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SUPERVISED LEARNING SETUP

▸ Data : 

▸ Noise-free setting:  

▸ Model:

{(xi, yi)} ⇠ ⌫ 2 M(Rm ⇥ R).
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f(x;⇥), ⇥ 2 D .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

yi = f⇤(xi) for some f⇤ 2 L2(Rm, d⌫).
<latexit sha1_base64="ILc67V4vZ6INjOhuvycSCajgPDg="></latexit>

F := {f(·,⇥);⇥ 2 D}.
<latexit sha1_base64="jCwGN4UtFnAPKDmb/SK93TqVsds=">AAACJnicjVDLSsNAFJ3UV62vqks3g0WoIKVRQVEKRUVcVugLmlAm00k7dDIJMzdCCfkaN/6KGxcVEXd+iklbREXBAwOHc87l3jlOILiGcvnNyMzNLywuZZdzK6tr6xv5za2m9kNFWYP6wldth2gmuGQN4CBYO1CMeI5gLWd4mfqtO6Y092UdRgGzPdKX3OWUQCJ18xXLIzCgRETX8VkFWxF2ixbt+XCArfqAAdk/nxFscYk/01cxtuJSN18wS+UJ8N+kgGaodfNjq+fT0GMSqCBad8xyAHZEFHAqWJyzQs0CQoekzzoJlcRj2o4m34zxXqL0sOur5EnAE/XrREQ8rUeekyTTM/VPLxV/8zohuKd2xGUQApN0usgNBQYfp53hHleMghglhFDFk1sxHRBFKCTN5v5XQvOwZB6VzNvjQvViVkcW7aBdVEQmOkFVdINqqIEoukePaIyejQfjyXgxXqfRjDGb2UbfYLx/ANiKpCk=</latexit>



SUPERVISED LEARNING SETUP

▸ Data : 

▸ Noise-free setting:  

▸ Model:  

▸ Loss:  

▸ Empirical loss: 

{(xi, yi)} ⇠ ⌫ 2 M(Rm ⇥ R).
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f(x;⇥), ⇥ 2 D .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

yi = f⇤(xi) for some f⇤ 2 L2(Rm, d⌫).
<latexit sha1_base64="ILc67V4vZ6INjOhuvycSCajgPDg="></latexit>

R(f) convex, e.g.
<latexit sha1_base64="giu0ntReV8/0GvWz57CuOuLi960=">AAACDXicjVA9SwNBEN2LXzF+nVraLEYhghw5FbQM2lhGMYmQhLC3mUuW7O0du3Mh4cgfsPGv2FgoYmtv57/x8lGoKPhg4PHeDDPzvEgKg8Xih5WZm19YXMou51ZW19Y37M2tqgljzaHCQxnqW48ZkEJBBQVKuI00sMCTUPN6F2O/1gdtRKhucBhBM2AdJXzBGaZSy95rBAy7nMnkelTwD2gDYYAJ5aHqw+CQgtNx6Khl512nOAH9m+TJDOWW/d5ohzwOQCGXzJi6W4ywmTCNgksY5RqxgYjxHutAPaWKBWCayeSbEd1PlTb1Q52WQjpRv04kLDBmGHhp5/h289Mbi7959Rj9s2YiVBQjKD5d5MeSYkjH0dC20MBRDlPCuBbprZR3mWYc0wBz/wuheuS4x457dZIvnc/iyJIdsksKxCWnpEQuSZlUCCd35IE8kWfr3nq0XqzXaWvGms1sk2+w3j4B8Iaa0A==</latexit>

R(f) =

Z
|f(x)� f⇤(x)|2d⌫(x) .

<latexit sha1_base64="OzJqDxxvNXPDm7641skUNDGZ47g=">AAACJHicjVDLSgMxFM3UV62vqks3wSK0gqVTBQURim5cVrEP6ExLJpNpQzOZIcmIZVr/xY2/4saFD1y48VvMtF2oKHggcDjnXu7JcUJGpSqV3o3UzOzc/EJ6MbO0vLK6ll3fqMsgEpjUcMAC0XSQJIxyUlNUMdIMBUG+w0jD6Z8lfuOaCEkDfqUGIbF91OXUoxgpLXWyx5aPVA8jFl+O8l4BnkCLcgWHXv6mAPeg197VZNguw/Gc8GN3ZPEoMW+LnWzOLJbGgH+THJii2sm+WG6AI59whRmSsmWWQmXHSCiKGRllrEiSEOE+6pKWphz5RNrx+JMjuKMVF3qB0E8nHKtfN2LkSznwHT2ZRJU/vUT8zWtFyjuyY8rDSBGOJ4e8iEEVwKQx6FJBsGIDTRAWVGeFuIcEwkr3mvlfCfVy0dwvmhcHucrptI402ALbIA9McAgq4BxUQQ1gcAcewBN4Nu6NR+PVeJuMpozpzib4BuPjE/Yoooo=</latexit>

bR(f) =

Z
|f(x)� f⇤(x)|2d⌫̂(x) = 1

L

LX

l=1

|f(xl)� f⇤(xl)|2 .
<latexit sha1_base64="K9D//JutmbepwrdKcacDg0900zM="></latexit>

F := {f(·,⇥);⇥ 2 D}.
<latexit sha1_base64="jCwGN4UtFnAPKDmb/SK93TqVsds=">AAACJnicjVDLSsNAFJ3UV62vqks3g0WoIKVRQVEKRUVcVugLmlAm00k7dDIJMzdCCfkaN/6KGxcVEXd+iklbREXBAwOHc87l3jlOILiGcvnNyMzNLywuZZdzK6tr6xv5za2m9kNFWYP6wldth2gmuGQN4CBYO1CMeI5gLWd4mfqtO6Y092UdRgGzPdKX3OWUQCJ18xXLIzCgRETX8VkFWxF2ixbt+XCArfqAAdk/nxFscYk/01cxtuJSN18wS+UJ8N+kgGaodfNjq+fT0GMSqCBad8xyAHZEFHAqWJyzQs0CQoekzzoJlcRj2o4m34zxXqL0sOur5EnAE/XrREQ8rUeekyTTM/VPLxV/8zohuKd2xGUQApN0usgNBQYfp53hHleMghglhFDFk1sxHRBFKCTN5v5XQvOwZB6VzNvjQvViVkcW7aBdVEQmOkFVdINqqIEoukePaIyejQfjyXgxXqfRjDGb2UbfYLx/ANiKpCk=</latexit>

f 2 F .
<latexit sha1_base64="aDJ6haJPJ4yn8CAnpYQgSA4nyes=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBVUhU0GVREJcV7AOaUCbTSTt0MgkzEyGE+ituXCji1g9x5984abtQUfDAhcM593IPJ0w5U9p1P6zK0vLK6lp1vbaxubW9Y+/udVSSSULbJOGJ7IVYUc4EbWumOe2lkuI45LQbTi5Lv3tHpWKJuNV5SoMYjwSLGMHaSAO7HiGfCeTHWI8J5sXV1EEDu+E57gzob9KABVoD+90fJiSLqdCEY6X6npvqoMBSM8LptOZniqaYTPCI9g0VOKYqKGbhp+jQKEMUJdKM0Gimfr0ocKxUHodmswypfnql+JvXz3R0HhRMpJmmgswfRRlHOkFlE2jIJCWa54ZgIpnJisgYS0y06av2vxI6x4534ng3p43mxaKOKuzDARyBB2fQhGtoQRsI5PAAT/Bs3VuP1ov1Ol+tWIubOnyD9fYJhsWUCg==</latexit>



SUPERVISED LEARNING SETUP

▸ Empirical Risk Minimisation: F� = {f 2 F ; kfk  �}.
<latexit sha1_base64="PIxXb1LaYXieiH1P6wX12YTzW98=">AAACK3icjVDLSgMxFM34rPU16tLNxSK4Kh0VFEQoCuKyglWhKSWT3rGhmcyYZIQy9n/c+CsudOEDt/6Hae1CRcEDgcM553JvTphKYWyl8uKNjU9MTk0XZoqzc/MLi/7S8plJMs2xzhOZ6IuQGZRCYd0KK/Ei1cjiUOJ52D0c+OfXqI1I1KntpdiM2aUSkeDMOqnlH9CY2Q5nMj/qt2gbpWWwDzSHCKhQ8MXdA3rjxBugEq9gFKX9MrT8UlCuDAF/kxIZodbyH2g74VmMynLJjGkEldQ2c6at4BL7RZoZTBnvsktsOKpYjKaZD//ah3WntCFKtHvKwlD9OpGz2JheHLrk4Hbz0xuIv3mNzEa7zVyoNLOo+OeiKJNgExgUB22hkVvZc4RxLdytwDtMM25dvcX/lXC2WQ62ysHJdql6MKqjQFbJGtkgAdkhVXJMaqROOLkl9+SJPHt33qP36r19Rse80cwK+Qbv/QMn6KZb</latexit>

(⇤) Find f̂ such that bR(f̂)  minf2F�
bR(f) + ✏.

<latexit sha1_base64="Faj1gNjgcqRcbWUjEE41MJWgWQA="></latexit>



SUPERVISED LEARNING SETUP

▸ Empirical Risk Minimisation: 

▸ “Fundamental Theorem of ML”: 

F� = {f 2 F ; kfk  �}.
<latexit sha1_base64="PIxXb1LaYXieiH1P6wX12YTzW98=">AAACK3icjVDLSgMxFM34rPU16tLNxSK4Kh0VFEQoCuKyglWhKSWT3rGhmcyYZIQy9n/c+CsudOEDt/6Hae1CRcEDgcM553JvTphKYWyl8uKNjU9MTk0XZoqzc/MLi/7S8plJMs2xzhOZ6IuQGZRCYd0KK/Ei1cjiUOJ52D0c+OfXqI1I1KntpdiM2aUSkeDMOqnlH9CY2Q5nMj/qt2gbpWWwDzSHCKhQ8MXdA3rjxBugEq9gFKX9MrT8UlCuDAF/kxIZodbyH2g74VmMynLJjGkEldQ2c6at4BL7RZoZTBnvsktsOKpYjKaZD//ah3WntCFKtHvKwlD9OpGz2JheHLrk4Hbz0xuIv3mNzEa7zVyoNLOo+OeiKJNgExgUB22hkVvZc4RxLdytwDtMM25dvcX/lXC2WQ62ysHJdql6MKqjQFbJGtkgAdkhVXJMaqROOLkl9+SJPHt33qP36r19Rse80cwK+Qbv/QMn6KZb</latexit>

(⇤) Find f̂ such that bR(f̂)  minf2F�
bR(f) + ✏.

<latexit sha1_base64="Faj1gNjgcqRcbWUjEE41MJWgWQA="></latexit>

R(f̂)� inf
f2F

R(f)  inf
f2F�

R(f)� inf
f2F

R(f)
| {z }

approx error

+2 sup
F�

|R(f)� bR(f)|
| {z }

statistical error

+ ✏|{z}
optim. error

.

<latexit sha1_base64="bXLQoR6GrqhLN3bKgmW143h60z8="></latexit>

[Bottou & Bousquet]



SUPERVISED LEARNING SETUP

▸ Empirical Risk Minimisation: 

▸ “Fundamental Theorem of ML”:  

▸ Main challenges in Supervised ML: 

▸ Approximation: Functional Approximation that is not cursed by input 
dimensionality. 

▸ Generalisation: Statistical Error handled with uniform concentration 
bounds. 

▸ Optimization: How to solve (*) efficiently in the high-dimensional regime? 

F� = {f 2 F ; kfk  �}.
<latexit sha1_base64="PIxXb1LaYXieiH1P6wX12YTzW98=">AAACK3icjVDLSgMxFM34rPU16tLNxSK4Kh0VFEQoCuKyglWhKSWT3rGhmcyYZIQy9n/c+CsudOEDt/6Hae1CRcEDgcM553JvTphKYWyl8uKNjU9MTk0XZoqzc/MLi/7S8plJMs2xzhOZ6IuQGZRCYd0KK/Ei1cjiUOJ52D0c+OfXqI1I1KntpdiM2aUSkeDMOqnlH9CY2Q5nMj/qt2gbpWWwDzSHCKhQ8MXdA3rjxBugEq9gFKX9MrT8UlCuDAF/kxIZodbyH2g74VmMynLJjGkEldQ2c6at4BL7RZoZTBnvsktsOKpYjKaZD//ah3WntCFKtHvKwlD9OpGz2JheHLrk4Hbz0xuIv3mNzEa7zVyoNLOo+OeiKJNgExgUB22hkVvZc4RxLdytwDtMM25dvcX/lXC2WQ62ysHJdql6MKqjQFbJGtkgAdkhVXJMaqROOLkl9+SJPHt33qP36r19Rse80cwK+Qbv/QMn6KZb</latexit>

(⇤) Find f̂ such that bR(f̂)  minf2F�
bR(f) + ✏.

<latexit sha1_base64="Faj1gNjgcqRcbWUjEE41MJWgWQA="></latexit>

R(f̂)� inf
f2F

R(f)  inf
f2F�

R(f)� inf
f2F

R(f)
| {z }

approx error

+2 sup
F�

|R(f)� bR(f)|
| {z }

statistical error

+ ✏|{z}
optim. error

.

