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Abstract

We initiate the study ofinverseproblems in approximate uniform generation, focusing on uniform
generation of satisfying assignments of various types of Boolean functions. In such an inverse problem,
the algorithm is given uniform random satisfying assignments of an unknown functionf belonging to
a classC of Boolean functions (such as linear threshold functions orpolynomial-size DNF formulas),
and the goal is to output a probability distributionD which isǫ-close, in total variation distance, to the
uniform distribution overf−1(1). Problems of this sort comprise a natural type of unsupervised learning
problem in which the unknown distribution to be learned is the uniform distribution over satisfying
assignments of an unknown functionf ∈ C.

Positive results: We prove a general positive result establishing sufficient conditions for efficient
inverse approximate uniform generation for a classC. We define a new type of algorithm called a
densifierfor C, and show (roughly speaking) how to combine (i) a densifier, (ii) an approximate counting
/ uniform generation algorithm, and (iii) a Statistical Query learning algorithm, to obtain an inverse
approximate uniform generation algorithm. We apply this general result to obtain a poly(n, 1/ǫ)-time
inverse approximate uniform generation algorithm for the class ofn-variable linear threshold functions
(halfspaces); and a quasipoly(n, 1/ǫ)-time inverse approximate uniform generation algorithm for the
class ofpoly(n)-size DNF formulas.

Negative results:We prove a general negative result establishing that the existence of certain types
of signature schemes in cryptography implies the hardness of certain inverse approximate uniform gen-
eration problems. We instantiate this negative result withknown signature schemes from the cryp-
tographic literature to prove (under a plausible cryptographic hardness assumption) that there are no
subexponential-time inverse approximate uniform generation algorithms for 3-CNF formulas; for in-
tersections of two halfspaces; for degree-2 polynomial threshold functions; and for monotone 2-CNF
formulas.

Finally, we show that there is no general relationship between the complexity of the “forward” ap-
proximate uniform generation problem and the complexity ofthe inverse problem for a classC – it
is possible for either one to be easy while the other is hard. In one direction, we show that the exis-
tence of certain types of Message Authentication Codes (MACs) in cryptography implies the hardness
of certain corresponding inverse approximate uniform generation problems, and we combine this gen-
eral result with recent MAC constructions from the cryptographic literature to show (under a plausible
cryptographic hardness assumption) that there is a classC for which the “forward” approximate uniform
generation problem is easy but the inverse approximate uniform generation problem is computationally
hard. In the other direction, we also show (assuming the GRAPH ISOMORPHISM problem is com-
putationally hard) that there is a problem for which inverseapproximate uniform generation is easy but
“forward” approximate uniform generation is computationally hard.
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1 Introduction

The generation of (approximately) uniform random combinatorial objects has been an important research
topic in theoretical computer science for several decades.In complexity theory, well-known results have
related approximate uniform generation to other fundamental topics such as approximate counting and the
power of nondeterminism [JS89, JVV86, SJ89, Sip83, Sto83].On the algorithms side, celebrated algorithms
have been given for a wide range of approximate uniform generation problems such as perfect matchings
[JSV04], graph colorings (see e.g. [Jer95, Vig99, HV03]), satisfying assignments of DNF formulas [KL83,
JVV86, KLM89], of linear threshold functions (i.e., knapsack instances) [MS04, Dye03] and more.

Before describing the inverse problems that we consider, let us briefly recall the usual framework of
approximate uniform generation. An approximate uniform generation problem is defined by a classC of
combinatorial objects and a polynomial-time relationR(x, y) over C × {0, 1}∗. An input instance of the
problem is an objectx ∈ C, and the problem, roughly speaking, is to output an approximately uniformly ran-
dom elementy from the setRx := {y : R(x, y) holds}. Thus an algorithmA (which must be randomized)
for the problem must have the property that for allx ∈ C, the output distribution ofA(x) puts approximately
equal weight on every element ofRx. For example, taking the class of combinatorial objects to be{all n×n
bipartite graphs} and the polynomial-time relationR over(G,M) pairs to be “M is a perfect matching in
G,” the resulting approximate uniform generation problem isto generate an (approximately) uniform perfect
matching in a given bipartite graph; apoly(n, log(1/ǫ))-time algorithm was given in [JSV04]. As another
example, taking the combinatorial object to be a linear threshold function (LTF)f(x) = sign(w · x − θ)
mapping{−1, 1}n → {−1, 1} (represented as a vector(w1, . . . , wn, θ)) and the polynomial-time relation
R over (f, x) to be “x is a satisfying assignment forf ,” we arrive at the problem of generating approxi-
mately uniform satisfying assignments for an LTF (equivalently, feasible solutions to zero-one knapsack).
A polynomial-time algorithm was given by [MS04] and a fasteralgorithm was subsequently proposed by
[Dye03].

The focus of this paper is oninverseproblems in approximate uniform generation. In such problems,
instead of having tooutput(near-)uniform elements ofRx, theinput is a sample of elements drawn uniformly
from Rx, and the problem (roughly speaking) is to “reverse engineer” the sample and output a distribution
which is close to the uniform distribution overRx. More precisely, following the above framework, a
problem of this sort is again defined by a classC of combinatorial objects and a polynomial-time relation
R. However, now an input instance of the problem is a sample{y1, . . . , ym} of strings drawn uniformly at
random from the setRx := {y : R(x, y) holds}, where nowx ∈ C is unknown. The goal is to output an
ǫ-samplerfor Rx, i.e., a randomized algorithm (which takes no input) whose output distribution isǫ-close
in total variation distance to the uniform distribution over Rx. Revisiting the first example from the previous
paragraph, for the inverse problem the input would be a sample of uniformly random perfect matchings of
an unknown bipartite graphG, and the problem is to output a sampler for the uniform distribution over all
perfect matchings ofG. For the inverse problem corresponding to the second example, the input is a sample
of uniform random satisfying assignments of an unknown LTF over the Boolean hypercube, and the desired
output is a sampler that generates approximately uniform random satisfying assignments of the LTF.

Discussion.Before proceeding we briefly consider some possible alternate definitions of inverse approxi-
mate uniform generation, and argue that our definition is the“right” one (we give a precise statement of our
definition in Section 2, see Definition 11).

One stronger possible notion of inverse approximate uniform generation would be that the output dis-
tribution should be supported onRx and put nearly the same weight on every element ofRx, instead of just
beingǫ-close to uniform overRx. However a moment’s thought suggests that this notion is toostrong, since
it is impossible to efficiently achieve this strong guarantee even in simple settings. (Consider, for exam-
ple, the problem of inverse approximate uniform generationof satisfying assignments for an unknown LTF.
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Given access to uniform satisfying assignments of an LTFf , it is impossible to efficiently determine whether
f is (say) the majority function or an LTF that differs from majority on precisely one point in{−1, 1}n, and
thus it is impossible to meet this strong guarantee.)

Another possible definition of inverse approximate uniformgeneration would be to require that the
algorithm output anǫ-approximation of the unknown objectx instead of anǫ-sampler forRx. Such a
proposed definition, though, leads immediately to the question of how one should measure the distance
between a candidate objectx′ and the true “target” objectx. The most obvious choice would seem to be the
total variation distance betweenURx (the uniform distribution overRx) andURx′

; but given this distance
measure, it seems most natural to require that the algorithmactually output anǫ-approximate sampler for
Rx.

Inverse approximate uniform generation via reconstruction and sampling. While our ultimate goal,
as described above, is to obtain algorithms that output a sampler, algorithms that attempt to reconstruct
the unknown objectx will also play an important role for us. GivenC, R as above, we say that an(ǫ, δ)-
reconstruction algorithmis an algorithmAreconstruct that works as follows: for anyx ∈ C, if Areconstruct

is given as input a sample ofm = m(ǫ, δ) i.i.d. draws from the uniform distribution overRx, then with
probability1−δ the output ofAreconstruct is an object̃x ∈ C̃ such that the variation distancedTV(URx ,URx̃

)
is at mostǫ. (Note that the class̃C need not coincide with the original class̃C, so x̃ need not necessarily
belong toC.) With this notion in hand, an intuitively appealing schema for algorithms that solve inverse
approximate uniform generation problems is to proceed in the following two stages:

1. (Reconstruct the unknown object): Run a reconstruction algorithmAreconstruct with accuracy and
confidence parametersǫ/2, δ/2 to obtainx̃ ∈ C̃;

2. (Sample from the reconstructed object):LetAsample be an algorithm which solves the approximate
uniform generation problem(C̃, R) to accuracyǫ/2 with confidence1 − δ/2. The desired sampler is
the algorithmAsample with its input set tõx.

We refer to this as thestandard approachfor solving inverse approximate uniform generation problems.
Most of our positive results for inverse approximate uniform generation can be viewed as following this
approach, but we will see an interesting exception in Section 7, where we give an efficient algorithm for an
inverse approximate uniform generation problem which doesnot follow the standard approach.

1.1 Relation between inverse approximate uniform generation and other problems. Most of our re-
sults will deal with uniform generation problems in which the classC of combinatorial objects is a class
of syntactically defined Boolean functions over{−1, 1}n (such as the class of all LTFs, allpoly(n)-term
DNF formulas, all 3-CNFs, etc.) and the polynomial-time relationR(f, y) for f ∈ C is “y is a satisfying
assignment forf .” In such cases our inverse approximate uniform generationproblem can be naturally
recast in the language of learning theory as an unsupervisedlearning problem (learning a probability distri-
bution from a known class of possible target distributions): we are given access to samples fromUf−1(1),
the uniform distribution over satisfying assignments off ∈ C, and the task of the learner is to construct a
hypothesis distributionD such thatdTV(Uf−1(1),D) ≤ ǫ with high probability. We are not aware of prior
work in unsupervised learning that focuses specifically on distribution learning problems of this sort (where
the target distribution is uniform over the set of satisfying assignments of an unknown member of a known
class of Boolean functions).

Our framework also has some similarities to “uniform-distribution learning from positive examples
only,” since in both settings the input to the algorithm is a sample of points drawn uniformly at random from
f−1(1), but there are several differences as well. One difference is that in uniform-distribution learning
from positive examples the goal is to output a hypothesis function h, whereas here our goal is to output
a hypothesisdistribution (note that outputting a functionh essentially corresponds to the reconstruction
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problem described above). A more significant difference is that the success criterion for our framework is
significantly more demanding than for uniform-distribution learning. In uniform-distribution learning of a
Boolean functionf over the hypercube{−1, 1}n, the hypothesish must satisfyPr[h(x) 6= f(x)] ≤ ǫ,
where the probability is uniform over all2n points in{−1, 1}n. Thus, for a given setting of the error pa-
rameterǫ, in uniform-distribution learning the constant−1 function is an acceptable hypothesis for any
functionf that has|f−1(1)| ≤ ǫ2n. In contrast, in our inverse approximate uniform generationframework
we measure error by the total variation distance betweenUf−1(1) and the hypothesis distributionD, so no
such “easy way out” is possible when|f−1(1)| is small; indeed the hardest instances of inverse approxi-
mate uniform generation problems are often those for whichf−1(1) is a very small fraction of{−1, 1}n.
Essentially we require a hypothesis with smallmultiplicativeerror relative to|f−1(1)|/2n rather than the
additive-error criterion that is standard in uniform-distribution learning. We are not aware of prior work on
learning Boolean functions in which such a “multiplicative-error” criterion has been employed.

We summarize the above discussion with the following observation, which essentially says that recon-
struction algorithms directly yield uniform-distribution learning algorithms:

Observation 1. LetC be a class of Boolean functions{−1, 1}n → {−1, 1} and letR(f, y) be the relation
“ y is a satisfying assignment forf .” Suppose there exists at(n, ǫ, δ)-time (ǫ, δ)-reconstruction algorithm
for C that outputs elements of̃C. Then there is an(O(log(1/δ)/ǫ2) + O(t(n, ǫ, δ/3) · log(1/δ)/ǫ))-time
uniform-distribution learning algorithm that outputs hypotheses iñC (i.e., given access to uniform random
labeled examples(x, f(x)) for anyf ∈ C, the algorithm with probability1− δ outputs a hypothesish ∈ C̃
such thatPr[h(x) 6= f(x)] ≤ ǫ).

Proof. The learning algorithm draws an initial set ofO(log(1/δ)/ǫ2) uniform labeled examples to esti-
mate|f−1(1)|/2n to within an additive±(ǫ/4) with confidence1 − δ/3. If the estimate is less than3ǫ/4
the algorithm outputs the constant−1 hypothesis. Otherwise, by drawingO(t(n, ǫ, δ/3) · log(1/δ)/ǫ))
uniform labeled examples, with failure probability at mostδ/3 it can obtaint(n, ǫ, δ/3) positive exam-
ples (i.e., points that are uniformly distributed overf−1(1)). Finally the learning algorithm can use these
points to run the reconstruction algorithm with parametersǫ, δ/3 to obtain a hypothesish ∈ C̃ that has
dTV(Uf−1(1),Uh−1(1)) ≤ ǫ with failure probability at mostδ/3. Such a hypothesish is easily seen to satisfy
Pr[h(x) 6= f(x)] ≤ ǫ.

As described in the following subsection, in this paper we prove negative results for the inverse ap-
proximate uniform generation problem for classes such as 3CNF-formulas, monotone 2-CNF formulas,
and degree-2 polynomial threshold functions. Since efficient uniform-distribution learning algorithms are
known for these classes, these results show that the inverseapproximate uniform generation problem is in-
deed harder than standard uniform-distribution learning for some natural and interesting classes of functions.

The problem of inverse approximate uniform generation is also somewhat reminiscent of the problem
of reconstructing Markov Random Fields (MRFs) from random samples [BMS08, DMR06, Mos07]. Much
progress has been made on this problem over the past decade, especially when the hidden graph is a tree.
However, there does not seem to be a concrete connection between this problem and the problems we study.
One reason for this seems to be that in MRF reconstruction, the task is to reconstruct themodeland not just
the distribution; because of this, various conditions needto be imposed in order to guarantee the uniqueness
of the underlying model given random samples from the distribution. In contrast, in our setting the explicit
goal is to construct a high-accuracy distribution, and it may indeed be the case that there is no unique
underlying model (i.e., Boolean functionf ) given the samples received from the distribution.

1.2 Our results. We give a wide range of both positive and negative results forinverse approximate uni-
form generation problems. As noted above, most of our results deal with uniform generation of satisfying
assignments, i.e.,C is a class of Boolean functions over{−1, 1}n and forf ∈ C the relationR(f, y) is “y
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is a satisfying assignment forf .” All the results, both positive and negative, that we present below are for
problems of this sort unless indicated otherwise.

Positive results: A general approach and its applications.We begin by presenting a general approach
for obtaining inverse approximate uniform generation algorithms. This technique combines approximate
uniform generation and counting algorithms and Statistical Query (SQ) learning algorithms with a new type
of algorithm called a “densifier,” which we introduce and define in Section 3. Very roughly speaking, the
densifier lets us prune the entire space{−1, 1}n to a setS which (essentially) contains all off−1(1) and
is not too much larger thanf−1(1) (so f−1(1) is “dense” inS). By generating approximately uniform
elements ofS it is possible to run anSQ learning algorithm and obtain a high-accuracy hypothesis which
can be used, in conjunction with the approximate uniform generator, to obtain a sampler for a distribution
which is close to the uniform distribution overf−1(1). (The approximate counting algorithm is needed for
technical reasons which we explain in Section 3.1.) In Section 3 we describe this technique in detail and
prove a general result establishing its effectiveness.

In Sections 4 and 5 we give two main applications of this general technique to specific classes of func-
tions. The first of these is the classLTF of all LTFs over{−1, 1}n. Our main technical contribution here
is to construct a densifier for LTFs; we do this by carefully combining known efficient online learning algo-
rithms for LTFs (based on interior-point methods for linearprogramming) [MT94] with known algorithms
for approximate uniform generation and counting of satisfying assignments of LTFs [MS04, Dye03]. Given
this densifier, our general approach yields the desired inverse approximate uniform generator for LTFs:

Theorem 2. (Informal statement)There is apoly(n, 1/ǫ)-time algorithm for the inverse problem of ap-
proximately uniformly generating satisfying assignmentsfor LTFs.

Our second main positive result for a specific class, in Section 5, is for the well-studied classDNFn,s of
all size-s DNF formulas overn Boolean variables. Here our main technical contribution isto give a densifier
which runs in timenO(log(s/ǫ)) and outputs a DNF formula. A challenge here is that knownSQ algorithms
for learning DNF formulas require time exponential inn1/3. To get around this, we view the densifier’s out-
put DNF as an OR overnO(log(s/ǫ)) “metavariables” (corresponding to all possible conjunctions that could
be present in the DNF output by the densifier), and we show thatit is possible to apply knownmalicious
noise tolerantSQ algorithms for learningsparse disjunctionsas theSQ-learning component of our general
approach. Since efficient approximate uniform generation and approximate counting algorithms are known
[JVV86, KL83] for DNF formulas, with the above densifier andSQ learner we can carry out our general
technique, and we thereby obtain our second main positive result for a specific function class:

Theorem 3. (Informal statement)There is anO(log(s/ǫ))-time algorithm for the inverse problem of approx-
imately uniformly generating satisfying assignments fors-term DNF formulas.

Negative results based on cryptography.In light of the “standard approach,” it is clear that in orderfor an
inverse approximate uniform generation problem(C, R) to be computationally hard, it must be the case that
either stage (1) (reconstructing the unknown object) or stage (2) (sampling from the reconstructed object) is
hard. (If both stages have efficient algorithmsAreconstruct andAsample respectively, then there is an efficient
algorithm for the whole inverse approximate uniform generation problem that combines these algorithms
according to the standard approach.) Our first approach to obtaining negative results can be used to obtain
hardness results for problems for which stage (2), near-uniform sampling, is computationally hard. The
approach is based on signature schemes from public-key cryptography; roughly speaking, the general result
which we prove is the following (we note that the statement given below is a simplification of our actual
result which omits several technical conditions; see Theorem 60 of Section 6.1 for a precise statement):

Theorem 4. (Informal statement) LetC be a class of functions such that there is a parsimonious reduction
from CIRCUIT-SAT to C-SAT. Then known constructions of secure signature schemes imply that there is
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no subexponential-time algorithm for the inverse problem of approximately uniformly generating satisfying
assignments to functions inC.

This theorem yields a wide range of hardness results for specific classes that show that our positive
results (for LTFs and DNF) lie quite close to the boundary of what classes have efficient inverse approximate
uniform generation algorithms. We prove:

Corollary 5. (Informal statement) Under known constructions of secure signature schemes, there is no
subexponential-time algorithm for the inverse approximate uniform generation problem for either of the
following classes of functions: (i) 3-CNF formulas; (ii) intersections of two halfspaces.

We show that our signature-scheme-based hardness approachcan be extended to settings where there
is no parsimonious reduction as described above. Using “blow-up”-type constructions of the sort used to
prove hardness of approximate counting, we prove the following:

Theorem 6. (Informal statement)Under the same assumptions as Corollary 5, there is no subexponential-
time algorithm for the inverse approximate uniform generation problem for either of the following classes:
(i) monotone 2-CNF; (ii) degree-2 polynomial threshold functions.

It is instructive to compare the above hardness results withthe problem of uniform generation of NP-
witnesses. In particular, while it is obvious that no efficient randomized algorithm can produce even a single
satisfying assignment of a given3-SAT instance (assumingNP 6⊆ BPP), the seminal results of Jerrum
et al. [JVV86] showed that given access to an NP-oracle, it is possible to generate approximately uniform
satisfying assignments for a given3-SAT instance. It is interesting to ask whether one requires the full
power of adaptive access to NP-oracles for this task, or whether a weaker form of “advice” suffices. Our
hardness results can be understood in this context as givingevidence that receiving polynomially many
random satisfying assignments of a3-SAT instance does not help in further uniform generation of satisfying
assignments.1

Our signature-scheme based approach cannot give hardness results for problems that have polynomial-
time algorithms for the “forward” problem of sampling approximately uniform satisfying assignments. Our
second approach to proving computational hardness can (at least sometimes) surmount this barrier. The
approach is based on Message Authentication Codes in cryptography; the following is an informal statement
of our general result along these lines (as before the following statement ignores some technical conditions;
see Theorem 80 for a precise statement):

Theorem 7. (Informal statement)There are known constructions of MACs with the following property:
Let C be a class of circuits such that the verification algorithm ofthe MAC can be implemented inC. Then
there is no subexponential-time inverse approximate uniform generation algorithm forC.

We instantiate this general result with a specific construction of a MAC that is a slight variant of a
construction due to Pietrzak [Pie12]. This specific construction yields a classC for which the “forward”
approximate uniform generation problem is computationally easy, but (under a plausible computational
hardness assumption) the inverse approximate uniform generation problem is computationally hard.

The above construction based on MACs shows that there are problems(C, R) for which the inverse
approximate uniform generation problem is computationally hard although the “forward” approximate uni-
form generation problem is easy. As our last result, we exhibit a group-theoretic problem (based on graph
automorphisms) for which the reverse situation holds: under a plausible hardness assumption theforward

1There is a small caveat here in that we are not given the3-SAT formulaper sebut rather access to random satisfying assignments
of the formula. However, there is a simple elimination basedalgorithm to reconstruct a high-accuracy approximation for a 3-SAT
formula if we have access to random satisfying assignments for the formula.

5



approximate uniform generation problem is computationally hard, but we give an efficient algorithm for
the inverseapproximate uniform generation problem (which does not follow our general technique or the
“standard approach”).

Structure of this paper. After the preliminaries in Section 2, we present in Section 3our general upper
bound technique. In Sections 4 and 5 we apply this technique to obtain efficient inverse approximate uniform
generation algorithms for LTFs and DNFs respectively. Section 6 contains our hardness results. In Section 7
we give an example of a problem for which approximate uniformgeneration is hard, while the inverse
problem is easy. Finally, in Section 8 we conclude the paper suggesting further directions for future work.

2 Preliminaries and Useful Tools

2.1 Notation and Definitions. Forn ∈ Z+, we will denote by[n] the set{1, . . . , n}. For a distributionD
over a finite setW we denote byD(x), x ∈ W, the probability mass thatD assigns to pointx, soD(x) ≥ 0
and

∑
x∈W D(x) = 1. ForS ⊆ W, we writeD(S) to denote

∑
x∈S D(x). For a finite setX we write

x ∈U X to indicate thatx is chosen uniformly at random fromX. For a random variablex, we will write
x ∼ D to denote thatx follows distributionD. Let D,D′ be distributions overW. The total variation

distancebetweenD andD′ is dTV(D,D′)
def
= maxS⊆W |D(S)−D′(S)| = (1/2) · ‖D − D′‖1, where

‖D −D′‖1 =
∑

x∈W |D(x)−D′(x)| is theL1–distance betweenD andD′.
We will denote byCn, or simplyC, a Boolean concept class, i.e., a class of functions mapping{−1, 1}n

to {−1, 1}. We usually consider syntactically defined classes of functions such as the class of alln-variable
linear threshold functions or the class of alln-variables-term DNF formulas. We stress that throughout this
paper a classC is viewed as arepresentation class. Thus we will say that an algorithm “takes as input a
functionf ∈ C” to mean that the input of the algorithm is arepresentationof f ∈ C.

We will use the notationUn (or simply U , when the dimensionn is clear from the context) for the
uniform distribution over{−1, 1}n. Let f : {−1, 1}n → {−1, 1}. We will denote byUf−1(1) the uniform
distribution over satisfying assignments off . LetD be a distribution over{−1, 1}n with 0 < D(f−1(1)) <
1. We writeDf,+ to denote the conditional distributionD restricted tof−1(1); so forx ∈ f−1(1) we have
Df,+(x) = D(x)/D(f−1(1)). Observe that, with this notation, we have thatUf−1(1) ≡ Uf,+.

