CONCENTRATION OF DISTANCES IN WIGNER MATRICES

HOI H. NGUYEN

ABSTRACT. It is well-known that distances in random iid matrices are highly concentrated around
their mean. In this note we extend this concentration phenomenon to Wigner matrices. Exponential
bounds for the lower tail are also included.

1. INTRODUCTION

Let € be a real random variable of mean zero, variance one, and there exists a parameter Ky > 0
such that for all ¢

P([¢] > t) = O(exp(—t*/Ko))-

Let A = (a;;) be a random matrix of size N by N where a;; are iid copies of £. For convenience,
we denote by r;(A) = (a1, ..., a,) the i-th row vector of A.

For a given 1 < n < N — 1 let B be the submatrix of A formed by ra(A),...,r,t+1(A) and let
H c RY be the subspace generated by these row vectors. The following concentration result is
well known (see for instance [16l Lemma 43], [I3], Corollary 2.1.19] or [10, Corollary 3.1]).

Theorem 1.1. With m = N —n, we have
P (|dist(r1, H) — v/m| > t) < exp(—t*/Ky).

One can justify Theorem by applying concentration results of Talagrand or of Hanson-Wright.
But all of these methods heavily rely on the fact that ry is independent from H. In fact, Theorem
holds as long as H is any deterministic non-degenerate subspace.

As Theorem [1.1) has found many applications (see for instance [6, [14, [15, [16]) and as concentration
is useful in Probability in general, it is natural to ask if Theorem (or its variant) continues to
hold when ry and H are correlated. We will address this issue for one of the simplest models, the
symmetric Wigner ensembles. In our matrix model A = (a;;), the upper diagonal entries a;;,7 < j
are iid copies of &.

Theorem 1.2 (Main result, concentration of distance). With the assumption as above, there exists
a sufficiently small positive constant x depending on the subgaussian parameter Ky of € such that
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the following holds for any m > log’“‘i1 N
P (|dist(ry, H) — y/m| > t) = o(zv-wﬂ) n exp(—mﬁ)).

Note that our bound is weaker than Theorem mainly due to the use of other spectral concen-
tration results (Lemma and Theorem . Theorem also implies identical control for the
distance from r; to other n rows (not necessarily consecutive). We will be also giving tail bounds
throughout the proof (see for instance Theorem and .

As we have mentioned, the main bottleneck of our problem is that x and H are not independent.
Roughly speaking, one might guess that the distance of r1 = (a11,...,a1,) to H is close to the
distance from the truncated vector (aj2, ..., a1,) to the subspace in RN-! generated by the corre-
sponding truncated row vectors of B. The main problem, however, is that the ”error term” of this
approximation involves a few non-standard statistics of the matrix P which is obtained from B by
removing its first column. Notably, we have to resolve the following two obstacles

(1) the operator norm ||(PPT)~!||3 must be under cotroll;

(2) the sum Elgign((PPT)*lP)m» must be small;

For bounding ||(PPT)~!|5 in (1), as it is the reciprocal of the least singular value o, (P) of P, we
need to find an efficient lower bound for o, (P).

When n = N — 1, P can be viewed as a random square symmetric matrix of size N — 1 (and so
let’s pass to A). It is known via the work of [4] and [I7] that in this case A is non-singular with
very high probability. More quantitatively, the result of Vershynin in [I7] shows the following.

Theorem 1.3. There exists a positive constant k' such that the following holds. Let on(A) be the
least singular value of A, then for any e < 1,

Plon(4) < WeN"12) = O(e/5 4 ).

It is conjectured that the bound can be replaced by O(e + e~©() but in any case these bounds
show that we cannot hope for a good control on a;,l. The situation becomes better when we
truncate A as the matrix becomes less singular. In fact this has been observed for quite a long time
(see for instance [I]). Here we will show the following variant of a recent result by Rudelson and
Vershynin from [9].

Theorem 1.4. There exist positive constants 0, k' such that the following holds

!
K

P(0n(B) < K'emN~V%) < &m 4 e

Thus, if m grows to infinity with N, this theorem implies that ||(PPT)~!|2 is well under control
with very high probability. We will discuss a detailed treatment for Theorem [1.4] starting from
Section {] by modifying the approach by Rudelson-Vershynin from [9] and by Vershynin from [17].

For the task of controlling T = 3", ;,,(PPT) "' P);; in (2), which is the main contribution of our
note, there are two main steps. In the first step we show that with high probability ((PPT)~!P);; is
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) R;RT)"1R;); . . . .
close to — =A< S"’l(g)i LN , where D; < N and R; is the matrix obtained from P by removing
its ¢-th row and column. On the other hand, in the second step we show that T is close to
Zl<j<n,1((RiRiT)_le‘)j for any 1 < ¢ < mn with high probability. These two results will then
imply that T is close to zero. Our detailed analysis will be presented in Section [2| and Section

In short, our proof of Theorem [1.2| uses both spectral concentration and anti-concentration coupled
with linear algebra identities. Given the simplicity of the statement and of its non-Hermitian
counterpart, perhaps it is natural to seek for more direct proof.

Finally, to complete our discussion, we give here an application of Theorem [1.2Jon the delocalization
of the normal vectors in random symmetric matrices.

Corollary 1.5. Let x be the normal vector of the subspace generated by ro(A),...,rn(A). Then
with overwhelming probability

log?’/2 n

[1%[loc = O( N

).

This is an analog of a result from [5] where A is non-symmetric matrix, see also [I1]. However, the
method in these papers do not seem to extend to our symmetric model.

For terminology, we will use both row and column vectors frequently in this note, here r;(A) and
c;j(A) stand for the i-th row and j-th column of A respectively. Throughout this paper, we regard
N as an asymptotic parameter going to infinity. We write X = O(Y), X < Y, or Y > X to denote
the claim that |X| < CY for some fixed C; this fixed quantity C is allowed to depend on other
fixed quantities such as the sub-gaussian parameter Ky of £ unless explicitly declared otherwise.
We also use o(Y') to denote any quantity bounded in magnitude by ¢(N)Y for some ¢(N) that goes
to zero as N — o0.

2. PROOF OF THEOREM [I.2} MAIN INGREDIENTS

Let x =r1(A) = (a11,...,a1n) be the first row vector of A, and y; :=r;11 = (a(iH)l, . ,a(iH)N)
be the i 4+ 1-th row vector of A for 1 <4 < n. Recall that B is the matrix of size n x N generated
by yi,1 < i <n. We can represent dist(ry, H) = dist(x, H) by the following formula

dist?(x, H) = x(Iy — BT(BBT)"1B)x". (1)

Lemma 2.1. We have

T T\—1 py[1]T72

‘42 1 T Ty—1 g7 | lan — 2z (PP7)" PxtV ]
dist?(x, H) = xU(Iy_; — PT(PPT)1P)xl1I" + 1+ 21 (PPT) 1z ’

where P be the matriz received from B by removing its first column z := (a9, ... 7a(n+1)1)T’ and

1]
x1 is the truncated row vector of x, x!! = (ara,...,a1n), B = (a; XP ) .
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symmetric Bernoulli matrices
T T T

F1GURE 1. We sampled 1000 random matrices of size 1000 from GOE and symmetric
Bernoulli ensembles. The histogram represents (dist> —m)/y/m, where the distance
is measured from the first row to the subspace generated by the next 900 rows.