<latexit sha1_base64="bXLQoR6GrqhLN3bKgmW143h60z8="></latexit>

[Bottou & Bousquet]



THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this 
tradeoff. 



THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this 
tradeoff.  

▸                                                                     is too big: the number of 
samples required to identify                 up to error    is                 
[von Luxburg & Bousquet]. 

▸                                                          . Minimax rate of approximation 
is cursed unless                    : only very smooth functions are 
allowed.

f⇤ 2 F
<latexit sha1_base64="9RhQuSIxP4jJT88R08msy3ujcXE=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBZBXJREBV0WBXFZwT6giWUynbRDJ5MwMxFCqL/ixoUibv0Qd/6Nk7YLFQUPXDiccy/3cIKEM6Ud58MqLSwuLa+UVytr6xubW/b2TlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfii8Dt3VCoWixudJdSP8FCwkBGsjdS3q+HtIfKYQF6E9Yhgnl9O+nbNrTtToL9JDeZo9u13bxCTNKJCE46V6rlOov0cS80Ip5OKlyqaYDLGQ9ozVOCIKj+fhp+gfaMMUBhLM0Kjqfr1IseRUlkUmM0iovrpFeJvXi/V4ZmfM5GkmgoyexSmHOkYFU2gAZOUaJ4ZgolkJisiIywx0aavyv9KaB/V3eO6e31Sa5zP6yjDLuzBAbhwCg24gia0gEAGD/AEz9a99Wi9WK+z1ZI1v6nCN1hvn9uPlEQ=</latexit>

✏
<latexit sha1_base64="hQ1qCDE4JKP7LmlnYZeV/Oq86l8=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzEOSJcxOepMhszPLzKwQlnyFFw+KePVzvPk3Th4HFQULGoqqbrq7olRwY33/wyssLa+srhXXSxubW9s75d29plGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hoauq37lEbruStHacYJnQgecwZtU6662JquFCS9MqVoOrPQP4mFVig3iu/d/uKZQlKywQ1phP4qQ1zqi1nAielbmYwpWxEB9hxVNIETZjPDp6QI6f0Say0K2nJTP06kdPEmHESuc6E2qH56U3F37xOZuOLMOcyzSxKNl8UZ4JYRabfkz7XyKwYO0KZ5u5WwoZUU2ZdRqX/hdA8qQan1eDmrFK7XMRRhAM4hGMI4BxqcA11aACDBB7gCZ497T16L97rvLXgLWb24Ru8t0+q+pBQ</latexit>

⌦(✏�m)
<latexit sha1_base64="iD8blRFMRIn7gwUNDHtLMk9H38s=">AAAB/nicjVDJSgNBFOyJW4zbqHjy0hiEeDBkVNBj0Is3I5gFMmPo6bxJmvQydPcIYQj4K148KOLV7/Dm3zhZDioKFjwoqt7jFRXGnBlbqXw4ubn5hcWl/HJhZXVtfcPd3GoYlWgKdaq40q2QGOBMQt0yy6EVayAi5NAMBxdjv3kH2jAlb+wwhkCQnmQRo8RmUsfd8a8E9EjJh9gwruRteihGBx236JUrE+C/SRHNUOu4735X0USAtJQTY9peJbZBSrRllMOo4CcGYkIHpAftjEoiwATpJP4I72dKF0dKZyMtnqhfL1IijBmKMNsUxPbNT28s/ua1ExudBSmTcWJB0umjKOHYKjzuAneZBmr5MCOEapZlxbRPNKE2a6zwvxIaR2XvuOxdnxSr57M68mgX7aES8tApqqJLVEN1RFGKHtATenbunUfnxXmdruac2c02+gbn7RPKhZVf</latexit>

F = H
s,p : Sobolev spaces

<latexit sha1_base64="A2aHIlIr8NM9MBWuoRShJO80VP0=">AAACIHicjVBNSwMxEM36WevXqkcvwSJ4kNJVoSIIoiA9KlotdGvJptMamt0syaxYlv0pXvwrXjwoojf9Naa1iIqCDwIv781MMi+IpTBYKr06I6Nj4xOTuan89Mzs3Ly7sHhmVKI5VLmSStcCZkCKCKooUEIt1sDCQMJ50D3o++dXoI1Q0Sn2YmiErBOJtuAMrdR0y37I8JIzmR5mu/TzUskuUrMeZzvUR7jGlJ6oQEm4oiZmHExGm27BK5YGoH+TAhniqOm++C3FkxAi5JIZU/dKMTZSplFwCVneTwzY2V3WgbqlEQvBNNLBghldtUqLtpW2J0I6UL92pCw0phcGtrK/gfnp9cXfvHqC7e1GKqI4QYj4x0PtRFJUtJ8WbQkNHGXPEsa1sH+l/JJpxtFmmv9fCGcbRW+z6B1vFfb2h3HkyDJZIWvEI2WyRyrkiFQJJzfkjjyQR+fWuXeenOeP0hFn2LNEvsF5ewdWYqOv</latexit>

F = {f : Rd ! R is Lipschitz}
<latexit sha1_base64="cj4MmQQ1dDt3wgMfduEU4Gv5q7w="></latexit>

s � d/2
<latexit sha1_base64="4OuVGi9qeM7tBIQJ3nBGrsYJyV0=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYBA8xd0o6DHoxWME88BkCbOzvcmQ2dl1ZlYIS/7CiwdFvPo33vwbJ4+DioIFDUVVN91dQSq4Nq774SwsLi2vrBbWiusbm1vbpZ3dpk4yxbDBEpGodkA1Ci6xYbgR2E4V0jgQ2AqGlxO/dY9K80TemFGKfkz7kkecUWOlW026fbwj4XG1Vyp7FXcK8jcpwxz1Xum9GyYsi1EaJqjWHc9NjZ9TZTgTOC52M40pZUPax46lksao/Xx68ZgcWiUkUaJsSUOm6teJnMZaj+LAdsbUDPRPbyL+5nUyE537OZdpZlCy2aIoE8QkZPI+CblCZsTIEsoUt7cSNqCKMmNDKv4vhGa14p1UvOvTcu1iHkcB9uEAjsCDM6jBFdShAQwkPMATPDvaeXRenNdZ64Izn9mDb3DePgE3MY/1</latexit>



THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this tradeoff.  

▸                                                                     is too big: the number of 
samples required to identify                 up to error    is                 [von 
Luxburg & Bousquet]. 

▸                                                          . Minimax rate of approximation is 
cursed unless                    : only very smooth functions are allowed. 

▸ Which functions can be provably learnt in the high-
dimensional regime?

f⇤ 2 F
<latexit sha1_base64="9RhQuSIxP4jJT88R08msy3ujcXE=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBZBXJREBV0WBXFZwT6giWUynbRDJ5MwMxFCqL/ixoUibv0Qd/6Nk7YLFQUPXDiccy/3cIKEM6Ud58MqLSwuLa+UVytr6xubW/b2TlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfii8Dt3VCoWixudJdSP8FCwkBGsjdS3q+HtIfKYQF6E9Yhgnl9O+nbNrTtToL9JDeZo9u13bxCTNKJCE46V6rlOov0cS80Ip5OKlyqaYDLGQ9ozVOCIKj+fhp+gfaMMUBhLM0Kjqfr1IseRUlkUmM0iovrpFeJvXi/V4ZmfM5GkmgoyexSmHOkYFU2gAZOUaJ4ZgolkJisiIywx0aavyv9KaB/V3eO6e31Sa5zP6yjDLuzBAbhwCg24gia0gEAGD/AEz9a99Wi9WK+z1ZI1v6nCN1hvn9uPlEQ=</latexit>

✏
<latexit sha1_base64="hQ1qCDE4JKP7LmlnYZeV/Oq86l8=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzEOSJcxOepMhszPLzKwQlnyFFw+KePVzvPk3Th4HFQULGoqqbrq7olRwY33/wyssLa+srhXXSxubW9s75d29plGZZthgSijdjqhBwSU2LLcC26lGmkQCW9Hoauq37lEbruStHacYJnQgecwZtU6662JquFCS9MqVoOrPQP4mFVig3iu/d/uKZQlKywQ1phP4qQ1zqi1nAielbmYwpWxEB9hxVNIETZjPDp6QI6f0Say0K2nJTP06kdPEmHESuc6E2qH56U3F37xOZuOLMOcyzSxKNl8UZ4JYRabfkz7XyKwYO0KZ5u5WwoZUU2ZdRqX/hdA8qQan1eDmrFK7XMRRhAM4hGMI4BxqcA11aACDBB7gCZ497T16L97rvLXgLWb24Ru8t0+q+pBQ</latexit>

⌦(✏�m)
<latexit sha1_base64="iD8blRFMRIn7gwUNDHtLMk9H38s=">AAAB/nicjVDJSgNBFOyJW4zbqHjy0hiEeDBkVNBj0Is3I5gFMmPo6bxJmvQydPcIYQj4K148KOLV7/Dm3zhZDioKFjwoqt7jFRXGnBlbqXw4ubn5hcWl/HJhZXVtfcPd3GoYlWgKdaq40q2QGOBMQt0yy6EVayAi5NAMBxdjv3kH2jAlb+wwhkCQnmQRo8RmUsfd8a8E9EjJh9gwruRteihGBx236JUrE+C/SRHNUOu4735X0USAtJQTY9peJbZBSrRllMOo4CcGYkIHpAftjEoiwATpJP4I72dKF0dKZyMtnqhfL1IijBmKMNsUxPbNT28s/ua1ExudBSmTcWJB0umjKOHYKjzuAneZBmr5MCOEapZlxbRPNKE2a6zwvxIaR2XvuOxdnxSr57M68mgX7aES8tApqqJLVEN1RFGKHtATenbunUfnxXmdruac2c02+gbn7RPKhZVf</latexit>

F = H
s,p : Sobolev spaces
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F = {f : Rd ! R is Lipschitz}
<latexit sha1_base64="cj4MmQQ1dDt3wgMfduEU4Gv5q7w="></latexit>

s � d/2
<latexit sha1_base64="4OuVGi9qeM7tBIQJ3nBGrsYJyV0=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYBA8xd0o6DHoxWME88BkCbOzvcmQ2dl1ZlYIS/7CiwdFvPo33vwbJ4+DioIFDUVVN91dQSq4Nq774SwsLi2vrBbWiusbm1vbpZ3dpk4yxbDBEpGodkA1Ci6xYbgR2E4V0jgQ2AqGlxO/dY9K80TemFGKfkz7kkecUWOlW026fbwj4XG1Vyp7FXcK8jcpwxz1Xum9GyYsi1EaJqjWHc9NjZ9TZTgTOC52M40pZUPax46lksao/Xx68ZgcWiUkUaJsSUOm6teJnMZaj+LAdsbUDPRPbyL+5nUyE537OZdpZlCy2aIoE8QkZPI+CblCZsTIEsoUt7cSNqCKMmNDKv4vhGa14p1UvOvTcu1iHkcB9uEAjsCDM6jBFdShAQwkPMATPDvaeXRenNdZ64Izn9mDb3DePgE3MY/1</latexit>



THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this tradeoff.  

▸                                                                     is too big: the number of 
samples required to identify                 up to error    is                 [von 
Luxburg & Bousquet]. 

▸                                                          . Minimax rate of approximation is 
cursed unless                    : only very smooth functions are allowed. 

▸ Which functions can be provably learnt in the high-
dimensional regime?  

▸ … with neural networks (and using gradient descent)?  

▸ … with deep neural networks? 

▸ … with deep convolutional neural networks? 

f⇤ 2 F
<latexit sha1_base64="9RhQuSIxP4jJT88R08msy3ujcXE=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBZBXJREBV0WBXFZwT6giWUynbRDJ5MwMxFCqL/ixoUibv0Qd/6Nk7YLFQUPXDiccy/3cIKEM6Ud58MqLSwuLa+UVytr6xubW/b2TlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfii8Dt3VCoWixudJdSP8FCwkBGsjdS3q+HtIfKYQF6E9Yhgnl9O+nbNrTtToL9JDeZo9u13bxCTNKJCE46V6rlOov0cS80Ip5OKlyqaYDLGQ9ozVOCIKj+fhp+gfaMMUBhLM0Kjqfr1IseRUlkUmM0iovrpFeJvXi/V4ZmfM5GkmgoyexSmHOkYFU2gAZOUaJ4ZgolkJisiIywx0aavyv9KaB/V3eO6e31Sa5zP6yjDLuzBAbhwCg24gia0gEAGD/AEz9a99Wi9WK+z1ZI1v6nCN1hvn9uPlEQ=</latexit>

✏
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F = H
s,p : Sobolev spaces
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F = {f : Rd ! R is Lipschitz}
<latexit sha1_base64="cj4MmQQ1dDt3wgMfduEU4Gv5q7w="></latexit>

s � d/2
<latexit sha1_base64="4OuVGi9qeM7tBIQJ3nBGrsYJyV0=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYBA8xd0o6DHoxWME88BkCbOzvcmQ2dl1ZlYIS/7CiwdFvPo33vwbJ4+DioIFDUVVN91dQSq4Nq774SwsLi2vrBbWiusbm1vbpZ3dpk4yxbDBEpGodkA1Ci6xYbgR2E4V0jgQ2AqGlxO/dY9K80TemFGKfkz7kkecUWOlW026fbwj4XG1Vyp7FXcK8jcpwxz1Xum9GyYsi1EaJqjWHc9NjZ9TZTgTOC52M40pZUPax46lksao/Xx68ZgcWiUkUaJsSUOm6teJnMZaj+LAdsbUDPRPbyL+5nUyE537OZdpZlCy2aIoE8QkZPI+CblCZsTIEsoUt7cSNqCKMmNDKv4vhGa14p1UvOvTcu1iHkcB9uEAjsCDM6jBFdShAQwkPMATPDvaeXRenNdZ64Izn9mDb3DePgE3MY/1</latexit>



THIS WORK

▸ Focus on simplest neural network family: single hidden-layer. 