We proceed to define the notions of approximate counting and approximate uniform generation for a
class of Boolean functions:

Definition 8 (approximate counting). Let C be a class ofn-variable Boolean functions. A randomized
algorithmAC

count is an efficient approximate counting algorithm for classC, if for any ǫ, δ > 0 and any
f ∈ C, on inputǫ, δ andf ∈ C, it runs in timepoly(n, 1/ǫ, log(1/δ)) and with probability1 − δ outputs a
valuep̂ such that

1

(1 + ǫ)
·Prx∼U [f(x) = 1] ≤ p̂ ≤ (1 + ǫ) ·Prx∼U [f(x) = 1].

Definition 9 (approximate uniform generation). Let C be a class ofn-variable Boolean functions. A ran-
domized algorithmAC

gen is an efficient approximate uniform generation algorithm for classC, if for any
ǫ > 0 and anyf ∈ C, there is a distributionD = Df,ǫ supported onf−1(1) with

1

1 + ǫ
·

1

|f−1(1)|
≤ D(x) ≤ (1 + ǫ) ·

1

|f−1(1)|

for eachx ∈ f−1(1), such that for anyδ > 0, on inputǫ, δ and f ∈ C, algorithmAC
gen(ǫ, δ, f) runs in

timepoly(n, 1/ǫ, log(1/δ)) and either outputs a pointx ∈ f−1(1) that is distributed precisely according to
D = Df,ǫ, or outputs⊥. Moreover the probability that it outputs⊥ is at mostδ.

6



An approximate uniform generation algorithm is said to befully polynomialif its running time depen-
dence onǫ is poly(log(1/ǫ)).

Before we define our inverse approximate uniform generationproblem, we need the notion of asampler
for a distribution:

Definition 10. LetD be a distribution over{−1, 1}n. A sampler forD is a circuit C with m = poly(n)
input bitsz ∈ {−1, 1}m andn output bitsx ∈ {−1, 1}n which is such that whenz ∼ Um thenx ∼ D. For
ǫ > 0, anǫ-sampler forD is a sampler for some distributionD′ which hasdTV(D

′,D) ≤ ǫ.

For clarity we sometimes write “C is a0-sampler forD” to emphasize the fact that the outputs ofC(z)
are distributedexactlyaccording to distributionD. We are now ready to formally define the notion of an
inverse approximate uniform generation algorithm:

Definition 11 (inverse approximate uniform generation). LetC be a class ofn-variable Boolean functions.
A randomized algorithmAC

inv is an inverse approximate uniform generation algorithm for classC, if for any
ǫ, δ > 0 and anyf ∈ C, on inputǫ, δ and sample access toUf−1(1), with probability1 − δ algorithmAC

inv

outputs anǫ-samplerCf for Uf−1(1).

2.2 Hypothesis Testing.Our general approach works by generating a collection of hypothesis distribu-
tions, one of which is close to the target distributionUf−1(1). Thus, we need a way to select a high-accuracy
hypothesis distribution from a pool of candidate distributions which contains at least one high-accuracy hy-
pothesis. This problem has been well studied, see e.g. Chapter 7 of [DL01]. We use the following result
which is an extension of Lemma C.1 of [DDS12a].

Proposition 12. Let D be a distribution over a finite setW andDǫ = {Dj}
N
j=1 be a collection ofN

distributions overW with the property that there existsi ∈ [N ] such thatdTV(D,Di) ≤ ǫ. There is an
algorithmT D, which is given access to:

(i) samplers forD andDk, for all k ∈ [N ],

(ii) a (1 + β)–approximate evaluation oracleEVALDk
(β), for all k ∈ [N ], which, on inputw ∈ W,

deterministically outputs a valuẽDβ
k (w), such thatDk(w)/(1 + β) ≤ D̃β

k (w) ≤ (1 + β)Dk(w),
whereβ > 0 is any parameter satisfying(1 + β)2 ≤ 1 + ǫ/8,

an accuracy parameterǫ and a confidence parameterδ, and has the following behavior: It makes

m = O
(
(1/ǫ2) · (logN + log(1/δ))

)

draws fromD and from eachDk, k ∈ [N ], andO(m) calls to each oracleEVALDk
(β), k ∈ [N ], per-

formsO(mN2) arithmetic operations, and with probability1 − δ outputs an indexi⋆ ∈ [N ] that satisfies
dTV(D,Di⋆) ≤ 6ǫ.

Before we proceed with the proof, we note that there are certain crucial differences between the current
setting and the setting of [DDS12a, DDS12b] (as well as otherrelated works that use versions of Proposi-
tion 12). In particular, in our setting, the setW is of size2n, which was not the case in [DDS12a, DDS12b].
Hence, we cannot assume the distributionsDi are given explicitly in the input. Thus Proposition 12 care-
fully specifies what kind of access to these distributions isrequired. Proposition 12 is an extension of
similar results in the previous works; while the idea of the proof is essentially the same, the details are more
involved.
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Proof of Proposition 12.At a high level, the algorithmT D performs a tournament by running a “compe-
tition” Choose-HypothesisD for every pair of distinct distributions in the collectionDǫ. It outputs a
distributionD⋆ ∈ Dǫ that was never a loser (i.e., won or achieved a draw in all its competitions). If no
such distribution exists inDǫ then the algorithm outputs “failure.” We start by describing and analyzing the
competition subroutine between a pair of distributions in the collection.

Lemma 13. In the context of Proposition 12, there is an algorithmChoose-HypothesisD(Di,Dj , ǫ
′, δ′)

which is given access to

(i) independent samples fromD andDk, for k ∈ {i, j},

(ii) an evaluation oracleEVALDk
(β), for k ∈ {i, j},

an accuracy parameterǫ′ and a confidence parameterδ′, and has the following behavior: It usesm′ =

O
(
(1/ǫ′2) log(1/δ′)

)
samples from each ofD,Di andDj , it makesO(m′) calls to the oraclesEVALDk

(β),

k ∈ {i, j}, performsO(m′) arithmetic operations, and if someDk, k ∈ {i, j}, hasdTV(Dk,D) ≤ ǫ′ then
with probability1− δ′ it outputs an indexk⋆ ∈ {i, j} that satisfiesdTV(D,Dk⋆) ≤ 6ǫ′.

Proof. To set up the competition betweenDi andDj, we consider the following subset ofW:

Hij = Hij(Di,Dj)
def
= {w ∈ W | Di(w) ≥ Dj(w)}

and the corresponding probabilitiespi,j
def
= Di(Hij) andqi,j

def
= Dj(Hij). Clearly, it holdspi,j ≥ qi,j and by

definition of the total variation distance we can write

dTV(Di,Dj) = pi,j − qi,j.

For the purposes of our algorithm, we would ideally want oracle access to the setHij. Unfortunately
though, this is not possible since the evaluation oracles are only approximate. Hence, we will need to define
a more robust version of the setHij which will turn out to have similar properties. In particular, we consider
the set

Hβ
ij

def
= {w ∈ W | D̃β

i (w) ≥ D̃β
j (w)}

and the corresponding probabilitiespβi,j
def
= Di(H

β
ij) and qβi,j

def
= Dj(H

β
ij). We claim that the difference

∆
def
= pβi,j − qβi,j is an accurate approximation todTV(Di,Dj). In particular, we show:

Claim 14. We have
∆ ≤ dTV(Di,Dj) ≤ ∆+ ǫ/4. (1)

Before we proceed with the proof, we stress that (1) crucially uses our assumption that the evaluation
oracles provide amultiplicativeapproximation to the exact probabilities.

Proof. To show (1) we proceed as follows: LetA = Hij ∩Hβ
ij, B = Hij ∩Hβ

ij andC = Hij ∩Hβ
ij. Then

we can write
dTV(Di,Dj) = (Di −Dj)(A) + (Di −Dj)(B)

and
∆ = (Di −Dj)(A) + (Di −Dj)(C).

We will show that
0 ≤ (Di −Dj)(B) ≤ ǫ/8 (2)
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and similarly
− ǫ/8 ≤ (Di −Dj)(C) ≤ 0 (3)

from which the claim follows. We proceed to prove (2), the proof of (3) being very similar. Letw ∈ B. Then
Di(w) ≥ Dj(w) (sincew ∈ Hij) which gives(Di − Dj)(B) ≥ 0, establishing the LHS of (2). We now

establish the RHS. Forw ∈ B we also have that̃Dβ
i (w) < D̃β

j (w) (sincew ∈ Hβ
ij). Now by the definition

of the evaluation oracles, it follows that̃Dβ
i (w) ≥

Di(w)
(1+β) andD̃β

j (w) ≤ (1 + β)Dj(w). Combining these
inequalities yields

Di(w) ≤ (1 + β)2Dj(w) ≤ (1 + ǫ/8)Dj(w)

where the second inequality follows by our choice ofβ. Therefore,

(Di −Dj)(B) =
∑
w∈B

(Di(w)−Dj(w)) ≤ (ǫ/8) ·Dj(B) ≤ ǫ/8

as desired.

Note that the probabilitiespβi,j andqβi,j are not available to us explicitly.Hence,Choose-Hypothesis
requires a way to empirically estimate each of theseprobability values (up to a small additive accuracy).
This task can be done efficiently because we have sample access to the distributionsDi,Dj and oracle
access to the setHβ

ij thanks to theEVALDk
(β) oracles.The following claim provides the details:

Claim 15. There exists a subroutineEstimate(Di,H
β
ij , γ, δ) which is given access to

(i) independent samples fromDi,

(ii) an evaluation oracleEVALDk
(β), for k ∈ {i, j},

an accuracy parameterγ and a confidence parameterδ, and has the following behavior: It makesm =
O
(
(1/γ2) log(1/δ)

)
draws fromDi andO(m) calls to the oraclesEVALDk

(β), k = i, j, performsO(m)

arithmetic operations, and with probability1− δ outputs a number̃pβi,j such that|p̃βi,j − pβi,j| ≤ γ.

Proof. The desired subroutine amounts to a straightforward randomsampling procedure, which we include
here for the sake of completeness. We will use the following elementary fact, a simple consequence of the
additive Chernoff bound.

Fact 16. LetX be a random variable taking values in the range[−1, 1]. ThenE[X] can be estimated to
within an additive±τ , with confidence probability1− δ, usingm = Ω((1/τ2) log(1/δ)) independent sam-
ples fromX. In particular, the empirical averagêXm = (1/m)

∑m
i=1Xi, where theXi’s are independent

samples ofX, satisfiesPr

[
|X̂m −E[X]| ≤ τ

]
≥ 1− δ.

We shall refer to this as “empirically estimating” the valueof E[X].
Consider the indicator functionI

Hβ
ij

of the setHβ
ij, i.e., I

Hβ
ij

: W → {0, 1} with I
Hβ

ij
(x) = 1 if and

only if x ∈ Hβ
ij . It is clear thatEx∼Di

[
I
Hβ

ij
(x)

]
= Di(H

β
ij) = pβi,j. The subroutine is described in the

following pseudocode:

SubroutineEstimate(Di,H
β
ij, γ, δ):

Input: Sample access toDi and oracle access toEVALDk
(β), k = i, j.

Output: A numberp̃βij such that with probability1− δ it holds |p̃βij −Di(H
β
ij)| ≤ γ.
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1. Drawm = Θ
(
(1/γ2) log(1/δ)

)
sampless = {sℓ}mℓ=1 from Di.

2. For each samplesℓ, ℓ ∈ [m]:

(a) Use the oraclesEVALDi(β), EVALDj (β), to approximately evaluateDi(sℓ), Dj(sℓ).

(b) If D̃β
i (sℓ) ≥ D̃β

j (sℓ) setI
Hβ

ij
(sℓ) = 1, otherwiseI

Hβ
ij
(sℓ) = 0.

3. Setp̃βij =
1
m

∑m
ℓ=1 IHβ

ij
(sℓ).

4. Outputp̃βij .

The computational efficiency of this simple random samplingprocedure follows from the fact that we
can efficiently decide membership inHβ

ij. To do this, for a givenx ∈ W, we make a query to each of the

oraclesEVALDi(β), EVALDj (β) to obtain the probabilities̃Dβ
i (x), D̃

β
j (x). We have thatx ∈ Hβ

ij (or

equivalentlyI
Hβ

ij
(x) = 1) if and only if D̃β

i (x) ≥ D̃β
j (x). By Fact 16, applied for the random variable

I
Hβ

ij
(x), wherex ∼ Di, afterm = Ω((1/γ2) log(1/δ)) samples fromDi we obtain a±γ-additive estimate

to pβi,j with probability 1 − δ. For each sample, we make one query to each of the oracles, hence the total
number of oracle queries isO(m) as desired. The only non-trivial arithmetic operations arethe O(m)
comparisons done in Step 2(b), and Claim 15 is proved.

Now we are ready to prove Lemma 13. The algorithmChoose-HypothesisD(Di,Dj , ǫ
′, δ′) per-

forming the competition betweenDi andDj is the following:

Algorithm Choose-HypothesisD(Di,Dj , ǫ
′, δ′):

Input: Sample access toD andDk, k = i, j, oracle access toEVALDk
(β), k = i, j.

1. Setp̃βi,j =Estimate(Di,H
β
ij , ǫ

′/8, δ′/4) andq̃βi,j =Estimate(Dj,H
β
ij, ǫ

′/8, δ′/4).

2. If p̃βi,j − q̃βi,j ≤ 9ǫ′/2, declare a draw and return eitheri or j. Otherwise:

3. Drawm′ = Θ
(
(1/ǫ′2) log(1/δ′)

)
sampless′ = {sℓ}m

′

ℓ=1 from D.

4. For each samplesℓ, ℓ ∈ [m′]:

(a) Use the oraclesEVALDi(β), EVALDj (β) to evaluateD̃β
i (sℓ), D̃

β
j (sℓ).

(b) If D̃β
i (sℓ) ≥ D̃β

j (sℓ) setI
Hβ

ij
(sℓ) = 1, otherwiseI

Hβ
ij
(sℓ) = 0.

5. Setτ = 1
m′

∑m′

ℓ=1 IHβ
ij
(sℓ), i.e.,τ is the fraction of samples that fall insideHβ

ij.

6. If τ > p̃βi,j −
13
8 ǫ

′, declareDi as winner and returni; otherwise,

7. if τ < q̃βi,j +
13
8 ǫ

′, declareDj as winner and returnj; otherwise,

8. declare a draw and return eitheri or j.
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It is not hard to check that the outcome of the competition does not depend on the ordering of the pair
of distributions provided in the input; that is, on inputs(Di,Dj) and(Dj ,Di) the competition outputs the
same result for a fixed set of samples{s1, . . . , sm′} drawn fromD.

The upper bounds on sample complexity, query complexity andnumber of arithmetic operations can
be straightforwardly verified. Hence, it remains to show correctness.By Claim 15 and a union bound,
with probability at least1 − δ′/2, we will have that|p̃βi,j − pβi,j| ≤ ǫ′/8 and |q̃βi,j − qβi,j| ≤ ǫ′/8. In
the following, we condition on this good event.The correctness ofChoose-Hypothesis is then an
immediate consequence of the following claim.

Claim 17. Suppose thatdTV(D,Di) ≤ ǫ′. Then:

(i) If dTV(D,Dj) > 6ǫ′, then the probability that the competition betweenDi andDj does not declare
Di as the winner is at moste−m′ǫ′2/8. (Intuitively, ifDj is very far fromD then it is very likely that
Di will be declared winner.)

(ii) The probability that the competition betweenDi andDj declaresDj as the winner is at moste−m′ǫ′2/8.
(Intuitively, sinceDi is close toD, a draw with some otherDj is possible, but it is very unlikely that
Dj will be declared winner.)

Proof. Let rβ = D(Hβ
ij). The definition of the variation distance implies that|rβ − pβi,j| ≤ dTV(D,Di) ≤

ǫ′. Therefore, we have that|rβ − p̃βi,j| ≤ |r
β − pβi,j| + |p̃

β
i,j − pβi,j| ≤ 9ǫ′/8. Consider the indicator (0/1)

random variables{Zℓ}
m′

ℓ=1 defined asZℓ = 1 if and only if sℓ ∈ Hβ
ij. Clearly, τ = 1

m′

∑m′

ℓ=1 Zℓ and

Es′ [τ ] = Esℓ∼D[Zℓ] = rβ. Since theZℓ’s are mutually independent, it follows from the Chernoff bound that

Pr[τ ≤ rβ − ǫ′/2] ≤ e−m′ǫ′2/8. Using|rβ − p̃βi,j| ≤ 9ǫ′/8. we get thatPr[τ ≤ p̃βi,j − 13ǫ′/8] ≤ e−m′ǫ′2/8.

• For part (i): IfdTV(D,Dj) > 6ǫ′, from the triangle inequality we get thatpi,j−qi,j = dTV(Di,Dj) >

5ǫ′ Claim 14 implies thatpβi,j − qβi,j > 19ǫ′/4 and our conditioning finally gives̃pβi,j − q̃βi,j > 9ǫ′/2.

Hence, the algorithm will go beyond Step 2, and with probability at least1− e−m′ǫ′2/8, it will stop at
Step 6, declaringDi as the winner of the competition betweenDi andDj .

• For part (ii): If p̃βi,j − q̃βi,j ≤ 9ǫ′/2 then the competition declares a draw, henceDj is not the winner.

Otherwise we havẽpβi,j − q̃βi,j > 9ǫ′/2 and the argument of the previous paragraph implies that the

competition betweenDi andDj will declareDj as the winner with probability at moste−m′ǫ′2/8.

This concludes the proof of Claim 17.

This completes the proof of Lemma 13.

We now proceed to describe the algorithmT D and establish Proposition 12. The algorithm performs
a tournament by running the competitionChoose-HypothesisD(Di,Dj , ǫ, δ/(2N)) for every pair of
distinct distributionsDi,Dj in the collectionDǫ. It outputs a distributionD⋆ ∈ Dǫ that was never a loser
(i.e., won or achieved a draw in all its competitions). If no such distribution exists inDǫ then the algorithm
outputs “failure.” A detailed pseudocode follows:

Algorithm T D({Dj}
N
j=1, ǫ, δ):

Input: Sample access toD andDk, k ∈ [N ], and oracle access toEVALDk
, k ∈ [N ].

1. Drawm = Θ
(
(1/ǫ2)(logN + log(1/δ))

)
samples fromD and eachDk, k ∈ [N ].
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2. For alli, j ∈ [N ], i 6= j, runChoose-HypothesisD(Di,Dj , ǫ, δ/(2N)) using this sample.

3. Output an indexi⋆ such thatDi⋆ was never declared a loser, if one exists.

4. Otherwise, output “failure”.

We now proceed to analyze the algorithm. The bounds on the sample complexity, running time and
query complexity to the evaluation oracles follow from the corresponding bounds forChoose-Hypothesis.
Hence, it suffices to show correctness. We do this below.

By definition, there exists someDi ∈ Dǫ such thatdTV(D,Di) ≤ ǫ. By Claim 17, the distributionDi

never loses a competition against any otherDj ∈ Dǫ (so the algorithm does not output “failure”). A union
bound over allN distributions inDǫ shows that with probability1 − δ/2, the distributionD′ never loses a
competition.

We next argue that with probability at least1 − δ/2, every distributionDj ∈ Dǫ that never loses has
small variation distance fromD. Fix a distributionDj such thatdTV(Dj ,D) > 6ǫ; Claim 17(i) implies that
Dj loses toDi with probability 1 − 2e−mǫ2/8 ≥ 1 − δ/(2N). A union bound yields that with probability
1− δ/2, every distributionDj that hasdTV(Dj ,D) > 6ǫ loses some competition.

Thus, with overall probability at least1− δ, the tournament does not output “failure” and outputs some
distributionD⋆ such thatdTV(D,D⋆) is at most6ǫ. The proof of Proposition 12 is now complete.

Remark 18. As stated Proposition 12 assumes that algorithmT D has access to samplers for all the dis-
tributionsDk, so each call to such a sampler is guaranteed to output an element distributed according to
Dk. LetD⊥

k be a distribution overW ∪ {⊥} which is such that (i)D⊥
k (⊥) ≤ 1/2, and (ii) the conditional

distribution(D⊥
k )W of D⊥

k conditioned on not outputting⊥ is preciselyDk. It is easy to see that the proof
of Proposition 12 extends to a setting in whichT D has access to samplers forD⊥

k rather than samplers for
Dk; each time a sample fromDk is required the algorithm can simply invoke the sampler forD⊥

k repeatedly
until an element other than⊥ is obtained. (The low-probability event that many repetitions are ever needed
can be “folded into” the failure probabilityδ.)

3 A general technique for inverse approximate uniform generation

In this section we present a general technique for solving inverse approximate uniform generation problems.
Our main positive results follow this conceptual framework. At the heart of our approach is a new type of
algorithm which we call adensifierfor a concept classC. Roughly speaking, this is an algorithm which,
given uniform random positive examples of an unknownf ∈ C, constructs a setS which (essentially)
contains all off−1(1) and which is such thatf−1(1) is “dense” inS. Our main result in this section,
Theorem 21, states (roughly speaking) that the existence of(i) a computationally efficient densifier, (ii) an
efficient approximate uniform generation algorithm, (iii)an efficient approximate counting algorithm, and
(iv) an efficientstatistical query (SQ)learning algorithm, together suffice to yield an efficient algorithm for
our inverse approximate uniform generation problem.

We have already defined approximate uniform generation and approximate counting algorithms, so
we need to defineSQ learning algorithms and densifiers. Thestatistical query(SQ) learning model is a
natural restriction of the PAC learning model in which a learning algorithm is allowed to obtain estimates
of statistical properties of the examples but cannot directly access the examples themselves. LetD be a
distribution over{−1, 1}n. In the SQ model [Kea98], the learning algorithm has access to astatistical query
oracle, STAT(f,D), to which it can make a query of the form(χ, τ), whereχ : {−1, 1}n × {−1, 1} →
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[−1, 1] is the query functionand τ > 0 is the tolerance. The oracle responds with a valuev such that
|Ex∼D [χ (x, f(x))]− v| ≤ τ , wheref ∈ C is the target concept. The goal of the algorithm is to output
a hypothesish : {−1, 1}n → {−1, 1} such thatPrx∼D[h(x) 6= f(x)] ≤ ǫ. The following is a precise
definition:

Definition 19. LetC be a class ofn-variable boolean functions andD be a distribution over{−1, 1}n. An
SQ learning algorithm forC underD is a randomized algorithmAC

SQ that for everyǫ, δ > 0, every target
conceptf ∈ C, on inputǫ, δ and with access to oracleSTAT(f,D) and to independent samples drawn from
D, outputs with probability1−δ a hypothesish : {−1, 1}n → {−1, 1} such thatPrx∼D[h(x) 6= f(x)] ≤ ǫ.
Let t1(n, 1/ǫ, 1/δ) be the running time ofAC

SQ (assuming each oracle query is answered in unit time),t2(n)
be the maximum running time to evaluate any query provided toSTAT(f,D) andτ(n, 1/ǫ) be the minimum
value of the tolerance parameter ever provided toSTAT(f,D) in the course ofAC

SQ’s execution. We say

thatAC
SQ is efficient(and thatC is efficientlySQ learnable with respect to distributionD), if t1(n, 1/ǫ, 1/δ)

is polynomial inn, 1/ǫ and 1/δ, t2(n) is polynomial inn and τ(n, 1/ǫ) is lower bounded by an inverse
polynomial inn and 1/ǫ. We call anSQ learning algorithmAC

SQ for C distribution independentif AC
SQ

succeeds for any distributionD. If C has an efficient distribution independentSQ learning algorithm we
say thatC is efficientlySQ learnable (distribution independently).

