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Overcoming Mode Collapse and 
the Curse of Dimensionality

• Two long-standing problems in machine learning and algorithms:



Generative Adversarial Nets

Overcoming Mode Collapse 
in Generative Adversarial Nets



Generative Adversarial Nets (GANs)
• The generative model (“the generator”):

• This is an example of an implicit 
probabilistic model, i.e.: a model defined 
in terms of a sampling procedure. 

• Key Idea: Introduce a classifier (“the 
discriminator”) and train it to differentiate 
between model samples and real data. 

• Train the generator to fool the 
discriminator. 

Overcoming Mode Collapse 
in Generative Adversarial Nets
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Generative Adversarial Nets (GANs)
• The generative model (“the generator”):

• This is an example of an implicit 
probabilistic model, i.e.: a model defined 
in terms of a sampling procedure. 

• Key Idea: Introduce a classifier (“the 
discriminator”) and train it to differentiate 
between model samples and real data. 

• Train the generator to fool the 
discriminator. 
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<latexit sha1_base64="yVwid3aMAHbZSrI3hp1JgFVYn/U=">AAACIHicbVDLSsNAFJ34rPUVdekmWIS6KYkIulAouHFZwT6gCWEynbRDJw9mboQY8gt+hN/gVtfuxKXu/BMnbQTbeuDC4Zx7ufceL+ZMgml+akvLK6tr65WN6ubW9s6uvrffkVEiCG2TiEei52FJOQtpGxhw2osFxYHHadcbXxd+954KyaLwDtKYOgEehsxnBIOSXL1ujzBkdoBh5PlZmudXvpvZMKKA8/qv/JCfVF29ZjbMCYxFYpWkhkq0XP3bHkQkCWgIhGMp+5YZg5NhAYxwmlftRNIYkzEe0r6iIQ6odLLJR7lxrJSB4UdCVQjGRP07keFAyjTwVGdxo5z3CvE/r5+Af+FkLIwToCGZLvITbkBkFPEYAyYoAZ4qgolg6laDjLDABFSIM1u8IFeZWPMJLJLOacMyG9btWa15WaZTQYfoCNWRhc5RE92gFmojgh7RM3pBr9qT9qa9ax/T1iWtnDlAM9C+fgAg/KSi</latexit><latexit sha1_base64="yVwid3aMAHbZSrI3hp1JgFVYn/U=">AAACIHicbVDLSsNAFJ34rPUVdekmWIS6KYkIulAouHFZwT6gCWEynbRDJw9mboQY8gt+hN/gVtfuxKXu/BMnbQTbeuDC4Zx7ufceL+ZMgml+akvLK6tr65WN6ubW9s6uvrffkVEiCG2TiEei52FJOQtpGxhw2osFxYHHadcbXxd+954KyaLwDtKYOgEehsxnBIOSXL1ujzBkdoBh5PlZmudXvpvZMKKA8/qv/JCfVF29ZjbMCYxFYpWkhkq0XP3bHkQkCWgIhGMp+5YZg5NhAYxwmlftRNIYkzEe0r6iIQ6odLLJR7lxrJSB4UdCVQjGRP07keFAyjTwVGdxo5z3CvE/r5+Af+FkLIwToCGZLvITbkBkFPEYAyYoAZ4qgolg6laDjLDABFSIM1u8IFeZWPMJLJLOacMyG9btWa15WaZTQYfoCNWRhc5RE92gFmojgh7RM3pBr9qT9qa9ax/T1iWtnDlAM9C+fgAg/KSi</latexit><latexit sha1_base64="yVwid3aMAHbZSrI3hp1JgFVYn/U=">AAACIHicbVDLSsNAFJ34rPUVdekmWIS6KYkIulAouHFZwT6gCWEynbRDJw9mboQY8gt+hN/gVtfuxKXu/BMnbQTbeuDC4Zx7ufceL+ZMgml+akvLK6tr65WN6ubW9s6uvrffkVEiCG2TiEei52FJOQtpGxhw2osFxYHHadcbXxd+954KyaLwDtKYOgEehsxnBIOSXL1ujzBkdoBh5PlZmudXvpvZMKKA8/qv/JCfVF29ZjbMCYxFYpWkhkq0XP3bHkQkCWgIhGMp+5YZg5NhAYxwmlftRNIYkzEe0r6iIQ6odLLJR7lxrJSB4UdCVQjGRP07keFAyjTwVGdxo5z3CvE/r5+Af+FkLIwToCGZLvITbkBkFPEYAyYoAZ4qgolg6laDjLDABFSIM1u8IFeZWPMJLJLOacMyG9btWa15WaZTQYfoCNWRhc5RE92gFmojgh7RM3pBr9qT9qa9ax/T1iWtnDlAM9C+fgAg/KSi</latexit><latexit sha1_base64="yVwid3aMAHbZSrI3hp1JgFVYn/U=">AAACIHicbVDLSsNAFJ34rPUVdekmWIS6KYkIulAouHFZwT6gCWEynbRDJw9mboQY8gt+hN/gVtfuxKXu/BMnbQTbeuDC4Zx7ufceL+ZMgml+akvLK6tr65WN6ubW9s6uvrffkVEiCG2TiEei52FJOQtpGxhw2osFxYHHadcbXxd+954KyaLwDtKYOgEehsxnBIOSXL1ujzBkdoBh5PlZmudXvpvZMKKA8/qv/JCfVF29ZjbMCYxFYpWkhkq0XP3bHkQkCWgIhGMp+5YZg5NhAYxwmlftRNIYkzEe0r6iIQ6odLLJR7lxrJSB4UdCVQjGRP07keFAyjTwVGdxo5z3CvE/r5+Af+FkLIwToCGZLvITbkBkFPEYAyYoAZ4qgolg6laDjLDABFSIM1u8IFeZWPMJLJLOacMyG9btWa15WaZTQYfoCNWRhc5RE92gFmojgh7RM3pBr9qT9qa9ax/T1iWtnDlAM9C+fgAg/KSi</latexit>