▸ With appropriate scaling, overparametrised regime admits mean-
field limit, in which dynamics become tractable and described by a 
PDE. 

▸ Scaling is consistent with variation norm spaces, which avoid curse 
of dimensionality for “sums of simple functions”.  



THIS WORK

▸ Focus on simplest neural network family: single hidden-layer. 

▸ With appropriate scaling, overparametrised regime admits mean-
field limit, in which dynamics become tractable and described by a 
PDE. 

▸ Scaling is consistent with variation norm spaces, which avoid curse of 
dimensionality for “sums of simple functions”.   

▸ We propose non-local modification of the dynamics based on 
unbalanced transport using birth/death processes. 

▸ New dynamics with provable global convergence and generalization. 

▸ Although defined in the infinite limit, they admit finite-particle 
implementation and analysis. 

▸ Improved convergence with minimal algorithmic impact.



SINGLE HIDDEN-LAYER NEURAL NETWORK

▸                                            is a sum of “ridge” functions: 

▸ Three basic scaling quantities:  

▸    datapoints,     input dimensions,     neurons.

x 2 Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n ‘neurons’
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

d
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ŷ = f(x;⇥),
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f(x;⇥) =
X

jn

'̃(x; ✓j)

<latexit sha1_base64="QQMLTqPo7d851qKdCPddLyU8Zl4=">AAACJHicjVDLSsNAFJ34rPVVdelmsAi6KY0KCkUQ3bis0IfQlDCZ3tjRySTO3Igl9GPc+CtuXPjAhRu/xSTtQkXBAxcO55zLzD1eJIXBavXdmpicmp6ZLcwV5xcWl5ZLK6stE8aaQ5OHMtTnHjMghYImCpRwHmlggSeh7V2dZH77BrQRoWrgIIJuwC6U8AVnmEpuqeZv3dao0+gDsm16SB0TB25ySR0J11QNqYNC9iBxbpiO+mKYhzELu5fbbqlsV6o56N+kTMaou6UXpxfyOACFXDJjOnY1wm7CNAouYVh0YgMR41fsAjopVSwA003yI4d0M1V61A91Ogpprn7dSFhgzCDw0mTAsG9+epn4m9eJ0T/oJkJFMYLio4f8WFIMadYY7QkNHOUgJYxrkf6V8j7TjGPaa/F/JbR2KvZuxT7bKx8dj+sokHWyQbaITfbJETklddIknNyRB/JEnq1769F6td5G0QlrvLNGvsH6+AQN0KPh</latexit>

'̃(x; ✓) = a'(x; z),

'(x; z) = �(hx,wi+ b),

✓ = {a, z} 2 R⇥D.
<latexit sha1_base64="gALuGr0tyz/CTJdJGyfavU2SdP4="></latexit>



SINGLE HIDDEN-LAYER NEURAL NETWORK

▸ As               , for appropriate base measure                     , we 
have the integral representation 

x 2 Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n ‘neurons’
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ŷ = f(x;⇥),
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n ! 1
<latexit sha1_base64="nQ/RNaAICeXP13qSSjxMHEN5ddc=">AAAB83icjVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ac0oWy2m3bpZhN2J0II/RtePCji1T/jzX/j9uOgouCDgcd7M8zMC1MpDLruh1NaWV1b3yhvVra2d3b3qvsHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hrmd++5NiJRd5inPIjpSIlIMIpW8hXxMSG+UBHmg2rNq7tzkL9JDZZoDarv/jBhWcwVMkmN6XtuikFBNQom+bTiZ4anlE3oiPctVTTmJijmN0/JiVWGJEq0LYVkrn6dKGhsTB6HtjOmODY/vZn4m9fPMLoMCqHSDLlii0VRJon9cxYAGQrNGcrcEsq0sLcSNqaaMrQxVf4XQues7p3XvdtGrXm1jKMMR3AMp+DBBTThBlrQBgYpPMATPDuZ8+i8OK+L1pKznDmEb3DePgGhUZFr</latexit>

� 2 M(D)
<latexit sha1_base64="AhG4W9w7ZhW2IMmvQSALhobE03s=">AAACDHicjVDLSgMxFM3UV62vqks3wSLUTZlRQZdFXbgRKtgHdIZyJ820oUlmSDJCGfoBbvwVNy4UcesHuPNvTB+IioIHAodzzuXenDDhTBvXfXdyc/MLi0v55cLK6tr6RnFzq6HjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDs7GfvOGKs1ieW2GCQ0E9CSLGAFjpU6x5PdACMA+k9gXYPoEeHY5Kn/y89G+TXkVdwL8NymhGWqd4pvfjUkqqDSEg9Ztz01MkIEyjHA6KvippgmQAfRo21IJguogm3xmhPes0sVRrOyTBk/UrxMZCK2HIrTJ8Y36pzcWf/PaqYlOgozJJDVUkumiKOXYxHjcDO4yRYnhQ0uAKGZvxaQPCoix/RX+V0LjoOIdVryro1L1dFZHHu2gXVRGHjpGVXSBaqiOCLpF9+gRPTl3zoPz7LxMozlnNrONvsF5/QBFGpsf</latexit>

f(x;⇥) =
X

jn

'̃(x; ✓j)

<latexit sha1_base64="QQMLTqPo7d851qKdCPddLyU8Zl4=">AAACJHicjVDLSsNAFJ34rPVVdelmsAi6KY0KCkUQ3bis0IfQlDCZ3tjRySTO3Igl9GPc+CtuXPjAhRu/xSTtQkXBAxcO55zLzD1eJIXBavXdmpicmp6ZLcwV5xcWl5ZLK6stE8aaQ5OHMtTnHjMghYImCpRwHmlggSeh7V2dZH77BrQRoWrgIIJuwC6U8AVnmEpuqeZv3dao0+gDsm16SB0TB25ySR0J11QNqYNC9iBxbpiO+mKYhzELu5fbbqlsV6o56N+kTMaou6UXpxfyOACFXDJjOnY1wm7CNAouYVh0YgMR41fsAjopVSwA003yI4d0M1V61A91Ogpprn7dSFhgzCDw0mTAsG9+epn4m9eJ0T/oJkJFMYLio4f8WFIMadYY7QkNHOUgJYxrkf6V8j7TjGPaa/F/JbR2KvZuxT7bKx8dj+sokHWyQbaITfbJETklddIknNyRB/JEnq1769F6td5G0QlrvLNGvsH6+AQN0KPh</latexit>

'̃(x; ✓) = a'(x; z),

'(x; z) = �(hx,wi+ b),

✓ = {a, z} 2 R⇥D.
<latexit sha1_base64="gALuGr0tyz/CTJdJGyfavU2SdP4="></latexit>

f(x) =

Z

D
'(x, z)g(z)�(dz).

<latexit sha1_base64="I+zwjAUx/wD8uiFIyXuaRrE//CQ=">AAACH3icjVBNSwMxEM36WetX1aOXYBG2IKWrol6Eoh48VrAqdJdlNs22wSS7JFmxLv0nXvwrXjwoIt76b0xrDyoKPpjh8d4Mybwo5UybWm3gTExOTc/MFuaK8wuLS8ulldULnWSK0CZJeKKuItCUM0mbhhlOr1JFQUScXkbXx0P/8oYqzRJ5bnopDQR0JIsZAWOlsLQXu7cVfIh9Jk3oCzBdAjw/6WP/BlTaZe7tFr6r4I5rm98BIcBt31WqYansVWsj4L9JGY3RCEvvfjshmaDSEA5at7xaaoIclGGE037RzzRNgVxDh7YslSCoDvLRfX28aZU2jhNlSxo8Ur9u5CC07onITg4v0D+9ofib18pMfBDkTKaZoZJ8PhRnHJsED8PCbaYoMbxnCRDF7F8x6YICYmykxf+FcLFd9Xaq3tluuX40jqOA1tEGcpGH9lEdnaIGaiKC7tEjekYvzoPz5Lw6b5+jE854Zw19gzP4AGd6oLQ=</latexit>



SINGLE HIDDEN-LAYER NEURAL NETWORK

▸ As               , for appropriate base measure                     , we 
have the integral representation  

▸ Universal Approx: shallow representations are dense in            
under uniform compact convergence iff     is not a polynomial     
[Barron, Bartlett, Petrushev, Lehno, Cybenko, Hornik, Pinkus].

x 2 Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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ŷ = f(x;⇥),
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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f(x;⇥) =
X

jn

'̃(x; ✓j)

<latexit sha1_base64="QQMLTqPo7d851qKdCPddLyU8Zl4=">AAACJHicjVDLSsNAFJ34rPVVdelmsAi6KY0KCkUQ3bis0IfQlDCZ3tjRySTO3Igl9GPc+CtuXPjAhRu/xSTtQkXBAxcO55zLzD1eJIXBavXdmpicmp6ZLcwV5xcWl5ZLK6stE8aaQ5OHMtTnHjMghYImCpRwHmlggSeh7V2dZH77BrQRoWrgIIJuwC6U8AVnmEpuqeZv3dao0+gDsm16SB0TB25ySR0J11QNqYNC9iBxbpiO+mKYhzELu5fbbqlsV6o56N+kTMaou6UXpxfyOACFXDJjOnY1wm7CNAouYVh0YgMR41fsAjopVSwA003yI4d0M1V61A91Ogpprn7dSFhgzCDw0mTAsG9+epn4m9eJ0T/oJkJFMYLio4f8WFIMadYY7QkNHOUgJYxrkf6V8j7TjGPaa/F/JbR2KvZuxT7bKx8dj+sokHWyQbaITfbJETklddIknNyRB/JEnq1769F6td5G0QlrvLNGvsH6+AQN0KPh</latexit>

'̃(x; ✓) = a'(x; z),

'(x; z) = �(hx,wi+ b),

✓ = {a, z} 2 R⇥D.
<latexit sha1_base64="gALuGr0tyz/CTJdJGyfavU2SdP4="></latexit>

f(x) =

Z

D
'(x, z)g(z)�(dz).

<latexit sha1_base64="I+zwjAUx/wD8uiFIyXuaRrE//CQ=">AAACH3icjVBNSwMxEM36WetX1aOXYBG2IKWrol6Eoh48VrAqdJdlNs22wSS7JFmxLv0nXvwrXjwoIt76b0xrDyoKPpjh8d4Mybwo5UybWm3gTExOTc/MFuaK8wuLS8ulldULnWSK0CZJeKKuItCUM0mbhhlOr1JFQUScXkbXx0P/8oYqzRJ5bnopDQR0JIsZAWOlsLQXu7cVfIh9Jk3oCzBdAjw/6WP/BlTaZe7tFr6r4I5rm98BIcBt31WqYansVWsj4L9JGY3RCEvvfjshmaDSEA5at7xaaoIclGGE037RzzRNgVxDh7YslSCoDvLRfX28aZU2jhNlSxo8Ur9u5CC07onITg4v0D+9ofib18pMfBDkTKaZoZJ8PhRnHJsED8PCbaYoMbxnCRDF7F8x6YICYmykxf+FcLFd9Xaq3tluuX40jqOA1tEGcpGH9lEdnaIGaiKC7tEjekYvzoPz5Lw6b5+jE854Zw19gzP4AGd6oLQ=</latexit>



SINGLE HIDDEN-LAYER NEURAL NETWORK

▸ As               , for appropriate base measure                     , we 
have the integral representation  

▸ Universal Approx: shallow representations are dense in            
under uniform compact convergence iff     is not a polynomial     
[Barron, Bartlett, Petrushev, Lehno, Cybenko, Hornik, Pinkus]. 