We sometimes write an “(ǫ, δ)–SQ learning algorithm” to explicitly state the accuracy parameterǫ and
confidence parameter Throughout this paper, we will only deal with distribution independentSQ learning
algorithms.

To state our main result, we introduce the notion of adensifierfor a classC of Boolean functions.
Intuitively, a densifier is an algorithm which is given access to samples fromUf−1(1) (wheref is an unknown
element ofC) and outputs a subsetS ⊆ {−1, 1}n which is such that (i)S contains “almost all” off−1(1),
but (ii) S is “much smaller” than{−1, 1}n – in particular it is small enough thatf−1(1) ∩ S is (at least
moderately) “dense” inS.

Definition 20. Fix a functionγ(n, 1/ǫ, 1/δ) taking values in(0, 1] and a classC of n-variable Boolean

functions. An algorithmA(C,C′)
den is said to bea γ-densifier for function classC using classC′ if it has the

following behavior:For everyǫ, δ > 0, every1/2n ≤ p̂ ≤ 1, and everyf ∈ C, given as inputǫ, δ, p̂ and a set

of independent samples fromUf−1(1), the following holds: Letp
def
= Prx∼Un [f(x) = 1]. If p ≤ p̂ < (1+ ǫ)p,

then with probability at least1− δ, algorithmA(C,C′)
den outputs a functiong ∈ C′ such that:

(a) Prx∼Uf−1(1)
[g(x) = 1] ≥ 1− ǫ.

(b) Prx∼Ug−1(1)
[f(x) = 1] ≥ γ(n, 1/ǫ, 1/δ).

We will sometimes write an “(ǫ, γ, δ)–densifier” to explicitly state the parameters in the definition.
Our main conceptual approach is summarized in the followingtheorem:

Theorem 21(General Upper Bound). LetC, C′ be classes ofn-variable boolean functions. Suppose that

• A
(C,C′)
den is an(ǫ, γ, δ)-densifier forC usingC′ running in timeTden(n, 1/ǫ, 1/δ).

• AC′

gen is an(ǫ, δ)-approximate uniform generation algorithm forC′ running in timeTgen(n, 1/ǫ, 1/δ).

• AC′

count is an(ǫ, δ)-approximate counting algorithm forC′ running in timeTcount(n, 1/ǫ, 1/δ).

• AC
SQ is an(ǫ, δ)-SQ learning algorithm forC such that:AC

SQ runs in timet1(n, 1/ǫ, 1/δ) , t2(n) is the
maximum time needed to evaluate any query provided toSTAT(f,D), andτ(n, 1/ǫ) is the minimum
value of the tolerance parameter ever provided toSTAT(f,D) in the course ofAC

SQ’s execution.
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Then there exists an inverse approximate uniform generation algorithmAC
inv for C. The running time of

AC
inv is polynomial inTden(n, 1/ǫ, 1/δ), 1/γ, Tgen(n, 1/ǫ, 1/δ), Tcount (n, 1/ǫ, 1/δ), t1(n, 1/ǫ, 1/δ), t2(n)

and1/τ(n, 1/ǫ). 2

Sketch of the algorithm. The inverse approximate uniform generation algorithmAC
inv for C works in three

main conceptual steps. Letf ∈ C be the unknown target function and recall that our algorithmAC
inv is given

access to samples fromUf−1(1).

(1) In the first step,AC
inv runs the densifierA(C,C′)

den on a set of samples fromUf−1(1). Let g ∈ C′ be the

output function ofA(C,C′)
den .

Note that by setting the input to the approximate uniform generation algorithmAC′

gen to g, we obtain an
approximate samplerCg for Ug−1(1). The output distributionD′ of this sampler, is by definition supported
on g−1(1) and is close toD = Ug−1(1) in total variation distance.

(2) The second step is to run theSQ-algorithmAC
SQ to learn the functionf ∈ C under the distributionD.

Let h be the hypothesis constructed byAC
SQ.

(3) In the third and final step, the algorithm simply samples from Cg until it obtains an examplex that
hash(x) = 1, and outputs thisx.

Remark 22. The reader may have noticed that the above sketch does not seem to use the approximate
counting algorithmAC′

count; we will revisit this point below.

Remark 23. The connection between the above algorithm sketch and the “standard approach” discussed in
the Introduction is as follows: The functiong ∧ h essentially corresponds to the reconstructed objectx̃ of
the “standard approach.” The process of sampling fromCg and doing rejection sampling until an input that
satisfiesh is obtained, essentially corresponds to theAsample procedure of the “standard approach.”

3.1 Intuition, motivation and discussion. To motivate the high-level idea behind our algorithm, consider
a setting in whichf−1(1) is only a tiny fraction (say1/2Θ(n)) of {−1, 1}n. It is intuitively clear that we
would like to use some kind of a learning algorithm in order tocome up with a good approximation of
f−1(1), but we need this approximation to be accurate at the “scale”of f−1(1) itself rather than at the scale
of all of {−1, 1}n, so we need some way to ensure that the learning algorithm’s hypothesis is accurate at this
small scale. By using a densifier to constructg such thatg−1(1) is not too much larger thanf−1(1), we can
use the distributionD = Ug−1(1) to run a learning algorithm and obtain a good approximation of f−1(1) at
the desired scale. (SinceD andD′ are close in variation distance, this implies we also learnf with respect
toD′.)

To motivate our use of anSQ learning algorithm rather than a standard PAC learning algorithm, observe
that there seems to be no way to obtain correctly labeled examples distributed according toD. However,
we show that it is possible to accurately simulate statistical queries underD having access only to random
positive examples fromf−1(1) and to unlabeled examples drawn fromD (subject to additional technical
caveats discussed below). We discuss the issue of how it is possible to successfully use anSQ learner in our
setting in more detail below.

Discussion and implementation issues.While the three main conceptual steps (1)-(3) of our algorithm
may (hopefully) seem quite intuitive in light of the preceding motivation, a few issues immediately arise
in thinking about how to implement these steps. The first one concerns running theSQ-algorithmAC

SQ in

2It is straightforward to derive an explicit running time bound forAC
inv in terms of the above functions from our analysis, but

the resulting expression is extremely long and rather uninformative so we do not provide it.
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Step 2 to learnf under distributionD (recall thatD = Ug−1(1) and is close toD′). Our algorithmAC
inv

needs to be able to efficiently simulateAC
SQ given its available information. While it would be easy to do

so given access to random labeled examples(x, f(x)), wherex ∼ D, such information is not available in
our setting. To overcome this obstacle, we show (see Proposition 25) that foranysamplable distributionD,
we can efficiently simulate a statistical query algorithm underD using samples fromDf,+. This does not
quite solve the problem, since we only have samples fromUf−1(1). However, we show (see Claim 28) that
for our setting, i.e., forD = Ug−1(1), we can simulate a sample fromDf,+ by a simple rejection sampling
procedure using samples fromUf−1(1) and query access tog.

Some more issues remain to be handled. First, the simulationof the statistical query algorithm sketched
in the previous paragraph only works under the assumption that we are given a sufficiently accurate approx-
imation b̃f of the probabilityPrx∼D[f(x) = 1]. (Intuitively, our approximation should be smaller than
the smallest toleranceτ provided to the statistical query oracle by the algorithmAC

SQ.) Second, by Defini-
tion 20, the densifier only succeeds under the assumption that it is given in its input an(1+ ǫ)-multiplicative
approximation̂p to p = Prx∈Un [f(x) = 1].

We handle these issues as follows: First, we show (see Claim 29) that, given an accurate estimatep̂ and
a “dense” functiong ∈ C′, we can use the approximate counting algorithmAC′

count to efficiently compute an
accurate estimatẽbf . (This is one reason why Theorem 21 requires an approximate counting algorithm for
C′.) To deal with the fact that we do not a priori have an accurate estimatep̂, we run our sketched algorithm
for all possible values ofPrx∼Un [f(x) = 1] in an appropriate multiplicative “grid” of sizeN = O(n/ǫ),
covering all possible values from1/2n to 1. We thus obtain a setD of N candidate distributions one of
which is guaranteed to be close to the true distributionUf−1(1) in variation distance. At this point, we would
like to apply our hypothesis testing machinery (Proposition 12) to find such a distribution. However, in
order to use Proposition 12, in addition to sample access to the candidate distributions (and the distribution
being learned), we also require amultiplicatively accurateapproximate evaluation oracle to evaluate the
probability mass of any point under the candidate distributions. We show (see Lemma 39) that this is
possible in our generic setting, using properties of the densifier and the approximate counting algorithm
AC′

count for C′.
Now we are ready to begin the detailed proof of Theorem 21.

3.2 Simulating statistical query algorithms. Our algorithmAC
inv will need to simulate a statistical query

algorithm for C, with respect to a specific distributionD. Note, however thatAinv only has access to
uniform positive examples off ∈ C, i.e., samples fromUf−1(1). Hence we need to show that a statistical
query algorithm can be efficiently simulated insuch asetting. To do this it suffices to show that one can
efficiently provide valid responses toqueries to the statistical query oracleSTAT(f,D), i.e., that one can
simulate the oracle.Assuming this can be done, the simulation algorithmASQ−SIM is very simple: Run the
statistical query algorithmASQ, and whenever it makes a query toSTAT(f,D), simulate it. To this end, in
the following lemma we describe a procedure that simulatesanSQ oracle. (Our approach here is similar to
that of earlier simulation procedures that have been given in the literature, see e.g. Deniset al. [DGL05].)

Lemma 24. Let C be a concept classover {−1, 1}n, f ∈ C, and D be a samplable distribution over
{−1, 1}n. There exists an algorithmSimulate-STATDf with the following properties: It is given access

to independent samples fromDf,+, and takes as input a number̃bf ∈ [0, 1], a t(n)-time computable query
functionχ : {−1, 1}n×{−1, 1} → [−1, 1], a toleranceτ and a confidenceδ. It has the following behavior:
it usesm = O

(
(1/τ2) log(1/δ)

)
samples fromD and Df,+, runs in timeO (m · t(n)) , and if |b̃f −

Prx∼D[f(x) = 1]| ≤ τ ′, then with probability1− δ it outputs a numberv such that

|Ex∼D [χ (x, f(x))]− v| ≤ τ + τ ′. (4)

15



Proof. To prove the lemma, we start by rewriting the expectation in (4) as follows:

Ex∼D [χ(x, f(x))] = Ex∼Df,+
[χ(x, 1)] ·Prx∼D[f(x) = 1] +Ex∼Df,−

[χ(x,−1)] ·Prx∼D[f(x) = −1].

We also observe that

Ex∼D [χ(x,−1)] = Ex∼Df,+
[χ(x,−1)] ·Prx∼D[f(x) = 1] +Ex∼Df,−

[χ(x,−1)] ·Prx∼D[f(x) = −1].

Combining the above equalities we get

Ex∼D [χ(x, f(x))] = Ex∼D [χ(x,−1)] +Ex∼Df,+
[χ(x, 1) − χ(x,−1)] ·Prx∼D[f(x) = 1]. (5)

Given the above identity, the algorithmSimulate-STATDf is very simple: We use random sampling from
D to empirically estimate the expectationsEx∼D [χ(x,−1)] (recall thatD is assumed to be a samplable dis-
tribution), and we use the independent samples fromDf,+ to empirically estimateEx∼Df,+

[χ(x, 1) − χ(x,−1)].
Both estimates are obtained to within an additive accuracy of ±τ/2 (with confidence probability1 − δ/2
each). We combine these estimates with our estimateb̃f for Prx∼D[f(x) = 1] in the obvious way (see
Step 2 of pseudocode below).

SubroutineSimulate-STATDf (D,Df,+,χ, τ, b̃f , δ):

Input: Independent samples fromD andDf,+, query access toχ : {−1, 1}n → {−1, 1}, accuracyτ ,
b̃f ∈ [0, 1] and confidenceδ.
Output: If |b̃f − Prx∼D[f(x) = 1]| ≤ τ ′, a numberv that with probability 1 − δ satisfies
|Ex∼D[χ(x, f(x))]− v| ≤ τ + τ ′.

1. Empirically estimate the valuesEx∼D[χ(x,−1)] andEx∼Df,+
[χ(x, 1) − χ(x,−1)] to within an

additive±τ/2 with confidence probability1− δ/2. Let Ẽ1, Ẽ2 be the corresponding estimates.

2. Outputv = Ẽ1 + Ẽ2 · b̃f .

By Fact 16, we can estimate each expectation usingm = Θ
(
(1/τ2) log(1/δ)

)
samples (fromD, Df,+

respectively). For each such sample the estimation algorithm needs to evaluate the functionχ (once for
the first expectation and twice for the second). Hence, the total number of queries toχ is O(m), i.e., the
subroutineSimulate-STATDf runs in timeO(m · t(n)) as desired.

By a union bound, with probability1− δ both estimates will be±τ/2 accurate. The bound (4) follows
from this latter fact and (5) by a straightforward application of the triangle inequality. This completes the
proof of Lemma 24.

Given the above lemma, we can state and prove our general result for simulatingSQ algorithms:

Proposition 25. LetC be a concept class andD be a samplable distribution over{−1, 1}n. Suppose there
exists anSQ-learning algorithmASQ for C underD with the following performance:ASQ runs in time
T1 = t1(n, 1/ǫ, 1/δ), each query provided toSTAT(f,D) can be evaluated in timeT2 = t2(n), and the
minimum value of the tolerance provided toSTAT(f,D) in the course of its execution isτ = τ(n, 1/ǫ).
Then, there exists an algorithmASQ−SIM that is given access to

(i) independent samples fromDf,+; and

(ii) a numberb̃f ∈ [0, 1],
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and efficiently simulates the behavior ofASQ. In particular,ASQ−SIM has the following performance guar-
antee: on input an accuracyǫ and a confidenceδ, it usesm = O

(
(1/τ2) · log(T1/δ) · T1

)
samples fromD

andDf,+, runs in timeTSQ−SIM = O (mT2), andif |b̃f −Prx∼D[f(x) = 1]| ≤ τ/2 then with probability
1− δ it outputs a hypothesish : {−1, 1}n → {−1, 1} such thatPrx∼D[h(x) 6= f(x)] ≤ ǫ.

Proof. The simulation procedure is very simple. We run the algorithmASQ by simulating its queries using
algorithmSimulate-STATDf . The algorithm is described in the following pseudocode:

AlgorithmASQ−SIM(D,Df,+, ǫ, b̃f , δ):

Input: Independent samples fromD andDf,+, b̃f ∈ [0, 1], ǫ, δ > 0.
Output: If |b̃f − Prx∼D[f(x) = 1]| ≤ τ/2, a hypothesish that with probability1 − δ satisfies
Prx∼D[h(x) 6= f(x)] ≤ ǫ.

1. Let τ = τ(n, 1/ǫ) be the minimum accuracy ever used in a query toSTAT(f,D) during the
execution ofASQ(ǫ, δ/2).

2. Run the algorithmASQ(ǫ, δ/2), by simulating each query toSTAT(f,D) as follows:
whenever ASQ makes a query(χ, τ) to STAT(f,D), the simulation algorithm runs
Simulate-STATDf (D,Df,+,χ, τ/2, τ/2, δ/(2T1)).

3. Output the hypothesish obtained by the simulation.

Note that we run the algorithmASQ with confidence probability1 − δ/2. Moreover, each query to
the STAT(f,D) oracle is simulated with confidence1 − δ/(2T1). SinceASQ runs for at mostT1 time
steps, it certainly performs at mostT1 queries in total. Hence, by a union bound over these events, with
probability1− δ/2 all answers to its queries will be accurate to within an additive±τ/2. By the guarantee
of algorithmASQ and a union bound, with probability1−δ, the algorithmASQ−SIM will output a hypothesis
h : {−1, 1}n → {−1, 1} such thatPrx∼D[h(x) 6= f(x)] ≤ ǫ. The sample complexity and running time
follow from the bounds forSimulate-STATDf . This completes the proof of Proposition 25.

Proposition 25 tells us we can efficiently simulate a statistical query algorithm for a concept classC
undera samplabledistribution D if we have access to samples drawn fromDf,+ (and a very accurate
estimate ofPrx∼D[f(x) = 1]). In our setting, we have thatD = Ug−1(1) whereg ∈ C′ is the function that

is output byA(C,C′)
den . So, the two issues we must handle are (i) obtaining samples fromD, and (ii) obtaining

samples fromDf,+.
For (i), we note that, even though we do not have access to samples drawnexactlyfrom D, it suffices

for our purposes to use aτ ′-sampler forD for a sufficiently smallτ ′. To see this we use the following fact:

Fact 26. LetD,D′ be distributions over{−1, 1}n with dTV(D,D′) ≤ τ ′. Then for any bounded function
φ : {−1, 1}n → [−1, 1] we have that|Ex∼D[φ(x)] −Ex∼D′ [φ(x)]| ≤ 2τ ′.
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Proof. By definition we have that

|Ex∼D[φ(x)] −Ex∼D′[φ(x)]| =

∣∣∣∣∣
∑

x∈{−1,1}n

(
D(x)−D′(x)

)
φ(x)

∣∣∣∣∣
≤

∑
x∈{−1,1}n

∣∣(D(x)−D′(x)
)∣∣ |φ(x)|

≤ maxx∈{−1,1}n |φ(x)| ·
∑

x∈{−1,1}n

∣∣D(x)−D′(x)
∣∣

≤ 1 · ‖D −D′‖1
= 2dTV(D,D′)

≤ 2τ ′

as desired.

The above fact implies that the statement of Proposition 25 continuous to hold with the same parameters
if instead of a0-sampler forD we have access to aτ ′-sampler forD, for τ ′ = τ/8. The only difference is that
in Step 1 of the subroutineSimulate-STATDf we empirically estimate the expectationEx∼D′ [χ(x,−1)]
up to an additive±τ/4. By Fact 26, this will be a±(τ/4 + 2τ ′) = ±τ/2 accurate estimate for the
Ex∼D[χ(x,−1)]. That is, we have:

Corollary 27. The statement of Proposition 25 continues to hold with the same parameters if instead of a
0-sampler forD we have access to aτ ′ = τ/8-sampler forD.

For (ii), even though we do not have access to the distribution D = Ug−1(1) directly, we note below
that we can efficientlysample fromDf,+ using samples fromUf−1(1) together withevaluations ofg (recall
again thatg is provided as the output of the densifier).

Claim 28. Letg : {−1, 1}n → {−1, 1} be atg(n) time computable functionsuch thatPrx∼Uf−1(1)
[g(x) = 1]≥ ǫ′.

There is an efficient subroutine thatis givenǫ′ and a circuit to computeg as input,usesm = O((1/ǫ′) log(1/δ))
samples fromUf−1(1), runs in timeO(m · tg(n)), and with probability1 − δ outputs a samplex such that
x ∼ Df,+, whereD = Ug−1(1).

Proof. To simulate a sample fromDf,+ we simply draw samples fromUf−1(1) until we obtain a samplex
with g(x) = 1. The following pseudocode makes this precise:

SubroutineSimulate-sampleDf,+(Uf−1(1), g, ǫ
′, δ):

Input: Independent samples fromUf−1(1), a circuit computingg, a valueǫ′ > 0 such thatǫ′ ≤
Prx∼Uf−1(1)

[g(x) = 1] and confidence parameterδ.

Output: A point x ∈ {−1, 1}n that with probability1− δ satisfiesx ∼ Df,+.

1. Repeat the following at mostm = Θ((1/ǫ′) log(1/δ)) times:

(a) Draw a samplex ∼ Uf−1(1).

(b) If the circuit forg evaluates to 1 on inputx then outputx.

2. If no pointx with g(x) = 1 has been obtained, halt and output “failure.”
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SincePrx∼Uf−1(1)
[g(x) = 1]≥ ǫ′, after repeating this processm = Ω((1/ǫ′) log(1/δ)) times, we will

obtain a satisfying assignment tog with probability at least1−δ. It is clear that such a samplex is distributed
according toDf,+. For each sample we need to evaluateg once, hence the running time follows.

Getting a good estimateb̃f of Prx∼D[f(x) = 1]. The simulations presented above require an additively
accurate estimatẽbf of Prx∼D[f(x) = 1]. We now show that in our context, such an estimate can be easily
obtained if we have access to a good estimatep̂ of p = Prx∈Un [f(x) = 1], using the fact that we have an
efficient approximate counting algorithm forC′ and thatD ≡ Ug−1(1) whereg ∈ C′.

Claim 29. Letg : {−1, 1}n → {−1, 1}, g ∈ C′ be atg(n) time computable function, satisfyingPrx∼Ug−1(1)
[f(x) =

1] ≥ γ′ andPrx∼Uf−1(1)
[g(x) = 1] ≥ 1− ǫ′. LetAC′

count be an(ǫ, δ)-approximate counting algorithm forC′

running in timeTcount(n, 1/ǫ, 1/δ). There is a procedureEstimate-Biaswith the following behavior:
Estimate-Bias takes as input a value0 < p̂ ≤ 1, a parameterτ ′ > 0, a confidence parameterδ′, and
a representation ofg ∈ C′. Estimate-Bias runs in timeO(tg · Tcount(n, 2/τ

′, 1/δ′)) and satisfies the

following: if p
def
= Prx∼Un [f(x) = 1] < p̂ ≤ (1 + ǫ′)p, then with probability1 − δ′ Estimate-Bias

outputs a valuẽbf such that|b̃f −Prx∼D[f(x) = 1]| ≤ τ ′.

Proof. The procedureEstimate-Bias is very simple. It runsAC′

count on inputsǫ⋆ = τ ′/2, δ′, using the
representation forg ∈ C′. Let pg be the value returned by the approximate counter;Estimate-Bias
returnsp̂/pg.

The claimed running time bound is obvious. To see that the procedure is correct, first observe that by
Definition 8, with probability1− δ′ we have that

|g−1(1)|

2n
·

1

1 + ǫ⋆
≤ pg ≤

|g−1(1)|

2n
· (1 + ǫ⋆).

For the rest of the argument we assume that the above inequality indeed holds. LetA denote|g−1(1)|, letB
denote|f−1(1) ∩ g−1(1)|, and letC denote|f−1(1) \ g−1(1)|, so the true valuePrx∼D[f(x) = 1] equals
B
A and the above inequality can be rephrased as

A

1 + ǫ⋆
≤ pg · 2

n ≤ A · (1 + ǫ⋆).

By our assumption on̂p we have that

B + C ≤ p̂ · 2n ≤ (1 + ǫ′)(B + C);

sincePrx∼Uf−1(1)
[g(x) = 1] ≥ 1− ǫ′ we have

C

B + C
≤ ǫ′ (i.e.,C ≤

ǫ′

1− ǫ′
· B );

and sincePrx∼Ug−1(1)
[f(x) = 1] ≥ γ′ we have

B

A
≥ γ′.