z ⇠ N (0, Id)
<latexit sha1_base64="kr7GtjelvrxTGCGITZJYPjeuKlc=">AAACLXicbVDLSsNAFJ34rPUVdekmWIQKUhJRdOGi4EY3UsE+oAlhMp20Q2eSMDMRasiX+BF+g1tduxBEcOVvOElTsK0HBs49517uneNFlAhpmh/awuLS8spqaa28vrG5ta3v7LZEGHOEmyikIe94UGBKAtyURFLciTiGzKO47Q2vMr/9gLkgYXAvRxF2GOwHxCcISiW5+pnNoBx4fvKY2oKwvEKQJrdpdeKY6fGE3qRu0kuPyq5eMWtmDmOeWAWpgAINV/+2eyGKGQ4kolCIrmVG0kkglwRRnJbtWOAIoiHs466iAWRYOEn+vdQ4VErP8EOuXiCNXP07kUAmxIh5qjO7U8x6mfif142lf+EkJIhiiQM0XuTH1JChkWVl9AjHSNKRIhBxom410AByiKRKdGqLx1KViTWbwDxpndQss2bdnVbql0U6JbAPDkAVWOAc1ME1aIAmQOAJvIBX8KY9a+/ap/Y1bl3Qipk9MAXt5xeJHan1</latexit><latexit sha1_base64="kr7GtjelvrxTGCGITZJYPjeuKlc=">AAACLXicbVDLSsNAFJ34rPUVdekmWIQKUhJRdOGi4EY3UsE+oAlhMp20Q2eSMDMRasiX+BF+g1tduxBEcOVvOElTsK0HBs49517uneNFlAhpmh/awuLS8spqaa28vrG5ta3v7LZEGHOEmyikIe94UGBKAtyURFLciTiGzKO47Q2vMr/9gLkgYXAvRxF2GOwHxCcISiW5+pnNoBx4fvKY2oKwvEKQJrdpdeKY6fGE3qRu0kuPyq5eMWtmDmOeWAWpgAINV/+2eyGKGQ4kolCIrmVG0kkglwRRnJbtWOAIoiHs466iAWRYOEn+vdQ4VErP8EOuXiCNXP07kUAmxIh5qjO7U8x6mfif142lf+EkJIhiiQM0XuTH1JChkWVl9AjHSNKRIhBxom410AByiKRKdGqLx1KViTWbwDxpndQss2bdnVbql0U6JbAPDkAVWOAc1ME1aIAmQOAJvIBX8KY9a+/ap/Y1bl3Qipk9MAXt5xeJHan1</latexit><latexit sha1_base64="kr7GtjelvrxTGCGITZJYPjeuKlc=">AAACLXicbVDLSsNAFJ34rPUVdekmWIQKUhJRdOGi4EY3UsE+oAlhMp20Q2eSMDMRasiX+BF+g1tduxBEcOVvOElTsK0HBs49517uneNFlAhpmh/awuLS8spqaa28vrG5ta3v7LZEGHOEmyikIe94UGBKAtyURFLciTiGzKO47Q2vMr/9gLkgYXAvRxF2GOwHxCcISiW5+pnNoBx4fvKY2oKwvEKQJrdpdeKY6fGE3qRu0kuPyq5eMWtmDmOeWAWpgAINV/+2eyGKGQ4kolCIrmVG0kkglwRRnJbtWOAIoiHs466iAWRYOEn+vdQ4VErP8EOuXiCNXP07kUAmxIh5qjO7U8x6mfif142lf+EkJIhiiQM0XuTH1JChkWVl9AjHSNKRIhBxom410AByiKRKdGqLx1KViTWbwDxpndQss2bdnVbql0U6JbAPDkAVWOAc1ME1aIAmQOAJvIBX8KY9a+/ap/Y1bl3Qipk9MAXt5xeJHan1</latexit><latexit sha1_base64="kr7GtjelvrxTGCGITZJYPjeuKlc=">AAACLXicbVDLSsNAFJ34rPUVdekmWIQKUhJRdOGi4EY3UsE+oAlhMp20Q2eSMDMRasiX+BF+g1tduxBEcOVvOElTsK0HBs49517uneNFlAhpmh/awuLS8spqaa28vrG5ta3v7LZEGHOEmyikIe94UGBKAtyURFLciTiGzKO47Q2vMr/9gLkgYXAvRxF2GOwHxCcISiW5+pnNoBx4fvKY2oKwvEKQJrdpdeKY6fGE3qRu0kuPyq5eMWtmDmOeWAWpgAINV/+2eyGKGQ4kolCIrmVG0kkglwRRnJbtWOAIoiHs466iAWRYOEn+vdQ4VErP8EOuXiCNXP07kUAmxIh5qjO7U8x6mfif142lf+EkJIhiiQM0XuTH1JChkWVl9AjHSNKRIhBxom410AByiKRKdGqLx1KViTWbwDxpndQss2bdnVbql0U6JbAPDkAVWOAc1ME1aIAmQOAJvIBX8KY9a+/ap/Y1bl3Qipk9MAXt5xeJHan1</latexit>

where

z<latexit sha1_base64="1cVgfvnYPjinPNmQky3RLh15luw=">AAACAHicbVC7SgNBFL0bXzG+opY2g0GwCrsixMIiYGMZwTwwWcLsZDYZMjO7zMwKcUnjN9hqbSe2/omlf+JssoVJPDBwOOde7pkTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GN5nffqRKs0jem0lMfYGHkoWMYGOlh57AZhSE6dO0X664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201niKTqzygCFkbJPGjRT/26kWGg9EYGdzBLqZS8T//O6iQmv/JTJODFUkvmhMOHIRCj7PhowRYnhE0swUcxmRWSEFSbGlrRwJRBZJ95yA6ukdVH13Kp3d1mpX+ftFOEETuEcPKhBHW6hAU0gIOEFXuHNeXbenQ/ncz5acPKdY1iA8/UL3MSXrg==</latexit><latexit sha1_base64="1cVgfvnYPjinPNmQky3RLh15luw=">AAACAHicbVC7SgNBFL0bXzG+opY2g0GwCrsixMIiYGMZwTwwWcLsZDYZMjO7zMwKcUnjN9hqbSe2/omlf+JssoVJPDBwOOde7pkTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GN5nffqRKs0jem0lMfYGHkoWMYGOlh57AZhSE6dO0X664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201niKTqzygCFkbJPGjRT/26kWGg9EYGdzBLqZS8T//O6iQmv/JTJODFUkvmhMOHIRCj7PhowRYnhE0swUcxmRWSEFSbGlrRwJRBZJ95yA6ukdVH13Kp3d1mpX+ftFOEETuEcPKhBHW6hAU0gIOEFXuHNeXbenQ/ncz5acPKdY1iA8/UL3MSXrg==</latexit><latexit sha1_base64="1cVgfvnYPjinPNmQky3RLh15luw=">AAACAHicbVC7SgNBFL0bXzG+opY2g0GwCrsixMIiYGMZwTwwWcLsZDYZMjO7zMwKcUnjN9hqbSe2/omlf+JssoVJPDBwOOde7pkTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GN5nffqRKs0jem0lMfYGHkoWMYGOlh57AZhSE6dO0X664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201niKTqzygCFkbJPGjRT/26kWGg9EYGdzBLqZS8T//O6iQmv/JTJODFUkvmhMOHIRCj7PhowRYnhE0swUcxmRWSEFSbGlrRwJRBZJ95yA6ukdVH13Kp3d1mpX+ftFOEETuEcPKhBHW6hAU0gIOEFXuHNeXbenQ/ncz5acPKdY1iA8/UL3MSXrg==</latexit><latexit sha1_base64="1cVgfvnYPjinPNmQky3RLh15luw=">AAACAHicbVC7SgNBFL0bXzG+opY2g0GwCrsixMIiYGMZwTwwWcLsZDYZMjO7zMwKcUnjN9hqbSe2/omlf+JssoVJPDBwOOde7pkTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GN5nffqRKs0jem0lMfYGHkoWMYGOlh57AZhSE6dO0X664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201niKTqzygCFkbJPGjRT/26kWGg9EYGdzBLqZS8T//O6iQmv/JTJODFUkvmhMOHIRCj7PhowRYnhE0swUcxmRWSEFSbGlrRwJRBZJ95yA6ukdVH13Kp3d1mpX+ftFOEETuEcPKhBHW6hAU0gIOEFXuHNeXbenQ/ncz5acPKdY1iA8/UL3MSXrg==</latexit> ŷ
<latexit sha1_base64="SFdhTNi9nHrrn0I4G2WPmWtRg+U=">AAACCHicbVDLSsNAFL2pr1pfUZdugkVwVRIRdOGi4MZlBfuAJpTJdNIOnZmEmUkhhP6A3+BW1+7ErX/h0j9x0mZhWw9cOJxzL/dwwoRRpV3326psbG5t71R3a3v7B4dH9vFJR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcl/43SmRisbiSWcJCTgaCRpRjLSRBrbtc6THYZT7Y6TzbDYb2HW34c7hrBOvJHUo0RrYP/4wxiknQmOGlOp7bqKDHElNMSOzmp8qkiA8QSPSN1QgTlSQz5PPnAujDJ0olmaEdubq34sccaUyHprNIqda9QrxP6+f6ug2yKlIUk0EXjyKUubo2ClqcIZUEqxZZgjCkpqsDh4jibA2ZS19CXnRibfawDrpXDU8t+E9Xtebd2U7VTiDc7gED26gCQ/QgjZgmMILvMKb9Wy9Wx/W52K1YpU3p7AE6+sXXHSaqw==</latexit><latexit sha1_base64="SFdhTNi9nHrrn0I4G2WPmWtRg+U=">AAACCHicbVDLSsNAFL2pr1pfUZdugkVwVRIRdOGi4MZlBfuAJpTJdNIOnZmEmUkhhP6A3+BW1+7ErX/h0j9x0mZhWw9cOJxzL/dwwoRRpV3326psbG5t71R3a3v7B4dH9vFJR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcl/43SmRisbiSWcJCTgaCRpRjLSRBrbtc6THYZT7Y6TzbDYb2HW34c7hrBOvJHUo0RrYP/4wxiknQmOGlOp7bqKDHElNMSOzmp8qkiA8QSPSN1QgTlSQz5PPnAujDJ0olmaEdubq34sccaUyHprNIqda9QrxP6+f6ug2yKlIUk0EXjyKUubo2ClqcIZUEqxZZgjCkpqsDh4jibA2ZS19CXnRibfawDrpXDU8t+E9Xtebd2U7VTiDc7gED26gCQ/QgjZgmMILvMKb9Wy9Wx/W52K1YpU3p7AE6+sXXHSaqw==</latexit><latexit sha1_base64="SFdhTNi9nHrrn0I4G2WPmWtRg+U=">AAACCHicbVDLSsNAFL2pr1pfUZdugkVwVRIRdOGi4MZlBfuAJpTJdNIOnZmEmUkhhP6A3+BW1+7ErX/h0j9x0mZhWw9cOJxzL/dwwoRRpV3326psbG5t71R3a3v7B4dH9vFJR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcl/43SmRisbiSWcJCTgaCRpRjLSRBrbtc6THYZT7Y6TzbDYb2HW34c7hrBOvJHUo0RrYP/4wxiknQmOGlOp7bqKDHElNMSOzmp8qkiA8QSPSN1QgTlSQz5PPnAujDJ0olmaEdubq34sccaUyHprNIqda9QrxP6+f6ug2yKlIUk0EXjyKUubo2ClqcIZUEqxZZgjCkpqsDh4jibA2ZS19CXnRibfawDrpXDU8t+E9Xtebd2U7VTiDc7gED26gCQ/QgjZgmMILvMKb9Wy9Wx/W52K1YpU3p7AE6+sXXHSaqw==</latexit><latexit sha1_base64="SFdhTNi9nHrrn0I4G2WPmWtRg+U=">AAACCHicbVDLSsNAFL2pr1pfUZdugkVwVRIRdOGi4MZlBfuAJpTJdNIOnZmEmUkhhP6A3+BW1+7ErX/h0j9x0mZhWw9cOJxzL/dwwoRRpV3326psbG5t71R3a3v7B4dH9vFJR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcl/43SmRisbiSWcJCTgaCRpRjLSRBrbtc6THYZT7Y6TzbDYb2HW34c7hrBOvJHUo0RrYP/4wxiknQmOGlOp7bqKDHElNMSOzmp8qkiA8QSPSN1QgTlSQz5PPnAujDJ0olmaEdubq34sccaUyHprNIqda9QrxP6+f6ug2yKlIUk0EXjyKUubo2ClqcIZUEqxZZgjCkpqsDh4jibA2ZS19CXnRibfawDrpXDU8t+E9Xtebd2U7VTiDc7gED26gCQ/QgjZgmMILvMKb9Wy9Wx/W52K1YpU3p7AE6+sXXHSaqw==</latexit>