Proof. (of Lemma We first have

(PPT)lzzT (PPT)~!
1+zl'(PPT)-1z (2)

Q:= (BBT)' = (PP" +22")"' = (PP")! -
Thus BT (BBT)~'B = BTQB, which has the form

_ z7'Qz zTQP
BIQB = < PTQz PTQP )

Hence,

x(Iy — BT(BBT)"'B)x” = xx” — a},2"Qz — 2a11zTQmeT - x[l]PTQmeT.
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Using again , we obtain the followings

(z"(PPT)~1z)? B z'(PPT) g '
1+z0(PPT)"1z  1+z0(PPT)-1z’

zTQz = zT(PPT)*lz

as well as
T\—1,.T T\—1
T mr_ T -1 _ (PP7)"'zz” (PP7) mr
P = PP P
z" QPx z [( ) 1+ZT(ppT)—1Z |Px
T TN-1,.T ™-1py 1T
= pp P
z ) x 1+ zT(PPT)"1g
2T (PPT)~1 px[l”
- 1+27(PPT) 1z
and

(PPT)~lzzT(PPT)~!
14 2T (PPT) g
gt xWPT(PPT) 25T (PPT)~ PxITT
1+ 2T (PPT)"1g '

xUpTQpxT = xUpT[(ppT)~1 — 1Px1”

=x"pT(PPT) 1 Px

Putting together, one obtains the following

dist?(x, H) = x(Ixy — BY(BBT)"'B)xT
9 ZT(PPT)—le

i _
M, T(ppT) 1y

=xW(Iy_; — PT(PPT)1P)x1" 4 a2

g, 2 (PP XY XU PT(PPT) 1za" (PPT) ' P
M 2T (PPT) g 1+27(PPT) 1z
— xW(1y_, — PT(PPT) 1 p)xtT

. ah — 2an2" (PPT )=t pxlVT 4 x [ pT(ppT) 1557 (P PT)~1 pxll”

1+ 27 (PPT) 1z
[a11 — 27 (PPT)~1pxl")?
1+2z0(PPT) 1z

— xWU(Iy_ — PT(PPT)1P)xI" ¢
proving the lemma. O

Note that the term x!!(Iy_; — PT(PPT)*IP)X[HT in Lemma [2.1]is just the square distance from
x[1 to the subspace generated by the rows of P in RV~!. The key difference here is that x[! is
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now independent of P, so we can apply Theorem noting that by Theorem [I.3|the co-dimension
of this subspace in RVY~!is N —1 —n = m — 1 with probability at least exp(—n"?).

Theorem 2.2. Assume that the entries of A have subgaussian parameter Ko > 0. Then

P (\\/X[I]T(IN_l — PT(PPTY-1P)xIt — /m — 1| > /\> < exp(—A?/Kp) + exp(—n"2).

This confirms the lower tail bound in Theorem To prove the upper tail, we need to study the
[z1—2T (PPT)~1px[117]2

1127 (PPT) 1z in Lemma 2.1

remaining term

Theorem 2.3 (Bound on the error term, key lemma). We have
1T
P(

[xl _ ZT(PPT)flpx[ ]2 (1)
> = - .
1+ 2T (PPT) 1z >t) O(N + exp( /at))

It is clear that Theorem and Theorem together imply Theorem It remains to justify
Theorem [2.3]

3. PROOF OF THEOREM [2.3

We will view P as the matrix of the first n rows of a symmetric matrix A of size N x N. We will
first need a standard deviation lemma (see for instance [10]).

Lemma 3.1 (Hanson-Wright inequality). There exists a constant C = C(Kyp) depending on the
sub-gaussian moment such that the following holds.

(i) Let A be a fized M x M matriz. Consider a random vector x = (x1, ...,z ) where the entries
are i.i.d. sub-gaussian of mean zero and variance one. Then

12 t

P(|xTAx — ExT Ax| > t) < 2 exp(—C min ) .
! > 1) = 2O T

In particularly, for any o > 0
P (|XTAX — Ex’ Ax| > t|Allrs) < exp(—Ct).

(ii) Let A be a fized N x M matriz. Consider a random vector x = (x1, ...,z ) where the entries
are i.i.d. sub-gaussian of mean zero and variance one. Then

P (||| Ax[la — [ Al ms| > t]|All2) < exp(=Ct?).

Here the Hilbert-Schmidt norm of A is defined as

1Alms = > al.
Z'7j

By the first point of Lemma (3.1
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P (|2 (PP") 'z — tx(PPT) ™! > t[|(PPT) || ms) < exp(—Ct) (3)

and

P (\ZT(PPT)—lemT =Y (PP P > tH(PPT)‘lPHHs)> < exp(—Ct). (4)

7

3.2. Treatment for z(PPT)~'z”. To estimate , we need to consider the stable rank of the
matrix (PPT)~!. By Theorem (where B is replaced by P) and by definition, we have the
following important estimate with very high probability

!

P(0,2(P) < (K'e)2N/m?) > 1 — ™ — exp(—n"

n

)- (5)

We next introduce another useful ingredient whose proof is deferred to Appendix [A]

Lemma 3.3. With probability at least 1 — N=“U) for any log@(l)N < m < N, the interval
[z0 + Cym/NY2 20 + Com/NY?], 24 > 0 inside the bulk contains ©(m) singular values of P.

For convenience, we will set

p(m, N) := N™“U) 4 exp(—dm) + exp(—n" . (6)

We deduce the following asymptotic behavior of the trace of (PPT)~!.
Corollary 3.4. With probability at least 1 — p(m, N),

I(PPT)~ P|Is = tr((PPT)™!) =< N/m.

Proof. (of Corollary For the lower bound, let oy, ..., 0; be the ©(m) singular values of P lying
in the interval [m/N'/2 Cm/N'/?]. Then

tr(PPT)™") = Y~ A7 mN/m® = N/m.

i<k<j

For the upper bound, first of all by , it suffices to assume that all of the singular values of P are
at least cm/N'/2 for some sufficiently small c.

First, it is clear that the inverval [em/N'/2, Cym/N'/?] contains O(m) singular values of P. For the
remaining interval [Cym /N2, ©(N/N'/?)] we divide it into intervals Ij, of length (Co —C})m/N1/?
each with 1 < k < ©(N/m). By Lemma the number of singular vectors in each interval is
proportional to m. As such
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tr(PPT)™1) = Z =Y > NP ZmN/k%n < N/m.

k le]k
]
By Corollary and ,
tr(PPT)~!
P(r—omo— > m) = 1—p(m, N). (7)
[(PPT) 1]
Notice that
|(PPT) Y gs = \/Z M2((PPT)- \/H (PPT) IHQZA (PPT)-
=/ H(PPT>-1\|2wr((PPT)-l).
As a consequence, with probability at least 1 — p(m, N)
Ty—1 -
a(PPT) ) VEPPT «

[(PPT)"Hus — \/|[(PPT)~1|,
where we used in the last estimate.

Combining , and , we have learned that
Lemma 3.5. For anyt > 0,

P(|ZT(PPT)—1z — te(PPT)™ )| > tr((PPT)—l)) < p(m, N) + exp(—Ct).

t
ml/2

Consequently, with probability at least 1 — (p(m, N) + exp(—cy/m))

2l (PP lz < |tr(PPT) ™) =

3.6. Treatment for ZT(PPT)_lPX[l]. To show this quantity small, we will divide the treatment
into two main steps.

Step 1: Set-up. We will present here the calculation for ((PPT)~!P);, the formula for other
((PPT)~1P);; follows the same line. For simplicity, we will drop the super index [1] in all y; (as
we can view P as the submatrix of the first n rows of A). One first interprets
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(PPT)™'P)1 = (ri((PPT) 1), c1(P)).

Because the matrix PP? depends on c1(P), we need to separate the dependences. First of all, we
write PPT as a rank-one perturbation PPT = QQT +c1(P)c! (P), where Q is the matrix obtained
from P by removing its first column. As such

(PPT)™ = (QQT +c1(P)c] (P)) ™!

