropy.	
  	
  

•  This	
  formal	
  Hilbert	
  space	
  is	
  projected	
  onto	
  the	
  
boundary	
  one	
  by	
  evaluaDng	
  the	
  tensor	
  network.	
  
This	
  can	
  lead	
  to	
  a	
  reducDon	
  on	
  the	
  number	
  of	
  
states.	
  



•  Similar	
  story	
  for	
  the	
  two	
  sided	
  black	
  hole.	
  	
  

•  This	
  picture	
  remains	
  vague.	
  But	
  it	
  has	
  some	
  
qualitaDve	
  features	
  that	
  we	
  expect	
  from	
  the	
  	
  
bulk	
  geometry.	
  	
  

•  Of	
  course,	
  the	
  classical	
  geometric	
  picture	
  
would	
  arise	
  only	
  for	
  large	
  N	
  systems,	
  so	
  this	
  
needs	
  to	
  be	
  incorporated	
  in	
  some	
  way…	
  	
  



Comments	
  on	
  the	
  emergence	
  of	
  a	
  
classical	
  interior.	
  	
  



Euclidean	
  black	
  hole	
  
•  A	
  classical	
  soluDon	
  is	
  giving	
  us	
  a	
  thermal	
  
parDDon	
  funcDon.	
  	
  

Zsinglet =

�
DU

�

R

TrR[U ]ZR =

�
Dρe−N2f [ρ]

	
  	
  Lagrange	
  mulDplier	
  U	
  à	
  becomes	
  classical	
  
	
  The	
  U-­‐dependent	
  part	
  of	
  the	
  acDon	
  for	
  U	
  arises	
  only	
  	
  
from	
  the	
  non-­‐singlets.	
  	
  	
  
For	
  the	
  deconfined	
  phase,	
  U	
  is	
  very	
  localized	
  à	
  similar	
  to	
  
forgegng	
  about	
  the	
  integraDon	
  over	
  U	
  and	
  wriDng	
  a	
  classical	
  	
  
value	
  for	
  it,	
  	
  U	
  à	
  U0.	
  	
  

Polyakov	
  
Aharony,	
  Marsano	
  Minwalla,	
  
Papadodimas,	
  Van	
  Raamsdonk	
  



•  U	
  dependent	
  observables	
  are	
  not	
  to	
  be	
  found	
  
among	
  the	
  observables	
  of	
  the	
  singlet	
  sector.	
  	
  

•  They	
  are	
  Wilson	
  loops	
  which	
  project	
  onto	
  the	
  
non-­‐singlets	
  à	
  deformaDons	
  of	
  the	
  original	
  
problem.	
  	
  

�TrR[ei
�
A]� ∼ TrR[U0]



Thermofield	
  double	
  

•  Similar	
  story.	
  	
  

|TFD� =
�

R,n

�
DV V j

i |R
i, n�L|R̄j , n�e−βEn/2

Projects	
  onto	
  singlets	
  on	
  each	
  side.	
  	
  

For	
  coarse	
  observables,	
  we	
  sum	
  over	
  many	
  states	
  à	
  we	
  will	
  	
  	
  
generate	
  saddle	
  points	
  for	
  V.	
  
	
  
If	
  we	
  consider	
  the	
  saddle	
  point	
  for	
  V	
  ,	
  now	
  there	
  seems	
  to	
  be	
  only	
  	
  
one	
  gauge	
  invariance	
  and	
  V	
  connects	
  the	
  gauge	
  indices	
  on	
  the	
  two	
  sides.	
  	
  
	
  



Gravity	
  case	
  
•  In	
  the	
  case	
  of	
  gravity	
  we	
  might	
  have	
  a	
  similar	
  
story.	
  	
  

•  Gauge	
  constraints	
  of	
  GR	
  should	
  act	
  
independently	
  on	
  both	
  sides	
  
(microstates/”fuzzballs”).	
  	
  

•  The	
  enforcer	
  of	
  this	
  constraint	
  is	
  the	
  interior,	
  
which,	
  due	
  to	
  the	
  sum	
  over	
  many	
  microstates	
  
states,	
  is	
  now	
  classical	
  

Like	
  the	
  matrix	
  	
  Vi
j	
  



Conclusions	
  
•  Entanglement	
  paIerns	
  are	
  an	
  important	
  feature	
  of	
  
QFT.	
  	
  

•  Entanglement	
  paIerns	
  are	
  encoded	
  in	
  the	
  geometry	
  of	
  
spaceDme.	
  	
  

•  	
  A	
  geometric	
  connecDon	
  can	
  arise	
  purely	
  from	
  
entanglement,	
  but	
  horizons	
  will	
  prevent	
  transfer	
  of	
  
informaDon.	
  	
  	
  

•  The	
  tensor	
  network	
  formalism	
  seems	
  to	
  have	
  features	
  
similar	
  to	
  bulk	
  geometry,	
  including	
  the	
  ability	
  to	
  
connect	
  far	
  away	
  regions.	
  	
  

•  Analogy	
  between	
  holonomy	
  in	
  large	
  N	
  gauge	
  theories	
  
and	
  the	
  classical	
  interior.	
  	
  



Happy birthday Joe	