▸ What are the associated functional spaces? 

x 2 Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n ‘neurons’
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ŷ = f(x;⇥),
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n ! 1
<latexit sha1_base64="nQ/RNaAICeXP13qSSjxMHEN5ddc=">AAAB83icjVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ac0oWy2m3bpZhN2J0II/RtePCji1T/jzX/j9uOgouCDgcd7M8zMC1MpDLruh1NaWV1b3yhvVra2d3b3qvsHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hrmd++5NiJRd5inPIjpSIlIMIpW8hXxMSG+UBHmg2rNq7tzkL9JDZZoDarv/jBhWcwVMkmN6XtuikFBNQom+bTiZ4anlE3oiPctVTTmJijmN0/JiVWGJEq0LYVkrn6dKGhsTB6HtjOmODY/vZn4m9fPMLoMCqHSDLlii0VRJon9cxYAGQrNGcrcEsq0sLcSNqaaMrQxVf4XQues7p3XvdtGrXm1jKMMR3AMp+DBBTThBlrQBgYpPMATPDuZ8+i8OK+L1pKznDmEb3DePgGhUZFr</latexit>

� 2 M(D)
<latexit sha1_base64="AhG4W9w7ZhW2IMmvQSALhobE03s=">AAACDHicjVDLSgMxFM3UV62vqks3wSLUTZlRQZdFXbgRKtgHdIZyJ820oUlmSDJCGfoBbvwVNy4UcesHuPNvTB+IioIHAodzzuXenDDhTBvXfXdyc/MLi0v55cLK6tr6RnFzq6HjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDs7GfvOGKs1ieW2GCQ0E9CSLGAFjpU6x5PdACMA+k9gXYPoEeHY5Kn/y89G+TXkVdwL8NymhGWqd4pvfjUkqqDSEg9Ztz01MkIEyjHA6KvippgmQAfRo21IJguogm3xmhPes0sVRrOyTBk/UrxMZCK2HIrTJ8Y36pzcWf/PaqYlOgozJJDVUkumiKOXYxHjcDO4yRYnhQ0uAKGZvxaQPCoix/RX+V0LjoOIdVryro1L1dFZHHu2gXVRGHjpGVXSBaqiOCLpF9+gRPTl3zoPz7LxMozlnNrONvsF5/QBFGpsf</latexit>

C(Rd)
<latexit sha1_base64="LOjLWUQrxXtx4qO506nvgtNBA7M=">AAACAnicjVBNS8NAEJ34WetX1JN4WSxCvZREBT0We/FYxX5AG8tms2mXbjZhdyOUELz4V7x4UMSrv8Kb/8Yk7UFFwQcDj/dmmJnnRpwpbVkfxtz8wuLScmmlvLq2vrFpbm23VRhLQlsk5KHsulhRzgRtaaY57UaS4sDltOOOG7nfuaVSsVBc60lEnQAPBfMZwTqTBuZuP8B6RDBPGmm14K6bXKU33uHArNg1qwD6m1RghubAfO97IYkDKjThWKmebUXaSbDUjHCalvuxohEmYzykvYwKHFDlJMULKTrIFA/5ocxKaFSoXycSHCg1CdysMz9S/fRy8TevF2v/zEmYiGJNBZku8mOOdIjyPJDHJCWaTzKCiWTZrYiMsMREZ6mV/xdC+6hmH9fsy5NK/XwWRwn2YB+qYMMp1OECmtACAnfwAE/wbNwbj8aL8TptnTNmMzvwDcbbJyc+l0M=</latexit>

�
<latexit sha1_base64="c8TXR4hGmA6LTZvqasqG7cvy9tM=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4jmAckS5idzCZDZmaXmV4hLPkILx4U8er3ePNvnDwOKgoWNBRV3XR3RakUFn3/wyusrK6tbxQ3S1vbO7t75f2Dlk0yw3iTJTIxnYhaLoXmTRQoeSc1nKpI8nY0vp757XturEj0HU5SHio61CIWjKKT2j0rhoqSfrkSVP05yN+kAks0+uX33iBhmeIamaTWdgM/xTCnBgWTfFrqZZanlI3pkHcd1VRxG+bzc6fkxCkDEifGlUYyV79O5FRZO1GR61QUR/anNxN/87oZxpdhLnSaIddssSjOJMGEzH4nA2E4QzlxhDIj3K2EjaihDF1Cpf+F0DqrBufV4LZWqV8t4yjCERzDKQRwAXW4gQY0gcEYHuAJnr3Ue/RevNdFa8FbzhzCN3hvn/mbj1M=</latexit>

f(x;⇥) =
X

jn

'̃(x; ✓j)

<latexit sha1_base64="QQMLTqPo7d851qKdCPddLyU8Zl4=">AAACJHicjVDLSsNAFJ34rPVVdelmsAi6KY0KCkUQ3bis0IfQlDCZ3tjRySTO3Igl9GPc+CtuXPjAhRu/xSTtQkXBAxcO55zLzD1eJIXBavXdmpicmp6ZLcwV5xcWl5ZLK6stE8aaQ5OHMtTnHjMghYImCpRwHmlggSeh7V2dZH77BrQRoWrgIIJuwC6U8AVnmEpuqeZv3dao0+gDsm16SB0TB25ySR0J11QNqYNC9iBxbpiO+mKYhzELu5fbbqlsV6o56N+kTMaou6UXpxfyOACFXDJjOnY1wm7CNAouYVh0YgMR41fsAjopVSwA003yI4d0M1V61A91Ogpprn7dSFhgzCDw0mTAsG9+epn4m9eJ0T/oJkJFMYLio4f8WFIMadYY7QkNHOUgJYxrkf6V8j7TjGPaa/F/JbR2KvZuxT7bKx8dj+sokHWyQbaITfbJETklddIknNyRB/JEnq1769F6td5G0QlrvLNGvsH6+AQN0KPh</latexit>

'̃(x; ✓) = a'(x; z),

'(x; z) = �(hx,wi+ b),

✓ = {a, z} 2 R⇥D.
<latexit sha1_base64="gALuGr0tyz/CTJdJGyfavU2SdP4="></latexit>

f(x) =

Z

D
'(x, z)g(z)�(dz).

<latexit sha1_base64="I+zwjAUx/wD8uiFIyXuaRrE//CQ=">AAACH3icjVBNSwMxEM36WetX1aOXYBG2IKWrol6Eoh48VrAqdJdlNs22wSS7JFmxLv0nXvwrXjwoIt76b0xrDyoKPpjh8d4Mybwo5UybWm3gTExOTc/MFuaK8wuLS8ulldULnWSK0CZJeKKuItCUM0mbhhlOr1JFQUScXkbXx0P/8oYqzRJ5bnopDQR0JIsZAWOlsLQXu7cVfIh9Jk3oCzBdAjw/6WP/BlTaZe7tFr6r4I5rm98BIcBt31WqYansVWsj4L9JGY3RCEvvfjshmaDSEA5at7xaaoIclGGE037RzzRNgVxDh7YslSCoDvLRfX28aZU2jhNlSxo8Ur9u5CC07onITg4v0D+9ofib18pMfBDkTKaZoZJ8PhRnHJsED8PCbaYoMbxnCRDF7F8x6YICYmykxf+FcLFd9Xaq3tluuX40jqOA1tEGcpGH9lEdnaIGaiKC7tEjekYvzoPz5Lw6b5+jE854Zw19gzP4AGd6oLQ=</latexit>



REPRODUCING KERNEL HILBERT SPACES

▸ Consider first       to be a fixed probability measure on     .�0
<latexit sha1_base64="zHPfegNsfn5o2MEBx6EYzvBtLvw=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOSJfROZpMhM7PrzKwQlvyEFw+KePV3vPk3Th4HFQULGoqqbrq7olRwY33/wyssLa+srhXXSxubW9s75d29pkkyTVmDJiLR7QgNE1yxhuVWsHaqGcpIsFY0upr6rXumDU/UrR2nLJQ4UDzmFK2T2t0BSok9v1euBFV/BvI3qcAC9V75vdtPaCaZslSgMZ3AT22Yo7acCjYpdTPDUqQjHLCOowolM2E+u3dCjpzSJ3GiXSlLZurXiRylMWMZuU6Jdmh+elPxN6+T2fgizLlKM8sUnS+KM0FsQqbPkz7XjFoxdgSp5u5WQoeokVoXUel/ITRPqsFpNbg5q9QuF3EU4QAO4RgCOIcaXEMdGkBBwAM8wbN35z16L97rvLXgLWb24Ru8t0+0Eo++</latexit>

D
<latexit sha1_base64="F5yZCa8MF/edRvWpAw+DKfHVTIE=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LKoC5cV7APSUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctF2oKHhg4HDOvdwzJ0ylMOi6H05paXllda28XtnY3Nreqe7utU2SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E46vC79xzbUSi7nCS8iCmQyUiwShaye/FFEeMyvx62q/WvLo7A/mb1GCBZr/63hskLIu5QiapMb7nphjkVKNgkk8rvczwlLIxHXLfUkVjboJ8FnlKjqwyIFGi7VNIZurXjZzGxkzi0E4WEc1PrxB/8/wMo4sgFyrNkCs2PxRlkmBCiv+TgdCcoZxYQpkWNithI6opQ9tS5X8ltE/q3mnduz2rNS4XdZThAA7hGDw4hwbcQBNawCCBB3iCZwedR+fFeZ2PlpzFzj58g/P2CXo+kWA=</latexit>

F2 =

⇢
f : Rd ! R ; f(x) =

Z

D
'(x, z)g(z)µ0(dz) and g 2 L2(D, dµ0)

�
.

<latexit sha1_base64="VYTctwkFpax6wnLYNXmXNAngVkM="></latexit>



REPRODUCING KERNEL HILBERT SPACES

▸ Consider first       to be a fixed probability measure on     . 

▸      is a Reproducing Kernel Hilbert Space, with kernel given 
by  

▸ Learning in these RKHS is well-understood (kernel ridge 
regression), with efficient optimization algorithms. 

▸ Efficient approximation algorithms through random features 
[Rahimi/Recht’08, Bach’17] . 

�0
<latexit sha1_base64="zHPfegNsfn5o2MEBx6EYzvBtLvw=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOSJfROZpMhM7PrzKwQlvyEFw+KePV3vPk3Th4HFQULGoqqbrq7olRwY33/wyssLa+srhXXSxubW9s75d29pkkyTVmDJiLR7QgNE1yxhuVWsHaqGcpIsFY0upr6rXumDU/UrR2nLJQ4UDzmFK2T2t0BSok9v1euBFV/BvI3qcAC9V75vdtPaCaZslSgMZ3AT22Yo7acCjYpdTPDUqQjHLCOowolM2E+u3dCjpzSJ3GiXSlLZurXiRylMWMZuU6Jdmh+elPxN6+T2fgizLlKM8sUnS+KM0FsQqbPkz7XjFoxdgSp5u5WQoeokVoXUel/ITRPqsFpNbg5q9QuF3EU4QAO4RgCOIcaXEMdGkBBwAM8wbN35z16L97rvLXgLWb24Ru8t0+0Eo++</latexit>

D
<latexit sha1_base64="F5yZCa8MF/edRvWpAw+DKfHVTIE=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LKoC5cV7APSUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctF2oKHhg4HDOvdwzJ0ylMOi6H05paXllda28XtnY3Nreqe7utU2SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E46vC79xzbUSi7nCS8iCmQyUiwShaye/FFEeMyvx62q/WvLo7A/mb1GCBZr/63hskLIu5QiapMb7nphjkVKNgkk8rvczwlLIxHXLfUkVjboJ8FnlKjqwyIFGi7VNIZurXjZzGxkzi0E4WEc1PrxB/8/wMo4sgFyrNkCs2PxRlkmBCiv+TgdCcoZxYQpkWNithI6opQ9tS5X8ltE/q3mnduz2rNS4XdZThAA7hGDw4hwbcQBNawCCBB3iCZwedR+fFeZ2PlpzFzj58g/P2CXo+kWA=</latexit>

F2 =

⇢
f : Rd ! R ; f(x) =

Z

D
'(x, z)g(z)µ0(dz) and g 2 L2(D, dµ0)

�
.