QT — [(QRT)'er(P)][(er(P) T ((QQ)T) "]
L+ (ei(P)T(QQT) ter(P)

It follows that

_ _ 1 _ _
(PP e1(P) = (QQ")™'1(P) - 15 pyyrgariep (@@ e (P (P QQ") er (P)
- ! (QQ") ler(P). (9)

1+ (e1(P)T(QQT)'er(P)

In particularly,

1
14 (c1(P)T(QQT) " e1(P)

(PPT)" P11 = (r1((PPT)™Y), e1(P)) = (r1((QQM) ™), e1(P)).

Now the matrix QQ7 still depends on c1(P), so we are going to separate independence once more,
this time using Schur complement.

Fact 3.7. Let M = <é~ g) Assuming invertibility whenever necessary, we have
M-l (X —yz-lyT)-! XYY (Z-YyTXx-1ly)-!
T\ XY (Z-YTXxly)"HT (Z-YTx-1ly)-!

1 AT 1 pr
Note that QQ” can be written as Y1 (}[’11] )y R

R(y;)"  RRT
(1]

by removing its first row y;’. From now on, for short we set

), where R is the matrix obtained from @

22 = y[lll (y[ll} )T

and

@ = o? - y{'RT (RRT) " R(y})T,
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To begin with, the top left corner is

(X _ Yz—lyT)—l — (332 _ y[ll]RT(RRT)_lR(y[ll])T)_l — d_2.

Next, the bottom right Schur complement then can be calculated as

- 1 _
(2 =YX )t = [RRT — SRR

Note that this again can be considered as rank-one perturbation,

Ty—1 OUN\T71<, 0] pT T\—1
[RRT_iR(y[l])Ty[ﬂRT]—l _ (RRT)—1+i[(RR ) R(yi )y R (RRY) ]
2 1 1 2 Y (1]
X xX 1— Pyl RT(RRT)flR(yl )T
[(RRT)'R(y!") "]y} R (RRT) ]
a2 '

= (RR")™' +

Similarly, the top right Schur complement is

RET) ' R(y{") )iy} BT (RRT)"Y]

1
_Xfly(Z _ YTXfly)fl _ _;y[ll]RT (RRT)fl + [(

a2
= L YWRT(RRT) 4 (4 — L)ylRT(RRT)
-T2t 2 2
_ _d—2y[11]RT(RRT)—1'
Putting together,
(QQT)*l — d_2 0 _d_2y[11}RT(R[§T)_1 ] 7
—d(RR")"'R(y;")" (RR")"'+d*[(RR")"'R(y;")"]ly; R"(RR")™"]

where we note that the involved matrices are invertible by Theorem with extremely large
probability.

It follows that

1 ((QQT) ™), e1(P)) = d%[er(P)1 — i RT(RRT) ey (P)1].

Also, the denominator of @ can be written as
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(c1(P)T(QQT) er(P) = d 2[(e1(P)1)? — 2¢1(P)1 (e (P) )T (RRT) ' R(y})]
+ (c1(P)I)T (RRT) ey ()1
+d (e (P))T(RRT) T R(y!™) Ty RT (RRT) ey (P)Y)]
= (cl(P)T(RRT) Yey (P)U + d2[es () — v} RT(RRT) ey (P) )2,

Combining the formulas, we arrive at the following.

Lemma 3.8. We have

c1(P)1 — y'RT(RRT)~lcy (P)1

(PPT)"'P)n = i -
(1 + (c1(P)I)T(RRT) 1y (P)1) + (c1(P)1 — y{ RT (RRT)~lcy (P)lU)?2

To speculate further, note that by concentration, d*> = x? — y[ll]RT(RRT)_lR(y[ll])T is just the

distance from y[ll] to the subspace generated by the rows of R, and thus is well concentrated

around (N — 1) — (n — 1) = m by Theorem that is with probability at least exp(—cm)

d? > m. (10)

Corollary 3.9. With probability at least 1 — (p(m, N) + exp(—cy/m)),

[(PPT) ™' P)u| = O

Consequently,

N (PPT)"1P); = O(—=) = O(VN).

%

Proof. (of Corollary [3.10) By Cauchy-Schwarz,

lc1(P)1 — ¥ RT (RRT)Le, ()Y

(1 + (c1(P))T(RRT)~1e (P)W) + (c1(P)1 — y} I RT(RRT)~1ey (P)I1)?
< ! —0(—L),
2\/@(1+ (e (P)I)T(RRT)~Te,(P)1)

where in the last estimate we used d? > m and Lemma [3.5 O

We also deduce the following consequence.
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Corollary 3.10. With probability at least 1 — p(m, N) — exp(—cy/m)

lc1(P); — Y RT(RRT) ey (P)Y] < V/N.

Proof. (of Corollary [3.10)) First, by Lemma with probability at least 1 — exp(—cy/m)

c1(P)1 — yi BT (RRT) " Ley ()Y — S (RT(RRT) V)| < vm|RT(RRT) Y| s.

7

By Corollary with probability at least 1 — p(m, N) — exp(cy/m)

IZ(RT(RRT)_I)iiI = O(VN)

7

and by Corollary with probability at least 1 — p(m, N)

IRT(RRT) " [fs = tr((RRT)™Y) = O(-).

3=

_ T
We remark that Lemma and Corollary [3.10] allows us to conclude that [xlfi(zizf }),Tl)ffz[ll E

order m with high probability, but this is not strong enough for Theorem We will improve this
in the next phase of the proof.

Step II: Comparison. In this step we show that Zlgign((PPT)_lp)ii is close to Z1§i§n_1((RRT)_1R)ii~
Recall that

(PPT) ™ = (QQ" + ww') ™!
1

_ -1 _
B e T
= Qa") -

[(QQT)'ww! (QQ™)™]

where for convenience, we denote the second matrix by @’. Note furthermore that

o a2 —d~2yRT(RRT)~!
(QQT) P = (_d—Q(RRT)—IRyT (RRT)—I —|—d_2[(R}},%T)_1RyT][yRT(RRT)_1]>

and
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P=(w Q)= (3;0 3;)

where for short we denote w = ¢;(P) = (z0,2)” and y = y1 and also recall that

d* =yy" —yR"(RR")'Ry".
We now compute Z%l.gn((PPT)*lP)ii. To do this, we start from (QQT)~'P and eliminate its

first row and column to obtain a matrix M of size (n — 1) x (N — 1)

My = —d"%(RET) " Ryy + (RET) ™ +d*[(RRT) "' Ry"|[yR" (RET) '] ) R
= (RRT)'R—d2(RRT)'RyTy(I — RT(RRT)"'R)
= (RR")"'R - Mj, (11)

with

M| :=d2(RRT")*Ry’y(I — R (RRT)"'R). (12)

Next, for the contribution of Q'P (after the elimination of its first row and column), we need to
compute the vector (QQT)'w.

d=%(zo — yRT(RRT) '2)
(QQ")™'w =
—wod 2(RRT) 'Ry + ((RRT)™' + d"2((RRT) " Ry"][y K" (RRT)""])2
) d-2(x0 — yRT(RR") ')
N <—d2(x0 —yRT(RRT)"'2)(RRT)'Ry” + (RRT)1Z> '

a
- <—a(RRT)1RyT + (RRT)lz> ’
with

a:=d %*(zg — yRT(RRT) 2).