Combining these inequalities we get

1

1 + ǫ⋆
·
B

A
≤

1

1 + ǫ⋆
·
B + C

A
≤

p̂

pg
≤

B

A
· (1 + ǫ′)(1 + ǫ⋆)

(
1 +

ǫ′

1− ǫ′

)
=

B

A
· (1 + ǫ⋆)

Hence ∣∣∣∣
B

A
−

p̂

pg

∣∣∣∣ ≤
B

A

(
1 + ǫ⋆ −

1

1 + ǫ⋆

)
≤

2ǫ⋆

1 + ǫ⋆
≤ 2ǫ⋆,

where we have usedB ≤ A. Recalling thatǫ⋆ = τ ′/2, the lemma is proved.
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3.3 An algorithm that succeeds given the (approximate) biasof f. In this section, we present an al-
gorithmA′C

inv(ǫ, δ, p̂) which, in addition to samples fromUf−1(1), takes as input parametersǫ, δ, p̂. The
algorithm succeeds in outputting a hypothesis distribution Df satisfyingdTV(Df ,Uf−1(1)) ≤ ǫ if the input
parameter̂p is a multiplicatively accurate approximation toPrx∼Un [f(x) = 1]. The algorithm follows the
three high-level steps previously outlined and uses the subroutines of the previous subsection to simulate the
statistical query algorithm. Detailed pseudocode follows:

AlgorithmA′C
inv(Uf−1(1), ǫ, δ, p̂):

Input: Independent samples fromUf−1(1), accuracy and confidence parametersǫ, δ, and a value1/2n <
p̂ ≤ 1.
Output: If Prx∼Un [f(x) = 1] ≤ p̂ < (1 + ǫ)Prx∼Un [f(x) = 1], with probability 1 − δ outputs an
ǫ-samplerCf for Uf−1(1) .

1. [Run the densifier to obtain g]

Fix ǫ1
def
= ǫ/6 andγ

def
= γ(n, 1/ǫ1, 3/δ). Run theγ-densifierA(C,C′)

den (ǫ1, δ/3, p̂) using random
samples fromUf−1(1). Let g ∈ C′ be its output.

2. [Run the SQ-learner, using the approximate uniform generator for g, to obtain hypothesis
h]

(a) Fix ǫ2
def
= ǫγ/7, τ2

def
= τ(n, 1/ǫ2) andm

def
= Θ

(
(1/τ22 ) · log(T1/δ) · T1

)
, whereT1 =

t1(n, 1/ǫ2, 12/δ).

(b) Run the generatorAC′

gen(g, τ2/8, δ/(12m)) m times and letSD ⊆ {−1, 1}
n be the multiset

of samples obtained.

(c) RunSimulate-sampleDf,+(Uf−1(1), g, γ, δ/(12m)) m times and letSDf,+
⊆ {−1, 1}n

be the multiset of samples obtained.

(d) RunEstimate-Biaswith parameterŝp, τ ′ = τ2/2, δ′ = δ/12 , using the representation
for g ∈ C′, and letb̃f be the value it returns.

(e) RunASQ−SIM(SD, SDf,+
, ǫ2, b̃f , δ/12). Let h : {−1, 1}n → {−1, 1} be the output hy-

pothesis.

3. [Output the sampler which does rejection sampling according to h on draws from the ap-
proximate uniform generator for g]

Output the samplerCf which works as follows:

For i = 1 to t = Θ((1/γ) log(1/(δǫ)) do:

(a) Setǫ3
def
= ǫγ/48000.

(b) Run the generatorAC′

gen(g, ǫ3, δǫ/(12t)) and letx(i) be its output.

(c) If h(x(i)) = 1, outputx(i).

If no x(i) with h(x(i)) = 1 has been obtained, outputthe default element⊥.

Let D̂ denote the distribution over{−1, 1}n∪{⊥} for whichCf is a 0-sampler, and let̂D′ denote
the conditional distribution of̂D restricted to{−1, 1}n (i.e., excluding⊥).
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We note that by inspection of the code forCf , we have that the distribution̂D′ is identical to(Dg,ǫ3)h−1(1),
whereDg,ǫ3 is the distribution corresponding to the output of the approximate uniform generator when called
on functiong and error parameterǫ3 (see Definition 9) and(Dg,ǫ3)h−1(1) is Dg,ǫ3 conditioned onh−1(1).

We have the following:

Theorem 30. Let p
def
= Prx∈Un [f(x) = 1]. AlgorithmA′C

inv(ǫ, δ, p̂) has the following behavior: Ifp ≤ p̂ <
(1 + ǫ)p, then with probability1− δ the following both hold:

(i) the outputCf is a sampler for a distribution̂D such thatdTV(D̂,Uf−1(1)) ≤ ǫ; and

(ii) the functionsh, g satisfy|h−1(1) ∩ g−1(1)|/|g−1(1)| ≥ γ/2.

The running time ofA′C
inv is polynomial inTden(n, 1/ǫ, 1/δ), Tgen(n, 1/ǫ, 1/δ), Tcount(n, 1/ǫ, 1/δ), t1(n, 1/ǫ, 1/δ),

t2(n), 1/τ(n, 1/ǫ), and1/γ(n, 1/ǫ, 1/δ).

Proof. We give an intuitive explanation of the pseudocode in tandemwith a proof of correctness.We argue
that Steps 1-3 of the algorithm implement the correspondingsteps of our high-level description and that the
algorithm succeeds with confidence probability1− δ.

We assume throughout the argument that indeedp̂ lies in [p, (1+ ǫ)p). Given this, by Definition 20 with
probability1− δ/3 the functiong satisfies properties (a) and (b) of Definition 20, i.e.,Prx∼Uf−1(1)

[g(x) =

1] ≥ 1− ǫ1 andPrx∼Ug−1(1)
[f(x) = 1] ≥ γ. We condition on this event(which we denoteE1) going forth.

We now argue that Step 2 simulates theSQ learning algorithmAC
SQ to learn the functionf ∈ C under

distributionD ≡ Ug−1(1) to accuracyǫ2 with confidence1−δ/3. Note that the goal of Step (b) is to obtainm
samples from a distributionD′′ (the distribution “Dg,τ2/8” of Definition 9) such thatdTV(D

′′,D) ≤ τ2/8.
To achieve this, we call the approximate uniform generator for g a total ofm timeswith failure probability
δ/(12m) for each call (i.e., each call returns⊥ with probability at mostδ/(12m)). By a union bound,
with failure probability at mostδ/12, all calls to the generator are successful and we obtain a setSD of
m independent samples fromD′′. Similarly, the goal of Step (c) is to obtainm samples fromDf,+ and
to achieve it we call the subroutineSimulate-sampleDf,+ a total ofm times with failure probability
δ/(12m) each. By Claim 28 and a union bound, with failure probabilityat mostδ/12, this step is successful,
i.e., it gives a setSDf,+

of m independent samples fromDf,+. The goal of Step (d) is to obtain a valuẽbf
satisfying|b̃f − Prx∼D[f(x) = 1]| ≤ τ2/2; by Claim 29, with failure probability at mostδ/12 the value
b̃f obtained in this step is as desired.Finally, Step (e) applies the simulation algorithmASQ−SIM using the
samplesSD andSDf,+

and the estimatẽbf ofPrx∼D[f(x) = 1] obtained in the previous steps. Conditioning
on Steps (b), (c) and (d) being successful Corollary 27 implies that Step (e) is successful with probability
1 − δ/12, i.e., it outputs a hypothesish that satisfiesPrx∼D[f(x) 6= h(x)] ≤ ǫ2. A union bound over
Steps (c), (d) and (e) completes the analysis of Step 2.For future reference, we letE2 denote the event
that the hypothesish constructed in Step 2(e) hasPrx∼D[f(x) 6= h(x)] ≤ ǫ2 (so we have thatE2 holds
with probability at least1 − δ/3; we additionally condition on this event going forth). We observe that
since (as we have just shown)Prx∼Ug−1(1)

[f(x) 6= h(x)] ≤ ǫ2 andPrx∼Ug−1(1)
[f(x) = 1] ≥ γ, we have

Prx∼Ug−1(1)
[h(x) = 1] ≥ γ − ǫ2 ≥ γ/2, which gives item (ii) of the theorem; so it remains to establish

item (i) and the claimed running time bound.
To establish (i), we need to prove that the output distribution D̂ of the samplerCf is ǫ-close in total

variation distance toUf−1(1). This sampler attempts to drawst samples from a distributionD′ such that
dTV(D

′,D) ≤ ǫ3 (this is the distribution “Dg,ǫ3” in the notation of Definition 9) and it outputs one of these
samples that satisfiesh (unless none of these samples satisfiesh, in which case it outputsa default element
⊥). The desired variation distance bound follows from the next lemma for our choice of parameters:
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Lemma 31. Let D̂ be the output distribution ofA′C
inv(Uf−1(1), ǫ, δ, p̂). If Prx∼Un [f(x) = 1] ≤ p̂ ≤ (1 +

ǫ)Prx∼Un [f(x) = 1], thenconditioned on EventsE1 andE2, we have

dTV(D̂,Uf−1(1)) ≤
ǫ

6
+

ǫ

6
+

4ǫ3
γ

+ ǫ1 +
ǫ2
2γ

+
ǫ2

γ − ǫ2

≤
ǫ

6
+

ǫ

6
+

ǫ

12000
+

ǫ

6
+

ǫ

14
+

ǫ

6
< ǫ.

Proof. Consider the distributionD′ = Dg,ǫ3 (see Definition 9)produced by the approximate uniform gen-
erator in Step 3 of the algorithm. LetD′|h−1(1) denote distributionD′ restricted toh−1(1). LetS denote the
setg−1(1)∩ h−1(1). The lemma is an immediate consequence of Claims 32, 34, 35 and 36 below using the
triangle inequality (everything below is conditioned onE1 andE2).

Claim 32. dTV(D̂, D̂′) ≤ ǫ/6.

Proof. Recall thatD̂′ is simplyD̂ conditioned on not outputting⊥.
We first claim that with probability at least1 − δǫ/12 all t points drawn in Step 3 of the code forCf

are distributed according to the distributionD′ = Dg,ǫ3 overg−1(1). Each of thet calls to the approximate
uniform generator has failure probabilityδǫ/(12t) (of outputting⊥ rather than a point distributed according
toD′) so by a union bound no calls fail with probabilityat least1− δǫ/12, and thus with probability at least
1− δǫ/12 indeed allt samples are independently drawn from such a distributionD′.

Conditioned on this, we claim that a satisfying assignment for h is obtained within thet samples with
probability at least1− δǫ/12. This can be shown as follows:

Claim 33. Leth : {−1, 1}n → {−1, 1} be the hypothesis output byAC
SQ−SIM. We have

Prx∼D′ [h(x) = 1] ≥ γ/4.

Proof. First recall that, by property (b) in the definition of the densifier (Definition 20), we havePrx∼D[f(x) =
1] ≥ γ. SincedTV(D

′,D) ≤ ǫ3, by definition we get

Prx∼D′ [f(x) = 1] ≥ Prx∼D[f(x) = 1]− ǫ3 ≥ γ − ǫ3 ≥ 3γ/4.

Now by the guarantee of Step 2 we have thatPrx∼D[f(x) 6= h(x)] ≤ ǫ2. Combined with the fact that
dTV(D

′,D) ≤ ǫ3, this implies that

Prx∼D′ [f(x) 6= h(x)] ≤ ǫ2 + ǫ3 ≤ γ/2.

Therefore, we conclude that

Prx∼D′ [h(x) = 1] ≥ Prx∼D′ [f(x) = 1]−Prx∼D′ [f(x) 6= h(x)] ≥ 3γ/4− γ/2 ≥ γ/4

as desired.

Hence, for an appropriate constant in the big-Theta specifying t, with probability at least1 − δǫ/12 >
1− δ/12 somex(i) is a satisfying assignment ofh. that with probability at least1− δǫ/12 somex(i), i ∈ [t],
hash(x) = 1. Thus with overall failure probability at mostδǫ/6 a draw fromD̂′ is not⊥, and consequently
we havedTV(D̂, D̂′) ≤ δǫ/6 ≤ ǫ/6.

Claim 34. dTV(D̂
′,D′|h−1(1)) ≤ ǫ/6.
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Proof. The probability that any of thet pointsx(1), . . . , x(t) is not drawn fromD′ is at mostt · δǫ/(12t) <
ǫ/12. Assuming that this does not happen,the probability that nox(i) lies inh−1(1) is at most(1− γ/4)t <
δǫ/12 < ǫ/12 by Claim 33. Assuming this does not happen, the output of a draw from D̂ is distributed
identically according toD′|h−1(1). Consequently we have thatdTV(D̂,D′|h−1(1)) ≤ ǫ/6 as claimed.

Claim 35. dTV(D
′|h−1(1),US) ≤ 4ǫ3/γ.

Proof. The definition of an approximate uniform generator gives us that dTV(D
′,Ug−1(1)) ≤ ǫ3, and

Claim 33 gives thatPrx∼D′ [h(x) = 1] ≥ γ/4. We now recall the fact that for any two distributionsD1,D2

and any eventE, writing Di|E to denote distributionDi conditioned on eventE, we have

dTV(D1|E ,D2|E) ≤
dTV(D1,D2)

D1(E)
.

The claim follows sinceUg−1(1)|h−1(1) is equivalent toUS.

Claim 36. dTV(US ,Uf−1(1)) ≤ ǫ1 +
ǫ2
2γ + ǫ2

γ−ǫ2
.

Proof. The proof requires a careful combination of the properties of the functiong constructed by the
densifier and the guarantee of theSQ algorithm. Recall thatS = g−1(1) ∩ h−1(1). We consider the set
S′ = g−1(1) ∩ f−1(1). By the triangle inequality, we can bound the desired variation distance as follows:

dTV(US ,Uf−1(1)) ≤ dTV(Uf−1(1),US′) + dTV(US′ ,US). (6)

We will bound from above each term of the RHS in turn. To proceed we need an expression for the total
variation distance between the uniform distribution on twofinite sets. The following fact is obtained by
straightforward calculation:

Fact 37. LetA,B be subsets of a finite setW andUA, UB be the uniform distributions onA, B respectively.
Then,

dTV(UA,UB) = (1/2) ·
|A ∩B|

|A|
+ (1/2) ·

|B ∩A|

|B|
+ (1/2) · |A ∩B| ·

∣∣∣∣
1

|A|
−

1

|B|

∣∣∣∣ . (7)

To bound the first term of the RHS of (6) we apply the above fact forA = f−1(1) andB = S′. Note that in
this caseB ⊆ A, hence the second term of (7) is zero. Regarding the first term, note that

|A ∩B|

|A|
=
|f−1(1) ∩ g−1(1)|

|f−1(1)|
≤ ǫ1,

where the inequality follows from Property (a) of the densifier definition. Similarly, for the third term we
can write

|A ∩B| ·

∣∣∣∣
1

|A|
−

1

|B|

∣∣∣∣ = |B| ·
∣∣∣∣
1

|A|
−

1

|B|

∣∣∣∣ = 1−
|B|

|A|
= 1−

|f−1(1) ∩ g−1(1)|

|f−1(1)|
≤ ǫ1,

where the inequality also follows from Property (a) of the densifier definition. We therefore conclude that
dTV(Uf−1(1),US′) ≤ ǫ1.

We now proceed to bound the second term of the RHS of (6) by applying Fact 37 forA = S′ and
B = S. It turns out that bounding the individual terms of (7) is trickier in this case. For the first term we
have:

|A ∩B|

|A|
=
|f−1(1) ∩ g−1(1) ∩ h−1(1)|

|f−1(1) ∩ g−1(1)|
=
|f−1(1) ∩ g−1(1) ∩ h−1(1)|

|g−1(1)|
·

|g−1(1)|

|f−1(1) ∩ g−1(1)|
≤

ǫ2
γ
,
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where the last inequality follows from the guarantee of theSQ learning algorithm and Property (b) of the
densifier definition. For the second term we have

|B ∩A|

|B|
=
|f−1(1) ∩ g−1(1) ∩ h−1(1)|

|g−1(1) ∩ h−1(1)|
.

To analyze this term we recall that by the guarantee of theSQ algorithm it follows that the numerator satisfies

|f−1(1) ∩ g−1(1) ∩ h−1(1)| ≤ ǫ2 · |g
−1(1)|.

From the same guarantee we also get

|f−1(1) ∩ g−1(1) ∩ h−1(1)| ≤ ǫ2 · |g
−1(1)|.

Now, Property (b) of the densifier definition gives|f−1(1) ∩ g−1(1)| ≥ γ · |g−1(1)|. Combing these two
inequalities implies that

|g−1(1) ∩ h−1(1)| ≥ |f−1(1) ∩ g−1(1) ∩ h−1(1)| ≥ (γ − ǫ2) · |g
−1(1)|.

In conclusion, the second term is upper bounded by(1/2) · ǫ2
γ−ǫ2

.
For the third term, we can write

|A ∩B| ·

∣∣∣∣
1

|A|
−

1

|B|

∣∣∣∣ = |f
−1(1) ∩ g−1(1) ∩ h−1(1)| ·

∣∣∣∣
1

|f−1(1) ∩ g−1(1)|
−

1

|g−1(1) ∩ h−1(1)|

∣∣∣∣ .

To analyze these term we relate the cardinalities of these sets. In particular, we can write

|f−1(1) ∩ g−1(1)| = |f−1(1) ∩ g−1(1) ∩ h−1(1)| + |f−1(1) ∩ g−1(1) ∩ h−1(1)|

≤ |f−1(1) ∩ g−1(1) ∩ h−1(1)| + ǫ2 · |g
−1(1)|

≤ |f−1(1) ∩ g−1(1) ∩ h−1(1)| +
ǫ2
γ
· |f−1(1) ∩ g−1(1)|

where the last inequlity is Property (b) of the densifier defintion. Therefore, we obtain

(1−
ǫ2
γ
) · |f−1(1) ∩ g−1(1)| ≤ |f−1(1) ∩ g−1(1) ∩ h−1(1)| ≤ |f−1(1) ∩ g−1(1)|.

Similarly, we have

|g−1(1) ∩ h−1(1)| = |f−1(1) ∩ g−1(1) ∩ h−1(1)| + |f−1(1) ∩ g−1(1) ∩ h−1(1)|

≤ |f−1(1) ∩ g−1(1) ∩ h−1(1)| + ǫ2 · |g
−1(1)|

≤ |f−1(1) ∩ g−1(1) ∩ h−1(1)| +
ǫ2

γ − ǫ2
· |g−1(1) ∩ h−1(1)|

and therefore

(1−
ǫ2

γ − ǫ2
) · |g−1(1) ∩ h−1(1)| ≤ |f−1(1) ∩ g−1(1) ∩ h−1(1)| ≤ |g−1(1) ∩ h−1(1)|.

The above imply that the third term is bounded by(1/2) · ǫ2
γ−ǫ2

. This completes the proof of the claim.

With Lemma 31 established, to finish the proof of Theorem 30 itremains only to establish the claimed
running time bound. This follows from a straightforward (but somewhat tedious) verification, using the
running time bounds established in Lemma 24, Proposition 25, Corollary 27, Claim 28 and Claim 29.
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3.4 Getting fromA′C
inv toAC

inv: An approximate evaluation oracle. Recall that the algorithmA′C
inv from

the previous subsection is only guaranteed (with high probability) to output a sampler for a hypothesis
distributionD̂ that is statistically close to the target distributionUf−1(1) if it is given an input parameter̂p

satisfyingp ≤ p̂ < (1 + ǫ)p, wherep
def
= Prx∈Un [f(x) = 1]. Given this, a natural idea is to runA′C

inv a total
of k = O(n/ǫ) times, using “guesses” for̂p that increase multiplicatively as powers of1+ǫ, starting at1/2n

(the smallest possible value) and going up to 1. This yields hypothesis distributionŝD1, . . . , D̂k whereD̂i

is the distribution obtained by settinĝp to p̂i
def
= (1 + ǫ)i−1/2n. With such distributions in hand, an obvious

approach is to use the “hypothesis testing” machinery of Section 2 to identify a high-accuracŷDi from this
collection.

This is indeed the path we follow, but some care is needed to make the approach go through. Recall that
as described in Proposition 12, the hypothesis testing algorithm requires the following:

1. independent samples from the target distributionUf−1(1) (this is not a problem since such samples are
available in our framework);

2. independent samples from̂Di for eachi (also not a problem since thei-th run of algorithmA′C
inv

outputs a sampler for distribution̂Di; and

3. a(1 +O(ǫ))-approximate evaluation oracleEVALD̂i
for each distributionD̂i.

In this subsection we show how to construct item (3) above, the approximate evaluation oracle. In more
detail, we first describe a randomized procedureCheck which is applied to the output of each execution
of A′C

inv (across allk different settings of the input parameterp̂i). We show that with high probability the
“right” value p̂i∗ (the one which satisfiesp ≤ p̂i∗ < (1+ǫ)p) will pass the procedureCheck. Then we show
that for each valuêpi∗ that passed the check a simple deterministic algorithm gives the desired approximate
evaluation oracle for̂Di.

We proceed to describe theCheck procedure and characterize its performance.

Algorithm Check(g, h, δ′, ǫ) :

Input: functionsg andh as described in Lemma 38, a confidence parameterδ′, and an accuracy param-
eterǫ
Output: If |h−1(1) ∩ g−1(1)|/|g−1(1)| ≥ γ/2, with probability1 − δ′ outputs a pair(α, κ) such that

|α−|h−1(1)∩g−1(1)|/|g−1(1)|| ≤ µ · |h−1(1)∩g−1(1)|/|g−1(1)| and |g−1(1)|
1+τ ≤ κ ≤ (1+τ)|g−1(1)|,

whereµ = τ = ǫ/40000.

1. Samplem = O(log(2/δ′)/(γµ2)) pointsx1, . . . , xm fromAC′

gen(g, γ/4, δ
′/(2m)). If anyxj = ⊥

halt and output “failure.”

2. Letα be(1/m) times the number of pointsxj that haveh(x) = 1.

3. CallAC′

count(τ, δ
′/2) ong and setκ to 2n times the value it returns.

Lemma 38. Fix i ∈ [k]. Consider a sequence ofk runs ofA′C
inv where in thei-th run it is givenp̂i

def
=

(1 + ǫ)i−1/2n as its input parameter. Letgi be the function inC′ constructed byA′C
inv in Step 1 of itsi-th

run andhi be the hypothesis function constructed byA′C
inv in Step 2(e) of itsi-th run. SupposeCheck is

given as inputgi, hi, a confidence parameterδ′, and an accuracy parameterǫ′. Then it either outputs “no”
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or a pair (αi, κi) ∈ [0, 1] × [0, 2n+1], and satisfies the following performance guarantee: If|h−1
i (1) ∩

g−1
i (1)|/|g−1

i (1)| ≥ γ/2 then with probability at least1− δ′ Check outputs a pair(αi, κi) such that

∣∣∣∣αi −
|h−1

i (1) ∩ g−1
i (1)|

|g−1
i (1)|

∣∣∣∣ ≤ µ ·
|h−1

i (1) ∩ g−1
i (1)|

|g−1
i (1)|

(8)

and
|g−1

i (1)|

1 + τ
≤ κi ≤ (1 + τ)|g−1

i (1)|, (9)

whereµ = τ = ǫ/40000.

Proof. Suppose thati is such that|h−1
i (1) ∩ g−1

i (1)|/|g−1
i (1)| ≥ γ/2. Recall from Definition 9 that each

pointxj drawn fromAC′

gen(gi, γ/4, δ
′/(2m)) in Step 1 is with probability1− δ′/(2m) distributed according

to Dgi,γ/4; by a union bound we have that with probability at least1 − δ′/2 all m points are distributed
this way (and thus none of them are⊥). We condition on this going forward. Definition 9 implies that
dTV(Dgi,γ/4,Ug−1

i (1)) ≤ γ/4; together with the assumption that|h−1
i (1) ∩ g−1

i (1)|/|g−1
i (1)| ≥ γ/2, this

implies that eachxj independently has proability at leastγ/4 of havingh(x) = 1. Consequently, by the
choice ofm in Step 1, a standard multiplicative Chernoff bound impliesthat

∣∣∣∣αi −
|h−1(1) ∩ g−1(1)|

|g−1(1)|

∣∣∣∣ ≤ µ ·
|h−1(1) ∩ g−1(1)|

|g−1(1)|

with failure probability at mostδ′/4, giving (8).
Finally, Definition 8 gives that (9) holds with failure probability at mostδ′/4. This concludes the proof.