f✓(·)
<latexit sha1_base64="gR8TBvm4XDUwY8+rr9eTOX6CQfo=">AAACCnicbVDLSsNAFJ34rPUV69JNsAh1UxIRdOGi4MZlBfuAJoTJZNIOnUnCzI1YQv7Ab3Cra3fi1p9w6Z84bbOwrQcuHM65l3M5QcqZAtv+NtbWNza3tis71d29/YND86jWVUkmCe2QhCeyH2BFOYtpBxhw2k8lxSLgtBeMb6d+75FKxZL4ASYp9QQexixiBIOWfLMW+bkLIwq4aLgkTOC86pt1u2nPYK0SpyR1VKLtmz9umJBM0BgIx0oNHDsFL8cSGOG0qLqZoikmYzykA01jLKjy8tnvhXWmldCKEqknBmum/r3IsVBqIgK9KTCM1LI3Ff/zBhlE117O4jQDGpN5UJRxCxJrWoQVMkkJ8IkmmEimf7XICEtMQNe1kBKIQnfiLDewSroXTcduOveX9dZN2U4FnaBT1EAOukItdIfaqIMIekIv6BW9Gc/Gu/FhfM5X14zy5hgtwPj6BU4gmn8=</latexit><latexit sha1_base64="gR8TBvm4XDUwY8+rr9eTOX6CQfo=">AAACCnicbVDLSsNAFJ34rPUV69JNsAh1UxIRdOGi4MZlBfuAJoTJZNIOnUnCzI1YQv7Ab3Cra3fi1p9w6Z84bbOwrQcuHM65l3M5QcqZAtv+NtbWNza3tis71d29/YND86jWVUkmCe2QhCeyH2BFOYtpBxhw2k8lxSLgtBeMb6d+75FKxZL4ASYp9QQexixiBIOWfLMW+bkLIwq4aLgkTOC86pt1u2nPYK0SpyR1VKLtmz9umJBM0BgIx0oNHDsFL8cSGOG0qLqZoikmYzykA01jLKjy8tnvhXWmldCKEqknBmum/r3IsVBqIgK9KTCM1LI3Ff/zBhlE117O4jQDGpN5UJRxCxJrWoQVMkkJ8IkmmEimf7XICEtMQNe1kBKIQnfiLDewSroXTcduOveX9dZN2U4FnaBT1EAOukItdIfaqIMIekIv6BW9Gc/Gu/FhfM5X14zy5hgtwPj6BU4gmn8=</latexit><latexit sha1_base64="gR8TBvm4XDUwY8+rr9eTOX6CQfo=">AAACCnicbVDLSsNAFJ34rPUV69JNsAh1UxIRdOGi4MZlBfuAJoTJZNIOnUnCzI1YQv7Ab3Cra3fi1p9w6Z84bbOwrQcuHM65l3M5QcqZAtv+NtbWNza3tis71d29/YND86jWVUkmCe2QhCeyH2BFOYtpBxhw2k8lxSLgtBeMb6d+75FKxZL4ASYp9QQexixiBIOWfLMW+bkLIwq4aLgkTOC86pt1u2nPYK0SpyR1VKLtmz9umJBM0BgIx0oNHDsFL8cSGOG0qLqZoikmYzykA01jLKjy8tnvhXWmldCKEqknBmum/r3IsVBqIgK9KTCM1LI3Ff/zBhlE117O4jQDGpN5UJRxCxJrWoQVMkkJ8IkmmEimf7XICEtMQNe1kBKIQnfiLDewSroXTcduOveX9dZN2U4FnaBT1EAOukItdIfaqIMIekIv6BW9Gc/Gu/FhfM5X14zy5hgtwPj6BU4gmn8=</latexit><latexit sha1_base64="gR8TBvm4XDUwY8+rr9eTOX6CQfo=">AAACCnicbVDLSsNAFJ34rPUV69JNsAh1UxIRdOGi4MZlBfuAJoTJZNIOnUnCzI1YQv7Ab3Cra3fi1p9w6Z84bbOwrQcuHM65l3M5QcqZAtv+NtbWNza3tis71d29/YND86jWVUkmCe2QhCeyH2BFOYtpBxhw2k8lxSLgtBeMb6d+75FKxZL4ASYp9QQexixiBIOWfLMW+bkLIwq4aLgkTOC86pt1u2nPYK0SpyR1VKLtmz9umJBM0BgIx0oNHDsFL8cSGOG0qLqZoikmYzykA01jLKjy8tnvhXWmldCKEqknBmum/r3IsVBqIgK9KTCM1LI3Ff/zBhlE117O4jQDGpN5UJRxCxJrWoQVMkkJ8IkmmEimf7XICEtMQNe1kBKIQnfiLDewSroXTcduOveX9dZN2U4FnaBT1EAOukItdIfaqIMIekIv6BW9Gc/Gu/FhfM5X14zy5hgtwPj6BU4gmn8=</latexit>



Problems of GANs

• Some/most modes of the true data distribution can be 
ignored. 