<latexit sha1_base64="VYTctwkFpax6wnLYNXmXNAngVkM="></latexit>

F2
<latexit sha1_base64="kc7Qf4zD0IC39WK01dvBrCUK/6Y=">AAAB9XicjVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoiMcI5gHJGnons8mQ2dllZlYJS/7DiwdFvPov3vwbZ5McVBQsaCiquumigkRwbVz3w1lYXFpeWS2sFdc3Nre2Szu7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6CL3W3dMaR7LGzNOmB/hQPKQUzRWuu1GaIYURXY56VVJr1T2Ku4U5G9ShjnqvdJ7tx/TNGLSUIFadzw3MX6GynAq2KTYTTVLkI5wwDqWSoyY9rNp6gk5tEqfhLGyIw2Zql8vMoy0HkeB3cxT6p9eLv7mdVITnvkZl0lqmKSzR2EqiIlJXgHpc8WoEWNLkCpusxI6RIXU2KKK/yuhWa14xxXv+qRcO5/XUYB9OIAj8OAUanAFdWgABQUP8ATPzr3z6Lw4r7PVBWd+swff4Lx9AgbkkjE=</latexit>

k(x, x0) =

Z
'(x, z)'(x0, z)µ0(dz)

<latexit sha1_base64="1BNEX0mEFkbR+/D6kUpy55tohPs=">AAACHXicjVDLSgMxFM3UV62vUZdugkXaQikzWtCNUHTjsoJ9QGcYMmmmDc08SDKl7dAfceOvuHGhiAs34t+YaQs+UPBA4Nxz7uXeHDdiVEjDeNcyS8srq2vZ9dzG5tb2jr671xRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3CZ+q0h4YKGwY0cR8T2US+gHsVIKsnRq4PiqDwqlOA5tGggoTVEPOpTJcJJ6bMqlNPKjx2j2J2UHD1vVowZ4N8kDxaoO/qr1Q1x7JNAYoaE6JhGJO0EcUkxI9OcFQsSITxAPdJRNEA+EXYy+90UHimlC72Qq6cunKlfJxLkCzH2XdXpI9kXP71U/M3rxNI7sxMaRLEkAZ4v8mIGZQjTqGCXcoIlGyuCMKfqVoj7iCMsVaC5/4XQPK6YJxXzupqvXSziyIIDcAiKwASnoAauQB00AAa34B48giftTnvQnrWXeWtGW8zsg2/Q3j4AoOqfKQ==</latexit>

[Bach’16]



REPRODUCING KERNEL HILBERT SPACES

▸ Consider first       to be a fixed probability measure on     . 

▸      is a Reproducing Kernel Hilbert Space, with kernel given by  

▸ Learning in these RKHS is well-understood (kernel ridge 
regression), with efficient optimization algorithms. 

▸ Efficient approximation algorithms through random features 
[Rahimi/Recht’08, Bach’17] .  

▸ However, they are cursed by dimensionality: only contain very 
smooth functions (derivatives of order          must exist).  

▸ Kernels arising from linearizing NNs recently studied [Arora et al., 
Mei et al. Tibshirani, Belkin]. (cf talks by S. Du, M.Belkin, J.Lee, ..)

�0
<latexit sha1_base64="zHPfegNsfn5o2MEBx6EYzvBtLvw=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOSJfROZpMhM7PrzKwQlvyEFw+KePV3vPk3Th4HFQULGoqqbrq7olRwY33/wyssLa+srhXXSxubW9s75d29pkkyTVmDJiLR7QgNE1yxhuVWsHaqGcpIsFY0upr6rXumDU/UrR2nLJQ4UDzmFK2T2t0BSok9v1euBFV/BvI3qcAC9V75vdtPaCaZslSgMZ3AT22Yo7acCjYpdTPDUqQjHLCOowolM2E+u3dCjpzSJ3GiXSlLZurXiRylMWMZuU6Jdmh+elPxN6+T2fgizLlKM8sUnS+KM0FsQqbPkz7XjFoxdgSp5u5WQoeokVoXUel/ITRPqsFpNbg5q9QuF3EU4QAO4RgCOIcaXEMdGkBBwAM8wbN35z16L97rvLXgLWb24Ru8t0+0Eo++</latexit>

D
<latexit sha1_base64="F5yZCa8MF/edRvWpAw+DKfHVTIE=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LKoC5cV7APSUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctF2oKHhg4HDOvdwzJ0ylMOi6H05paXllda28XtnY3Nreqe7utU2SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E46vC79xzbUSi7nCS8iCmQyUiwShaye/FFEeMyvx62q/WvLo7A/mb1GCBZr/63hskLIu5QiapMb7nphjkVKNgkk8rvczwlLIxHXLfUkVjboJ8FnlKjqwyIFGi7VNIZurXjZzGxkzi0E4WEc1PrxB/8/wMo4sgFyrNkCs2PxRlkmBCiv+TgdCcoZxYQpkWNithI6opQ9tS5X8ltE/q3mnduz2rNS4XdZThAA7hGDw4hwbcQBNawCCBB3iCZwedR+fFeZ2PlpzFzj58g/P2CXo+kWA=</latexit>

F2 =

⇢
f : Rd ! R ; f(x) =

Z

D
'(x, z)g(z)µ0(dz) and g 2 L2(D, dµ0)

�
.

<latexit sha1_base64="VYTctwkFpax6wnLYNXmXNAngVkM="></latexit>

F2
<latexit sha1_base64="kc7Qf4zD0IC39WK01dvBrCUK/6Y=">AAAB9XicjVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoiMcI5gHJGnons8mQ2dllZlYJS/7DiwdFvPov3vwbZ5McVBQsaCiquumigkRwbVz3w1lYXFpeWS2sFdc3Nre2Szu7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6CL3W3dMaR7LGzNOmB/hQPKQUzRWuu1GaIYURXY56VVJr1T2Ku4U5G9ShjnqvdJ7tx/TNGLSUIFadzw3MX6GynAq2KTYTTVLkI5wwDqWSoyY9rNp6gk5tEqfhLGyIw2Zql8vMoy0HkeB3cxT6p9eLv7mdVITnvkZl0lqmKSzR2EqiIlJXgHpc8WoEWNLkCpusxI6RIXU2KKK/yuhWa14xxXv+qRcO5/XUYB9OIAj8OAUanAFdWgABQUP8ATPzr3z6Lw4r7PVBWd+swff4Lx9AgbkkjE=</latexit>

k(x, x0) =

Z
'(x, z)'(x0, z)µ0(dz)
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TOTAL VARIATION SPACES

▸ Alternatively, we can consider  

▸      is a Banach space, with norm 

▸                (by Jensen’s inequality), and       contains sums of 
ridge functions.  

▸ Also known as Barron Spaces. 
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TOTAL VARIATION SPACES

▸ Alternatively, we can consider  

▸      is a Banach space, with norm 

▸                (by Jensen’s inequality), and       contains sums of 
ridge functions.  

▸ Also known as Barron Spaces.  

▸ How to perform optimization and approximation in these 
spaces? 
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NEURAL NETWORKS AS PARTICLE INTERACTION SYSTEMS

▸ No noise on targets: 

▸ Single-hidden layer architecture

f⇤ 2 L2(Rd, d⌫) : target function.
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NEURAL NETWORKS AS PARTICLE INTERACTION SYSTEMS

▸ No noise on targets: 

▸ Single-hidden layer architecture 

▸ With Square loss, penalized objective becomes 

▸ Hamiltonian of a system of     interacting particles.n
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NEURAL NETWORKS AS PARTICLE INTERACTION SYSTEMS

▸ No noise on targets: 

▸ Single-hidden layer architecture 

▸ With Square loss, penalized objective becomes 

▸ Hamiltonian of a system of     interacting particles. 

▸ Scaling in         contrasts with            , which leads to lazy or 
NTK regime [Chizat et al., Jacot et al., Arora et al, etc].
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CONTINUITY EQUATION

▸ Taking step-size of gradient-descent to zero, we have a 
gradient flow in parameter space:

✓̇i = �r✓iE(✓1, . . . , ✓n) , i = 1 . . . n.
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CONTINUITY EQUATION

▸ Taking step-size of gradient-descent to zero, we have a 
gradient flow in parameter space: 

▸ Eulerian perspective: Rewrite the energy in terms of the 
empirical measure
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CONTINUITY EQUATION

▸ Taking step-size of gradient-descent to zero, we have a 
gradient flow in parameter space: 

▸ Eulerian perspective: Rewrite the energy in terms of the 
empirical measure 

‣ The loss becomes 

‣ quadratic since we consider L2 loss 

‣ convex in the geometry of linear mixtures (not in general). 
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CONTINUITY EQUATION

‣ It follows that the particle gradients correspond to 
evaluating a scaled velocity field:

V (✓;µ) = �F (✓) +
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rV (✓1, µ)
<latexit sha1_base64="tQqfY9LeihUYuJwr6CP+LHrU1I0=">AAAB/3icjVDLSsNAFJ3UV62vqODGzWARKkhJVNBl0Y3LCrYVmhBuppN26GQSZm6EUrvwV9y4UMStv+HOvzF9LFQUPHDhcM693MMJUykMOs6HVZibX1hcKi6XVlbX1jfsza2mSTLNeIMlMtE3IRguheINFCj5Tao5xKHkrbB/MfZbt1wbkahrHKTcj6GrRCQYYC4F9o6nIJRAmxUPexwhcA+9ODsI7LJbdSagf5MymaEe2O9eJ2FZzBUyCca0XSdFfwgaBZN8VPIyw1Ngfejydk4VxNz4w0n+Ed3PlQ6NEp2PQjpRv14MITZmEIf5ZgzYMz+9sfib184wOvOHQqUZcsWmj6JMUkzouAzaEZozlIOcANMiz0pZDzQwzCsr/a+E5lHVPa66Vyfl2vmsjiLZJXukQlxySmrkktRJgzByRx7IE3m27q1H68V6na4WrNnNNvkG6+0TerqVGg==</latexit>

rV (✓i, µ)
<latexit sha1_base64="kKYfJeg23ArihQC5jMyDx0Mjn+s=">AAAB/3icjVDLSsNAFJ3UV62vqODGzWARKkhJVNBl0Y3LCrYVmhBuppN26GQSZm6EUrvwV9y4UMStv+HOvzF9LFQUPHDhcM693MMJUykMOs6HVZibX1hcKi6XVlbX1jfsza2mSTLNeIMlMtE3IRguheINFCj5Tao5xKHkrbB/MfZbt1wbkahrHKTcj6GrRCQYYC4F9o6nIJRAmxUPexwhEIdenB0EdtmtOhPQv0mZzFAP7Hevk7As5gqZBGParpOiPwSNgkk+KnmZ4SmwPnR5O6cKYm784ST/iO7nSodGic5HIZ2oXy+GEBsziMN8MwbsmZ/eWPzNa2cYnflDodIMuWLTR1EmKSZ0XAbtCM0ZykFOgGmRZ6WsBxoY5pWV/ldC86jqHlfdq5Ny7XxWR5Hskj1SIS45JTVySeqkQRi5Iw/kiTxb99aj9WK9TlcL1uxmm3yD9fYJ0LKVUg==</latexit>

[Mei, Montanari, Nguyen, PNAS’18]
[Rotskoff, EVE, NeurIPS’18] [Chizat, Bach, NeurIPS’18]

[Sirignano, Spiliopoulos,’18]



CONTINUITY EQUATION

‣ It follows that the particle gradients correspond to evaluating 
a scaled velocity field: 

▸ For general time-dependent measures     , their evolution 
under a time-varying velocity field                is given by a 
continuity equation: 

▸ This PDE corresponds to a non-linear Liouville equation.  
▸ Gradient flow of     for the Wasserstein metric 
▸ Exact description of particle gradient for atomic measures.

@tµt = div(µtrV ) , µ(0) = µ(0) , with
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (✓;µ) = �F (✓) +

Z
U(✓, ✓0)µ(d✓0) .

<latexit sha1_base64="NRA0BnnJBUv63DJyXSkR+FQZDBM=">AAACLnicjVBdSwJBFJ21L7Mvq8dehiRSssWtoCACKYoeDVoV3EVmx1EHZz+YuRuI+It66a/UQ1ARvfYzGnWDioIODHPm3HO5d44XCa6gVHoyUlPTM7Nz6fnMwuLS8kp2da2qwlhSZtNQhLLuEcUED5gNHASrR5IR3xOs5vXORvXaDZOKh8E19CPm+qQT8DanBLTUzJ5X8w50GZBjx48L+ATvXiRCAe9ghweA7UQo4sm9XcDam299vpyi2czmLLM0Bv6b5FCCSjP74LRCGvssACqIUg2rFIE7IBI4FWyYcWLFIkJ7pMMamgbEZ8odjL87xFtaaeF2KPXR+43Vrx0D4ivV9z3t9Al01c/aSPyt1oihfeQOeBDFwAI6GdSOBYYQj7LDLS4ZBdHXhFDJ9a6YdokkFHTCmf+FUN0zrX3TujrIlU+TONJoA22iPLLQISqjS1RBNqLoFt2jZ/Ri3BmPxqvxNrGmjKRnHX2D8f4Bla2lOQ==</latexit>

n

2
r✓iE(⇥) = rV |✓=✓i ,with

<latexit sha1_base64="6mNJSs0Ry/zKjwNB+L9I5vs5K5k="></latexit>

µt
<latexit sha1_base64="UIuqydSkmGW3wnnzcowKQRAo1pY=">AAAB7HicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48R3BhIljA7mU2GzMwuM71CWPINXjwo4tUP8ubfOHkcVBQsaCiquunuijMpLPr+h1daWl5ZXSuvVzY2t7Z3qrt7LZvmhvGQpTI17ZhaLoXmIQqUvJ0ZTlUs+V08upr6d/fcWJHqWxxnPFJ0oEUiGEUnhV2V97BXrQV1fwbyN6nBAs1e9b3bT1muuEYmqbWdwM8wKqhBwSSfVLq55RllIzrgHUc1VdxGxezYCTlySp8kqXGlkczUrxMFVdaOVew6FcWh/elNxd+8To7JRVQIneXINZsvSnJJMCXTz0lfGM5Qjh2hzAh3K2FDaihDl0/lfyG0TurBaT24Oas1LhdxlOEADuEYAjiHBlxDE0JgIOABnuDZ096j9+K9zltL3mJmH77Be/sE70eOww==</latexit>

V (✓;µt)
<latexit sha1_base64="tYL/u0iuzUCK6gCUdcnL1WQ7IgE=">AAAB+HicjVDLSgMxFM3UV62Pjrp0EyxC3ZSOCgpuim5cVrAP6AxDJs20oZnMkNwIdeiXuHGhiFs/xZ1/Y/pYqCh44MLhnHu5hxNlgmuo1z+cwtLyyupacb20sbm1XXZ3dts6NYqyFk1FqroR0UxwyVrAQbBuphhJIsE60ehq6nfumNI8lbcwzliQkIHkMacErBS65XbVhyEDcuEnJoSj0K14tfoM+G9SQQs0Q/fd76fUJEwCFUTrnlfPIMiJAk4Fm5R8o1lG6IgMWM9SSRKmg3wWfIIPrdLHcarsSMAz9etFThKtx0lkNxMCQ/3Tm4q/eT0D8XmQc5kZYJLOH8VGYEjxtAXc54pREGNLCFXcZsV0SBShYLsq/a+E9nHNO6l5N6eVxuWijiLaRweoijx0hhroGjVRC1Fk0AN6Qs/OvfPovDiv89WCs7jZQ9/gvH0CBbWSrA==</latexit>

8� 2 C1
c (⌦) , @t

✓Z
�µt(d✓)

◆
= �

Z
hr�,rV iµt(d✓) .