As a result, the bottom left submatrix of (QQT)'ww’ (QQ™)~! is the vector —a?(RRT)~'RyT +
a(RRT)~1z and the bottom right submatrix is the matrix

a®>(RRTY'RyTyRT(RRT)'4+(RRT) 122" (RRT)'—a(RRT)'RyTz" (RRT) ' —a(RR")'zyRT (RRT)~ .
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It follows that the matrix M, obtained by eliminating the first row and column of Q'P can be
written as

1

T 1+ wI(QQT) Tw

+a®>(RRT)'RyTyRT(RRT) 'R + (RRT) 'zz" (RRT) 'R — a(RRT) ' [RyT2z" + zy RT|(RRT)"'R
1

T it wl(QQT) " lw

+ (RRT) ‘22T (RRT) 'R — a(RRT) ' [Ry 2T + zyRT](RRT)—lR} . (13)

My

[ — QQ(RRT)_IRyTy + a(RRT)_lzy

[a2(RRT)*lRyTy(RT(RRT)*lR ~ 1)+ a(RRY) 2y

In summary,

(PP 'P)ii= > ((RRT)'R)y— Y (M]+ M)y

2<i<n 1<i<n—1 1<i<n—1

In what follows, by using the formulas for M7, My from , we show that Zlgign—l(M{ +
Ms);; is negligible.

We will try to simplify the formulae a bit. First,

1+ wh(QQT) 'w =1+ (c1(P)T(QQT) 'er(P) = 1 + (cy(P)!M)T(RRT) ey (P)IV

1 (1] pT T\—1 [1]72
+ [Cl(P)l —y; R (RR ) C1 (P) ]
22 — yWRT(RRT)-1R(yl!)T '
=1+2"(RR") 'z +d ?[zo — yRT(RRT)'2)%. (14)

Thus, by Lemma with probability at least 1 — (p(m, N) + exp(—cy/m)),

wl(QQT)'w =< tr(RRT)™) = N (15)

3

Also from and ,

1+ wh(QQ")'w)M; = [d*(RR")'Ry"y(I — R"(RR") "' R)]x
y (1 + 2T (RRT) 2 + d %[z — yRT(RRT)—1Z]2)
= d *(RR")'RyTy(I - RT(RR")"'R)(1 + 2" (RR")'2)+
+a*>(RRT)'RyTy(I — RT(RRT)"'R).

Hence the normalized matrix (1 + w? (QQT)~'w)(M] + Mz) can be expressed as
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(1+wH(QQT) ™ 'w)(M] + My)

d- 2(RRT) 'RyTy(I — RT(RRT)™'R)(1 4+ 2T (RRT)~
(RRT)'zz"(RRT)™'R — a(RR")™!

+

[RyTz" + zyRT](RRT)™'R
((RRT)~ )(d- (1+ 2" (RRT)2)Ry Ty (I — RT(RRT)"'R) + azy
+ 227 (RRY)'R — a[RyT2T + zyRT](RRT)_1R>

= (RRT)7's.

We can write the second matrix S as ), + , where

> i=d?(1+2"(RR")'2)Ry"y(I — R"(RR")"'R) + azy — azyR" (RR") 'R
1

d72(1 4z (RRT)'2)Ryy(I — R (RRT)™'R) + azy(I — RT(RRT)"'R)
—d" 2([(x0 — yRT(RRT) 'z)z + (1 + 2" (RR") '2) Ry” | [y (I — RT(RRT)*R)]),

and

> i=22"(RR") 'R~ aRy" 2" (RR") 'R = (z — aRy")|

zT (RRT)™'R]

= d72([(y(I = R"(RRT)"'R)y")z - (w0 — yRT (RR")"'2))Ry"] [" (RR")'R] ).

Hence

(1+w"(QQT)'w)(M] + My) = (RR")™)S = (RR")~ Z+Z

=d?[(zo — yR"(RR") 'z)(RR") 'z + (1 + 2z (RR")™*

><RRT> 1Ry |[y(I = R"(RR")"'R)]
+d?[(y(I - R"(RR")"'R)y")(RR") ™!

z — (zo — yR"(RR")'2))(RR")'Ry"] [z (RR")'R].

By the triangle inequality,

'2) + a(RRT) 2y
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| Z (M7 4 My)y| <
1<i<n—1

o —yR'(RR")"'l| Y ((RR") 'zy(I - R"(RR")"'R)),|

= B0+ wT(QQT) W)

1<i<n—1
1 T T\—1 T\—1p,T T T\—1
+d2(1+wT QQT)-lW)(1+Z (RR ) Z)’1<§_1 ((RR ) Ry y(I—R (RR ) R))“’
1

_|_

(y(I = R"(RR")"'R)y")| > ((RR") 'zz"(RR")"'R),|

(A2
1<i<n—1

(
P+ wT(QQT) W)

1
_ a0 — yR"(RR") 4| (RR")"'Ry"2" (RR")"'R), |
d?(1+wT'(QQT)1w) 13%—1 ( )
= FE1 + By + E3 + Ey. (16)

To complete our estimates for F1, s, E3, B4, we recall from Corollary Corollary from ,
and that with probability at least 1 — (p(m, N) + exp(cy/m))

m < d?, (17)
) zo — yRT(RRT) 2| < VN, (18)
) m!2[[(RRT) Y| s < t((RRT)7). (19)
We will also need an elementary claim.
Fact 3.11. Assume thata = (a1,...,am,) € R™ andb = (b1, ...,bm,) € R are column vectors

with m1 < mq. Then

S @a= Y ab < falalbl..

1<i<my 1<i<my

Using Fact and (2) of Theorem we have

— 1 T T\—1 T\—1 T Ty\—1
|Ey| = d2(1+wT(QQT)71W)\x0—yR (RRT) z||1<;1 ((RR")zy(I - R"(RR")™'R)) ||

< (tr((RRT)™) " 'm ™V N|(RR") || us|| (I — RY(RR") "' R) | us
= (tr((RRT)_l))_lm_l\/NII(RRT)_IHHS\/tr((f — RT(RRT)~'R)?)

= (tr(RR") )" m ' VN|(RRT) | ms/tx(I — RT(RRT)~1R)

< (r((RRT)™ M) 'm ™ ' NV/m||(RRT) | us < {nﬁ
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Similarly,

Ey =

1 T T\—1 T\—1 T T T\—1
E(1 T wl(00T) Tw) L T2 (BE) z)!K;_l ((RRT)"'RyTy(I — RT(RRT)"'R)), |

< (te((RRT)™H) "~ er((RRT)™H|(RRY) ™ Rllus|| (I = RT(RR") ™' R)||us

and

1
Es= (1 +wh(QQT)'w) (y(I - RY(RR")"'R)y")| 1521 ((RRT)_1ZZT(RRT)_1R)1'1"

< (te((RRT) )" m ™ | (RRT) sl (RRT) ™' R) [ s
< (tr((RRT)™)7V2I(RRT) Hlms < (te((RRT) ™)™ Pu(RRT) ™ )ym ™1/
VN

< (tr((RRTY"")N)Y2m ™12 « —.

Lastly,

1
Bl = i wT(0aT W)
< (tr((RRT)™1)) " 'm 'V N||(RR") ' R||%;4
< @

lzo —yRT(RRT) "2l > ((RRT)"'Ry"z"(RR")'R),|

i
1<i<n—1

We sum up below

| Y (PPT)'P)i— Y ((RRT) 'Rl

1<i<n 1<i<n—1
<I((PPTY Pyl +| Y (PP)'Pli— Y ((RRT)'R)ql
2<i<n 1<i<n—1
< |((PPT)71P)11’ + |E1| + E2 + Es + | E4]
1 N N
< + VN < \/>
VN m m
Lemma 3.12. With probability at least 1 — (p(m, N) + exp(—cy/m)) we have
VN
& = PPTY™IP); — RR")'R)y| < —.
=) (PP Y. (RRN)™'Rya < =

1<i<n 1<i<n—1

17
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Here it is emphasized that the index 1 of £ shows the error of comparison between Y, ... (PPT)~1P);

and > cic,_ 1 ((RRT)™'R);; where R is obtain by removing the first row and column of P. If we
remove its k-th row and column instead, then we use & to denote the difference.