• Does not learn the true distribution. 
Mode Collapse

• Gradient becomes near zero when the discriminator is 
powerful. 

Vanishing 
Gradients

• Adversarial formulation – requires minimax
optimization, which can only be done heuristically. 

Training 
Instability

Overcoming Mode Collapse 
in Generative Adversarial Nets

ŷ
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• Some/most modes of the true data distribution can be 
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(Lucic et al., 2018): 
• Even the best GAN can 
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after extensive 
hyperparameter tuning
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• Some/most modes of the true data distribution can be 
ignored. 

• Does not learn the true distribution. 
Mode Collapse

• Gradient becomes near zero when the discriminator is 
powerful. 

Vanishing 
Gradients

• Adversarial formulation – requires minimax
optimization, which can only be done heuristically. 

Training 
Instability

Problems of GANs

Overcoming Mode Collapse 
in Generative Adversarial Nets

This turns out to be quite a vexing problem – still not solved. 
(Saatci & Wilson, 2017)

(Li et al., 2017)

(Guimaraes et al., 2017)

(Srivastava et al., 2017)

(Mao et al., 2017)

(Thanh-Tung et al., 2018)
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Red squares represent real data examples.
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Blue circles represent generated samples.
Pay attention to how the blue circles move.
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Dropped Modes

After training generator
What went wrong?
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Dropped Modes

After training generator

Each generated sample is essentially pushed towards 
the nearest data example. 
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After training generator

This ensures that each generated sample has a nearby 
data example.
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Dropped Modes

After training generator

But it does not ensure that each data example has a 
nearby generated sample!
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This is why modes are dropped.
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This is why modes are dropped.
How do we fix this? 

Dropped Modes
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After training generator
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Let’s do it the other way around. That is, each data 
example will now pull the nearest generated sample

towards it. 

Dropped Modes
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This is the idea behind Implicit Maximum Likelihood 
Estimation (IMLE).

Dropped Modes
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K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018
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Red squares represent real data examples.
K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018
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Blue circles represent generated samples.
K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018



Implicit Maximum Likelihood Estimation (IMLE)
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Find the nearest sample to each data example.
K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018
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K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018
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Pull sample towards data example. 
K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018
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Do this for all data examples.
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K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018



Implicit Maximum Likelihood Estimation (IMLE)
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That’s it!
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Real Data

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018



Implicit Maximum Likelihood Estimation (IMLE)

• Objective function:

where                      are real data examples and             is a distance metric

Overcoming Mode Collapse 
in Generative Adversarial Nets

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018
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Implicit Maximum Likelihood Estimation (IMLE)

• Objective function:

where                      are real data examples and             is a distance metric

Overcoming Mode Collapse 
in Generative Adversarial Nets
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Find the nearest sample to 
the current data example



Implicit Maximum Likelihood Estimation (IMLE)

• Objective function:

where                      are real data examples and             is a distance metric

Overcoming Mode Collapse 
in Generative Adversarial Nets

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018
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Involves high-dimensional 
nearest neighbour search, which 
used to be hard due to the curse 
of dimensionality. 



Implicit Maximum Likelihood Estimation (IMLE)

• Objective function:

where                      are real data examples and             is a distance metric

Overcoming Mode Collapse 
in Generative Adversarial Nets

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018
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<latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit>

d(·, ·)
<latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit>

✓̂IMLE = argmin
✓

Ez1,...,zm⇠N (0,Id)

"
1

n

nX

i=1

min
j2{1,...,m}

d(f✓(zj),yi)

#

<latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit>

Average over all 
real data examples



Implicit Maximum Likelihood Estimation (IMLE)

• Objective function:

where                      are real data examples and             is a distance metric

Overcoming Mode Collapse 
in Generative Adversarial Nets

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018

y1, . . . ,yn
<latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit>

d(·, ·)
<latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit>

✓̂IMLE = argmin
✓

Ez1,...,zm⇠N (0,Id)

"
1

n

nX

i=1

min
j2{1,...,m}

d(f✓(zj),yi)

#

<latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit>

Taking expectation over 
generated samples.



Implicit Maximum Likelihood Estimation (IMLE)

• Objective function:

where                      are real data examples and             is a distance metric
• Optimize using ordinary stochastic gradient descent (SGD):
– Draw samples 

– Descend in    :

Overcoming Mode Collapse 
in Generative Adversarial Nets

✓̂IMLE = argmin
✓

Ez1,...,zm⇠N (0,Id)

"
1

n

nX

i=1

min
j2{1,...,m}

d(f✓(zj),yi)

#

<latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit><latexit sha1_base64="Z5nE/zjTcTrlAep8pO/NihGeRaU="></latexit>

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018

y1, . . . ,yn
<latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit><latexit sha1_base64="FWXY5lx4e9YXJeP1DWvzTjbYosw=">AAACHXicbVDLSsNAFJ3UV62vqEs3wVJwUUoigi5cFNy4rGAf0IYwmUzaoTOTMDMRQsgX+BF+g1tduxO34tI/cdJm0YcHLhzOuZd77/FjSqSy7R+jsrG5tb1T3a3t7R8cHpnHJz0ZJQLhLopoJAY+lJgSjruKKIoHscCQ+RT3/eld4fefsJAk4o8qjbHL4JiTkCCotOSZjRGDauKHWZp7mZM3RzSIlGwuqjyveWbdbtkzWOvEKUkdlOh45u8oiFDCMFeIQimHjh0rN4NCEURxXhslEscQTeEYDzXlkGHpZrN3cquhlcAKI6GLK2umLk5kkEmZMl93FmfKVa8Q//OGiQpv3IzwOFGYo/miMKGWiqwiGysgAiNFU00gEkTfaqEJFBApneDSFp/lOhNnNYF10rtsOXbLebiqt2/LdKrgDJyDC+CAa9AG96ADugCBZ/AK3sC78WJ8GJ/G17y1YpQzp2AJxvcfqYujXA==</latexit>

d(·, ·)
<latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit><latexit sha1_base64="1JlMXO2Rrjc0YZxawXLOyFK/kMY=">AAACBHicbVA9SwNBEN3zM8avqKXNYhAiSLgTQQuLgI1lBPMByRn29vaSJbt7x+6cEEJaf4Ot1nZi6/+w9J+4uVxhEh/M8HhvhhlekAhuwHW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRDDBFesARwEayeaERkI1gqGt1O/9cS04bF6gFHCfEn6ikecErDSY1jp0jCG86yf9Uplt+pmwMvEy0kZ5aj3Sj/dMKapZAqoIMZ0PDcBf0w0cCrYpNhNDUsIHZI+61iqiGTGH2dfT/CpVUIcxdqWApypfzfGRBozkoGdlAQGZtGbiv95nRSia3/MVZICU3R2KEoFhhhPI8Ah14yCGFlCqOb2V0wHRBMKNqi5K4Gc2Ey8xQSWSfOi6rlV7/6yXLvJ0ymgY3SCKshDV6iG7lAdNRBFGr2gV/TmPDvvzofzORtdcfKdIzQH5+sXjvCYgw==</latexit>

z1, . . . , zm ⇠ N (0, Id)
<latexit sha1_base64="UXruFUCzY/9vqL7ejnlV03gtAO4="></latexit><latexit sha1_base64="UXruFUCzY/9vqL7ejnlV03gtAO4="></latexit><latexit sha1_base64="UXruFUCzY/9vqL7ejnlV03gtAO4="></latexit><latexit sha1_base64="UXruFUCzY/9vqL7ejnlV03gtAO4="></latexit>

✓  ✓ � �r✓
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n

nX

i=1

min
j2{1,...,m}

d(f✓(zj),yi)

!