<latexit sha1_base64="Ojv91s1ntfBoO7X2NGsFvIegfKs="></latexit>

E
<latexit sha1_base64="yk55CgQkhBocWJqbaT9VXKk4Df0=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LIogssK9gFpKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2i5UFDwwcDjnXu6ZE6ZSGHTdD6e0tLyyulZer2xsbm3vVHf32ibJNOMtlshEd0NquBSKt1Cg5N1UcxqHknfC8VXhd+65NiJRdzhJeRDToRKRYBSt5PdiiiNGZX497VdrXt2dgfxNarBAs1997w0SlsVcIZPUGN9zUwxyqlEwyaeVXmZ4StmYDrlvqaIxN0E+izwlR1YZkCjR9ikkM/XrRk5jYyZxaCeLiOanV4i/eX6G0UWQC5VmyBWbH4oySTAhxf/JQGjOUE4soUwLm5WwEdWUoW2p8r8S2id177Tu3Z7VGpeLOspwAIdwDB6cQwNuoAktYJDAAzzBs4POo/PivM5HS85iZx++wXn7BHvDkWE=</latexit>

W2 in M(⌦)
<latexit sha1_base64="8525tHV+84XF5WBs9YvCpfPxZnI=">AAACDHicjVC7SgNBFJ31GeMramkzGITYhGwUtAza2IgRzAOyIcxObpIhs7PLzF0xLPkAG3/FxkIRWz/Azr9xNkmhouCBgcM553LvHD+SwmCp9OHMzS8sLi1nVrKra+sbm7mt7boJY82hxkMZ6qbPDEihoIYCJTQjDSzwJTT84VnqN25AGxGqaxxF0A5YX4me4Ayt1MnlG50y9RBuMaFC0TH1AoYDzmRyMS54lwH02YFNucXSBPRvkiczVDu5d68b8jgAhVwyY1puKcJ2wjQKLmGc9WIDEeND1oeWpYoFYNrJ5DNjum+VLu2F2j6FdKJ+nUhYYMwo8G0yPdX89FLxN68VY++knQgVxQiKTxf1YkkxpGkztCs0cJQjSxjXwt5K+YBpxtH2l/1fCfVy0T0suldH+crprI4M2SV7pEBcckwq5JxUSY1wckceyBN5du6dR+fFeZ1G55zZzA75BuftEzvfmng=</latexit>

[Mei, Montanari, Nguyen, PNAS’18]
[Rotskoff, EVE, NeurIPS’18] [Chizat, Bach, NeurIPS’18]

[Sirignano, Spiliopoulos,’18]



MEAN-FIELD LIMIT

▸ Consider the evolution of the particle system as     grows. 

▸         : state of the system after time t, with  

n
<latexit sha1_base64="7CvCkWdvtl64l7IzZGGwDmpg5gI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnqlsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ3HKM+A==</latexit>

µ(n)
t

<latexit sha1_base64="Gx9/SBuS7hFIwWPP8ZqUc+51uTQ=">AAAB8nicjVDJSgNBEO2JW4xb1KOXxiDES5hRQY9BLx4jmAUmY+jp9CRNehm6a4Qw5DO8eFDEq1/jzb+xsxxUFHxQ8Hiviqp6cSq4Bd//8ApLyyura8X10sbm1vZOeXevZXVmKGtSLbTpxMQywRVrAgfBOqlhRMaCtePR1dRv3zNjuVa3ME5ZJMlA8YRTAk4KuzLrwV1eVceTXrkS1PwZ8N+kghZo9Mrv3b6mmWQKqCDWhoGfQpQTA5wKNil1M8tSQkdkwEJHFZHMRvns5Ak+ckofJ9q4UoBn6teJnEhrxzJ2nZLA0P70puJvXphBchHlXKUZMEXni5JMYNB4+j/uc8MoiLEjhBrubsV0SAyh4FIq/S+E1kktOK0FN2eV+uUijiI6QIeoigJ0juroGjVQE1Gk0QN6Qs8eeI/ei/c6by14i5l99A3e2ycGsZEU</latexit>

✓i(0) ⇠ µ̄ iid.
<latexit sha1_base64="7Nw3QUXEv1pyfO559sxNYWEaHlA=">AAACE3icjVA9SwNBEN2LXzF+RS1tFhMhWhx3sdAyaGMZwcRALoS9zVyyZPfu2J0Tw5H/YONfsbFQxNbGzn/j5aNQUfDBwOO9GWbm+bEUBh3nw8otLC4tr+RXC2vrG5tbxe2dpokSzaHBIxnpls8MSBFCAwVKaMUamPIlXPvD84l/fQPaiCi8wlEMHcX6oQgEZ5hJ3eJR2cMBIOuKinNIPSMU9XymU08l4zL1EG4xpUL0xjbtFkuu7UxB/yYlMke9W3z3ehFPFITIJTOm7ToxdlKmUXAJ44KXGIgZH7I+tDMaMgWmk05/GtODTOnRINJZhUin6teJlCljRsrPOhXDgfnpTcTfvHaCwWknFWGcIIR8tihIJMWITgKiPaGBoxxlhHEtslspHzDNOGYxFv4XQrNqu8e2e1kt1c7mceTJHtknFeKSE1IjF6ROGoSTO/JAnsizdW89Wi/W66w1Z81ndsk3WG+f1Aqc3w==</latexit>



MEAN-FIELD LIMIT

▸ Consider the evolution of the particle system as     grows. 

▸         : state of the system after time t, with   

▸   

▸ Dynamics and sampling commute in the limit (when it 
exists). 

▸ Convergence properties of this PDE?  

▸ What is the scale of the fluctuations? 

n
<latexit sha1_base64="7CvCkWdvtl64l7IzZGGwDmpg5gI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnqlsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ3HKM+A==</latexit>

µ(n)
t

<latexit sha1_base64="Gx9/SBuS7hFIwWPP8ZqUc+51uTQ=">AAAB8nicjVDJSgNBEO2JW4xb1KOXxiDES5hRQY9BLx4jmAUmY+jp9CRNehm6a4Qw5DO8eFDEq1/jzb+xsxxUFHxQ8Hiviqp6cSq4Bd//8ApLyyura8X10sbm1vZOeXevZXVmKGtSLbTpxMQywRVrAgfBOqlhRMaCtePR1dRv3zNjuVa3ME5ZJMlA8YRTAk4KuzLrwV1eVceTXrkS1PwZ8N+kghZo9Mrv3b6mmWQKqCDWhoGfQpQTA5wKNil1M8tSQkdkwEJHFZHMRvns5Ak+ckofJ9q4UoBn6teJnEhrxzJ2nZLA0P70puJvXphBchHlXKUZMEXni5JMYNB4+j/uc8MoiLEjhBrubsV0SAyh4FIq/S+E1kktOK0FN2eV+uUijiI6QIeoigJ0juroGjVQE1Gk0QN6Qs8eeI/ei/c6by14i5l99A3e2ycGsZEU</latexit>

✓i(0) ⇠ µ̄ iid.
<latexit sha1_base64="7Nw3QUXEv1pyfO559sxNYWEaHlA=">AAACE3icjVA9SwNBEN2LXzF+RS1tFhMhWhx3sdAyaGMZwcRALoS9zVyyZPfu2J0Tw5H/YONfsbFQxNbGzn/j5aNQUfDBwOO9GWbm+bEUBh3nw8otLC4tr+RXC2vrG5tbxe2dpokSzaHBIxnpls8MSBFCAwVKaMUamPIlXPvD84l/fQPaiCi8wlEMHcX6oQgEZ5hJ3eJR2cMBIOuKinNIPSMU9XymU08l4zL1EG4xpUL0xjbtFkuu7UxB/yYlMke9W3z3ehFPFITIJTOm7ToxdlKmUXAJ44KXGIgZH7I+tDMaMgWmk05/GtODTOnRINJZhUin6teJlCljRsrPOhXDgfnpTcTfvHaCwWknFWGcIIR8tihIJMWITgKiPaGBoxxlhHEtslspHzDNOGYxFv4XQrNqu8e2e1kt1c7mceTJHtknFeKSE1IjF6ROGoSTO/JAnsizdW89Wi/W66w1Z81ndsk3WG+f1Aqc3w==</latexit>

Theorem: [R,EVE,’18],[CB’18],[MMN’18],[SS’18]

For any fixed t > 0, µ(n)
t converges weakly to µt as

n ! 1, which solves @tµt = div(rV µt) with µ0 = µ̄.
<latexit sha1_base64="G2YF2ylvi1hfKg+/54di7OCvf0Q="></latexit>



UNBALANCED TRANSPORT WITH BIRTH/DEATH AUGMENTED DYNAMICS

▸ Inspired from [Wei et al.’18], we consider the following 
unbalanced modification of the dynamics:

↵ > 0 , V :=

Z
V (✓)µ(d✓) .

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

@tµt = div(µtrV )� ↵V µt + ↵V̄ µt , with
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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UNBALANCED TRANSPORT WITH BIRTH/DEATH AUGMENTED DYNAMICS

▸ Inspired from [Wei et al.’18], we consider the following 
unbalanced modification of the dynamics: 

▸ For all    , we verify that   

▸ Mass is preserved. In particular, for atomic measures, population 
is constant. 

▸ Full PDE is akin to gradient flow for the Wasserstein-Fisher-Rao 
metric [Kondratiev et al.], [Chizat et al.] (aka Hellinger-Kantorovich).  

▸ Admits easy discretization using birth/death processes. 

↵ > 0 , V :=

Z
V (✓)µ(d✓) .

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

@tµt = div(µtrV )� ↵V µt + ↵V̄ µt , with
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> Z

V (✓)µ(d✓)�
Z

V̄ µ(d✓) = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



GLOBAL CONVERGENCE

▸ Interaction kernel                symmetric and positive semi-
definite, twice differentiable.  

▸               and          such that energy         is bounded below.   

▸ The only fixed points of the dynamics are global 
minimizers of the energy: 

▸

U(✓, ✓0)
<latexit sha1_base64="AA0bDZTQrPOG688iCw4DhcISFPg=">AAAB+3icjVDLSgNBEOz1GeNrjUcvg0GMIGFXBT0GvXiM4CaBZAmzk9lkyOyDmV4xLPkVLx4U8eqPePNvnDwOKgoWNF1UddNNBakUGh3nw1pYXFpeWS2sFdc3Nre27Z1SQyeZYtxjiUxUK6CaSxFzDwVK3koVp1EgeTMYXk385h1XWiTxLY5S7ke0H4tQMIpG6tolr9LBAUd6TGb98Khrl92qMwX5m5RhjnrXfu/0EpZFPEYmqdZt10nRz6lCwSQfFzuZ5illQ9rnbUNjGnHt59Pfx+TAKD0SJspUjGSqft3IaaT1KArMZERxoH96E/E3r51heOHnIk4z5DGbHQozSTAhkyBITyjOUI4MoUwJ8ythA6ooQxNX8X8hNE6q7mnVvTkr1y7ncRRgD/ahAi6cQw2uoQ4eMLiHB3iCZ2tsPVov1utsdMGa7+zCN1hvn2p8k2I=</latexit>

U(✓, ✓0)
<latexit sha1_base64="AA0bDZTQrPOG688iCw4DhcISFPg=">AAAB+3icjVDLSgNBEOz1GeNrjUcvg0GMIGFXBT0GvXiM4CaBZAmzk9lkyOyDmV4xLPkVLx4U8eqPePNvnDwOKgoWNF1UddNNBakUGh3nw1pYXFpeWS2sFdc3Nre27Z1SQyeZYtxjiUxUK6CaSxFzDwVK3koVp1EgeTMYXk385h1XWiTxLY5S7ke0H4tQMIpG6tolr9LBAUd6TGb98Khrl92qMwX5m5RhjnrXfu/0EpZFPEYmqdZt10nRz6lCwSQfFzuZ5illQ9rnbUNjGnHt59Pfx+TAKD0SJspUjGSqft3IaaT1KArMZERxoH96E/E3r51heOHnIk4z5DGbHQozSTAhkyBITyjOUI4MoUwJ8ythA6ooQxNX8X8hNE6q7mnVvTkr1y7ncRRgD/ahAi6cQw2uoQ4eMLiHB3iCZ2tsPVov1utsdMGa7+zCN1hvn2p8k2I=</latexit>
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Theorem: [RJBV’19] Let µt denote the solution of the
dynamics for initial condition µ0 with full support. Then,
if µt ! µ⇤ in the weak sense, then µ⇤ is a global minimiser
of E [µ]. Also, 9C, tc > 0 such that E [µt]  E [µ⇤] + Ct�1 if t � tc.