Next we show how a high-accuracy estimateαi of |h−1
i (1) ∩ g−1

i (1)|/|g−1
i (1)| yields a deterministic

approximate evaluation oracle for̂D′
i.

Lemma 39. AlgorithmSimulate-Approx-Eval (which is deterministic) takes as input a valueα ∈
[0, 1], a stringx ∈ {−1, 1}n, a parameterκ, (a circuit for) h : {−1, 1}n → {−1, 1}, and(a representation
for) g : {−1, 1}n → {−1, 1}, g ∈ C′, whereh, g are obtained from a run ofA′C

inv. Suppose that

∣∣∣∣α−
|h−1(1) ∩ g−1(1)|

|g−1(1)|

∣∣∣∣ ≤ µ ·
|h−1(1) ∩ g−1(1)|

|g−1(1)|

and
|g−1(1)|

1 + τ
≤ κ ≤ (1 + τ)|g−1(1)|

whereµ = τ = ǫ/40000. ThenSimulate-Approx-Eval outputs a valueρ such that

D̂′(x)
1 + β

≤ ρ ≤ (1 + β)D̂′(x), (10)

whereβ = ǫ/192, D̂ is the output distribution constructed in Step 3 of the run ofAC
inv that producedh, g,

andD̂′ is D̂ conditioned on{−1, 1}n (excluding⊥).

Proof. TheSimulate-Approx-Eval procedure is very simple. Given an inputx ∈ {−1, 1}n it evalu-
ates bothg andh onx, and if either evaluates to−1 it returns the value 0. If both evaluate to 1 then it returns
the value1/(κα).
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For the correctness proof, note first that it is easy to see from the definition of the samplerCf (Step 3
of A′C

inv) and Definition 9 (recall that the approximate uniform generatorAC′

gen(g) only outputs strings that

satisfy g) that if x ∈ {−1, 1}n, x /∈ h−1(1) ∩ g−1(1) then D̂ has zero probability of outputtingx, so
Simulate-Approx-Eval behaves appropriately in this case.

Now suppose thath(x) = g(x) = 1. We first show that the value1/(κα) is multiplicatively close
to 1/|h−1(1) ∩ g−1(1)|. Let us writeA to denote|g−1(1)| andB to denote|h−1(1) ∩ g−1(1)|. With this
notation we have ∣∣∣∣α−

B

A

∣∣∣∣ ≤ µ ·
B

A
and

A

1 + τ
≤ κ ≤ (1 + τ)A.

Consequently, we have

B(1− µ− τ) ≤ B ·
1− µ

1 + τ
=

B

A
(1− µ) ·

A

1 + τ
≤ κα ≤

B

A
(1 + µ) · (1 + τ)A ≤ B(1 + 2µ + 2τ),

and hence
1

B
·

1

1 + 2µ + 2τ
≤

1

κα
≤

1

B
·

1

1− µ− τ
. (11)

Now consider anyx ∈ h−1(1) ∩ g−1(1). By Definition 9 we have that

1

1 + ǫ3
·

1

|g−1(1)|
≤ Dg,ǫ3(x) ≤ (1 + ǫ3) ·

1

|g−1(1)|
.

Since a draw fromD̂′ is obtained by taking a draw fromDg,ǫ3 and conditioning on it lying inh−1(1), it
follows that we have

1

1 + ǫ3
·
1

B
≤ D̂′(x) ≤ (1 + ǫ3) ·

1

B
.

Combining this with (11) and recalling thatµ = τ = ǫ/40000 andǫ3 = ǫγ/48000, we get (10) as desired.

3.5 The final algorithm: Proof of Theorem 21. Finally we are ready to give the inverse approximate
uniform generation algorithmAC

inv for C.

AlgorithmAC
inv(Uf−1(1), ǫ, δ)

Input: Independent samples fromUf−1(1), accuracy and confidence parametersǫ, δ.
Output: With probability1− δ outputs anǫ-samplerCf for Uf−1(1) .

1. Fori = 1 to k = O(n/ǫ):

(a) Setp̂i
def
= (1 + ǫ)i−1/2n.

(b) RunA′C
inv(Uf−1(1), ǫ/12, δ/3, p̂i). Let gi ∈ C′ be the function constructed in Step 1,hi be

the hypothesis function constructed in Step 2(e), and(Cf )i be the sampler for distribution
D̂i constructed in Step 3.

(c) Run Check(gi, hi, δ/3, ǫ). If it returns a pair(αi, κi) then addi to the setS (initially
empty).
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2. Run the hypothesis testing procedureT Uf−1(1) over the set{D̂′
i}i∈S of hypothesis distributions,

using accuracy parameterǫ/12 and confidence parameterδ/3. HereT Uf−1(1) is given access to
Uf−1(1), uses the samplers(Cf )i to generate draws from distributionŝD′

i (see Remark 18),and
uses the procedureSimulate-Approx-Eval(αi, κi, hi, gi) for the(1 + ǫ/192)-approximate
evaluation oracleEVALD̂′

i
for D̂′

i. Let i⋆ ∈ S be the index of the distribution that it returns.

3. Output the sampler(Cf )i⋆ .

Proof of Theorem 21: Let p ≡ Prx∈Un [f(x) = 1] denote the true fraction of satisfying assignments forf
in {−1, 1}n. Let i∗ be the element of[k] such thatp ≤ p̂i∗ < (1 + ǫ/6)p. By Theorem 30, with probability
at least1− δ/3 we have that both

(i) (Cf )i∗ is a sampler for a distribution̂Di∗ such thatdTV(D̂i∗ ,Uf−1(1)) ≤ ǫ/6; and

(ii) |h−1
i∗ (1) ∩ g−1

i∗ (1)|/|g−1
i∗ (1)| ≥ γ/2.

We condition on these two events holding. By Lemma 38, with probability at least1−δ/3 the procedure
Check outputs a valueαi∗ such that

∣∣∣∣αi∗ −
|h−1

i∗ (1) ∩ g−1
i∗ (1)|

|g−1
i∗ (1)|

∣∣∣∣ ≤ µ ·
|h−1

i∗ (1) ∩ g−1
i∗ (1)|

|g−1
i∗ (1)|

for µ = ǫ/40000. We condition on this event holding. Now Lemma 39 implies thatSimulate-Approx-Eval((Cf)i∗)
meets the requirements of a(1 + β)-approximate evaluation oracle forEVALD̂′

i∗
from Proposition 12, for

β = ǫ
192 . Hence by Proposition 12(or more precisely by Remark 18)with probability at least1 − δ/3 the

indexi⋆ thatT Uf−1(1) returns is such that̂D′
i⋆ is anǫ/2-sampler forUf−1(1) as desired.

As in the proof of Theorem 30, the claimed running time bound is a straightforward consequence of the
various running time bounds established for all the procedures called byAC

inv. This concludes the proof of
our general positive result, Theorem 21.

4 Linear Threshold Functions

In this section we apply our general framework from Section 3to prove Theorem 2, i.e., obtain a polynomial
time algorithm for the problem of inverse approximate uniform generation for the classC = LTFn of
n-variable linear threshold functions over{−1, 1}n. More formally, we prove:

Theorem 40. There is an algorithmALTF

inv which is apoly (n, 1/ǫ, log(1/δ))-time inverse approximate
uniform generation algorithm for the classLTFn.

The above theorem will follow as an application of Theorem 21for C′ = C = LTFn. The literature
provides us with three of the four ingredients that our general approach requires for LTFs – approximate uni-
form generation, approximate counting, and Statistical Query learning – and our main technical contribution
is giving the fourth necessary ingredient, a densifier. We start by recalling the three known ingredients in
the following subsection.
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4.1 Tools from the literature. We first record two efficient algorithms for approximate uniform genera-
tion and approximate counting forLTFn, due to Dyer [Dye03]:

Theorem 41. (approximate uniform generation forLTFn, [Dye03]) There is an algorithmALTF
gen that on

input (a weights–based representation of) an arbitraryh ∈ LTFn and a confidence parameterδ > 0, runs
in timepoly(n, log(1/δ)) and with probability1− δ outputs a pointx such thatx ∼ Uh−1(1).

We note that the above algorithm gives us a somewhat strongerguarantee than that in Definition 9. Indeed,
the algorithmALTF

gen with high probability outputs a pointx ∈ {−1, 1}n whose distribution isexactlyUh−1(1)

(as opposed to a point whose distribution iscloseto Uh−1(1)).

Theorem 42. (approximate counting forLTFn, [Dye03]) There is an algorithmALTF
count that on input (a

weights–based representation of) an arbitraryh ∈ LTFn, an accuracy parameterǫ > 0 and a confidence
parameterδ > 0, runs in timepoly(n, 1/ǫ, log(1/δ)) and outputŝp ∈ [0, 1] that with probability1 − δ
satisfieŝp ∈ [1− ǫ, 1 + ǫ] ·Prx∼Un [h(x) = 1].

We also need an efficientSQ learning algorithm for halfpaces. This is provided to us by aresult of Blum
et. al. [BFKV97]:

Theorem 43. (SQ learning algorithm forLTFn, [BFKV97]) There is a distribution-independentSQ
learning algorithmALTF

SQ for LTFn that has running timet1 = poly(n, 1/ǫ, log(1/δ)), uses at most
t2 = poly(n) time to evaluate each query, and requires tolerance of its queries no smaller thanτ =
1/poly(n, 1/ǫ).

4.2 A densifier forLTFn. The last ingredient we need in order to apply our Theorem 21 isa computation-
ally efficient densifer forLTFn. This is the main technical contribution of this section andis summarized
in the following theorem:

Theorem 44. (efficient proper densifier forLTFn) Setγ(ǫ, δ, n)
def
= Θ

(
δ/(n2 log n)

)
. There is an(ǫ, γ, δ)–

densifierALTF

den for LTFn that, for any input parameters0 < ǫ, δ, 1/2n ≤ p̂ ≤ 1, outputs a function
g ∈ LTFn and runs in timepoly(n, 1/ǫ, log(1/δ)).

Discussion and intuition.Before we prove Theorem 44, we provide some intuition. Letf ∈ LTFn be the
unknown LTF and suppose that we would like to design an(ǫ, γ, δ)–densifierALTF

den for f . That is, given
sample access toUf−1(1), and a number̂p satisfyingp ≤ p̂ < (1 + ǫ)p, wherep = Prx∈Un [f(x) = 1],
we would like to efficiently compute (a weights–based representation for) an LTFg : {−1, 1}n → {−1, 1}
such that the following conditions are satisfied:

(a) Prx∼Uf−1(1)
[g(x) = 1] ≥ 1− ǫ, and

(b) Prx∼Un [g(x) = 1] ≤ (1/γ) ·Prx∼Un [f = 1].

(While condition (b) above appears slightly different thanproperty (b) in our Definition 20, because of
property (a), the two statements are essentially equivalent up to a factor of1/(1 − ǫ) in the value ofγ.)

We start by noting that it is easy to handle the case thatp̂ is large. In particular, observe that ifp̂ ≥ 2γ
thenp = Prx∼Un [f(x) = 1] ≥ p̂/(1 + ǫ) ≥ p̂/2 ≥ γ, and we can just outputg ≡ 1 since it clearly
satisfies both properties of the definition. For the following intuitive discussion we will henceforth assume
that p̂ ≤ 2γ.

Recall that our desired functiong is an LTF, i.e.,g(x) = sign(v · x− t), for some(v, t) ∈ R
n+1. Recall

also that our densifier has sample access toUf−1(1), so it can obtain random positive examples off , each
of which gives a linear constraint over thev, t variables. Hence a natural first approach is to attempt to
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construct an appropriate linear program over these variables whose feasible solutions satisfy conditions (a)
and (b) above. We begin by analyzing this approach; while it turns out to not quite work, it will gives us
valuable intuition for our actual algorithm, which is presented further below.

Note that following this approach, condition (a) is relatively easy to satisfy. Indeed, consider anyǫ > 0
and suppose we want to construct an LTFg = sign(v · x − t) such thatPrx∼Uf−1(1)

[g(x) = 1] ≥ 1 − ǫ.

This can be done as follows: draw a setS+ of N+ = Θ
(
(1/ǫ) · (n2 + log(1/δ))

)
samples fromUf−1(1)

and consider a linear programLP+ with variables(w, θ) ∈ R
n+1 that enforces all these examples to be

positive. That is, for eachx ∈ S+, we will have an inequalityw ·x ≥ θ. It is clear thatLP+ is feasible (any
weights–based representation forf is a feasible solution) and that it can be solved inpoly(n, 1/ǫ, log(1/δ))
time, since it is defined byO(N+) many linear constraints and the coefficients of the constraint matrix are in
{±1}. The following simple claim shows that with high probability any feasible solution ofLP+ satisfies
condition (a):

Claim 45. With probability at least1 − δ over the sampleS+, anyg ∈ LTFn consistent withS+ satisfies
condition (a).

Proof. Consider an LTFg and suppose that it does not satisfy condition (a), i.e.,Prx∼Un [g(x) = −1|f(x) =
1] > ǫ. Since each samplex ∈ S+ is uniformly distributed inf−1(1), the probability it does not “hit” the
setg−1(−1)∩ f−1(1) is at most1− ǫ. The probability thatnosample inS+ hitsg−1(−1)∩ f−1(1) is thus
at most(1 − ǫ)N+ ≤ δ/2n

2
. Recalling that there exist at most2n

2
distinct LTFs over{−1, 1}n [Mur71],

it follows by a union bound that the probability there existsan LTF that does not satisfy condition (a) is at
mostδ as desired.

The above claim directly implies that with high probabilityany feasible solution(w∗, θ∗) to LP+ is
such thatg∗(x) = sign(w∗ · x − θ∗) satisfies condition (a). Of course, an arbitrary feasible solution to
LP+ is by no means guaranteed to satisfy condition (b). (Note forexample that the constant1 function is
certainly feasible forLP+.) Hence, a natural idea is to include additional constraints in our linear program
so that condition (b) is also satisfied.

Along these lines, consider the following procedure: Draw asetS−of N− = ⌊δ/p̂⌋ uniform unlabeled
samples from{−1, 1}n and label them negative. That is, for each samplex ∈ S−, we add the constraint
w · x < θ to our linear program. LetLP be the linear program that contains all the constraints defined
by S+ ∪ S−. It is not hard to prove that with probability at least1 − 2δ over the sampleS−, we have that
S− ⊆ f−1(−1) and hence (any weight based representation of)f is a feasible solution toLP . In fact, it is
possible to show thatif γ is sufficiently small— roughly,γ ≤ δ/

(
4(n2 + log(1/δ))

)
is what is required —

then with high probability each solution toLP also satisfies condition (b). The catch, of course, is that the
above procedure is not computationally efficient becauseN− may be very large – if̂p is very small, then it
is infeasible even to write down the linear programLP.

Algorithm Description. The above discussion motivates our actual densifier algorithm as follows: The
problem with the above described naive approach is that it generates (the potentially very large set)S− all
at once at the beginning of the algorithm. Note that having a large setS− is not necessarily in and of itself
a problem, since one could potentially use the ellipsoid method to solveLP if one could obtain an efficient
separation oracle. Thus intuitively, if one had an online algorithm which would generateS− on the fly, then
one could potentially get a feasible solution toLP in polynomial time. This serves as the intuition behind
our actual algorithm.

More concretely, our densifierALTF

den will invoke a computationally efficientonline learning algorithm
for LTFs. In particular,ALTF

den will run the online learnerALTF
MT for a sequence of stages and in each stage

it will provide as counterexamples toALTF

MT judiciously chosen labeled examples, which will be positive
for the online learner’s current hypothesis, but negative for f (with high probability). SinceALTF

MT makes a
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small number of mistakes in the worst-case, this process is guaranteed to terminate after a small number of
stages (since in each stage weforce the online learner to make a mistake).

We now provide the details. We start by recalling the notion of online learningfor a classC of boolean
functions. In the online model, learning proceeds in a sequence of stages. In each stage the learning
algorithm is given an unlabeled examplex ∈ {−1, 1}n and is asked to predict the valuef(x), wheref ∈ C
is the unknown target concept. After the learning algorithmmakes its prediction, it is given the correct value
of f(x). The goal of the learner is to identifyf while minimizing the total number of mistakes. We say that
an online algorithm learns classC with mistake boundM if it makes at mostM mistakes onanysequence
of examples consistent with somef ∈ C. Our densifier makes essential use of a computationally efficient
online learning algorithm for the class of linear thresholdfunctions by Maass and Turan [MT94]:

Theorem 46. ([MT94], Theorem 3.3) There exists apoly(n) time deterministic online learning algorithm

ALTF

MT for the classLTFn with mistake boundM(n)
def
= Θ(n2 log n). In particular, at every stage of its

execution, the current hypothesis maintained byALTF

MT is a (weights–based representation of an) LTF that
is consistent with all labeled examples received so far.

We note that the above algorithm works by reducing the problem of online learning for LTFs to a convex
optimization problem. Hence, one can use any efficient convex optimization algorithm to do online learning
for LTFs, e.g. the ellipsoid method [Kha80, GLS88]. The mistake bound in the above theorem follows by
plugging in the algorithm of Vaidya [Vai89, Vai96].

We now proceed with a more detailed description of our densifier followed by pseudocode and a proof of
correctness. As previously mentioned, the basic idea is to execute the online learner to learnf while cleverly
providing counterexamples to it in each stage of its execution. Our algorithm starts by samplingN+ samples
from Uf−1(1) and making sure that these are classified correctly by the online learner. This step guarantees
that our final solution will satisfy condition (a) of the densifier. Let h ∈ LTFn be the current hypothesis at
the end of this process. Ifh satisfies condition (b) (we can efficiently decide this by using our approximate
counter forLTFn), we outputh and terminate the algorithm. Otherwise, we use our approximate uniform
generator to construct a uniform satisfying assignmentx ∈ Uh−1(1) and we label it negative, i.e., we give the
labeled example(x,−1) as a counterexample to the online learner. Sinceh does not satisfy condition (b),
i.e., it has “many” satisfying assignments, it follows thatwith high probability (roughly, at least1− γ) over
the choice ofx ∈ Uh−1(1), the pointx output by the generator will indeed be negative forf . We continue
this process for a number of stages. If all counterexamples thus generated are indeed consistent withf (this
happens with probability roughly1 − γ ·M , whereM = M(n) = Θ(n2 log n) is an upper bound on the
number of stages), after at mostM stages we have either found a hypothesish satisfying condition (b) or
the online learner terminates. In the latter case, the current hypothesis of the online learner is identical tof ,
as follows from Theorem 46. (Note that the above argument puts an upper bound ofO(δ/M) on the value
of γ.) Detailed pseudocode follows:

AlgorithmALTF

den (Uf−1(1), ǫ, δ, p̂):

Input: Independent samples fromUf−1(1), parametersǫ, δ > 0, and a value1/2n ≤ p̂ ≤ 1.
Output: If p ≤ p̂ ≤ (1+ ǫ)p, with probability1− δ outputs a functiong ∈ LTFn satisfying conditions
(a) and (b).

1. Draw a setS+ of N+ = Θ
(
(1/ǫ) · (n2 + log(1/δ))

)
examples fromUf−1(1).

2. Initialize i = 0 and setM
def
= Θ(n2 log n).

While (i ≤M) do the following:
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(a) Execute thei-th stage ofALTF
MT and leth(i) ∈ LTFn be its current hypothesis.

(b) If there existsx ∈ S+ with h(i)(x) = −1 do the following:

• Give the labeled example(x, 1) as a counterexample toALTF

MT .

• Seti = i+ 1 and go to Step 2.

(c) RunALTF
count(h

(i), ǫ, δ/(4M)) and letp̂i be its output.

(d) Setγ
def
= δ/(16M). If p̂i ≤ p̂/

(
γ · (1 + ǫ)2

)
then outputh(i);

(e) otherwise, do the following:

• RunALTF
gen (h(i), δ/(4M)) and letx(i) be its output.

• Give the point(x(i),−1) as a counterexample toALTF
MT .

• Seti = i+ 1 and go to Step 2.

3. Output the current hypothesish(i) of ALTF

MT .

Theorem 47. AlgorithmALTF

den (Uf−1(1), ǫ, δ, p̂) runs in timepoly (n, 1/ǫ, log(1/δ)). If p ≤ p̂ < (1 + ǫ)p
then with probability1 − δ it outputs a vector(w, θ) such thatg(x) = sign(w · x − θ) satisfies conditions
(a) and (b) at the start of Section 4.2.

Proof. First note that by Claim 45, with probability at least1−δ/4 overS+ any LTF consistent withS+ will
satisfy condition (a). We will condition on this event and also on the event that each call to the approximate
counting algorithm and to the approximate uniform generator is successful. Since Step 2 involves at most
M iterations, by a union bound, with probability at least1 − δ/4 all calls toALTF

count will be successful, i.e.,
for all i we will have thatpi/(1 + ǫ) ≤ p̂i ≤ (1 + ǫ) · pi, wherepi = Prx∈Un [h

(i)(x) = 1]. Similarly,
with failure probability at mostδ/4, all pointsx(i) constructed byALTF

gen will be uniformly random over
(h(i))−1(1). Hence, with failure probability at most3δ/4 all three conditions will be satisfied.

Conditioning on the above events, if the algorithm outputs ahypothesish(i) in Step 2(d), this hypothesis
will certainly satisfy condition (b), sincepi ≤ (1+ ǫ)p̂i ≤ p̂/

(
γ · (1+ ǫ)

)
≤ p/γ. In this case, the algorithm

succeeds with probability at least1 − 3δ/4. It remains to show that if the algorithm returns a hypothesis
in Step 3, it will be successful with probability at least1 − δ. To see this, observe that if no execution of
Step 2(e) generates a pointx(i) with f(x(i)) = 1, all the counterexamples given toALTF

MT are consistent with
f . Therefore, by Theorem 46, the hypothesis of Step 3 will be identical tof , which trivially satisfies both
conditions.

We claim that with overall probability at least1 − δ/4 all executions of Step 2(e) generate pointsx(i)

with f(x(i)) = −1. Indeed, fix an execution of Step 2(e). Sincep̂i > p̂/
(
(1 + ǫ)2 · γ

)
, it follows that

p ≤ (4γ)pi. Hence, with probability at least1− 4γ a uniform pointx(i) ∼ U(hi)−1(1) is a negative example

for f , i.e.,x(i) ∈ f−1(−1). By a union bound over all stages, our claim holds except withfailure probability
4γ ·M = δ/4, as desired. This completes the proof of correctness.

It remains to analyze the running time. Note that Step 2 is repeated at mostM = O(n2 log n) times.
Each iteration involves (i) one round of the online learnerALTF

MT (this takespoly(n) time by Theorem 46),
(ii) one call ofALTF

count (this takespoly(n, 1/ǫ, log(1/δ)) time by Theorem 42), and (iii) one call toALTF
gen

(this takespoly(n, 1/ǫ, log(1/δ)) time by Theorem 41). This completes the proof of Theorem 47.
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5 DNFs

In this section we apply our general positive result, Theorem 21, to give a quasipolynomial-time algorithm
for the inverse approximate uniform generation problem fors-term DNF formulas. LetDNFn,s denote
the class of alls-term DNF formulas overn Boolean variables (which for convenience we think of as0/1
variables). Our main result of this section is the following:

Theorem 48. There is an algorithmADNFn,s

inv which is an inverse approximate uniform generation algo-
rithm for the classDNFn,s. Given input parametersǫ, δ the algorithm runs in timepoly

(
nlog(s/ǫ), log(1/δ)

)
.