<latexit sha1_base64="5LvvrkWrO41oz0ySqa3DgdbwTwE="></latexit><latexit sha1_base64="5LvvrkWrO41oz0ySqa3DgdbwTwE="></latexit><latexit sha1_base64="5LvvrkWrO41oz0ySqa3DgdbwTwE="></latexit><latexit sha1_base64="5LvvrkWrO41oz0ySqa3DgdbwTwE="></latexit>

✓
<latexit sha1_base64="TrLGOOwXCH/V634+4R2MNL8WcTo=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0MIiYGMZwXxAcoS9zVyyZnfv2J0TwhF/g63WdmLrf7H0n7hJrjCJDwYe780wMy9MBDfoed9OYW19Y3OruF3a2d3bPygfHjVNnGoGDRaLWLdDakBwBQ3kKKCdaKAyFNAKR7dTv/UE2vBYPeA4gUDSgeIRZxSt1OziEJD2yhWv6s3grhI/JxWSo94r/3T7MUslKGSCGtPxvQSDjGrkTMCk1E0NJJSN6AA6lioqwQTZ7NqJe2aVvhvF2pZCd6b+ncioNGYsQ9spKQ7NsjcV//M6KUbXQcZVkiIoNl8UpcLF2J2+7va5BoZibAllmttbXTakmjK0AS1sCeXEZuIvJ7BKmhdV36v695eV2k2eTpGckFNyTnxyRWrkjtRJgzDySF7IK3lznp1358P5nLcWnHzmmCzA+foFZSqVuA==</latexit><latexit sha1_base64="TrLGOOwXCH/V634+4R2MNL8WcTo=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0MIiYGMZwXxAcoS9zVyyZnfv2J0TwhF/g63WdmLrf7H0n7hJrjCJDwYe780wMy9MBDfoed9OYW19Y3OruF3a2d3bPygfHjVNnGoGDRaLWLdDakBwBQ3kKKCdaKAyFNAKR7dTv/UE2vBYPeA4gUDSgeIRZxSt1OziEJD2yhWv6s3grhI/JxWSo94r/3T7MUslKGSCGtPxvQSDjGrkTMCk1E0NJJSN6AA6lioqwQTZ7NqJe2aVvhvF2pZCd6b+ncioNGYsQ9spKQ7NsjcV//M6KUbXQcZVkiIoNl8UpcLF2J2+7va5BoZibAllmttbXTakmjK0AS1sCeXEZuIvJ7BKmhdV36v695eV2k2eTpGckFNyTnxyRWrkjtRJgzDySF7IK3lznp1358P5nLcWnHzmmCzA+foFZSqVuA==</latexit><latexit sha1_base64="TrLGOOwXCH/V634+4R2MNL8WcTo=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0MIiYGMZwXxAcoS9zVyyZnfv2J0TwhF/g63WdmLrf7H0n7hJrjCJDwYe780wMy9MBDfoed9OYW19Y3OruF3a2d3bPygfHjVNnGoGDRaLWLdDakBwBQ3kKKCdaKAyFNAKR7dTv/UE2vBYPeA4gUDSgeIRZxSt1OziEJD2yhWv6s3grhI/JxWSo94r/3T7MUslKGSCGtPxvQSDjGrkTMCk1E0NJJSN6AA6lioqwQTZ7NqJe2aVvhvF2pZCd6b+ncioNGYsQ9spKQ7NsjcV//M6KUbXQcZVkiIoNl8UpcLF2J2+7va5BoZibAllmttbXTakmjK0AS1sCeXEZuIvJ7BKmhdV36v695eV2k2eTpGckFNyTnxyRWrkjtRJgzDySF7IK3lznp1358P5nLcWnHzmmCzA+foFZSqVuA==</latexit><latexit sha1_base64="TrLGOOwXCH/V634+4R2MNL8WcTo=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0MIiYGMZwXxAcoS9zVyyZnfv2J0TwhF/g63WdmLrf7H0n7hJrjCJDwYe780wMy9MBDfoed9OYW19Y3OruF3a2d3bPygfHjVNnGoGDRaLWLdDakBwBQ3kKKCdaKAyFNAKR7dTv/UE2vBYPeA4gUDSgeIRZxSt1OziEJD2yhWv6s3grhI/JxWSo94r/3T7MUslKGSCGtPxvQSDjGrkTMCk1E0NJJSN6AA6lioqwQTZ7NqJe2aVvhvF2pZCd6b+ncioNGYsQ9spKQ7NsjcV//M6KUbXQcZVkiIoNl8UpcLF2J2+7va5BoZibAllmttbXTakmjK0AS1sCeXEZuIvJ7BKmhdV36v695eV2k2eTpGckFNyTnxyRWrkjtRJgzDySF7IK3lznp1358P5nLcWnHzmmCzA+foFZSqVuA==</latexit>



Connection to Maximum Likelihood
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Connection to Maximum Likelihood

• Intuition:
– A model distribution that maximizes likelihood should have high 

density at each data example. 
– So, samples from the model would be more likely to lie near data 

examples than elsewhere. 
– Intuitively, to maximize likelihood, we can simply encourage this to 

happen.

Overcoming Mode Collapse 
in Generative Adversarial Nets

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018



Connection to Maximum Likelihood

• Theorem (Informal):
If the model is richly parameterized and the model density               is 
smooth in     and    ,

where

Overcoming Mode Collapse 
in Generative Adversarial Nets

✓

0  wi  1 8i
<latexit sha1_base64="O32PXBwPKTOfXHcpP4U1o/R2Z1k=">AAACB3icbZDLSsNAFIZPvNZ6i7oUZLAIrkoigoKbohuXFewFmhAm00k7dDKJMxOlhO7c+CpuXCji1ldw59s4bbPQ1h8GPv5zDmfOH6acKe0439bC4tLyympprby+sbm1be/sNlWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDq7G9dY9lYol4lYPU+rHuCdYxAjWxgrsAwd5nN6hh4BNwUXeBfKiRGLOEQvsilN1JkLz4BZQgUL1wP7yugnJYio04Vipjuuk2s+x1IxwOip7maIpJgPcox2DAsdU+fnkjhE6Mk4Xmd3mCY0m7u+JHMdKDePQdMZY99VsbWz+V+tkOjr3cybSTFNBpouijCOdoHEoqMskJZoPDWAimfkrIn0sMdEmurIJwZ09eR6aJ1XXqbo3p5XaZRFHCfbhEI7BhTOowTXUoQEEHuEZXuHNerJerHfrY9q6YBUze/BH1ucP7daXbw==</latexit><latexit sha1_base64="O32PXBwPKTOfXHcpP4U1o/R2Z1k=">AAACB3icbZDLSsNAFIZPvNZ6i7oUZLAIrkoigoKbohuXFewFmhAm00k7dDKJMxOlhO7c+CpuXCji1ldw59s4bbPQ1h8GPv5zDmfOH6acKe0439bC4tLyympprby+sbm1be/sNlWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDq7G9dY9lYol4lYPU+rHuCdYxAjWxgrsAwd5nN6hh4BNwUXeBfKiRGLOEQvsilN1JkLz4BZQgUL1wP7yugnJYio04Vipjuuk2s+x1IxwOip7maIpJgPcox2DAsdU+fnkjhE6Mk4Xmd3mCY0m7u+JHMdKDePQdMZY99VsbWz+V+tkOjr3cybSTFNBpouijCOdoHEoqMskJZoPDWAimfkrIn0sMdEmurIJwZ09eR6aJ1XXqbo3p5XaZRFHCfbhEI7BhTOowTXUoQEEHuEZXuHNerJerHfrY9q6YBUze/BH1ucP7daXbw==</latexit><latexit sha1_base64="O32PXBwPKTOfXHcpP4U1o/R2Z1k=">AAACB3icbZDLSsNAFIZPvNZ6i7oUZLAIrkoigoKbohuXFewFmhAm00k7dDKJMxOlhO7c+CpuXCji1ldw59s4bbPQ1h8GPv5zDmfOH6acKe0439bC4tLyympprby+sbm1be/sNlWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDq7G9dY9lYol4lYPU+rHuCdYxAjWxgrsAwd5nN6hh4BNwUXeBfKiRGLOEQvsilN1JkLz4BZQgUL1wP7yugnJYio04Vipjuuk2s+x1IxwOip7maIpJgPcox2DAsdU+fnkjhE6Mk4Xmd3mCY0m7u+JHMdKDePQdMZY99VsbWz+V+tkOjr3cybSTFNBpouijCOdoHEoqMskJZoPDWAimfkrIn0sMdEmurIJwZ09eR6aJ1XXqbo3p5XaZRFHCfbhEI7BhTOowTXUoQEEHuEZXuHNerJerHfrY9q6YBUze/BH1ucP7daXbw==</latexit><latexit sha1_base64="O32PXBwPKTOfXHcpP4U1o/R2Z1k=">AAACB3icbZDLSsNAFIZPvNZ6i7oUZLAIrkoigoKbohuXFewFmhAm00k7dDKJMxOlhO7c+CpuXCji1ldw59s4bbPQ1h8GPv5zDmfOH6acKe0439bC4tLyympprby+sbm1be/sNlWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDq7G9dY9lYol4lYPU+rHuCdYxAjWxgrsAwd5nN6hh4BNwUXeBfKiRGLOEQvsilN1JkLz4BZQgUL1wP7yugnJYio04Vipjuuk2s+x1IxwOip7maIpJgPcox2DAsdU+fnkjhE6Mk4Xmd3mCY0m7u+JHMdKDePQdMZY99VsbWz+V+tkOjr3cybSTFNBpouijCOdoHEoqMskJZoPDWAimfkrIn0sMdEmurIJwZ09eR6aJ1XXqbo3p5XaZRFHCfbhEI7BhTOowTXUoQEEHuEZXuHNerJerHfrY9q6YBUze/BH1ucP7daXbw==</latexit>