3.13. Putting things together. Set

T:= Y (PP")'P);.
1<i<n
By Lemma [3.§ and Lemma foreach 1 <i<mn

(& = T) +t|(RiR]) " Rillms
D;

P((PPT) 7 P);i < ) = 1= (p(m, N) + exp(—ev/m)) — exp(~Ct),
(20)

where the denominator

D; = ¢ =y RT(RRD) ™ Rily)T] [1+ (es(P) )T (R:RT) i)
+[ei(P)1 — vy BT (RiRT) ey(P)U2 > N,
with probability at least 1 — (p(m, N) + exp(—cy/m)).

Rewriting and summing over ¢, with probability at least 1 — n(p(m, N) + exp(—cy/m) +
eXp(_Ct))v

(2

1 i+t R,’RZT _IR,‘

<N

N
| N
<Lt/ —.
m

Lemma 3.14. With probability at least 1 — n(p(m, N) + exp(—cy/m) + exp(—Ct)),

We summarize into a lemma as follows.

-1 S (PP P < ey Y.

1<i<n
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We now complete the proof of Theorem By Hanson-Wright estimates, and by Lemma [3.14]
with probability at least 1 — n(p(m, N) + exp(—cy/m) + 2exp(—Ct))

2
21 — 27 (PPT)~LPxIU )2 [| Yi<icn (PPT)T1P)iil + tll(PPT)_lpHHs}
14 zT(PPT) 1z - tr(PPT)
(ty/ 2
< ——
N/m
<t

Our proof is then complete by choosing « (stated in Theorem [2.3|) to be any constant smaller than
5, K, c.

4. PROOF OF THEOREM [[L4l SKETCH

In this section we sketch the idea to prove Theorem details of the proof will be presented in
later sections. Roughly speaking, we will follow the treatment by Rudelson and Vershynin from
[9] and by Vershynin from [I7] with some modifications. We also refer the reader to a more recent
paper by Rudelson and Vershynin [12] for similar treatments.

For convenience, most of the constants used in our subsequent treatments, if not specified, are
locally restricted.

We first need some preparations, for a cosmetic reason, let us view B as a column matrix of size N
by n of the last n columns of A from now on,

B = (cm1(4) ... cn(4)).
Let cp,c1 € (0,1) be two numbers. We will choose their values later as small constants that depend
only on the subgaussian parameter K.

Definition 4.1. A vector x € R" is called sparse if |[supp(x)| < con. A vector x € S ! is
called compressible if x is within Euclidean distance c¢; from the set of all sparse vectors. A vector
x € S" 1 is called incompressible if it is not compressible.

The sets of compressible and incompressible vectors in S"~! will be denoted by Comp(cy, ¢1) and
Incomp(cy, c1) respectively.

Given a vector random variable x and a radius r, we define the Levy concentration of x (or the
small ball probability with radius r) to be

L(x,r) :=supP(||x —ul]2 <7).
u
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In order to prove Theorem [1.4] we decopose S™~! into compressible and incompressible vectors for
some appropriately chosen parameter ¢y and c¢;. Let £x be the event that

€x = {|Bllz < 3KVN}.

P( min |BTx|l2 < e(VN —v/n)NEk) <P(  min | |BTx|]2 < e(VN — v/n) N Ek)
xesn—1

x€Comp(cop,c1

+P( min 1B x> < e(VN — v/n) N Ex).

x€Incomp(co,c1)

In this section we only treat with the compressible vectors (by giving a stronger bound).

First of all, we bound for a fixed vector x. The following follows from the mentioned work by
Vershynin.

Lemma 4.2. [17, Proposition 4.1] For every vector x € S"~! one has

L(BTx,cV/N) = sup P(||BTx — u||z < ¢V/N) < exp(—cn).
u

Proof. (of Lemmal[d.2) we first decompose the set [N] into two sets {1,...,n/2}U{n/2+1,...,N}.
This induces the decomposition of B and x = (y,z),u = (v, w) accordingly

D G
B:( E)
Thus

|Bx —ul3 = |Dy + Gz — v[5 + |G'y + Ez — w3.
Using the fact that the matrix G has independent entries,

n/2
1Dy + Gz — vl =) ((ri(G),2) — i),
i=1
where r;(G) is the rows of G and d; denote the coordinates of the fixed vector Dy —v. As (r;(G), z)
is a linear form in the random variables,

L((ri(G),2/l|z]l2),1/2) < ¢3 € (0, 1).

Using tenzorization trick (see for instance [§, Lemma 2.2]), we thus conclude

L(Gz, callzll2/n/2) < %,
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This implies that

P(|Dy + Gz — v|s < ca|zllav/n/2) < ¢/,

Argue similarly,

P(|G'y + Bz — w3 < oallyllay/N — n/2) < ¢ "2,

The proof is complete by noting that ||y||3 + ||z]|2 = ||x]|3 = 1.

Now we bound uniformly over all compressible vectors.

Lemma 4.3. [I7, Proposition 4.2] We have

P{ inf IBx — ulls < ev/N|jx]|2 N 5K} < emon/2,

x/|[x|[2€Comp(co,c1)

Proof. (of Lemma Following the proof of [I7, Proposition 4.2], there exists a (2¢1)-net N of
the set Comp(co, c1) such that

N < (9/coer)".

It is not hard to show that if there exist x/||x[|2 € Comp(cp, c1) with || Bx —u||2 < ¢V N||x||2 and
assuming £, then there exists xg € N such that

|Bxg — voll2 < VN

for some vy.

The proof is complete by noting that

20
(9/coer) 0" =2 exp(—en) < exp(—cn/2),
&1
by choosing ¢y small enough depending on ¢; and c. O
5. PROOF OF THEOREM mt TREATMENT FOR INCOMPRESSIBLE VECTORS

Let x1,...,%, € R denote the columns of the matrix B. Given a subset J C [n]? where
d = dm = §(N — n) for some sufficiently small 4 to be chosen, we consider the subspace
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Hj = span(x;)ic.

Define

spread ; := {y € S(RY): Ki/Vd < |yx| < K2/Vd, k € J}.

In what follows J is a subset chosen randomly uniformly among the subsets of cardinality d in [n]
and Pj is the projection onto the coordinates indexed by J.

Lemma 5.1. [9, Lemma 6.1] For every cg,c1 € (0,1), there exist K1, Ko,c¢ > 0 which depend only
on cp, c1 such that the following holds. For every x € Incomp(co, c1), the event

E(x) = {R,X/HR,XH2 € spread; and c;Vd/V2N < |Pyx||s < J&/\/CON}

satisfies

P;(E(x)) > ¢

Allow us to insert here a short proof of this fact. We will need the following simple property of
incompressible vectors.

Claim 5.2. [9, Lemma 2.5] Let x € Incomp(cp,c1). Then there ezists a set o = o(x) C [n] of
cardinality |o| > cocin/2 such that

c1/V2n < |zi| < 1/y/con, k € o.

Proof. (of Lemma Let o C [n] be the subset from Claim Then as d < m < |o|,

P;(JcCo)= (|Z|>/<Z> > (coc? /2e)? = L.
It is clear that if J C o then we obtain the two-sided bound for P;x with Ki = ¢14/co/2, Ky =
1/K1,c = coc?/2e.
O

We now pass our estimate to spread ;.