We note that even in the standard uniform distribution learning model the fastest known running time for
learnings-term DNF formulas to accuracyǫ ispoly(nlog(s/ǫ), log(1/δ)) [Ver90, Val12]. Thus it seems likely
that obtaining apoly(n, s, 1/ǫ)-time algorithm would require a significant breakthrough incomputational
learning theory.

For our application of Theorem 21 for DNFs we shall haveC = DNFn,s andC′ = DNFn,t for some
t which we shall specify later. As in the case of LTFs, the literature provides us with three of the four
ingredients that our general approach requires for DNF — approximate uniform generation, approximate
counting, and Statistical Query learning (more on this below) — and our main technical contribution is
giving the fourth necessary ingredient, a densifier. Beforepresenting and analyzing our densifier algorithm
we recall the other three ingredients.

5.1 Tools from the literature. Karp, Luby and Madras [KLM89] have given approximate uniform gen-
eration and approximate counting algorithms for DNF formulas. (We note that [JVV86] give an efficient
algorithm that with high probability outputs anexactlyuniform satisfying assignment for DNFs.)

Theorem 49. (Approximate uniform generation for DNFs, [KLM89]) There is an approximate uniform
generation algorithmADNFn,t

gen for the classDNFn,t that runs in timepoly(n, t, 1/ǫ, log(1/δ)).

Theorem 50. (Approximate counting for DNFs, [KLM89]) There is an approximate counting algorithm
A

DNFn,t
gen for the classDNFn,t that runs in timepoly(n, t, 1/ǫ, log(1/δ)).

The fastest known algorithm in the literature forSQ learnings-term DNF formulas under arbitrary
distributions runs in timenO(n1/3 log s) · poly(1/ǫ) [KS04], which is much more than our desired running
time bound. However, we will see that we are able to use knownmalicious noise tolerantSQ learning
algorithms for learningsparse disjunctionsoverN Boolean variables rather than DNF formulas. In more
detail, our densifier will provide us with a set ofN = nO(log(s/ǫ)) many conjunctions which is such that
the target functionf is very close to a disjunction (which we callf ′) over an unknown subset of at most
s of theseN conjunctions. Thus intuitively any learning algorithm fordisjunctions, run over the “feature
space” of conjunctions provided by the densifier, would succeed if the target function weref ′, but the target
function is actuallyf (which is not necessarily exactly a disjunction over theseN variables). Fortunately,
known results on the malicious noise tolerance of specificSQ learning algorithms imply that it is in fact
possible to use theseSQ algorithms to learnf to high accuracy, as we now explain.

We now state the preciseSQ learning result that we will use. The following theorem is a direct conse-
quence of, e.g., Theorems 5 and 6 of [Dec93] or alteratively of Theorems 5 and 6 of [AD98]:

Theorem 51. (Malicious noise tolerantSQ algorithm for learning sparse disjunctions) LetCDISJ,k be the
class of all disjunctions of length at mostk overN Boolean variablesx1, . . . , xN . There is a distribution-
independentSQ learning algorithmADISJ

SQ for CDISJ,k that has running timet1 = poly(N, 1/ǫ, log(1/δ)),
uses at mostt2 = poly(N) time to evaluate each query, and requires tolerance of its queries no smaller
thanτ = 1/poly(k, 1/ǫ). The algorithm outputs a hypothesis which is a disjunction over x1, . . . , xN .
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Moreover, there is a fixed polynomialℓ(·) such that algorithmADISJ
SQ has the following property: Fix a

distributionD over{0, 1}N . Let f be anN -variable Boolean function which is such thatPrx∼D[f
′(x) 6=

f(x)] ≤ κ, wheref ′ ∈ CDISJ,k is somek-variable disjunction andκ ≤ ℓ(ǫ/k) < ǫ/2. Then ifADISJ

SQ is
run with aSTAT(f,D) oracle, with probability1 − δ it outputs a hypothesish such thatPrx∼D[h(x) 6=
f ′(x)] ≤ ǫ/2, and hencePrx∼D[h(x 6= f(x)] ≤ ǫ.

(We note in passing that at the heart of Theorem 51 is anattribute-efficientSQ algorithm for learning
sparse disjunctions. Very roughly speaking, an attribute efficient SQ learning algorithm is one which can
learn a target function overN variables, which actually depends only on an unknown subsetof k ≪ N
of the variables, using statistical queries for which the minimum value of the toleranceτ is “large.” The
intuition behind Theorem 51 is that since the distance betweenf andf ′ is much less thanτ , the effect of
using aSTAT(f,D) oracle rather than aSTAT(f ′,D) oracle is negligible, and hence theSQ algorithm will
succeed whether it is run withf or f ′ as the target function.)

5.2 A densifier forDNFn,s and the proof of Theorem 48. In this subsection we state our main theorem
regarding the existence of densifiers for DNF formulas, Theorem 52, and show how Theorem 48 follows
from this theorem.

Theorem 52. Let γ(n, s, 1/ǫ, 1/δ) = 1/(4n2 log(2s/ℓ(ǫ/s)) log(s/δ)). AlgorithmADNFn,s

den (Uf−1(1), ǫ, δ, p̂)

outputs a collectionS of conjunctionsC1, . . . , C|S| and has the following performance guarantee: Ifp
def
=

Prx∼Un [f(x) = 1] ≤ p̂ < (1 + ǫ)p, then with probability at least1 − δ, the functiong(x)
def
= ∨i∈[|S|]Ci

satisfies the following:

1. Prx∼Uf−1(1)
[g(x) = 1] ≥ 1− ǫ;

2. Prx∼Ug−1(1)
[f(x) = 1] ≥ γ(n, s, 1/ǫ, 1/δ).

3. There is a DNFf ′ = Ci1∨· · ·∨Cis′ , which is a disjunction ofs′ ≤ s of the conjunctionsC1, . . . , C|S|,
such thatPrx∼Ug−1(1)

[f ′(x) 6= f(x)] ≤ ℓ(ǫ/s), whereℓ(·) is the polynomial from Theorem 51.

The size ofS and the running time ofADNFn,s

den (Uf−1(1), ǫ, δ, p̂) is poly(nlog(s/ǫ), log(1/δ)).

With a slight abuse of terminology we may rephrase the above theorem as saying thatADNFn,s

den is a
(ǫ, γ, δ)-densifier for function classC = DNFn,s using classC′ = DNFn,t wheret = nO(log(s/ǫ)). We

defer the description of AlgorithmADNFn,s

den and the proof of Theorem 52 to the next subsection.

Proof of Theorem 48.The proof is essentially just an application of Theorem 21. The only twist is the use
of a SQ disjunction learning algorithm rather than a DNF learning algorithm, but the special properties of
AlgorithmADISJ

SQ let this go through without a problem.

In more detail, in Step 2(e) of AlgorithmA′C
inv (see Section 3.3), in the execution of AlgorithmASQ−SIM,

theSQ algorithm that is simulated is the algorithmADISJ

SQ run over the feature spaceS of all conjunctions

that are output by AlgorithmADNFn,s

den in Step 1 of AlgorithmA′C
inv (i.e., these conjunctions play the role

of variablesx1, . . . , xN for the SQ learning algorithm). Property (3) of Theorem 52 and Theorem51
together imply that the algorithmADISJ

SQ , run on aSTAT(f,Ug−1(1)) oracle with parametersǫ, δ, would with
probability1− δ output a hypothesish′ satisfyingPrx∼Ug−1(1)

[h′(x) 6= f(x)] ≤ ǫ. Hence the hypothesish

that is output byASQ−SIM in Step 2(e) of AlgorithmA′C
inv fulfills the necessary accuracy (with respect tof

underD = Ug−1(1)) and confidence requirements, and the overall algorithmAC
inv succeeds as described in

Theorem 21.
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Finally, combining the running time bounds ofADNFn,s

den andADISJ

SQ with the time bounds of the other
procedures described earlier, one can straightforwardly verify that the running time of the overall algorithm
AC

inv is poly(nlog(s/ǫ), log(1/δ)).

5.3 Construction of a densifier forDNFn,s and proof of Theorem 52. Let f = T1 ∨ · · · ∨ Ts be
the targets-term DNF formula, whereT1, . . . , Ts are the terms (conjunctions). The high-level idea of our
densifier is quite simple: IfTi is a term which is “reasonably likely” to be satisfied by a uniform draw ofx
from f−1(1), thenTi is at least “mildly likely” to be satisfied byr = 2 log n consecutive independent draws
of x from f−1(1). Such a sequence of drawsx1, . . . , xr will with high probability uniquely identifyTi. By
repeating this process sufficiently many times, with high probability we will obtain a poolC1, . . . , C|S| of
conjunctions which contains all of the termsTi that are reasonably likely to be satisfied by a uniform draw
of x from f−1(1). Theorem 52 follows straightforwardly from this.

We give detailed pseudocode for our densifier algorithm below:

AlgorithmADNFn,s

den (Uf−1(1), ǫ, δ, p̂):

Input: Independent samples fromUf−1(1), parametersǫ, δ > 0, and a value1/2n < p̂ ≤ 1.
Output: If p ≤ p̂ ≤ (1 + ǫ)p, with probability1 − δ outputs a setS of conjunctionsC1, . . . , C|S| as
described in Theorem 52

1. Initialize setS to ∅. Let ℓ(·) be the polynomial from Theorem 51.

2. Fori = 1 toM = 2n2 log(2s/ℓ(ǫ/s)) log(s/δ), repeat the following:

(a) Drawr = 2 log n satisfying assignmentsx1, . . . , xr from Uf−1(1).

(b) LetCi be the AND of all literals that take the same value in allr stringsx1, . . . , xr (noteCi

may be the empty conjunction). We sayCi is acandidate term.

(c) If the candidate termCi satisfiesPrx∼Un [Ci(x) = 1] ≤ p̂ then addCi to the setS.

3. OutputS.

The following crucial claim makes the intuition presented at the start of this subsection precise:

Claim 53. SupposeTj is a term inf such thatPrx∼Uf−1(1)
[Tj(x) = 1] ≥ ℓ(ǫ/s)/(2s). Then with probabil-

ity at least1−δ/s, termTj is a candidate term at some iteration of Step 2 of AlgorithmADNFn,s

den (Uf−1(1), ǫ, δ, p̂).

Proof. Fix a given iterationi of the loop in Step 2. With probability at least

(ℓ(ǫ/s)/(2s))2 logn = (1/n)2 log(2s/ℓ(ǫ/s)),

all 2 log n points x1, . . . , x2 logn satisfy Tj ; let us call this eventE, and condition onE taking place.
We claim that conditioned onE, the pointsx1, . . . , x2 logn are independent uniform samples drawn from
T−1
j (1). (To see this, observe that eachxi is an independent sample chosen uniformly at random from

f−1(1) ∩ T−1
j ; but f−1(1) ∩ T−1

j (1) is identical toT−1
j (1).) Given thatx1, . . . , x2 logn are independent

uniform samples drawn fromT−1
j (1), the probability that any literal which isnot present inTj is contained

in Ci (i.e., is satisfied by all2 log n points) is at most2n/n2 ≤ 1/2. So with overall probability at least
1

2n2 log(2s/ℓ(ǫ/s)) , the termTj is a candidate term at iterationi. ConsequentlyTj is a candidate term at some

iteration with probability at least1− δ/s, by the choice ofM = 2n2 log(2s/ℓ(ǫ/s)) log(s/δ).
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Now we are ready to prove Theorem 52:

Proof of Theorem 52.The claimed running time bound ofADNFn,s

den is easily verified, so it remains only to
establish (1)-(3). Fix̂p such thatp ≤ p̂ < (1 + ǫ)p wherep = Prx∼Un [f(x) = 1].

Consider any fixed termTj of f such thatPrx∼Uf−1(1)
[Tj(x) = 1] ≥ ℓ(ǫ/s)/(2s). By Claim 53 we

have that with probability at least1 − δ/s, termTj is a candidate term at some iteration of Step 2 of the
algorithm. We claim that in step (c) of this iteration the term Tj will in fact be added toS. This is because
by assumption we have

Prx∼Un [Tj(x) = 1] ≤ Prx∼Un [f(x) = 1] = p ≤ p̂.

So by a union bound, with probability at least1− δ every termTj in f such thatPrx∼Uf−1(1)
[Tj(x) = 1] ≥

ℓ(ǫ/s)/(2s) is added toS.
Let L be the set of those termsTj in f that havePrx∼Uf−1(1)

[Tj(x) = 1] ≥ ℓ(ǫ/s)/(2s). Let f ′ be the
DNF obtained by taking the OR of all terms inL. By a union bound over the (at mosts) terms that are in
f but not inf ′, we havePrx∼Uf−1(1)

[f ′(x) = 1] ≥ 1 − ℓ(ǫ/s)/2. Sinceg (as defined in Theorem 52 has

g(x) = 1 wheneverf ′(x) = 1, it follows thatPrx∼Uf−1(1)
[g(x) = 1] ≥ 1− ℓ(ǫ/s)/2 ≥ 1− ǫ, giving item

(1) of the theorem.
For item (2), sincef(x) = 1wheneverf ′(x) = 1, we havePrx∼Ug−1(1)

[f(x) = 1] ≥ Prx∼Ug−1(1)
[f ′(x) =

1]. Everyx such thatf ′(x) = 1 also hasg(x) = 1 so to lower boundPrx∼Ug−1(1)
[f ′(x) = 1] it is enough to

upper bound the number of points ing−1(1) and lower bound the number of points inf ′−1(1). Since each
Ci that is added toS is satisfied by at most̂p2n ≤ (1+ ǫ)p2n points, we have that|g−1(1)| ≤ (1+ ǫ)pM2n.
Since at least1− ǫ of the points that satisfyf also satisfyf ′, we have that|f ′−1(1)| ≥ p(1− ǫ)2n. Thus we
havePrx∼Ug−1(1)

[f ′(x) = 1] ≥ p(1− ǫ)/((1 + ǫ)pM) = 1−ǫ
1+ǫ ·

1
M > 1

2M , giving (2).

Finally, for (3) we have thatf(x) 6= f ′(x) only on those inputs that havef(x) = 1 but f ′(x) = 0
(because some term outside ofL is satisfied byx and no term inL is satisfied byx). Even if all such
inputsx lie in g−1(1) (the worst case), there can be at most(ℓ(ǫ/s)/2)p2n such inputs, and we know that
|g−1(1)| ≥ |f−1(1)| ≥ p(1 − ǫ)2n. So we havePrx∼Ug−1(1)

[f(x) 6= f ′(x)] ≤ ℓ(ǫ/s)/2
1−ǫ ≤ ℓ(ǫ/s), and we

have (3) as desired.

5.4 Inverse approximate uniform generation fork-DNFs. We briefly note that our general approach
immediately yields an efficient inverse approximate uniform generation algorithm for the class ofk-DNFs
for any constantk. Letk-DNF denote the class of allk-DNFs overn Boolean variables, i.e., DNF formulas
in which each term (conjunction) has at mostk literals.

Theorem 54. There is an algorithmAk-DNF
inv which is an inverse approximate uniform generation algorithm

for the classk-DNF. Given input parametersǫ, δ the algorithm runs in timepoly
(
nk, 1/ǫ, log(1/δ)

)
.

For anyk-DNF f it is easy to see thatPrx∼Un [f(x) = 1] ≥ 1/2k, and consequently the constant 1 func-
tion is aγ-densifier fork-DNF with γ = 1/2k. Theorem 54 then follows immediately from Theorem 21,
using the algorithms for approximate uniform generation and counting of DNF formulas mentioned above
[KLM89] together with well-known algorithms forSQ learningk-DNF formulas inpoly(nk, 1/ǫ, log(1/δ))
time [Kea98].
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6 Negative results for inverse approximate uniform generation

In this section, we will prove hardness results for inverse approximate uniform generation problems for
specific classesC of Boolean functions. As is standard in computational learning theory, our hardness
results are based on cryptographic hardness assumptions. The hardness assumptions we use are well studied
assumptions in cryptography such as the strong RSA assumption, Decisional Diffie Hellman problem, and
hardness of learning parity with noise.

As was alluded to in the introduction, in light of the standard approach, there are two potential barriers
to obtaining inverse approximate uniform generation algorithms for a classC of functions. The first is
that “reconstructing” the object from classC may be hard, and the second is that sampling approximately
uniform random satisfying assignments from the reconstructed object may be hard. While any hard inverse
approximate uniform generation problem must be hard because of one of these two potential barriers, we
emphasize here that even if one of the two steps in the standard approach is shown to be hard, this does
not constitute a proof of hardness of the overall inverse approximate uniform generation problem, as there is
may exist some efficient algorithm for the classC which departs from the standard approach. Indeed, we will
give such an example in Section 7, where we give an efficient algorithm for a specific inverse approximate
uniform generation problem that does not follow the standard approach. (In fact, for that problem, the second
step of the standard approach is provably no easier than the well-known graph automorphism problem, which
has withstood several decades of effort towards even getting a sub-exponential time algorithm.)

Our hardness results come in two flavors. Our first hardness results, based on signature schemes, are
for problems where it is provably hard (of course under a computational hardness assumption) to sample
approximately uniform satisfying assignments. In contrast, our hardness results of the second flavor are
based on Message Authentication Codes (MACs). We give such aresult for a specific classC which has the
property that it is actually easy to sample uniform satisfying assignments for functions inC; hence, in an
informal sense, it is the first step in the standard approach that is algorithmically hard for this problem. The
following subsections describe all of our hardness resultsin detail.

6.1 Hardness results based on signature schemes.In this subsection we prove a general theorem, The-
orem 60, which relates the hardness of inverse approximate uniform generation to the existence of certain
secure signature schemes in cryptography. Roughly speaking, Theorem 60 says that if secure signature
schemes exist, then the inverse approximate uniform generation problem is computationally hard for any
classC which is Levin-reducible fromCIRCUIT-SAT. We will use this general result to establish hard-
ness of inverse approximate uniform generation for severalnatural classes of functions, including 3-CNF
formulas, intersections of two halfspaces, and degree-2 polynomial threshold functions (PTFs).

We begin by recalling the definition of public key signature schemes. For an extensive treatment of
signature schemes, see [Gol04]. For simplicity, and since it suffices for our purposes, we only consider
schemes with deterministic verification algorithms.

Definition 55. A signature scheme is a triple(G,S, V ) of polynomial-timealgorithms with the following
properties :

• (Key generation algorithm)G is a randomized algorithm which on input1n produces a pair(pk, sk)
(note that the sizes of bothpk andsk are polynomial inn).

• (Signing algorithm) S is a randomized algorithm which takes as input a messagem from the message
spaceM, a secret keysk and randomnessr∈ {0, 1}n, and outputsa signatureσ = S(m, sk, r).

• (Verification algorithm) V is a deterministic algorithm such thatV (m, pk, σ) = 1 for everyσ =
S(m, sk, r).
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We will require signature schemes with some special properties which we now define, first fixing some
notation. Let(G,S, V ) be a signature scheme. For a message spaceM and pair(pk, sk) of public and
secret keys, we define the setR1,sk of “valid” signed messages asthe set of all possible signed messages
(m,σ = S(m, sk, r)) asm ranges over all ofM andr ranges over all of{0, 1}n. Similarly, we define
the setR2,pk of “potential” signed messages asR2,pk = {(m,σ) : V (m, pk, σ) = 1}. Likewise, we
define the set of valid signatures for messagem, denotedR1,sk(m), as the set of all possible pairs(m,σ =
S(m, sk, r)) asr ranges over all of{0, 1}n, and we define the set of potential signatures for messagem as
R2,pk(m) = {(m,σ) : V (m, pk, σ) = 1}.

Definition 56. Let (G,S, V ) be a signature scheme andM be a message space. A pair(pk, sk) of public
and secret keys is said to be(δ, η)-specialif the following properties hold :

• LetR1,sk be the set of valid signed messages andR2,pk be the set of potential signed messages. Then
|R1,sk|
|R2,pk | ≥ 1− η.

• For any fixed pair(m,σ) ∈ R1,sk(m), we havePrr∈{0,1}n [σ = S(m, sk, r)] = 1
|R1,sk(m)| .

• Define two distributionsD andD′ over pairs(m,σ) as follows :D is obtained by choosingm ∈U M
and choosingσ ∈U R1,sk(m). D′ is the distribution defined to be uniform over the setR1,sk. Then
dTV (D,D′) ≤ δ.

From now on, in the interest of brevity,M will denote the “obvious” message spaceM associated with
a signature scheme unless mentioned otherwise.Similarly, the randomnessr for the signing algorithmS
will always assumed to ber ∈U {0, 1}n.

We next recall the standard notion of existentialunforgeabilityunder RMA (Random Message Attack):

Definition 57. A signature scheme(G,S, V ) is said to be(t, ǫ)-RMA secureif the following holds: Let
(pk, sk) ← G(1n). Let (m1, . . . ,mt) be chosen uniformly at random fromM. Let σi ← S(mi, sk, r).
Then, for any probabilistic algorithmA running in timet,

Pr
(pk,sk),(m1,...,mt),(σ1,...,σt)

[A(pk,m1, . . . ,mt, σ1, . . . , σt) = (m′, σ′)] ≤ ǫ

whereV (m′, pk, σ′) = 1 andm′ 6= mi for all i = 1, . . . , t.

Next we need to formally define the notion of hardness of inverse approximate uniform generation:

Definition 58. LetC be a class ofn-variable Boolean functions.C is said to be(t(n), ǫ, δ)-hard for inverse
approximate uniform generationif there is no algorithmA running in timet(n) which is an(ǫ, δ)-inverse
approximate uniform generation algorithm forC.

Finally, we will also need the definition of an invertible Levin reduction:

Definition 59. A binary relationR is said to reduce to another binary relationR′ by a time-t invertible
Levin reductionif there are three algorithmsα, β andγ, each running in timet(n) on instances of length
n, with the following property:

• For every(x, y) ∈ R, it holds that(α(x), β(x, y)) ∈ R′;

• For every(α(x), z) ∈ R′, it holds that(x, γ(α(x), z)) ∈ R.

Furthermore, the functionsβ andγ are injective maps with the property thatγ(α(x), β(x, y)) = y.

Note that for any class of functionsC, we can define the binary relationRC as follows :(f, x) ∈ RC if
and only iff(x) = 1 andf ∈ C. In this section, whenever we say that there is an invertibleLevin reduction
from classC1 to classC2, we mean that there is an invertible Levin reduction betweenthe corresponding
binary relationsRC1 andRC2 .
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6.1.1 A general hardness result based on signature schemes.We now state and prove our main theorem
relating signature schemes to hardness of inverse approximate uniform generation:

Theorem 60. Let(G,S, V ) be a(t, ǫ)-RMA secure signature scheme. Suppose that with probability at least
99/100a random pair(pk, sk)← G(1n) is (δ, η)-special. LetC be a class ofn-variable Boolean functions
such that there is a Levin reduction fromCIRCUIT-SAT to C running in timet′(n). Letκ1 andκ2 be such
thatκ1 ≤ 1− 2 · (2η + δ + t′(n)/|M|), κ2 ≤ 1− 2t′(n) · (η + δ) andǫ ≤ (1− κ1)(1− κ2)/4. If t1(·) is
a time function such that2t1(t′(n)) ≤ t(n), thenC is (t1(n), κ1, κ2)-hard for inverse approximate uniform
generation.