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018

p(ŷ; ✓)
<latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit>

ŷ
<latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit>
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Connection to Maximum Likelihood

• Theorem (Informal):
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<latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit>

ŷ
<latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit>

Tightness depends on the 
gap between 
and                   .

argmin
✓

Ez1,...,zm⇠N (0,Id)

"
1

n

nX

i=1

min
j2{1,...,m}

d(f✓(zj),yi)

#
= argmax

✓

nX

i=1

wi log p(yi; ✓)
<latexit sha1_base64="qEYG7KDyXxOo/14W9ZXUFIeoLME="></latexit><latexit sha1_base64="qEYG7KDyXxOo/14W9ZXUFIeoLME="></latexit><latexit sha1_base64="qEYG7KDyXxOo/14W9ZXUFIeoLME="></latexit><latexit sha1_base64="qEYG7KDyXxOo/14W9ZXUFIeoLME="></latexit>

min
i2[n]

{p✓⇤(yi)}
<latexit sha1_base64="fcTaZ2uVLGZTFVhUSYjGnKjhlpg="></latexit><latexit sha1_base64="fcTaZ2uVLGZTFVhUSYjGnKjhlpg="></latexit><latexit sha1_base64="fcTaZ2uVLGZTFVhUSYjGnKjhlpg="></latexit><latexit sha1_base64="fcTaZ2uVLGZTFVhUSYjGnKjhlpg="></latexit>

max
i2[n]

{p✓⇤(yi)}
<latexit sha1_base64="I+gqMLUoQBlhM+h6B44LaRiFmuY="></latexit><latexit sha1_base64="I+gqMLUoQBlhM+h6B44LaRiFmuY="></latexit><latexit sha1_base64="I+gqMLUoQBlhM+h6B44LaRiFmuY="></latexit><latexit sha1_base64="I+gqMLUoQBlhM+h6B44LaRiFmuY="></latexit>



Connection to Maximum Likelihood

• Theorem (Informal):
If the model is richly parameterized and the model density               is 
smooth in     and    ,

where

Overcoming Mode Collapse 
in Generative Adversarial Nets

✓

0  wi  1 8i
<latexit sha1_base64="O32PXBwPKTOfXHcpP4U1o/R2Z1k=">AAACB3icbZDLSsNAFIZPvNZ6i7oUZLAIrkoigoKbohuXFewFmhAm00k7dDKJMxOlhO7c+CpuXCji1ldw59s4bbPQ1h8GPv5zDmfOH6acKe0439bC4tLyympprby+sbm1be/sNlWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDq7G9dY9lYol4lYPU+rHuCdYxAjWxgrsAwd5nN6hh4BNwUXeBfKiRGLOEQvsilN1JkLz4BZQgUL1wP7yugnJYio04Vipjuuk2s+x1IxwOip7maIpJgPcox2DAsdU+fnkjhE6Mk4Xmd3mCY0m7u+JHMdKDePQdMZY99VsbWz+V+tkOjr3cybSTFNBpouijCOdoHEoqMskJZoPDWAimfkrIn0sMdEmurIJwZ09eR6aJ1XXqbo3p5XaZRFHCfbhEI7BhTOowTXUoQEEHuEZXuHNerJerHfrY9q6YBUze/BH1ucP7daXbw==</latexit><latexit sha1_base64="O32PXBwPKTOfXHcpP4U1o/R2Z1k=">AAACB3icbZDLSsNAFIZPvNZ6i7oUZLAIrkoigoKbohuXFewFmhAm00k7dDKJMxOlhO7c+CpuXCji1ldw59s4bbPQ1h8GPv5zDmfOH6acKe0439bC4tLyympprby+sbm1be/sNlWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDq7G9dY9lYol4lYPU+rHuCdYxAjWxgrsAwd5nN6hh4BNwUXeBfKiRGLOEQvsilN1JkLz4BZQgUL1wP7yugnJYio04Vipjuuk2s+x1IxwOip7maIpJgPcox2DAsdU+fnkjhE6Mk4Xmd3mCY0m7u+JHMdKDePQdMZY99VsbWz+V+tkOjr3cybSTFNBpouijCOdoHEoqMskJZoPDWAimfkrIn0sMdEmurIJwZ09eR6aJ1XXqbo3p5XaZRFHCfbhEI7BhTOowTXUoQEEHuEZXuHNerJerHfrY9q6YBUze/BH1ucP7daXbw==</latexit><latexit sha1_base64="O32PXBwPKTOfXHcpP4U1o/R2Z1k=">AAACB3icbZDLSsNAFIZPvNZ6i7oUZLAIrkoigoKbohuXFewFmhAm00k7dDKJMxOlhO7c+CpuXCji1ldw59s4bbPQ1h8GPv5zDmfOH6acKe0439bC4tLyympprby+sbm1be/sNlWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDq7G9dY9lYol4lYPU+rHuCdYxAjWxgrsAwd5nN6hh4BNwUXeBfKiRGLOEQvsilN1JkLz4BZQgUL1wP7yugnJYio04Vipjuuk2s+x1IxwOip7maIpJgPcox2DAsdU+fnkjhE6Mk4Xmd3mCY0m7u+JHMdKDePQdMZY99VsbWz+V+tkOjr3cybSTFNBpouijCOdoHEoqMskJZoPDWAimfkrIn0sMdEmurIJwZ09eR6aJ1XXqbo3p5XaZRFHCfbhEI7BhTOowTXUoQEEHuEZXuHNerJerHfrY9q6YBUze/BH1ucP7daXbw==</latexit><latexit sha1_base64="O32PXBwPKTOfXHcpP4U1o/R2Z1k=">AAACB3icbZDLSsNAFIZPvNZ6i7oUZLAIrkoigoKbohuXFewFmhAm00k7dDKJMxOlhO7c+CpuXCji1ldw59s4bbPQ1h8GPv5zDmfOH6acKe0439bC4tLyympprby+sbm1be/sNlWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDq7G9dY9lYol4lYPU+rHuCdYxAjWxgrsAwd5nN6hh4BNwUXeBfKiRGLOEQvsilN1JkLz4BZQgUL1wP7yugnJYio04Vipjuuk2s+x1IxwOip7maIpJgPcox2DAsdU+fnkjhE6Mk4Xmd3mCY0m7u+JHMdKDePQdMZY99VsbWz+V+tkOjr3cybSTFNBpouijCOdoHEoqMskJZoPDWAimfkrIn0sMdEmurIJwZ09eR6aJ1XXqbo3p5XaZRFHCfbhEI7BhTOowTXUoQEEHuEZXuHNerJerHfrY9q6YBUze/BH1ucP7daXbw==</latexit>