Lemma 5.3. Let ¢g,c1 € (0,1). There exist C,c > 0 which depend only on cy,c1 such that the
following holds. Then for any e > 0

P( inf( | Bx||2 < 05\/E> < 04 max P( inf  dist(Bz, Hjc) < 5),
co,C1 n

x€Incomp Je[n]d zcspread
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Where H jc is the subspace generated by the columns of B indexed by J¢.
We remark that there is a slight difference between this result and Lemma [9, Lemma 6.2] in that
we take the supremum over all choices of J, as in this case the distance estimate for each J is not

identical.

Note that the following proof gives K1 = c11/co/2, Ko = 1/K1,¢c = ca/V/2,C = 2e/coc?.

Proof. (of Lemma We follow the proof of [9, Lemma 6.2]. Let x € Incomp(cy, c1). For every
J we have

| Bx||2 > dist(Bx, Hjc) = dist(BPyx, H jc).

Condition on E(x) of Lemma we have z = Pyx/||P jx||2 € spread;, and

IBx||s > ||[Pyx|la x  inf  dist(Bz, Hye) = | Pyx||2D(B, J)

zeEspread
with
D(B,J):= inf dist(Bz, Hje).
zcspread ;

Thus on F(x),

||Bx||2 > (c\/d/N)D(B,J).

Define the event

F:={B:P;(D(B,J)>¢)>1-c}. (21)

Markov’s inequality then implies that

Pp(F¢) < ¢ YEgP(D(B,J) <¢) < ¢ E;Pp(D(B,J) < ¢)
< c_dmijPB(D(B, J) <e).

Fix any realization of B for which F holds, and fix any x € Incomp(cg, ¢1). Then

Py(D(B,J)>¢)+Py(Ex) > (1 -+ > 1.



24 HOI H. NGUYEN

Thus for any x there exists J such that E(x) and D(B,J) > e. We then conclude from that
for any B for which F holds,

inf : | Bx||l2 > ecy/d/n,

x€Incomp(co,c1

completing the proof. O

By Lemma we need to study P(inf,cspreaa, dist(Bz, Hjc) < €) for any fixed J C [n]?. From
now on we assume that J = {N —d+1,..., N} as the other cases can be treated similarly. We
restate the problem below.

Theorem 5.4. Let B be the matriz of the last n columns of A, and let J = {N —d+1,...,N}.
Then

P( inf  dist(Bz, Hje) < 8) < e 4 O(exp(—n?)),

zcspread ;

for some absolute constanst c,eq > 0.

Notice that H e has co-dimension N — (n —d) = m + d in RY, thus €2(™ is expected in the RHS
in Theorem [5.41

As there is still dependence between Bz and H jc, we will delete the last m rows from B to arrive
at a matrix B’ of size N — d by n.

That is
B/
B=(cmp1(4) ... cn(A) = rN.jcf“
ry
and
a1(m+1) a1(m+2) cee aiN
B = A2(m+1) A1(m+2) e asN
A(N—-d)(m+1) YN-d)(m+2) -+ OGN-d)N

We now ignore the contribution of distances from the last d rows.

Claim 5.5. Assume that B is as in Theorem|5.0, and B’ is obtained from B by deleting its last d
rows. Then for any z € spread ;,

dist(Bz, H jc) > dist(B'z, H(B')),
where Hyc(B') is the subspace spanned by the first n — d columns of B'.
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By Claim to prove Theorem [5.4] it suffices to show

P( inf  dist(B'z, Hye(B')) < g) < £ 4+ O(exp(—n0)).

zcspread ;

Note that the matrix B” generated by the columns of B” indexed from J¢ has size (N —d) x (n—d),
and thus Hjc(B’) has co-dimension (N — d) — (n — d) = m in R¥=%. Also

D
" _

where G is a random symmetric matrix (inherited from A) of size N —m —d=n—d, and D is a
matrix of size m x (n — d),

a1(m+1) a1(m+-2) cee a1(N—d)
A2(m+1) A1(m+2) ce A2(N—d)
o . .
A(m+1)(m+1) a1(m+2) w0 Q(mA1)(N—d)
A(N—d)(m+1) AN-d)(m+2) -+ QN-d)(N-d)

As for any fixed z € spread ;, the vector B’z is independent of Hjc(B’), and that the entries are
iid copies of a random variable having the same subgaussian property as our original setting. Our
next task is to prove another variant of the distance problem in contrast to Theorem [I.2]

Theorem 5.6 (Distance problem, lower bound). Let B’ be as above. Let x = (x1,...,2n_q) be a
random vector where x; are iid copies of a subgaussian random variable of mean zero and variance
one and are independent of Hje(B')), then

P(dist(x, Hy(B) < gm) < €™ 4 O(exp(—nf0)),
for some absolute positive constants c,eg.

We remark that the upper bound of distance is now ey/m as we do not normalize x. Notice that
Theorem is equivalent with

P <dist(x, Hye(B') < t\@ < (t/V8)@ ™ 4 O(exp(—n0)), (22)

where
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We will prove Theorem in Sections [6] and []] Assuming it for now, we can pass back to
P(infzespread, dist(Bz, Hje) < ¢) to complete the proof of Theorem First of all, for short
let P be the projection onto (Hje(B'))", and let W be the random matrix W = PB’|gs. Notice
that for z € spread j,

dist(B'z, (Hy(B'))!) = Wa.

By Theorem

P(|W|2 > KVd) < exp(~CK?d) (23)

for any K sufficiently large.

In what follows we will choose K = Cj sufficiently large so that the RHS exp(—cK?2d) of is
much smaller than C'~"" from Lemma for instance one can take

Co = (¢ Y logCm/d = (¢ 1) (log C)s~ . (24)

Lemma 5.7. [9, Lemma 7.4] Assume that W is the projection W = PB|gs, then for an t >
exp(—N/d) we have

P inf |[Walo < tVd and [W|> < Kov/d) < (Ct)™ + exp(~K3d).

zcspread ;

Proof. (of Lemma [5.7) Let s = t/Ky. There is an s-net A of spread; C S(R”’) of cardinality

V| < 2d(1+2/s)%1 < 2d(3Ko/t) .

Consider the event

& := {inf |[Wz||s < 2tVd}.

Taking the union bound, and using the equivalent form of Theorem we have
P(€) < IV mas P(IW=1l> < 21v/d) < 2d(3K0 /0" [(2t/¥8)T ) 1 Ofexp(~n™))
z€
< (Crt)cm/Z7

provided that § was chosen so that ¢§~' > 1, and the constant C depends only §, Ky, and
exp(—n) < 4.
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Now suppose the event stated in Lemma holds, i.e. there exists z’ € spread ; such that

[W2'||y < tVd and ||W ||y < KoVd.

Choose z € N such that ||z — 2’| < e. Then by the triangle inequality,

IWellz < [[W2'|l + [Wll2]lz — 2/[|2 < tVd + KoVd(t/Ko) < 2tVd.

6. PROOF OF THEOREM [5.6f PREPARATION

Without loss of generality, we restate the result below by changing n to N and d to m.

Theorem 6.1 (Distance problem, again). Let B be the matriz obtained from A by removing its
first m columns. Let H be the subspace generated by the columns of B, and let x = (x1,...,xN) be
a random vector independent of B whose entries are iid copies of a subgaussian random variable of
mean zero and variance one, then

P(dist(x, H) < ey/m) < %™ + O(exp(—N®)),

for some absolute constants 6,e9 > 0.

After discovering Theorem the current author had found that this result is essentially [12]
Theorem 8.1]. As the proof here look a bit shorter (mainly thanks to the simplicity of our model),
we decide to sketch here for the sake of completion.

Recall that for any random variable S, then the Levy concentration of radius r (or small ball
probability of radius r) is defined by

L(S,r) =supP(]S —s| <r).