The high-level idea of the proof is simple: Suppose there were an efficient algorithm for the inverse ap-
proximate uniform generation problem forC. Because of the invertible Levin reduction fromCIRCUIT-SAT
to C, there is a signature scheme for which the verification algorithm (using any given public key) corre-
sponds to a function inC. The signed messages(m1, σ1), . . . , (mt, σt) correspond to points fromUf−1(1)

wheref ∈ C. Now the existence of an efficient algorithm for the inverse approximate uniform generation
problem forC (i.e. an algorithm which, given points fromUf−1(1), can generate more such points) translates
into an algorithm which, given a sample of signed messages, can generate a new signed message. But this
violates the existential unforgeability under RMA of the signature scheme.

We now proceed to the formal proof.

Proof. Assume towards a contradiction that there is an algorithmA for inverse approximate uniform gen-
erationAinv which runs in timet1 such that with probability1 − κ2, the output distribution isκ1-close to
the target distribution. If we can show that for any(δ, η)-special key pair(pk, sk) the resulting signature
scheme is not(t, ǫ) secure, then this will result in a contradiction. We will nowuse algorithmA to construct
an adversary which breaks the signature scheme for(δ, η)-special key pairs(pk, sk).

Towards this, fix a(δ, η)-special key pair(pk, sk) and consider the functionVpk :M×{0, 1}∗ → {0, 1}
defined asVpk(m,σ) = V (m, pk, σ). Clearly,Vpk is an instance ofCIRCUIT-SAT (i.e. Vpk is computed by
a satisfiable polynomial-size Boolean circuit). Since there is an invertible Levin reduction fromCIRCUIT-
SAT to C, givenpk, the adversary in timet′(n) can computeΦpk ∈ C with the following properties (letβ
andγ be the corresponding algorithms in the definition of the Levin reduction):

• For every(m,σ) such thatVpk(m,σ) = 1, Φpk(β(Vpk, (m,σ))) = 1.

• For everyx such thatΦpk(x) = 1, Vpk(γ(Φpk, x)) = 1.

Recall that the adversary receives signatures(m1, σ1), . . . , (mt′(n), σt′(n)). Let xi = β(Vpk, (mi, σi)).
LetDx be the distribution of(x1, . . . , xt′(n)). We next make the following claim.

Claim 61. Let y1, . . . , yt′ be drawn uniformly at random fromΦ−1
pk (1) and letDy be the corresponding

distribution of(y1, . . . , yt). Then,Dy andDx are t′(n)·(2η + δ)-close in statistical distance.

Proof. Note thatDy andDx aret′(n)-way product distributions. IfD(1)
x andD(1)

y are the corresponding

marginals on the first coordinate, thent′(n) · dTV (D
(1)
x ,D

(1)
y ) ≤ dTV (Dx,Dy). Thus, it suffices to upper

bounddTV (D
(1)
x ,D

(1)
y ), which we now do.

dTV (D
(1)
x ,D(1)

y ) ≤
∑

z∈supp(D(1)
y )\supp(D(1)

x )

∣∣∣D(1)
x (z)−D(1)

y (z)
∣∣∣ +

∑

z∈supp(D(1)
x )

∣∣∣D(1)
x (z)−D(1)

y (z)
∣∣∣ .
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By definition of(pk, sk) being(δ, η)-special, we get that
∑

z∈supp(D(1)
y )\supp(D(1)

x )

|D(1)
x (z) −D(1)

y (z)| ≤ η.

To bound the next sum, letτ = Pr[D
(1)
y ∈ supp(D

(1)
x )]. Note thatτ ≥ 1− η. We have

∑

z∈supp(D(1)
x )

∣∣∣D(1)
x (z)−D(1)

y (z)
∣∣∣ ≤

∑

z∈supp(D(1)
x )

∣∣∣τD(1)
x (z)−D(1)

y (z)
∣∣∣+ (1− τ)

∑

z∈supp(D(1)
x )

D(1)
x (z)

≤ η + τ ·
∑

z∈supp(D(1)
x )

∣∣∣∣∣D
(1)
x (z) −

D
(1)
y (z)

τ

∣∣∣∣∣ .

We observe thatD
(1)
y (z)
τ restricted tosupp(D(1)

x ) is simply the uniform distribution over the image of the

setR1,sk and hence is the same as applying the mapβ on the distributionD′. LikewiseD(1)
x is the same as

applying the mapβ onD (mentioned in Definition 56). Hence, we have that

dTV (D
(1)
x ,D(1)

y ) ≤ 2η + dTV (D,D′) ≤ 2η + δ.

Now, observe that the instancesxi are each of length at mostt′(n). Since the distributionsDx and
Dy aret′(n)·(2η + δ) close, hence our adversary can runAinv in time t(n) on the examplesx1, . . . , xt′(n)
and succeed with probability1 − κ2 − t′(n)·(2η + δ) ≥ (1 − κ2)/2 in producing a sampler whose output
distribution isκ1-close toUΦ−1

pk (1). Call this output distributionZ. Letβ(D) denote the distribution obtained

by applying the mapβ onD. The proof of Claim 61 shows thatβ(D) is (2η + δ)-close to the distribution
UΦ−1

pk (1). Thus, with probability(1−κ2)/2, Z is (κ1+(2η+δ))-close to the distributionβ(D). By definition

of D, we have

Pr(m,σ)∈D [∀i ∈ [t′],mi 6= m] ≥ 1−
t′

|M|
.

Thus, with probability1−κ2
2 ,

Prz∈Z [z = g(m,σ) and∀i ∈ [t′],mi 6= m] ≥ 1− κ1 − (2η + δ)−
t′

|M|
≥

1− κ1
2

Thus, with overall probability(1−κ1)(1−κ2)/4 ≥ ǫ, the adversary succeeds in producingz = g(m,σ)
such that∀i ∈ [t′],mi 6= m. Applying the mapγ on (Φpk, z), the adversary gets the pair(m,σ). Also, note
that the total running time of the adversary ist1(t

′(n)) + t′(n) ≤ 2t1(t
′(n)) ≤ t(n) which contradicts the

(t, ǫ)-RMA security of the signature scheme.

6.1.2 A specific hardness assumption.At this point, at the cost of sacrificing some generality, we con-
sider a particular instantiation of a signature scheme fromthe literature which meets our requirements.
While similar signature schemes can be constructed under many different cryptographic assumptions in the
literature, we forsake such generality to keep the discussion from getting too cumbersome.

To state our cryptographic assumption, we need the following notation:

• PRIMESk is the set ofk-bit prime numbers.
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• RSAk is the set of all products of two primes of length⌊(k − 1)/2⌋.

The following cryptographic assumption (a slight variant of the standard RSA assumption) appears in
[MRV99].

Assumption 1. The RSA′ s(k) assumption: Fix anym ∈ RSAk and letx ∈U Z
∗
m andp ∈U PRIMESk+1.

LetA be any probabilistic algorithm running in times(k). Then,

Pr(x,p)[A(m,x, p) = y andyp = x (mod m)] ≤
1

s(k)
.

As mentioned in [MRV99], given the present state of computational number theory, it is plausible to
conjecture the RSA′ s(k) assumption fors(k) = 2k

δ
for some absolute constantδ > 0. For the sake of

conciseness, for the rest of this section we write “Assumption 1 holds true” to mean that Assumption 1
holds true withs(k) = 2n

δ
for some fixed constantδ > 0. (We note, though, that all our hardness results go

through giving superpolynomial hardness using onlys(k) = kω(1).)
Micali et al. [MRV99] give a construction of a “unique signature scheme” using Assumption 1:

Theorem 62. If Assumption 1 holds true, then there is a(t = 2n
δ
, ǫ = 1/t)-RMA secure signature scheme

(G,S, V ) with the following property : For any messagem ∈ M, there do not existσ1 6= σ2 such that
V (m,σ1) = V (m,σ2) = 1. In this scheme the signing algorithmS is deterministic and the message space
M is of size2n

δ
.

The above theorem says that under the RSA′ s(k) assumption, there is a deterministic signature scheme
such that there is only one signatureσm for every messagem, and for every messagem the only accepting
input forV is (m,σm). As a consequence, the signature scheme in Theorem 62 has theproperty thatevery
(pk, sk) pair that can be generated byG is (0, 0)-special.

Remark 63. It is important to note here that constructions of(0, 0) special signature schemes are abundant
in the literature. A partial list follows : Lysyanskaya [Lys02] constructed a deterministic(0, 0) special sig-
nature scheme using a strong version of the Diffie–Hellman assumption. Hohenberger and Waters [HW10]
constructed a scheme with a similar guarantee using a variant of the Diffie–Hellman assumption on bilinear
groups. In fact, going back much further, Cramer and Shoup [CS00, Fis03] show that using the Strong RSA
assumption, one can get a(0, 0) special signature scheme (which however is not deterministic). We remark
that the scheme as stated in [CS00] is not(0, 0) special in any obvious sense, but the more efficient version
in [Fis03] can be easily verified to be(0, 0) special. Throughout this section, for the sake of simplicity, we
use the signature scheme in Theorem 62.

Instantiating Theorem 60 with the signature scheme from Theorem 62, we obtain the following corol-
lary:

Corollary 64. Suppose that Assumption 1 holds true. Then the following holds : LetC be a function class
such that there is a polynomial time (nk-time) invertible Levin reduction fromCIRCUIT-SAT to C. Then
C is (2n

c
, 1 − 2−nc

, 1 − 2−nc
)-hard for inverse approximate uniform generation for some constantc > 0

(depending only on the “δ” in Assumption 1 and onk).

6.1.3 Inverse approximate uniform generation hardness results for specific function classes whose
satisfiability problem is NP-complete. In this subsection we use Corollary 64 to prove hardness results for
inverse approximate uniform generation for specific function classesC for which there are invertible Levin
reductions fromCIRCUIT-SAT to C.

Recall that a 3-CNF formula is a conjunction of clauses (disjunctions) of length 3. The following fact
can be easily verified by inspecting the standard reduction from CIRCUIT-SAT to 3-CNF-SAT.
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Fact 65. There is a polynomial time invertible Levin reduction fromCIRCUIT-SAT to 3-CNF-SAT.

As a corollary, we have the following result.

Corollary 66. If Assumption 1 holds true, then there exists an absolute constantc > 0 such that the class
3-CNF is (2n

c
, 1− 2−nc

, 1− 2−nc
)-hard for inverse approximate uniform generation.

Corollary 66 is interesting in light of the well known fact that the class of all 3-CNF formulas is effi-
ciently PAC learnable from uniform random examples (in factunder any distribution).

We next observe that the problem of inverse approximate uniform generation remains hard even for
3-CNF formulas in which each variable occurs a bounded number of times. To prove this we will use the
fact that polynomial time invertible Levin reductions compose:

Fact 67. If there is a polynomial time invertible Levin reduction fromCIRCUIT-SAT to C and a polynomial
time Levin reduction fromC to C1, then there is a polynomial time invertible Levin reductionfromCIRCUIT-
SAT to C1.

The following theorem says that the inverse approximate uniform generation problem remains hard for
the class of all 3-CNF formulas in which each variable occursat most 4 times (hereafter denoted3,4-CNF).

Theorem 68. If Assumption 1 holds true, then there exists an absolute constantc > 0 such that3,4-CNF-
SAT is (2n

c
, 1− 2−nc

, 1− 2−nc
)-hard for inverse approximate uniform generation.

Proof. Tovey [Tov84] shows that there is a polynomial time invertible Levin reduction from3-CNF-SAT
to 3,4-CNF-SAT. Using Fact 67, we have a polynomial time Levin reduction from CIRCUIT-SAT to 3,4-
CNF-SAT. Now the result follows from Corollary 64

The next theorem shows that the class of all intersections oftwo halfspaces overn Boolean variables is
hard for inverse approximate uniform generation.

Theorem 69. If Assumption 1 holds true, then there exists an absolute constantc > 0 such thatC = {all
intersections of two halfspaces overn Boolean variables} is (2n

c
, 1 − 2−nc

, 1 − 2−nc
)-hard for inverse

approximate uniform generation.

Proof. We recall that theSUBSET-SUM problem is defined as follows : An instanceΦ is defined by
positive integersw1, . . . , wn, s > 0. A satisfying assignment for this instance is given byx ∈ {0, 1}n such
that

∑n
i=1wixi = s. It is well known that theSUBSET-SUM problem is NP-complete and it is folklore that

there is a invertible Levin reduction from3-SAT to SUBSET-SUM. However, since it is somewhat difficult
to find this reduction explicitly in the literature, we outline such a reduction.

To describe the reduction, we first define1-in-3-SAT. An instanceΨ of 1-in-3-SAT is defined over
Boolean variablesx1, . . . , xn with the following constraints : Theith constraint is defined by a subset of at
most three literals overx1, . . . , xn. An assignment tox1, . . . , xn satisfiesΨ if and only if for every constraint
there is exactly one literal which is set to true. Schaefer [Sch78] showed that3-SAT reduces to1-in-3-SAT
in polynomial time, and the reduction can be easily verified to be an invertible Levin reduction. Now the
standard textbook reduction from3-SAT to SUBSET-SUM (which can be found e.g. in [Pap94]) applied to
instances of1-in-3-SAT, can be easily seen to be a polynomial time invertible Levin reduction. By Fact 67,
we thus have a polynomial time invertible Levin reduction from 3-CNF-SAT to SUBSET-SUM.

With this reduction in hand, it remains only to observe that that any instance ofSUBSET-SUM is
also an instance of “intersection of two halfspaces,” simply because

∑n
i=1wixi = s if and only if s ≤∑n

i=1wi ·xi ≤ s. Thus, there is a polynomial time invertible Levin reductionfrom 3-CNF-SAT to the class
of all intersections of two halfspaces. This finishes the proof.
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6.1.4 A hardness result where the satisfiability problem is in P . So far all of our hardness results have
been for classesC of NP-complete languages. As Theorem 60 requires a reduction from CIRCUIT-SAT to
C, this theorem cannot be directly used to prove hardness for classesC which are not NP-hard. We next
give an extension of Theorem 60 which can apply to classesC for which the satisfiability problem is inP .
Using this result we will show hardness of inverse approximate uniform generation forMONOTONE-2-
CNF-SAT. (Recall that a monotone 2-CNF formula is a conjunction of clauses of the formxi ∨ xj, with no
negations; such a formula is trivially satisfiable by the all-true assignment.)

We begin by defining by a notion of invertible one-many reductions that we will need.

Definition 70. CIRCUIT-SAT is said to have anη-almost invertible one-many reduction to a function class
C if the following conditions hold:

• There is a polynomial time computable functionf such that given an instanceΦ of CIRCUIT-SAT
(i.e. Φ is a satisfiable circuit),Ψ = f(Φ) is an instance ofC (i.e. Ψ ∈ C andΨ is satisfiable).

• Fix any instanceΦ of CIRCUIT-SAT and letA = Ψ−1(1) denote the set of satisfying assignments of
Ψ. ThenA can be partitioned into setsA1 andA2 such that|A2|/|A| ≤ η and there is an efficiently
computable functiong : A1 → Φ−1(1) such thatg(x) is a satisfying assignment ofΦ for every
x ∈ A1.

• For everyy which is a satisfying assignment ofΦ, the number of pre-images ofy underg is exactly
the same, and the uniform distribution overg−1(y) is polynomial time samplable.

We next state the following simple claim which will be helpful later.

Claim 71. Suppose there is anη-almost invertible one-many reduction fromCIRCUIT-SAT to C. Letf and
g be the functions from Definition 70. LetΦ be an instance ofCIRCUIT-SAT and letΨ = f(Φ) be the
corresponding instance ofC. Define distributionsD1 andD2 as follows :

• A draw fromD1 is obtained by choosingy uniformly at random fromΦ−1(1) and then outputtingz
uniformly at random fromg−1(y).

• A draw fromD2 is obtained by choosingz′ uniformly at random fromΨ−1(1).

Then we havedTV (D1,D2) ≤ η.

Proof. This is an immediate consequence of the fact thatD1 is uniform over the setA1 whileD2 is uniform
over the setA (from Definition 70).

We next have the following extension of Corollary 64.

Theorem 72. Suppose that Assumption 1 holds true. Then ifC is a function class such that there is an
η-almost invertible one-many reduction (forη = 2−Ω(n)) from CIRCUIT-SAT to C, thenC is (2n

c
, 1 −

2−nc
, 1− 2−nc

)-hard for inverse approximate uniform generation for some absolute constantc > 0.

Proof. The proof is similar to the proof of Corollary 64. Assume towards a contradiction that there is an
algorithm for inverse approximation uniform generationAinv for C which runs in timet1 such that with
probability 1 − κ2, the output distribution isκ1-close to the target distribution. (We will sett1, κ1 andκ2
later to2n

c
, 1− 2−nc

and1− 2−nc
respectively.)

Let (G,S, V ) be the RMA-secure signature scheme constructed in Theorem 62. Note that(G,S, V ) is
a (T, ǫ)-RMA secure signature scheme whereT = 2n

δ
, ǫ = 1/T and |M| = 2n

µ
for constantδ, µ > 0.

Let (pk, sk) be a choice of key pair. We will usAinv to contradict the security of(G,S, V ). Towards this,
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consider the functionVpk :M× {0, 1}∗ → {0, 1} defined asVpk(m,σ) = V (m, pk, σ). Clearly,Vpk is an
instance ofCIRCUIT-SAT. Consider theη-invertible one-many reduction fromCIRCUIT-SAT to C. Letα
andβ have the same meaning as in Definition 70. LetΨ = α(Vpk) and letA, A1 andA2 have the same
meaning as in Definition 70. The adversary receives message-signature pairs(m1, σ1) . . . (mt1 , σt1) where
m1, . . . ,mt1 are chosen independently at random fromM. For anyi, (mi, σi) is a satisfying assignment of
Vpk. By definition, in timet2 = t1 · poly(n), the adversary can sample(z1, . . . , zt1) such thatz1, . . . , zt1
are independent andzi ∼ Uβ−1(mi,σi). Note that this means that eachzi is an independent sample from
A1 and|zi| = poly(n). Note that(z1, . . . , zt1) is a t1-fold product distribution such that ifD′ denotes the
distribution ofzi, then by Claim 71,dTV (D

′,UΨ−1(1)) ≤ η. Hence, ifD is the distribution of(z1, . . . , zt1),
thendTV (D,U t

Ψ−1(1)) ≤ t1η.
Hence, the adversary can now runArec on the samplesz1, . . . , zt1 and as long as1 − κ2 − t1η ≥

(1 − κ2)/2, succeeds in producing a sampler with probability(1 − κ2)/2 whose output distribution (call
it Z) is κ1 close to the distributionUΨ−1(1). Note that asη = 2−Ω(n), for any c > 0, t1 = 2n

c
and

κ2 = 1− 2−nc
satisfies this condition. Hence, we get thatdTV (Z,D

′) ≤ κ1 + η. Now, observe that

Prρ∈D′ [β(ρ) = (m,σ) andm 6= mi] = 1−
t1
|M|

.

The above uses the fact that every element in the range ofβ has the same number of pre-images. This of
course implies that

Prρ∈Z [β(ρ) = (m,σ) andm 6= mi] ≥ 1−
t1
|M|

− (κ1 + η).

Again as long asκ1 ≤ 1− 2(η + t1/|M|), the adversary succeeds in getting a valid message signature
pair (m,σ) with m 6= mi for any 1 ≤ i ≤ t1 with probability (1 − κ1)/2. Again, we can ensureκ1 ≤
1 − 2(η + t1/|M|) by choosingc sufficiently small compared toµ. The total probability of success is
(1 − κ1)(1 − κ2)/4 and the total running time ist1(poly(n)) + poly(n). Again if c is sufficiently small
compared toµ andδ, then the total running time is at mostt1(poly(n)) + poly(n) < T and the success
probability is at least(1− κ1)(1− κ2)/4 > ǫ, resulting in a contradiction.

We now demonstrate a polynomial timeη-invertible one-many reduction fromCIRCUIT-SAT toMONOTONE-
2-CNF-SAT for η = 2−Ω(n). The reduction uses the “blow-up” idea used to prove hardness of approximate
counting forMONOTONE-2-CNF-SAT in [JVV86]. We will closely follow the instantiation of thistech-
nique in [Wat12].

Lemma 73. There is a polynomial timeη-almost invertible one-many reduction fromCIRCUIT-SAT to
MONOTONE-2-CNF-SAT whereη = 2−Ω(n).

Proof. We begin by noting the following simple fact.

Fact 74. If there is a polynomial time invertible Levin reduction from CIRCUIT-SAT to a classC1 and an
η-almost invertible one-many reduction fromC1 to C2, then there is a polynomial timeη-almost invertible
one-many reduction fromCIRCUIT-SAT to C2.

Since there is an invertible Levin reduction fromCIRCUIT-SAT to 3-CNF-SAT, by virtue of Fact 74,
it suffices to demonstrate a polynomial timeη-almost invertible one-many reduction from3-CNF-SAT to
MONOTONE-2-CNF-SAT. To do this, we first construct an instance ofVERTEX-COVER from the3-
CNF-SAT instance. LetΦ =

∧
m
i=1Φi be the instance of3-CNF-SAT. Construct an instance ofVERTEX-

COVER by introducing seven vertices for each clauseΦi (one corresponding to every satisfying assignment
of Φi). Now, put an edge between any two vertices of this graph if the corresponding assignments to the
variables ofΦ conflict on some variable. We call this graphG. We observe the following properties of this
graph :
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• G has exactly7m vertices.

• Every vertex cover ofG has size at least6m.

• There is an efficiently computable and invertible injectionℓ between the satisfying assignments of
Φ and the vertex covers ofG of size 6m. To get the vertex cover corresponding to a satisfying
assignment, for every clauseΦi, include the six vertices in the vertex cover which conflict with the
satisfying assignment.

We next do the blow-up construction. We create a new graphG′ by replacing every vertex ofG with a
cloud of10m vertices, and for every edge inG we create a complete bipartite graph between the correspond-
ing clouds inG′. Clearly, the size of the graphG′ is polynomial in the size of the3-CNF-SAT formula. We
define a mapg1 between vertex covers ofG′ and vertex covers ofG as follows : LetS′ be a vertex cover of
G′. We define the setS = g1(S

′) in the following way. For every vertexv in the graphG, if all the vertices
in the corresponding cloud inG′ are inS′, then includev ∈ S, else do not includev in S. It is easy to
observe thatg1 maps vertex covers ofG′ to vertex covers ofG. It is also easy to observe that a vertex cover
of G of sizes has(210m − 1)7m−s pre-images underg1.

Now, observe that we can construct aMONOTONE-2-CNF-SAT formulaΨ which has a variable cor-
responding to every vertex inG′ and every subsetS′ of G′ corresponds to a truth assignmentyS′ to Ψ such
thatΨ(yS′) = 1 if and only if S′ is a vertex cover ofG′. Because of this correspondence, we can construct
a mapg′1 which maps satisfying assignments ofΨ to vertex covers ofG. Further, a vertex cover of sizes in
graphG has(210m − 1)7m−s pre-images underg′1. Since the total number of vertex covers ofG of sizes is
at most

(
7m
s

)
, the total number of satisfying assignments ofΨ which map to vertex covers ofG of size more

than6m can be bounded by :

7m∑

s=6m+1

(
7m

s

)
· (210m − 1)7m−s ≤ m ·

(
7m

6m+ 1

)
· (210m − 1)m−1 ≤ (210m − 1)m ·

27m

210m − 1

On the other hand, sinceΦ has at least one satisfying assignment, henceG has at least one vertex cover
of size6m and hence the total number of satisfying assignments ofΨ which map to vertex covers ofG
of size6m is at least(210m − 1)m. Thus, if we letA denote the set of satisfying assignments ofΨ and
A1 be the set of satisfying assignment ofΨ which map to vertex covers ofG of size exactly6m (under
g1), then|A1|/|A| ≥ 1 − 2−Ω(n). Next, notice that we can define the mapg mappingA1 to the satisfying
assignments ofΦ in the following manner :g(x) = ℓ−1(g1(x)). It is easy to see that this map satisfies all
the requirements of the mapg from Definition 70 which concludes the proof.