<latexit sha1_base64="kcl76+xtDT5dUinrVvLeGnb0rPI="></latexit>



GLOBAL CONVERGENCE

▸ Interaction kernel                symmetric and positive semi-
definite, twice differentiable.  

▸               and          such that energy         is bounded below.   

▸ The only fixed points of the dynamics are global 
minimizers of the energy: 

▸ We avoid the fixed points of the Liouville PDE which are not 
minimizers of the energy  

▸ How to leverage this mean-field guarantee for finite data/units?

U(✓, ✓0)
<latexit sha1_base64="AA0bDZTQrPOG688iCw4DhcISFPg=">AAAB+3icjVDLSgNBEOz1GeNrjUcvg0GMIGFXBT0GvXiM4CaBZAmzk9lkyOyDmV4xLPkVLx4U8eqPePNvnDwOKgoWNF1UddNNBakUGh3nw1pYXFpeWS2sFdc3Nre27Z1SQyeZYtxjiUxUK6CaSxFzDwVK3koVp1EgeTMYXk385h1XWiTxLY5S7ke0H4tQMIpG6tolr9LBAUd6TGb98Khrl92qMwX5m5RhjnrXfu/0EpZFPEYmqdZt10nRz6lCwSQfFzuZ5illQ9rnbUNjGnHt59Pfx+TAKD0SJspUjGSqft3IaaT1KArMZERxoH96E/E3r51heOHnIk4z5DGbHQozSTAhkyBITyjOUI4MoUwJ8ythA6ooQxNX8X8hNE6q7mnVvTkr1y7ncRRgD/ahAi6cQw2uoQ4eMLiHB3iCZ2tsPVov1utsdMGa7+zCN1hvn2p8k2I=</latexit>

U(✓, ✓0)
<latexit sha1_base64="AA0bDZTQrPOG688iCw4DhcISFPg=">AAAB+3icjVDLSgNBEOz1GeNrjUcvg0GMIGFXBT0GvXiM4CaBZAmzk9lkyOyDmV4xLPkVLx4U8eqPePNvnDwOKgoWNF1UddNNBakUGh3nw1pYXFpeWS2sFdc3Nre27Z1SQyeZYtxjiUxUK6CaSxFzDwVK3koVp1EgeTMYXk385h1XWiTxLY5S7ke0H4tQMIpG6tolr9LBAUd6TGb98Khrl92qMwX5m5RhjnrXfu/0EpZFPEYmqdZt10nRz6lCwSQfFzuZ5illQ9rnbUNjGnHt59Pfx+TAKD0SJspUjGSqft3IaaT1KArMZERxoH96E/E3r51heOHnIk4z5DGbHQozSTAhkyBITyjOUI4MoUwJ8ythA6ooQxNX8X8hNE6q7mnVvTkr1y7ncRRgD/ahAi6cQw2uoQ4eMLiHB3iCZ2tsPVov1utsdMGa7+zCN1hvn2p8k2I=</latexit>

F (✓)
<latexit sha1_base64="IUK3Xk3ZHQ4LXNYvQg1zIbz5rOQ=">AAAB8HicjVDLSgNBEJz1GeMr6tHLYBDiJWRV0GNQEI8RzEOSJcxOepMhM7PLTK8QlnyFFw+KePVzvPk3Th4HFQULGoqqbrq7wkQKi5XKh7ewuLS8sppby69vbG5tF3Z2GzZODYc6j2VsWiGzIIWGOgqU0EoMMBVKaIbDy4nfvAdjRaxvcZRAoFhfi0hwhk66uyp1cADIjrqFol+uTEH/JkUyR61beO/0Yp4q0Mgls7btVxIMMmZQcAnjfCe1kDA+ZH1oO6qZAhtk04PH9NApPRrFxpVGOlW/TmRMWTtSoetUDAf2pzcRf/PaKUbnQSZ0kiJoPlsUpZJiTCff054wwFGOHGHcCHcr5QNmGEeXUf5/ITSOy/5J2b85LVYv5nHkyD45ICXikzNSJdekRuqEE0UeyBN59oz36L14r7PWBW8+s0e+wXv7BALcj+M=</latexit>

E [µ]
<latexit sha1_base64="fLMs+zKa1YUgqLSbDHt4+RXxoMg=">AAAB+XicjVBNS8NAFHypX7V+RT16WSyCp5KooMeiCB4r2FZIQtlsN+3S3U3Y3RRK6D/x4kERr/4Tb/4bN20PKgoOPBhm3uMNE2ecaeN5H05laXllda26XtvY3NrecXf3OjrNFaFtkvJU3cdYU84kbRtmOL3PFMUi5rQbj65KvzumSrNU3plJRiOBB5IljGBjpZ7rhgKbIcG8uJ4Gocijnlv3G94M6G9ShwVaPfc97KckF1QawrHWge9lJiqwMoxwOq2FuaYZJiM8oIGlEguqo2KWfIqOrNJHSarsSINm6teLAgutJyK2m2VO/dMrxd+8IDfJRVQwmeWGSjJ/lOQcmRSVNaA+U5QYPrEEE8VsVkSGWGFibFm1/5XQOWn4pw3/9qzevFzUUYUDOIRj8OEcmnADLWgDgTE8wBM8O4Xz6Lw4r/PVirO42YdvcN4+Ab+lk7o=</latexit>

rV (✓) = 0 for ✓ 2 supp(µ⇤).
<latexit sha1_base64="65xPIxaIL1L6SJhWwfAH2C9U3Ts=">AAACKnicjZBLS8NAFIUnvq2vqks3g0WoLkqigm6EqhuXFWwVmlJupjd2cDIJMzdiCf09bvwrblwoxa0/xPSxUFHwrA7fuZe5c4JESUuuO3Cmpmdm5+YXFgtLyyura8X1jYaNUyOwLmIVm5sALCqpsU6SFN4kBiEKFF4Hd+fD/PoejZWxvqJegq0IbrUMpQDKUbt46msIFPBG2acuEuzyE+5yn/CBMh7Ghvf5OOC+1BNu0yTpl/0obe/tVni7WPIq7kj8b1NiE9XaxRe/E4s0Qk1CgbVNz02olYEhKRT2C35qMQFxB7fYzK2GCG0rG321z3dy0hkdFsaa+Ih+3cggsrYXBflkBNS1P7Mh/C1rphQetzKpk5RQi/FDYao4xXzYG+9Ig4JULzcgjMxv5aILBgTl7Rb+V0Jjv+IdVLzLw1L1bFLHAtti26zMPHbEquyC1VidCfbIntkre3OenBdn4LyPR6ecyc4m+ybn4xOO5KWH</latexit>

Theorem: [RJBV’19] Let µt denote the solution of the
dynamics for initial condition µ0 with full support. Then,
if µt ! µ⇤ in the weak sense, then µ⇤ is a global minimiser
of E [µ]. Also, 9C, tc > 0 such that E [µt]  E [µ⇤] + Ct�1 if t � tc.

<latexit sha1_base64="kcl76+xtDT5dUinrVvLeGnb0rPI="></latexit>



▸ Minimisers of          can be efficiently discretized if                :   

▸ Monte-Carlo approximation bounds 

APPROXIMATION AND GENERALIZATION WITH TV REGULARIZATION

E [µ]
<latexit sha1_base64="fLMs+zKa1YUgqLSbDHt4+RXxoMg=">AAAB+XicjVBNS8NAFHypX7V+RT16WSyCp5KooMeiCB4r2FZIQtlsN+3S3U3Y3RRK6D/x4kERr/4Tb/4bN20PKgoOPBhm3uMNE2ecaeN5H05laXllda26XtvY3NrecXf3OjrNFaFtkvJU3cdYU84kbRtmOL3PFMUi5rQbj65KvzumSrNU3plJRiOBB5IljGBjpZ7rhgKbIcG8uJ4Gocijnlv3G94M6G9ShwVaPfc97KckF1QawrHWge9lJiqwMoxwOq2FuaYZJiM8oIGlEguqo2KWfIqOrNJHSarsSINm6teLAgutJyK2m2VO/dMrxd+8IDfJRVQwmeWGSjJ/lOQcmRSVNaA+U5QYPrEEE8VsVkSGWGFibFm1/5XQOWn4pw3/9qzevFzUUYUDOIRj8OEcmnADLWgDgTE8wBM8O4Xz6Lw4r/PVirO42YdvcN4+Ab+lk7o=</latexit>

f⇤ 2 F1
<latexit sha1_base64="0JG+ZRPqhOGDaTITr98hTwfECcY=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAI4qIkKuiyKIjLCvYBTQyT6aQdOpmEmYlQQsFfceNCEbd+hzv/xknbhYqCBy4czrmXezhhypnSjvNhlebmFxaXysuVldW19Q17c6ulkkwS2iQJT2QnxIpyJmhTM81pJ5UUxyGn7XB4UfjtOyoVS8SNHqXUj3FfsIgRrI0U2DvR7SHymEBejPWAYJ5fjgM3sKtuzZkA/U2qMEMjsN+9XkKymApNOFaq6zqp9nMsNSOcjitepmiKyRD3addQgWOq/HwSf4z2jdJDUSLNCI0m6teLHMdKjeLQbBYh1U+vEH/zupmOzvyciTTTVJDpoyjjSCeo6AL1mKRE85EhmEhmsiIywBITbRqr/K+E1lHNPa651yfV+vmsjjLswh4cgAunUIcraEATCOTwAE/wbN1bj9aL9TpdLVmzm234BuvtEw5GlOg=</latexit>

Proposition [RCBE’19]: Let µ⇤ 2 M+(R⇥D) be
a minimiser of E . Then

R
U(✓, ✓)µ⇤(d✓)  Ckf⇤k21.

<latexit sha1_base64="ZCF7jFlgEpRUMi7+lbQVXctqNzU="></latexit>

kfn,t � ftk2⌫  Ckf⇤k21
n

<latexit sha1_base64="SNYUo7GCShJ0SFIaUrzxo8R9gw8=">AAACInicjZBLSwMxFIUz9VXrq+rSTbAIIlo6VVB3xW5cVrCt0GmHTJqxoZnMmNwRynR+ixv/ihsXiroS/DGmj4WKggcCh3PuJcnnRYJrKJXerczM7Nz8QnYxt7S8srqWX99o6DBWlNVpKEJ15RHNBJesDhwEu4oUI4EnWNPrV0d985YpzUN5CYOItQNyLbnPKQETuflTZ4h9N5H7kOID4wA7w07ZTRwZp9gR7AY7viI0qZrc7+w5Q9fulNNEptjNF+xiaSz8tymgqWpu/tXphjQOmAQqiNYtuxRBOyEKOBUszTmxZhGhfXLNWsZKEjDdTsZfTPGOSbrYD5U5EvA4/bqRkEDrQeCZyYBAT//sRuFvXSsG/6SdcBnFwCSdXOTHAkOIR7xwlytGQQyMIVRx81ZMe8QgAUM19z8IjXLRPizaF0eFytkURxZtoW20i2x0jCroHNVQHVF0hx7QE3q27q1H68V6m4xmrOnOJvom6+MTR5Oi5w==</latexit>



▸ Minimisers of          can be efficiently discretized if                :   

▸ Monte-Carlo approximation bounds  

▸ Generalisation bound: Let       be a minimiser of the 
empirical (regularised) loss, and              

▸ Terms R1,R2 only depend on activation function. Not cursed by 
dimensionality using e.g. ReLU. 