6.2. The least common denominator. Let x = (z1,...,zy5). Rudelson and Vershynin [J
defined the essential least common denominator (LCD) of x € RY as follows. Fix parameters a
and 7, where vy € (0,1), and define

LCD, - (x) := inf {9 > 0: dist(0x, ZV) < min(’yHGng,a)}.

We remark that for convenience we do not require ||x||2 to be larger than 1, and it follows from the
definition that for any 6 > 0,

LCD, - (0x) < 6 'LCD, ,(x).
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Theorem 6.3. [9] Consider a vector x € RN which satisfies ||x||2 > 1. Then, for every a > 0 and
v € (0,1), and for

1
>
" LCDq . (x)’

we have

2

€
L(S,e) < Co(= +e722),

Y
where Cy is an absolute constant depending on the sub-gaussian parameter of .

The definition of the essential least common denominator above can be extended naturally to higher
dimensions. To this end, consider d vectors X; = (211, ..., ZIN), -+ Xm = (Tl .-, Tmy) € RV,
Define y1 = (z11,---y&m1)s---,¥n = (T1N, ..., Zmn) be the corresponding vectors in R™. Then
we define, for « > 0 and v € (0, 1),

LCD, (X1, ..,Xm)

.= inf {||@||2 . @ R™, dist(((©,y1), ...,(0,yn)), ZV) < min(+[((©, y1), ..., (@,yN>)||2,a)}.

The following generalization of Theorem gives a bound on the small ball probability for the
random sum S = Zi\;l a;y;, where a; are iid copies of £, in terms of the additive structure of the
coefficient sequence x;.

Theorem 6.4 (Diophatine approximation, multi-dimensional case). [9] Consider d vectors x1,...,Xm
in RN which satisfies
N
Z(yi,@>2 > |03 for every © € R™, (25)
i=1

where y; = (i1, .., Tim). Let & be a random variable such that sup, P({ € B(a,1)) < 1—0b for
some b >0 and ay,...,an be iid copies of £&. Then, for every a > 0 and v € (0,1), and for

€2 yim ;
LCD,~(x1,...,Xm)

we have

L(S,ev/m) < (%)m + QM2

We next introduce the definition of LCD of a subspace.
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Definition 6.5. Let H C R"Y be a subspace. Then then LCD of H is defined to be

LCD,, . (H) = inf  LCD, .
a(H) Yo€H, |lyoll2=1 (o)

In what follows we prove some useful results regarding this LCD.

Lemma 6.6. Assume that |x1||2 = --- = ||Xm|l2 = 1. Let H C R be the subspace generated by
X1,..eyXm. Then

VmLCD,, (X1, . ..,Xp) > LCD, - (H).

Proof. (of Lemma Assume that

dist(((©,y1), .-, (©,yn)), 2") < min(v[|((©,y1),..., (€, yx)) |2, ).

Set yo 1= %(91X1 + -+ 4 0mX;,) where t is chosen so that ||yg|l2 = 1. By definition

dist(tyo, Z") = dist(((©, y1), ..., (0, yn)), Z™)
<min(y[((©,y1),---, (0, yn))2, @)
= min(7([tyol|2, o).

On the other hand, as ||x;||2 = 1, one has

61x1 + -+ OmXmll2 < 01 + -+ 0] < \/ﬁHG)’b

So,
t < vm||®]l2.
Hence,
LCD, ~(yo) < vVmLCDg (X1, ..., Xm)-
O
Corollary 6.7. Let H C RY be a subspace of co-dimension m such that LCD(H™*) > D for some
D. Let a= (ay,...,an) be a random vector where a; are iid copies of . Then for any € > m/D

Ce

P(dist(a, H) < ey/m) < (M

>m + Cm€—2bo¢2_
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Proof. (of Corollary Let eq, ..., e, be an orthogonal basis of H' and let M be the matrix of
size m x N generated by these vectors. By Lemma

LCD,,(e1,...,en) > D/y/m.

Also, by definition

dist(a, H) = ||Mal|o.

Thus by Theorem for e > %, we have

2 m

C
v\/l3>

L(Ma,ev/m) < ( + oM,

0

Now we discuss another variant of arithmetic structure which will be useful for matrices of correlated
entries.

6.8. Regularized LCD. Let x = (z1,...,2y) be a unit vector. Let ¢y, co, c1 be given constants.
We assign a subset spread(x) so that for all k € spread(x),

|2y <

e

S -
VN ~
Following Vershynin [I7] (see also [7]), we define another variant of LCD as follows.

Definition 6.9 (Regularized LCD). Let A € (0,c¢.). We define the regularized LCD of a vector
x € Incomp(cp, c1) as

LCD, ,(x,)\) = max {LCDM (x1/|lxr]l2) : T C spread(x), [I| = [AN] }

We will denote by I(x) the maximizing set I in this definition.

Note that in our later application A can be chosen within n="° < A < \g for some sufficiently small
constant Ag.

From the definition, it is clear that if LCD(x) small then so is L/C\D(x) (with slightly different
parameter).
Lemma 6.10. For any z € SN~! and any 0 < v < c1vV/A/2, we have

1

LCDa,'y(cn&/Q)—l (x,A) < aﬁLCDa’7($)'

Consequently, for any 0 <~y < 1
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— 1
LCDHW(.T,Oé) < g\/aLCD&’Y(Cl\/a/Q)(w)'

Proof. (of Lemma [6.10) See |7, Lemma 5.7]. O

We now introduce a result connecting the small ball probability with the regularized LCD.

Lemma 6.11. Assume that

1 _
£> C—fA(LCDM(x, )L
1

Then we have
g 2
L(S,e) =0 < + ¢ Ol >> .
(5:) yervA

Proof. (of Lemma[6.11)) See for instance [7, Lemma 5.8]. O

7. ESTIMATING ADDITIVE STRUCTURE AND COMPLETING THE PROOF OF THEOREM

Again, we will be following [9] [17] with modifications. A major part of this treatment can also be
found in [7, Appendix B] but allow us to recast here for completion.

We first show that with high probability H' does not contain any compressible vector, where we
recall that H is spanned by the column vectors of B.

Theorem 7.1 (Incompressible of subspace). Consider the event &,

& = {H* N Comp(co,c;) = B}.

We then have
P(&Y) < exp(—cn).

The treatment is similar to Section 4 except the fact that we are working with B? and vectors in
RY. We start with a version of Lemma

SNfl

Lemma 7.2. For every co-sparse vector X € one has

L(BTx,cV/N) = sup P(|| BTx — ul|2) < exp(—cN).
u

Proof. (of Lemma Without loss of generality, assume that the last (1 — co) N components of x
are all zero. What remains is similar to the proof of Lemma [4.2 ]



32 HOI H. NGUYEN

Proof. (of Theorem [7.1]) First of all, there exists a (2c¢1)-net N of sparse vectors only of the set
Comp(cp, ¢1) such that

N < (9/coer) ™.

It is not hard to show that if there exist x € Comp(cg,c1) with ||BTx — uly < cN1/2HxH2 and
assuming £, then there exists xg € N such that

1B"xo — voll2 < eV'N

for some vy.

This leaves us to estimate the probability P(|[BTx¢ — vo|l2 < ¢V/N) for each individual sparse
vector xg, and for this it suffices to apply Lemma O

The main goal of this section is to verify the following result.

Theorem 7.3 (Structure theorem). Consider the event &

& = {Vyo € H : LCD4(y0, A) > N/},

We then have

P(&3) < exp(—cN).

Notice that in this result, ¢ = v(cg ﬁ)*l. Assume Theorem for the moment, we provide a proof
of our distance theorem.