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018

p(ŷ; ✓)
<latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit><latexit sha1_base64="DDZSdXVo/MKyuxzmhZzJ/1VbfHE=">AAACE3icbVDLSsNAFJ3UV62vqMtugkWom5KIoKCLghuXFewDmlAm00kzdPJg5kYIIQs/wm9wq2t34tYPcOmfOGmzsK0HLhzOuZd773FjziSY5rdWWVvf2Nyqbtd2dvf2D/TDo56MEkFol0Q8EgMXS8pZSLvAgNNBLCgOXE777vS28PuPVEgWhQ+QxtQJ8CRkHiMYlDTS63HTDjD4rpfZPoYszfNrG3wK+Kw20htmy5zBWCVWSRqoRGek/9jjiCQBDYFwLOXQMmNwMiyAEU7zmp1IGmMyxRM6VDTEAZVONnsiN06VMja8SKgKwZipfycyHEiZBq7qLA6Wy14h/ucNE/CunIyFcQI0JPNFXsINiIwiEWPMBCXAU0UwEUzdahAfC0xA5bawxQ1ylYm1nMAq6Z23LLNl3V802jdlOlVURyeoiSx0idroDnVQFxH0hF7QK3rTnrV37UP7nLdWtHLmGC1A+/oFxdKekQ==</latexit>

ŷ
<latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit><latexit sha1_base64="nboqCClDGE/atCXAMMgFHnhzjVY=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHFZwT6gDWUynbRDZ5Iwc6OEkC/wG9zq2p249Stc+idO2ixs64ELh3Pu5R6OHwuuwXG+rbX1jc2t7cpOdXdv/+DQrh11dJQoyto0EpHq+UQzwUPWBg6C9WLFiPQF6/rT28LvPjKleRQ+QBozT5JxyANOCRhpaNcGksDED7LBhECW5nl1aNedhjMDXiVuSeqoRGto/wxGEU0kC4EKonXfdWLwMqKAU8Hy6iDRLCZ0Ssasb2hIJNNeNoue4zOjjHAQKTMh4Jn69yIjUutU+mazCKqXvUL8z+snEFx7GQ/jBFhI54+CRGCIcNEDHnHFKIjUEEIVN1kxnRBFKJi2Fr74MjeduMsNrJLORcN1Gu79Zb15U7ZTQSfoFJ0jF12hJrpDLdRGFD2hF/SK3qxn6936sD7nq2tWeXOMFmB9/QKYMpq/</latexit>

The more expressive the 
model, the tighter this 
bound becomes.
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#
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wi log p(yi; ✓)
<latexit sha1_base64="qEYG7KDyXxOo/14W9ZXUFIeoLME="></latexit><latexit sha1_base64="qEYG7KDyXxOo/14W9ZXUFIeoLME="></latexit><latexit sha1_base64="qEYG7KDyXxOo/14W9ZXUFIeoLME="></latexit><latexit sha1_base64="qEYG7KDyXxOo/14W9ZXUFIeoLME="></latexit>



Other Problems of GANs

Overcoming Mode Collapse 
in Generative Adversarial Nets



Problems of GANs

• Some/most modes of the true data distribution can be 
ignored. 

• Does not learn the true distribution. 
Mode Collapse

• Gradient becomes near zero when the discriminator is 
powerful. 

Vanishing 
Gradients

• Adversarial formulation – requires minimax
optimization, which can only be done heuristically. 

Training 
Instability
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IMLE Overcomes These Problems

• Each data example has a nearby sample.Mode Collapse

• Gradient only becomes zero when distance to nearest 
sample is zero. 

Vanishing 
Gradients

• Simple minimization problem – no adversarial 
formulation. 

Training 
Instability

Overcoming Mode Collapse 
in Generative Adversarial Nets



Empirical Results

Overcoming Mode Collapse 
in Generative Adversarial Nets



Recall

Overcoming Mode Collapse 
in Generative Adversarial Nets

0%

20%

40%

60%

80%

100%

BEGAN WGAN GP DRAGAN MM GAN WGAN NS GAN Ours

M. Lucic et al. Are GANs Created Equal? A Large-Scale Study. NeurIPS, 2018



Recall

Overcoming Mode Collapse 
in Generative Adversarial Nets

0%

20%

40%

60%

80%

100%

BEGAN WGAN GP DRAGAN MM GAN WGAN NS GAN Ours

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018



Recall

Overcoming Mode Collapse 
in Generative Adversarial Nets

0%

20%

40%

60%

80%

100%

BEGAN WGAN GP DRAGAN MM GAN WGAN NS GAN Ours

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018

100%
Recall



Overcoming Mode Collapse 
in Generative Adversarial Nets

0.6

0.7

Ours

F-Measure

M. Lucic et al. Are GANs Created Equal? A Large-Scale Study. NeurIPS, 2018



Overcoming Mode Collapse 
in Generative Adversarial Nets

0.6

0.7

Ours

F-Measure

K. Li and J. Malik. Implicit Maximum Likelihood Estimation. arXiv:1809.09087, 2018

Ours



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution

Overcoming Mode Collapse 
in Generative Adversarial Nets

Input IMLE Samples SRGAN Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018



Multimodal Super-Resolution
Samples

K. Li*, S. Peng* and J. Malik. Super-Resolution via Conditional Implicit Maximum 
Likelihood Estimation. arXiv:1810.01406, 2018
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Multimodal Image Synthesis from Scene Layout
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Interpolation in Latent Space     ,z

(The figure above doesn’t play in this PDF version of the slides. See Figure 8 at 
https://people.eecs.berkeley.edu/~ke.li/projects/imle/scene_layouts/ instead.)
K. Li*, T. Zhang* and J. Malik. Diverse Image Synthesis from Semantic Layouts via 
Conditional IMLE. ICCV, 2019

https://people.eecs.berkeley.edu/~ke.li/projects/imle/scene_layouts/
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Multimodal Image Synthesis from Scene Layout

Pix2pixIMLE

K. Li*, T. Zhang* and J. Malik. Diverse Image Synthesis from Semantic Layouts via 
Conditional IMLE. ICCV, 2019

Evolving inputs with the same    ,z
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How to Find Nearest Neighbours

• Naïve algorithm:
1. Compute the distance from the query to each data point.
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• Problem: Time complexity is linear in the number of data points. 
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Can we come up with a smarter way that avoids going 
over all data points?
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The Curse of Dimensionality
• Exponential dependence of query time on some notion of 

dimensionality. 

Overcoming the Curse of Dimensionality 
in Nearest Neighbour Search

• Plagued deterministic algorithms like 
k-d trees.

• Overcome by randomization.

Curse of 
Ambient 

Dimensionality

• Still a problem, even for algorithms 
that avoid the curse of ambient 
dimensionality. 

Curse of 
Intrinsic 

Dimensionality
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K&R, 
Nav. Net, 
Cover Tree

Spill Tree, 
RP Tree

Why?



Existing Algorithms Use Space Partitioning
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The Curse of Intrinsic Dimensionality
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The Curse of Intrinsic Dimensionality
• Consider any cell in a data-independent partitioning.