APPROXIMATION AND GENERALIZATION WITH TV REGULARIZATION

E [µ]
<latexit sha1_base64="fLMs+zKa1YUgqLSbDHt4+RXxoMg=">AAAB+XicjVBNS8NAFHypX7V+RT16WSyCp5KooMeiCB4r2FZIQtlsN+3S3U3Y3RRK6D/x4kERr/4Tb/4bN20PKgoOPBhm3uMNE2ecaeN5H05laXllda26XtvY3NrecXf3OjrNFaFtkvJU3cdYU84kbRtmOL3PFMUi5rQbj65KvzumSrNU3plJRiOBB5IljGBjpZ7rhgKbIcG8uJ4Gocijnlv3G94M6G9ShwVaPfc97KckF1QawrHWge9lJiqwMoxwOq2FuaYZJiM8oIGlEguqo2KWfIqOrNJHSarsSINm6teLAgutJyK2m2VO/dMrxd+8IDfJRVQwmeWGSjJ/lOQcmRSVNaA+U5QYPrEEE8VsVkSGWGFibFm1/5XQOWn4pw3/9qzevFzUUYUDOIRj8OEcmnADLWgDgTE8wBM8O4Xz6Lw4r/PVirO42YdvcN4+Ab+lk7o=</latexit>

f⇤ 2 F1
<latexit sha1_base64="0JG+ZRPqhOGDaTITr98hTwfECcY=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAI4qIkKuiyKIjLCvYBTQyT6aQdOpmEmYlQQsFfceNCEbd+hzv/xknbhYqCBy4czrmXezhhypnSjvNhlebmFxaXysuVldW19Q17c6ulkkwS2iQJT2QnxIpyJmhTM81pJ5UUxyGn7XB4UfjtOyoVS8SNHqXUj3FfsIgRrI0U2DvR7SHymEBejPWAYJ5fjgM3sKtuzZkA/U2qMEMjsN+9XkKymApNOFaq6zqp9nMsNSOcjitepmiKyRD3addQgWOq/HwSf4z2jdJDUSLNCI0m6teLHMdKjeLQbBYh1U+vEH/zupmOzvyciTTTVJDpoyjjSCeo6AL1mKRE85EhmEhmsiIywBITbRqr/K+E1lHNPa651yfV+vmsjjLswh4cgAunUIcraEATCOTwAE/wbN1bj9aL9TpdLVmzm234BuvtEw5GlOg=</latexit>

Proposition [RCBE’19]: Let µ⇤ 2 M+(R⇥D) be
a minimiser of E . Then

R
U(✓, ✓)µ⇤(d✓)  Ckf⇤k21.

<latexit sha1_base64="ZCF7jFlgEpRUMi7+lbQVXctqNzU="></latexit>

kfn,t � ftk2⌫  Ckf⇤k21
n

<latexit sha1_base64="SNYUo7GCShJ0SFIaUrzxo8R9gw8=">AAACInicjZBLSwMxFIUz9VXrq+rSTbAIIlo6VVB3xW5cVrCt0GmHTJqxoZnMmNwRynR+ixv/ihsXiroS/DGmj4WKggcCh3PuJcnnRYJrKJXerczM7Nz8QnYxt7S8srqWX99o6DBWlNVpKEJ15RHNBJesDhwEu4oUI4EnWNPrV0d985YpzUN5CYOItQNyLbnPKQETuflTZ4h9N5H7kOID4wA7w07ZTRwZp9gR7AY7viI0qZrc7+w5Q9fulNNEptjNF+xiaSz8tymgqWpu/tXphjQOmAQqiNYtuxRBOyEKOBUszTmxZhGhfXLNWsZKEjDdTsZfTPGOSbrYD5U5EvA4/bqRkEDrQeCZyYBAT//sRuFvXSsG/6SdcBnFwCSdXOTHAkOIR7xwlytGQQyMIVRx81ZMe8QgAUM19z8IjXLRPizaF0eFytkURxZtoW20i2x0jCroHNVQHVF0hx7QE3q27q1H68V6m4xmrOnOJvom6+MTR5Oi5w==</latexit>

µ⇤
L

<latexit sha1_base64="sOhqGrVtsyPYbtxdDvxYCKk0ROM=">AAAB8HicjVDLSgNBEOz1GeMr6tHLYBDEQ8iqoMegFw8eIpiHJGuYnfQmQ2Zml5lZISz5Ci8eFPHq53jzb5w8DioKFjQUVd10d4WJ4MaWyx/e3PzC4tJybiW/ura+sVnY2q6bONUMaywWsW6G1KDgCmuWW4HNRCOVocBGOLgY+4171IbH6sYOEwwk7SkecUatk27bMr077GRXo06h6JfKE5C/SRFmqHYK7+1uzFKJyjJBjWn55cQGGdWWM4GjfDs1mFA2oD1sOaqoRBNkk4NHZN8pXRLF2pWyZKJ+ncioNGYoQ9cpqe2bn95Y/M1rpTY6CzKuktSiYtNFUSqIjcn4e9LlGpkVQ0co09zdSlifasqsyyj/vxDqRyX/uORfnxQr57M4crALe3AAPpxCBS6hCjVgIOEBnuDZ096j9+K9TlvnvNnMDnyD9/YJlgaQQw==</latexit>

f̂L =

Z
a'(z)µ⇤

L(da, dz).
<latexit sha1_base64="CsPzO54abPl2CGQ1uMTcD2thWPE=">AAACFnicjVDJSgNBEO2JW4xb1KOXxiAkoiGjgl6EoBcPOUQwC2TiUNPTkzTpWejuCSRDvsKLv+LFgyJexZt/Y2c5qCj4oODxXhVV9ZyIM6lKpQ8jNTe/sLiUXs6srK6tb2Q3t+oyjAWhNRLyUDQdkJSzgNYUU5w2I0HBdzhtOL3Lsd/oUyFZGNyoQUTbPnQC5jECSkt29tDqgkq8kV3B59higcKArT6IqMvywwK2/Niu3O7nXThwh4Winc2ZxdIE+G+SQzNU7ey75YYk9mmgCAcpW2YpUu0EhGKE01HGiiWNgPSgQ1uaBuBT2U4mb43wnlZc7IVClz5son6dSMCXcuA7utMH1ZU/vbH4m9eKlXfWTlgQxYoGZLrIizlWIR5nhF0mKFF8oAkQwfStmHRBAFE6ycz/QqgfFc3jonl9kitfzOJIox20i/LIRKeojK5QFdUQQXfoAT2hZ+PeeDRejNdpa8qYzWyjbzDePgEYMZ1q</latexit>

Theorem [RCBE’19]: Then
<latexit sha1_base64="U9+3OgZFdn8GqBbVbMElZUZQdtI=">AAACFnicjVDLSgMxFM34rPVVdekmWEQ3lo4ufKykRXBZxbbCzFAymTs2NJMMSUYsQ7/Cjb/ixoUibsWdf2Nau1BR8MCFwzn3JveeMOVMm2r13ZmYnJqemS3MFecXFpeWSyurLS0zRaFJJZfqMiQaOBPQNMxwuEwVkCTk0A579aHfvgalmRQXpp9CkJArwWJGibFSp7TjC8lEBMJg38CNCeP8ogtSQYK983rtZMs9DI4G2GoC+36nVHYr1RHw36SMxmh0Sm9+JGmW2PcpJ1p7bjU1QU6UYZTDoOhnGlJCe+QKPEsFSUAH+eisAd60SoRjqWzZ/Ubq14mcJFr3k9B2JsR09U9vKP7meZmJD4KciTQzIOjnR3HGsZF4mBGOmAJqeN8SQhWzu2LaJYpQY5Ms/i+E1m7F3au4Z7vl49o4jgJaRxtoG7loHx2jU9RATUTRLbpHj+jJuXMenGfn5bN1whnPrKFvcF4/AIUjnkc=</latexit>

Ekf̂L � f⇤k2⌫  2kf⇤k1
✓
R1kf⇤k1 +R2p

L
+ �

◆

<latexit sha1_base64="dPJ+k/VbNVZ3G6f1/3hcyci2aeo="></latexit>



APPROXIMATION AND GENERALIZATION WITH TV REGULARIZATION

▸ This suggests                                      to obtain an efficient 
learning algorithm in  

▸ However, previous Monte-Carlo bound is static: if  

    we need to control 

� ' L�1/2, n &
p
L

<latexit sha1_base64="AMlnFjNgsyHTfWqZO091O8/tJ5c=">AAACFXicjVBJSwMxGM3UrdZt1KOXYBE81Nqpgh6LXjz0UMEu0Kklk6Y1NMlMk2+EMvRPePGvePGgiFfBm//GdDmoKPgg8HgLSV4QCW6gUPhwUnPzC4tL6eXMyura+oa7uVUzYawpq9JQhLoREMMEV6wKHARrRJoRGQhWD/rnY79+y7ThobqCYcRakvQU73JKwEptN+cLG+4Q7Bsu2QCXr5MD77A4ymGF/R7YorTWQENSHuG2m/XyhQnw3ySLZqi03Xe/E9JYMgVUEGOaXiGCVkI0cCrYKOPHhkWE9kmPNS1VRDLTSia/GuE9q3RwN9T2KMAT9WsjIdKYoQxsUhK4MT+9sfib14yhe9pKuIpiYIpOL+rGAkOIxxPhDteMghhaQqjm9q2Y3hBNKNghM/8boVbMe0d57/I4WzqbzZFGO2gX7SMPnaASukAVVEUU3aEH9ISenXvn0XlxXqfRlDPrbKNvcN4+AWaTnbg=</latexit>

F1.
<latexit sha1_base64="Gks5IEFAclR+nVWBFzqu7eHDSBc=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1gEVyFRQZdFQVxWsA9oQ5hMJ+3QySTMTIQa+iVuXCji1k9x5984SbtQUfDAhcM593IPJ0w5U9p1P6zK0vLK6lp1vbaxubVdt3d2OyrJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNJ5eF372jUrFE3OppSv0YjwSLGMHaSIFdH8RYjwnm+dUs8BwU2A3PcUugv0kDFmgF9vtgmJAspkITjpXqe26q/RxLzQins9ogUzTFZIJHtG+owDFVfl4Gn6FDowxRlEgzQqNS/XqR41ipaRyazSKm+ukV4m9eP9PRuZ8zkWaaCjJ/FGUc6QQVLaAhk5RoPjUEE8lMVkTGWGKiTVe1/5XQOXa8E8e7OW00LxZ1VGEfDuAIPDiDJlxDC9pAIIMHeIJn6956tF6s1/lqxVrc7ME3WG+f7PySmQ==</latexit>

f (n)
t =

1

n

X

j

aj(t)'(zj(t)) , (aj(0), zj(0)) ⇠ µ0 iid,

<latexit sha1_base64="gcMzhM8jc4S3Xp9IuBQwxw5XKE4="></latexit>

kf (n)
t �

Z
a'(z)µt(da, dz)k2⌫

<latexit sha1_base64="nLQRAjr09ABiN7q/VISwEjzYaEo=">AAACIHicjVBNSwMxEM36bf2qevQSLEIFLV0V9Ch68ahgbaHbLrPZrA1ms0syK9S1P8WLf8WLB0X0pr/G9OOgouCDgZf3ZsjMC1IpDFar787Y+MTk1PTMbGFufmFxqbi8cmGSTDNeY4lMdCMAw6VQvIYCJW+kmkMcSF4Pro77fv2aayMSdY7dlLdiuFQiEgzQSn5x37ulkY/tvKw2e3SbekIhBepdg047onyzSb0487EcwlbYf9y2d3xPZdQvltxKdQD6NymREU794psXJiyLuUImwZimW02xlYNGwSTvFbzM8BTYFVzypqUKYm5a+eDAHt2wSkijRNuy+w3UrxM5xMZ048B2xoAd89Pri795zQyjg1YuVJohV2z4UZRJigntp0VDoTlD2bUEmBZ2V8o6oIGhzbTwvxAudirubsU92ysdHo3imCFrZJ2UiUv2ySE5IaekRhi5Iw/kiTw7986j8+K8DlvHnNHMKvkG5+MTJCWhGg==</latexit>



APPROXIMATION AND GENERALIZATION WITH TV REGULARIZATION

▸ This suggests                                      to obtain an efficient 
learning algorithm in  

▸ However, previous Monte-Carlo bound is static: if  

    we need to control  

‣ Finite-horizon bounds follow from CLT results [Braun & 
Hepp,’70s] (also [Spilopoulos’19]).  

‣ Related recent work: [Chizat’19] establishes global 
convergence for singular initializations, with convergence 
rates. Deterministic, but cursed by input dim. 
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CURRENT AND OPEN PROBLEMS

▸ Beyond Variation Spaces: Depth-separation 

▸ What is the functional space associated to deep architectures beyond 
feature selection? GD optimization in such space?  

▸ Links with dynamical systems. 

▸ Mean-field formulation is informative in the single-hidden layer 
model.  

▸ Extension to deep architectures (ResNet).  Geometric networks 
(CNN,GNN)? 

▸ Establishing large-deviation principle for finite-particle 
dynamics.  

▸ Beyond vanilla gradient descent (adagrad, etc.) ? Role of time-
discretization? (cf talk by T. Ma, S. Arora). 



Thanks! 
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NUMERICAL EXPERIMENTS

▸ Mixture of Gaussians: 

▸ Gaussian activation function: 

▸ “Overparametrised” model:
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NUMERICAL EXPERIMENTS

▸ Mixture of Gaussians:
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NUMERICAL EXPERIMENTS

▸ Teacher-Student single hidden layer neural network using 
ReLU activations

10 planted neurons
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