Proof. (of Theorem i Within &, L/CB(yO) is extremely large, and so LCD(H™') is also large
because of Lemma [6.6] (where the factor /m is absorbed into N¢/*). We then apply Theorem
to complete the proof. O

7.4. Proof of Theorem (See also [I7] and [7, Appendix B]). The first step is to show that
the set of vectors of small LCD accepts a net of considerable size.

Lemma 7.5. Let A € (¢/N,cs). For every D > 1, the subset {x € Incomp(co, c1) : L/CBOQC(X, A) <
D} has a oo/ Dv/A-net N of size

IN| < [CD/(AN)]N DY,
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Definition 7.6. Let Dy > v9v/N. Define Sp, as

Sp, = {x € Incomp : Dy < LCD, (x) < 2Dy},
where v is a constant.

Lemma 7.7. [9, Lemma 4.7] There exists a (4a/Dg)-net of Sp, of cardinality at most (CoDo/v/N)N.

One can in fact obtain a more general form as follows .

Lemma 7.8. Let ¢ € (0,1) and D > Dy > ¢v/N. Then the set Sp, has a (4a/D)-net of cardinality
at most (CoD/vV/N)N.

Proof. (of Lemma First, by the lemma above one can cover Sp, by (CoDo/v/N)V balls of
radius 4a/Dy. We then cover these balls by smaller balls of radius 4a/ D, the number of such small
balls is at most (5D/Dg)". Thus in total there are at most (20CoD/+/N)Y balls in total. O

Now we put the nets together over dyadic intervals.

Lemma 7.9. Let ¢ € (0,1) and D > ¢V/N. Then the set {X € Incomp(co,c1) : cv/N <
LCD, .(X) < D} has a (4a/D)-net of cardinality at most (CoD/v/N)N logy D.

Notice that in the above lemmas, |[x||2 > 1 was assumed implicitly. Using the trivial bound
log, D(D/a) < D?, we arrive at

Lemma 7.10. Let ¢ € (0,1) and D > c¢/N. Then the set {x € Incomp(cy,ci) : cv/N <
LCD, .(Bz/||x|2) < D} has a (4a/D)-net of cardinality at most (CoD/v/N)N D2,

Proof. (of Lemma Write x = x, Uspread(x), where spread(x) = I U---U Iy, U J such that
|Ir] = AN and [J]| < AN.

Notice that we trivially have

|spread(z)| >[I} U--- U Iy, | = ko[an] > |spread(z)| — an > ¢'n/2.

Thus we have

In the next step, we will construct nets for each xy,. For xy,, we construct trivially a (1/D)-net Ny
of size

INg| < (3D)ol,

For each I, as
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LCDy (21, /|21, ||) < LCDy 4 (2) < D,

by Lemma (where the condition LCD,, ,(x1, /||x1.||) > +/|Ix| follows the standard Littlewood-
Offord estimate because the entries of zy, /||, are all of order y/an while k = o(y/an)), one obtains

a (2k/D)-net Ny, of size
|
CoD
NG| < [ =2 D
Vil

Combining the nets together, as z = (zp,, 1, . . . s Ll s x7) can be approximated by y = (yr,, Y1, - - - s Yl yJ)

with ||z, — yz,|| < %, we have

2
—yll <k
o =3l < Vho 15 < 5

As such, we have obtain a S-net N/, where 8 = O(—Z5), of size

cD [ 1]
N < 2" NGIINA| - . . NG, | < 27(3D) 10l H (\m) D2
k

This can be simplified to

|N| < (CZZ,ZL/Z DO(l/oz)‘
v an

0

Now we complete the proof of Theorem owing to Lemma and the following bound for any
fixed x.

Lemma 7.11. [I7, Proposition 6.11] Let x € Incomp(co,c1) and A € (0,c). Then for any
e > 1/LCD, (x) one has

L(BTx,eV/N) < (—= 4+ exp(—a?))N V.

'y\f

Proof. (of Theorem Assume that D < N¢7. Then with 8 = /(D)) > 1/D, by a union bound

€ N=AN (CD)N 2/ —cN
P(3yo e H C Sp,||BYyo —ull2 < BVN) < [ —= + exp(—a?) x ——2__p¥r = NN,
< ) (ry\/X ) /AnC*N/2
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This completes the proof of our theorem. O

8. APPLICATION: PROOF OF COROLLARY [L.5]

For short, denote by B the (N — 1) x N matrix generated by ro(A),...,ry(A). We will follow
the approach of [I1, 5]. Let I = {iy,...,im—1} be any subset of size m — 1 of {2,..., N}, and
let H be the subspace generated by the remaining columns of B. Let Py be the projection from
RY-1 onto the orthogonal complement H+ of H. For now we view Py as an idempotent matrix
of size (N — 1) x (N — 1), P4 = Py. It is known (see for instance [17, 4]) that with probability
1 —exp(—N¢) we have dim(H*) = m — 1. So without loss of generality we assume tr(Pg) = m — 1.
Recall that by definition,

ri1c1 (B) + x;, ¢4y (B) +- 4z, ¢, (B)+ Z mzc,(B) =0. (26)

i¢{1vil’~-~»i7nfl}

Thus, projecting onto H+ would then yield

$1PH01(B) + $i1PHCi1 (B) + -+ ximflpHCimfl(B) = 0.

It follows that

[z1[[|Pr (e1(B))ll2 = [|@i Pu(ciy (B)) + -+ + @4, Pr(ci,, 1 (B))]]2. (27)

Now if m = C'logn with sufficiently large C, then by Theorem the following holds with over-
whelming probability (that is greater than 1 — O(n~¢) for any given C)

||PH01(B)”2 = \/E and ||PHC,J(B)H2 = m, 1 < j <m-— 1;

and hence trivially

lci. (B)Prci,, (B)| < m,ji # ja.

’le

Let &; be this event, on which by Cauchy-Schwarz we can bound the square of the RHS of by

m—1 m—1
iy Pr(ciy) + -+ + @iy Pr(ci, )3 <m(d_ af) +m?()_ a3).
j=1 i=1

Thus we obtain
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m—1
joa] < m!2(Y " af )2, (28)
j=1
Now let I,...,In-1 be any partition of {2,...,n} into subsets of size m — 1 each (where for
m—1

simplicity we assume m — 1jn — 1). Set

E = AlSJST'rrLL—_llgjj

By a union bound, £ holds with overwhelming probability. Furthermore, it follows from that
on &,

-1
]:U1|§min{m1/2(g )2 1<) < " 1}.
m_
icl;

But as Ziejj x? =1 — 2% < 1, by the pigeon-hole principle

. 9 . n—1 m—1
mln{gmi,lgjg m_1}§ 1
J
Thus conditioned on &,
1 1 3/2
21| < mi/2 ) - O(%).

n—1

NG

The claim then follows by Bayes’ identity.

APPENDIX A. PROOF OF LEMMA [B.3]

We can rely on the powerful concentration result of eigenvalues inside the bulk for random Wigner
matrices from [2], [16] or [3].

Theorem A.1l. Let A be a random Wigner matriz as in Theorem [I.1l Let €,0 be given positive
constants. Then there exists a positive constant k such that the following holds with probability at

least 1 —n~%: let I be any interval of length log’(l N/V/N inside [0,2 — €], then the number Ny of
eigenvalues A\; with modulus |\;| € I is well concentrated

|Ny — / pge(x)dz| < 6VNI,
zel

where pge is the quarter-circle density.
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As a consequence, with probability at least 1 — N=“() for any log’{/ N <« m <« N, any interval
[z + C1m /N2 29 + Com/N/?], 29 > 0 inside the bulk contains at least 2m and at most C'm
singular eigenvalues of A, where C,Cs, C’ depend on 4, e, Kj. Lemmathen can be obtained by
iterating the interlacing law for singular values.

1]
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