Overcoming the Curse of Dimensionality 
in Nearest Neighbour Search

d0 = 3

Nevertheless, can we somehow overcome an 
exponential dependence on intrinsic dimensionality?

Intrinsic 
Dimensionality
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Recall…
• Consider any cell in a data-independent partitioning. 
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d0 = 3

Space partitioning is a non-starter.

Intrinsic 
Dimensionality



No More Grids
• Let’s try eliminating space partitioning.
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No More Grids
• Instead, we project all data points onto a random line and search along 

the line.
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Is This Enough?
• Consider a fixed neighbourhood (i.e.: a data-independent interval) on 

the line.
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• Consider a data-independent interval on the line.
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Intrinsic 
Dimensionality

The number of points within the interval still grows 
exponentially. 



Is This Enough?
• Consider a data-independent interval on the line.
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Is This Enough?
• Consider a data-independent interval on the line.
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d0 = 3

Intrinsic 
Dimensionality

Do we really need to pick a (data-independent) 
interval?



Closeness in Location vs. Rank
• What do we need to return the correct nearest neighbour?
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Closeness in Location vs. Rank
• What do we need to return the correct nearest neighbour?
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Nearest 
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Query 
Projection

Projection of 
Nearest Neighbour
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Closeness in Location vs. Rank
• What if we just count the number of points along the projection line 

starting from the query projection?
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3 points
It turns out that the nearest neighbour must be among the 

first                       ,points (with constant probability).

d0

n1�1/d0

O(n1�1/d0
)



How the Algorithm Works
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Prioritized DCI
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Project all data points along multiple random directions.

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017



Prioritized DCI
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Project the query along each projection direction.

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017



Prioritized DCI

Overcoming the Curse of Dimensionality 
in Nearest Neighbour Search

Find the closest point to the query along each projection 
direction and add them to the frontier. 

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017



Prioritized DCI
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Compare their projected distances to the query.  

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017
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Prioritized DCI

Overcoming the Curse of Dimensionality 
in Nearest Neighbour Search

Maintain a hash table for the number of times we have come 
across each data point.

0

0

0

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017



Prioritized DCI

Overcoming the Curse of Dimensionality 
in Nearest Neighbour Search

Visit this point and increment the counter for this point in the hash 
table.

0

1

0

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017
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Prioritized DCI

Visit this point and add the next point to the frontier. 

This point has now been 
visited twice, once along 

each direction.

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017
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Prioritized DCI

Visit this point and add the next point to the frontier. 

This point is close to the 
query along all 

projection directions.

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017
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Prioritized DCI

Visit this point and add the next point to the frontier. 

We declare this to be a 
candidate point and add 

it to a candidate set. 
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Prioritized DCI

Pick the point on the frontier with the shortest projected distance. 
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Prioritized DCI

Visit this point and add the next point to the frontier. 
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Prioritized DCI

Pick the point on the frontier with the shortest projected distance. 
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Prioritized DCI

Visit this point (which now becomes a candidate point), add it to 
the candidate set and add the next point to the frontier. 
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Prioritized DCI

After we have sufficient candidate points, we return the k
candidate points that are closest to the query. 

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017
Overcoming the Curse of Dimensionality 

in Nearest Neighbour Search



Intuition
• Points are added to the candidate set in the order of their maximum 

projected distance to the query. 
• Maximum projected distance is a lower bound on the true distance. 
• As the number of projection directions increases, this lower bound 

approaches the true distance. 

max
j

���hpi, uji � hq, uji
�� = max

j

���hpi � q, uji
�� 

��pi � q
��
2

kujk2 = 1 8j
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Complexity
• Query Time:

where:
– is the number of projection directions chosen by the user. 
– is the number of neighbours.
– is the number of data points.

m � 1

k
n
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Complexity
• Query Time:

where:
– is the number of projection directions chosen by the user. 
– is the number of neighbours.
– is the number of data points.
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Complexity
• Query Time:

where:
– is the number of projection directions chosen by the user. 
– is the number of neighbours.
– is the number of data points.

K. Li and J. Malik. Fast k-nearest neighbour search via Prioritized DCI. ICML, 2017

m � 1

k
n

O

⇣
( (m+ kmax( , log(n/k)))+

<latexit sha1_base64="wYOxoRW71u8fOvUqIF8xhraGSG8="></latexit><latexit sha1_base64="wYOxoRW71u8fOvUqIF8xhraGSG8="></latexit><latexit sha1_base64="wYOxoRW71u8fOvUqIF8xhraGSG8="></latexit><latexit sha1_base64="wYOxoRW71u8fOvUqIF8xhraGSG8="></latexit>

mk logmmax((n/k)1�1/d0
, log(n/k))) log(1/✏)

⌘

<latexit sha1_base64="7kQbd4ngJ059sCuoD35ZIHwe24I="></latexit><latexit sha1_base64="7kQbd4ngJ059sCuoD35ZIHwe24I="></latexit><latexit sha1_base64="7kQbd4ngJ059sCuoD35ZIHwe24I="></latexit><latexit sha1_base64="7kQbd4ngJ059sCuoD35ZIHwe24I="></latexit>

O

⇣
d (n/k)1�m/d0

<latexit sha1_base64="pUic3G3rAupKxXmZPXkP4sbZoLM="></latexit><latexit sha1_base64="pUic3G3rAupKxXmZPXkP4sbZoLM="></latexit><latexit sha1_base64="pUic3G3rAupKxXmZPXkP4sbZoLM="></latexit><latexit sha1_base64="pUic3G3rAupKxXmZPXkP4sbZoLM="></latexit>

Linear dependence on 
ambient dimensionality

Overcoming the Curse of Dimensionality 
in Nearest Neighbour Search



Complexity
• Query Time:

where:
– is the number of projection directions chosen by the user. 
– is the number of neighbours.
– is the number of data points.
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Complexity
• Space:
• Insertion Time:
• Deletion Time: 

O(m(d+ log n))

O(m log n)

O(mn)
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Complexity
• Space:
• Insertion Time:
• Deletion Time: 
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O(m(d+ log n))

O(m log n)

O(mn)

Linear dependence on dataset 
size (cf. LSH, which has a near-
quadratic dependence for high 
approximation quality)
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Complexity
• Space:
• Insertion Time:
• Deletion Time: Can insert and delete 

points without 
reconstructing the data 
structure, unlike most 

prior methods.  
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O(m(d+ log n))

O(m log n)

O(mn)
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Experiments
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Query Time on CIFAR-100

14x

approximation ratio =
distance to retrieved nearest neighbours

distance to true nearest neighbours
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Query Time on MNIST

116x

approximation ratio =
distance to retrieved nearest neighbours

distance to true nearest neighbours
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Query Time on MNIST
approximation ratio =

distance to retrieved nearest neighbours

distance to true nearest neighbours

116x
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Space Efficiency on CIFAR-100

22x
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Space Efficiency on MNIST

21x
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For More Details…
Implicit Maximum Likelihood Estimation
Ke Li, Jitendra Malik
arXiv:1809.09087, 2018

On the Implicit Assumptions of GANs
Ke Li, Jitendra Malik
NeurIPS Workshop on Critiquing and Correcting 
Trends in Machine Learning, 2018

Non-Adversarial Image Synthesis with 
Generative Latent Nearest Neighbors
Yedid Hoshen, Ke Li, Jitendra Malik
CVPR, 2019

Super-Resolution via Conditional Implicit 
Maximum Likelihood Estimation
Ke Li*, Shichong Peng*, Jitendra Malik
arXiv:1810.01406, 2018

Diverse Image Synthesis from Semantic Layouts 
via Conditional IMLE
Ke Li*, Tianhao Zhang*, Jitendra Malik
ICCV, 2019

Questions?
E-mail: ke.li@eecs.berkeley.edu
Website: http://www.eecs.berkeley.edu/~ke.li
Twitter: @KL_Div
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