Combining Lemma 73 with Theorem 72, we have the following corollary.

Corollary 75. If Assumption 1 holds true, thenMONOTONE-2-CNF-SAT is (2n
c
, 1 − 2−nc

, 1 − 2−nc
)

hard for inverse approximate uniform generation for some absolute constantc > 0.

As a consequence of the above result, we also get hardness forinverse approximate uniform generation
of degree-2polynomial threshold functions (PTFs); these are functions of the formsign(q(x)) whereq(x)
is a degree-2 multilinear polynomial over{0, 1}n.

Corollary 76. If Assumption 1 holds true, then the class of alln-variable degree-2 polynomial threshold
functions is(2n

c
, 1 − 2−nc

, 1 − 2−nc
) hard for inverse approximate uniform generation for some absolute

constantc > 0.

Proof. This follows immediately from the fact that every monotone 2-CNF formula can be expressed as a
degree-2 PTF. To see this, note that ifΦ =

∧m
i=1(xi1 ∨ xi2) where eachxij is a 0/1 variable, thenΦ(x) is

true if and only if
∑m

i=1 xi1 + xi2 − xi1 · xi2 ≥ m. This finishes the proof.
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6.2 Hardness results based on Message Authentication Codes. All of the previous hardness results
intuitively correspond to the case when the second step of our “standard approach” is algorithmically hard.
Indeed, consider a classC of functions that has an efficient approximate uniform generation algorithm.
UnlessP 6= NP there cannot be any Karp reduction fromCIRCUIT-SAT to C (this would contradict the
NP-completeness ofCIRCUIT-SAT) and hence Theorem 60 is not applicable in this setting. In fact, even
for η = 1− 1/poly(n) there cannot be anyη-almost invertible one-many reduction fromCIRCUIT-SAT to
C unlessP 6= NP . This makes Theorem 72 inapplicable in this setting. Thus, to prove hardness results for
classes that have efficient approximate uniform generationalgorithms, we need some other approach.

In this section we show that Message Authentication Codes (MAC) can be used to establish hardness of
inverse approximate uniform generation for such classes. We begin by defining MACs. (We remark that we
use a restricted definition which is sufficient for us; for themost general definition, see [Gol04].)

Definition 77. A Message Authentication Code (MAC)is a triple (G,T, V ) of polynomial-timealgorithms
with the following properties :

• (Key generation algorithm)G(·) is a randomized algorithm which on input1n produces a secret key
sk;

• (Tagging algorithm) T is a randomized algorithm which takes as input messagem, secret keysk and
randomnessr and outputsσ ← T (m, sk, r);

• (Verification algorithm) V is a deterministic algorithm which takes as input messagem, secret key
sk andσ. If σ = T (m, sk, r) for somer thenV (m, sk, σ) = 1.

For the purposes of our hardness results we require MACs withsome special properties. While our
hardness results can be derived from slightly more general MACs than those we specify below, we forsake
some generality for the sake of clarity. For a MAC(G,T, V ) and a choice of secret keysk, we sayσ is a
valid tag for messagem if there existsr such thatσ = T (m, sk, r). Likewise, we say thatσ is apotential
tag for messagem if V (m, sk, σ) = 1.

Definition 78. A Message Authentication Code(G,T, V ) over a message spaceM is said to bespecialif
the following conditions hold : For any secret keysk,

• For every messagem ∈ M, the set of valid tags is identical to the set of potentialtags..

• For every two messagesm1 6= m2 and everyσ1, σ2 such thatσi is a valid tag formi, we have
Prr[T (m1, sk, r) = σ1] = Prr[T (m2, sk, r) = σ2].. In particular, the cardinality of the set of valid
tags form is the same for allm.

We next define the standard notion of security under Random Message attacks for MACs. As before,
from now onwards, we will assume implicitly thatM is the message space.

Definition 79. A special MAC(G,T, V ) is said to be(t, ǫ)-RMA secureif the following holds : Letsk ←
G(1n). Let (m1, . . . ,mt) be chosen uniformly at random fromM. Letσi ← T (mi, sk, r). Then for any
probabilistic algorithmA running in timet,

Pr
sk,(m1,...,mt),(σ1,...,σt)

[A(m1, . . . ,mt, σ1, . . . , σt) = (m′, σ′)] ≤ ǫ

whereV (m′, sk, σ′) = 1 andm′ 6= mi for all i = 1, . . . , t.

It is known how to construct MACs meeting the requirements inDefinition 79 under standard crypto-
graphic assumptions (see [Gol04]).
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6.2.1 A general hardness result based on Message Authentication Codes. The next theorem shows that
special MACs yield hardness results for inverse approximate uniform generation.

Theorem 80. Let c > 0 and(G,T, V ) be a(t, ǫ)-RMA secure special MAC for somet = 2n
c

andǫ = 1/t
with a message spaceM of size2Ω(n). LetVsk denote the functionVsk : (m,σ) 7→ V (m, sk, σ). If Vsk ∈ C
for everysk, then there existsδ > 0 such thatC is (t1, κ, η)-hard for inverse approximate uniform generation
for t1 = 2n

δ
andκ = η = 1− 2−nδ

.

Proof. Towards a contradiction, let us assume that there is an algorithm Ainv for inverse approximate uni-
form generation ofC which runs in timet1 and with probability1 − η outputs a sampler whose statistical
distance is at mostκ from the target distribution. (We will sett1, κ andη later in the proof.) We will use
Ainv to contradict the security of the MAC. Letsk be a secret key chosen according toG(1n). Now, the ad-
versary receives message-tag pairs(m1, σ1), . . . , (mt1 , σt1) wherem1, . . . ,mt1 are chosen independently
at random fromM. Because the MAC is special, for eachi we have thatσi is a uniformly random valid tag
for the messagemi. Hence each(mi, σi) is an independent and uniformly random satisfying assignment of
Vsk.

We can thus runAinv on the samples(m1, σ1), . . . , (mt1 , σt1) with its accuracy parameter set toκ and
its confidence parameter set to1− η. Takingκ = η = 1− 2−nδ

, we can chooseδ small enough compared
to c, and witht1 = 2n

δ
we get that the total running time ofAinv is at most2n

c
/2. By the definition of

inverse approximate uniform generation, with probabilityat least1 − η = 2−nδ
the algorithmAinv outputs

a sampler for a distributionZ that isκ = (1 − 2−nδ
)-close to the uniform distribution over the satisfying

assignments ofVsk. Now, observe that

Pr(m,σ)∼U
V −1
sk

(1)
[mi 6= m for all i ∈ [t1]] ≥ 1−

t1
|M|

.

Thus,

Prz∼Z [z = (m,σ) andmi 6= m for all i ∈ [t1]] ≥ (1− κ)−
t1
|M|

.

This means that with probability(1−η) · ((1−κ)− t1
|M|), the adversary can output a forgery. It is clear

that for a suitable choice ofδ relative toc, recalling thatκ = η = 1− 2−nδ
, the probability of outputting a

forgery is greater than2−nc
, which contradicts the security of the MAC.

Unlike signature schemes, which permitted intricate reductions (cf. Theorem 60), in the case of MACs
we get a hardness result for complexity classC only if Vsk itself belongs toC. While special MACs are
known to existassuming the existence of one-way functions [Gol04], the constructions are rather involved
and rely on constructions of pseudorandom functions (PRFs)as an intermediate step. As a result, the
verification algorithmV also involves computing PRFs; this means that using these standard constructions,
one can only get hardness results for a classC if PRFs can be computed inC. As a result, the classC tends
to be fairly complex, making the corresponding hardness result for inverse approximate uniform generation
for C somewhat uninteresting.

One way to bypass this is to use construction of MACs which do not involve use of PRFs as an interme-
diate step. In recent years there has been significant progress in this area [KPC+11, DKPW12]. While both
these papers describe several MACs which do not require PRFs, the one most relevant for us is the MAC
construction of [KPC+11] based on the hardness of the “Learning Parity with Noise”(LPN) problem.

6.2.2 Some specific hardness assumptions, and a corresponding specific hardness result.We first
state a “decision” version of LPN. To do this, we need the following notation:

• LetBerτ denote the following distribution overGF (2) : If x← Berτ , thenPr[x = 1] = τ .
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• For x ∈ GF (2)n, we useΛ(x, τ, ·) to denote the distribution(r, x · r ⊕ e) overGF (2)n × GF (2)
wherer ∼ GF (2)n ande ∼ Berτ andx · r = ⊕ixiri ( mod 2).

Assumption 2. Let τ ∈ (0, 1/2) and letOx,τ be an oracle which, each time it is invoked, returns an
independent uniformly random sample fromΛ(x, τ, ·). The LPN assumption states that for anypoly(n)-
time algorithmA,

∣∣[Prx∈GF (2)n [A
Ox,τ = 1

]
−

[
Prx∈GF (2)n [A

Ox,1/2 = 1
]∣∣ ≤ ǫ

for someǫ which is negligible inn.

LPN is a well-studied problem; despite intensive research effort, the fastest known algorithm for this
problem takes time2O(n/ logn) [BKW03]. For our applications, we will need a variant of the above LPN
assumption. To define the assumption, letΛ(x, ℓ, τ, ·) denote the distribution over(A,A · x ⊕ e) whereA
is uniformly random inGF (2)ℓ×n ande is uniformly random over the set{z ∈ GF (2)ℓ : wt(z) ≤ ⌈τℓ⌉}.
The vectore is usually referred to as thenoise vector.

Assumption 3. Let τ ∈ (0, 1/2), ℓ = c · n for some0 < c < 1/2 and letOx,ℓ,τ be an oracle which
returns a uniformly random sample fromΛ(x, ℓ, τ, ·). Then the(t, ǫ) exact LPN assumptionstates that for
any algorithmA running in timet,

∣∣Prx∈GF (2)n
[
AOx,ℓ,τ = 1

]
−Prx∈GF (2)n

[
AOx,ℓ,1/2 = 1

]∣∣ ≤ ǫ

For the sake of brevity, we henceforth refer to this assumption by saying “the exact(n, ℓ, τ) LPN problem
is (t, ǫ)-hard.”

The above conjecture seems to be very closely related to Assumption 2, but it is not known whether
Assumption 2 formally reduces to Assumption 3. Assumption 3has previously been suggested in the cryp-
tographic literature [KSS10] in the context of getting perfect completeness in LPN-based protocols. We note
that Arora and Ge [AG11] have investigated the complexity ofthis problem and gave an algorithm which
runs in timenO(ℓ). We believe that the proximity of Assumption 3 to the well-studied Assumption 2, as well
as the failure to find algorithms for Assumption 3, make it a plausible conjecture. For the rest of this section
we use Assumption 3 witht = 2n

β
andǫ = 2−nβ

for some fixedβ > 0.
We next define a seemingly stronger variant of Assumption 3 which we callsubset exact LPN. This

requires the following definitions: Forx, v ∈ GF (2)n, ℓ, d ≤ n andτ ∈ (0, 1/2), we define the distribution
Λa(x, v, ℓ, τ, ·) as follows :

Λa(x, v, ℓ, τ, ·) =

{
Λ(x · v, ℓ, 1/2, ·) if wt(v) < d
Λ(x · v, ℓ, τ, ·) if wt(v) ≥ d

wherex · v ∈ GF (2)n is defined by(x · v)i = xi · vi. In other words, ifwt(v) ≥ d, then the distribution
Λa(x, v, ℓ, τ) projectsx into the non-zero coordinates ofv and then outputs samples corresponding to exact
LPN for the projected vector. We define the oracleOa

x,ℓ,d,τ (·) which takes an inputv ∈ GF (2)n and outputs
a random sample fromΛa(x, v, ℓ, τ, ·). The subset exact LPN assumption states the following:

Assumption 4. Let τ ∈ (0, 1/2), ℓ = c · n andd = c′ · n for some0 < c, c′ < 1/2. The(t, ǫ)-subset exact
LPN assumptionsays that for any algorithmA running in timet,

∣∣∣Prx∈GF (2)n

[
AOa

x,ℓ,d,τ = 1
]
−Prx∈GF (2)n

[
A

Oa
x,ℓ,d,1/2 = 1

]∣∣∣ ≤ ǫ.

For the sake of brevity, we henceforth refer to this assumption by saying “the subset exact(n, ℓ, d, τ) LPN
problem is(t, ǫ)-hard.”
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Assumption 4 is very similar to thesubset LPN assumptionused in [KPC+11] and previously considered
in [Pie12]. The subset LPN assumption is the same as Assumption 4 but withℓ = 1 and thecoordinates
of the noise vectore being drawn independently fromBerτ . Pietrzak [Pie12] showed that the subset LPN
assumption is implied by the standard LPN assumption (Assumption 2) with a minor change in the security
parameters. Along the same lines, the next lemma shows that Assumption 3 implies Assumption 4 with a
minor change in parameters. The proof is identical to the proof of Theorem 1 in [Pie12] and hence we do
not repeat it here.

Lemma 81. If the exact(n, ℓ, τ) LPN problem is(t, ǫ) hard, then for anyg ∈ N, the subset exact(n′, ℓ, n+
g, τ) LPN problem is(t′, ǫ′) hard forn′ ≥ n+ g, t′ = t/2 andǫ′ = ǫ+ 2t

2g+1 .

Proof. The proof of this lemma follows verbatim from the proof of Theorem 1 in [Pie12]. The key obser-
vation is that the reduction from subset LPN to LPN in Theorem1 in [Pie12] is independent of the noise
distribution.

From Lemma 81, we get that Assumption 3 implies Assumption 4.In particular, we can setℓ = n/5

andg = n/10, n′ ≥ 11n/10. Then we get that if the exact(n, ℓ, τ) problem is(2n
β
, 2−nβ

) hard for some

β > 0, then the subset exact(n′, ℓ, 11n/10, τ) is also(2n
β′

, 2−nβ′

) hard for some otherβ′ > 0. For the rest
of this section, we set the value ofℓ andg as above and we assume that the subset exact(n′, ℓ, 11n/10, τ)

is (2n
β′

, 2−nβ′

) hard for someβ′ > 0.
Now we are ready to define the following Message Authentication Code (MAC)(G,S, V ), which we

refer to asLPN-MAC:

• The key generation algorithmG chooses a random matrixX ∈ GF (2)λ×n and a stringx′ ∈ GF (2)λ,
whereλ = 2n.

• The tagging algorithm samplesR ∈ GF (2)ℓ×λ ande ∈ GF (2)ℓ wheree is a randomly chosen vector
in GF (2)ℓ with at most⌈τℓ⌉ ones. The algorithm outputs(R,RT · (X ·m+ x′) + e).

• The verification algorithm, given tag(R,Z) for messagem, computesy = Z + RT · (X ·m + x′)
and accepts if and only if the total number of ones iny is at most⌈τℓ⌉.

Note that all arithmetic operations in the description of the above MAC are done overGF (2). The
following theorem shows that under suitable assumptions the above MAC is special and secure as desired:

Theorem 82. Assuming that the exact(n, ℓ, τ) problem is(t, ǫ) hard for t = 2n
β

andǫ = 2−nβ
for β > 0,

LPN-MAC described above is a(t′, ǫ′)-RMA-secure special MAC fort′ = 2n
β′

and ǫ′ = 2−nβ′

for some
β′ > 0.

Proof. First, it is trivial to observe that the MAC described above is a special MAC. Thus, we are only
left with the task of proving the security of this construction. In [KPC+11] (Theorem 5), the authors show
that the above MAC is secure with the above parameters under Assumption 2 provided the vectore in the
description ofLPN-MAC is drawn from a distribution where every coordinate ofe is an independent draw
from Berτ . (We note that the MAC of Theorem 5 in [KPC+11] is described in a slightly different way, but
Dodiset al. [DKPW12] show that the above MAC and the MAC of Theorem 5 in [KPC+11] are exactly the
same). Follow the same proof verbatim except whenever [KPC+11] use the subset LPN assumption, we use
the subset exact LPN assumption (i.e. Assumption 4), we obtain a proof of Theorem 82.
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6.2.3 A problem for which inverse approximate uniform generation is hard but approximate uni-
form generation is easy.Given Theorem 80, in order to come up with a problem where inverse approxi-
mate uniform generation is hard but approximate uniform generation is easy, it remains only to show that
the verification algorithm forLPN-MAC can be implemented in a class of functions for which approximate
uniform generation is easy. Towards this, we have the following definition.

Definition 83. BILINEAR-MAJORITYℓ,n,λ,τ is a class of Boolean functions such that everyf ∈BILINEAR-
MAJORITYℓ,n,λ,τ , f : GF (2)ℓ×λ×GF (2)ℓ×GF (2)n → {0, 1} is parameterized by subsetsS1, . . . , Sλ ⊆
[n] andx0 ∈ GF (2)λ and is defined as follows : On input(R,Z,m) ∈ GF (2)ℓ×λ × GF (2)ℓ × GF (2)n,
define

yi = Zi +

λ∑

j=1

Rij · (
∑

ℓ∈Sj

mℓ + x0j)

where all the additions and multiplications are inGF (2). Thenf(R,Z,m) = 1 if and only if at most
⌈τℓ⌉ coordinatesy1, . . . , yℓ are1.

Claim 84. For theLPN-MAC with parametersℓ, n, λ andτ described earlier, the verification algorithmV
can be implemented in the classBILINEAR-MAJORITYℓ,n,λ,τ .

Proof. Consider theLPN-MAC with parametersℓ, n, λ and τ and secret keyX andx′. Now define a
functionf in BILINEAR-MAJORITYℓ,n,λ,τ wherex0 = x′ and the subsetSj = {i : Xji = 1}. It is easy to
check that the correspondingf(R,Z,m) = 1 if and only if (R,Z) is a valid tag for messagem.

The next and final claim says that there is an efficient approximate uniform generation algorithm for
BILINEAR-MAJORITYℓ,n,λ,τ :

Claim 85. There is an algorithm which given anyf ∈BILINEAR-MAJORITYℓ,n,λ,τ (with parameters
S1, . . . , Sλ ⊆ [n] andx0 ∈ GF (2)λ) and an input parameterδ > 0, runs in timepoly(n, ℓ, λ, log(1/δ))
and outputs a distribution which isδ-close to being uniform onf−1(1).

Proof. The crucial observation is that for any(R,m), the setAR,m = {z : f(R,Z,m) = 1} has cardinality
independent ofR andm. This is because after we fixR andm, if we definebi =

∑λ
j=1Rij · (

∑
ℓ∈Sj

mℓ +

x0j), thenyi = Zi + bi. Thus, for every fixing ofR andm, sincebi is fixed, the set of thoseZ such that the
number ofyi’s which are1 is bounded byτℓ is independent ofR andm. This implies that the following
sampling algorithm returns a uniformly random element off−1(1):

• Randomly sampleR andm. Computebi as defined earlier.

• Let a = ⌈τℓ⌉ and consider the halfspaceg(y) = sign(a −
∑ℓ

i=1 yi). Now, we use Theorem 41
to sample uniformly at random fromg−1(1) and hence draw a uniformly randomy from the set
{y ∈ {0, 1}ℓ :

∑ℓ
i=1 yi ≤ a}.

• We setZi = yi + bi. Output(R,Z,m).

The guarantee on the running time of the procedure follows simply by using the running time of Theorem 41.
Similarly, the statistical distance of the output from the uniform distribution onf−1(1) is at mostδ.
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7 Efficient inverse approximate uniform generation when approximate uni-
form generation is infeasible

In Section 4 we gave an efficient algorithm for the inverse approximate uniform generation problem for half-
spaces, and in Section 5 we gave a quasi-polynomial time algorithm for the inverse approximate uniform
generation problem for DNFs. Since both these algorithms follow the standard approach, both crucially
use efficient algorithms for the corresponding uniform generation problems [KLM89, MS04]. In this con-
text, it is natural to ask the following question:Is inverse approximate uniform generation easy only if the
corresponding approximate uniform generation problem is easy?

In this section we show that the answer to this question is “no” (for at least two reasons). First, we point
out that a negative answer follows easily from the well-known fact that it is computationally hard to “detect
unique solutions.” In more detail, we recall the definition of the UNIQUE-SAT problem.UNIQUE-SAT is
a promise problem where given a CNFΦ, the task is to distinguish between the following two cases:

• Φ has no satisfying assignment; versus

• Φ hasexactlyone satisfying assignment.

In a famous result, Valiant and Vazirani [VV86] showed the following.

Theorem 86. [VV86] There is a randomized polynomial time reduction fromCNF-SAT to UNIQUE-SAT.

Let C denote the class of alln-variable CNF formulas that have exactly one satisfying assignment. As
an immediate corollary of Theorem [VV86] we have the following:

Corollary 87. There is a constantc > 0 such that unlessSAT ∈ BPTIME(t(n)), there is no approximate
uniform generation algorithm forC which runs in timeBPTIME(t(nc)) even for variation distanceǫ = 1/2.

On the other hand, it is clear that there is a linear time algorithm for the inverse approximate uniform
generation problem for the classC: simply draw a single examplex and output the trivial distribution
supported on that one example.

The above simple argument shows that there indeed exist classesC where inverse uniform generation
is “easy” but approximate uniform generation is “hard”, butthis example is somewhat unsatisfying, as the
algorithm for inverse approximate uniform generation is trivial. It is natural to ask the following meta-
question: is there a class of functionsC such that approximation uniform generation is hard, but inverse
approximate generation is easy because of a polynomial-time algorithm that “uses its samples in a non-
trivial way?” In the rest of this section we give an example ofsuch a problem.

Efficient inverse approximate uniform generation for graph automorphism. The following problem is
more naturally defined in terms of a relation over combinatorial objects rather than in terms of a function
and its satisfying assignments. Let us defineGn to be the set of all (simple undirected) graphs over vertex set
[n] andSn to be the symmetric group over[n]. We define the relationRaut(G,σ) overGn × Sn as follows:
Raut(G,σ) holds if and only ifσ is an automorphism for the graphG. (Recall that “σ is an automorphism
for graphG” means that(x, y) is an edge inG if and only if (σ(x), σ(y)) is also an edge inG.) The inverse
approximate uniform generation problem for the relationRaut is then as follows: There is an unknown
n-vertex graphG. The algorithm receives uniformly random samples from the setAut(G) := {σ ∈ Sn :
Raut(G,σ) holds}. On inputǫ, δ, with probability1− δ the algorithm must output a sampler whose output
distribution isǫ-close to the uniform distribution overAut(G).

It is easy to see thatAut(G) is a subgroup ofSn, and hence the identity permutationen must belong to
Aut(G). To understand the complexity of this problem we recall the graph isomorphism problem:
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Definition 88. GRAPH-ISOMORPHISM is defined as follows : The input is a pair of graphsG1, G2 ∈ Gn
and the goal is to determine whether they are isomorphic.

While it is known thatGRAPH-ISOMORPHISM is unlikely to be NP-complete [Sch88, BHZ87], even
after several decades of effort the fastest known algorithmfor GRAPH-ISOMORPHISM has a running
time of2Õ(

√
n) [Bab81]. This gives strong empirical evidence thatGRAPH-ISOMORPHISM is a compu-

tationally hard problem. The following claim establishes that approximate uniform generation forRaut is
as hard asGRAPH-ISOMORPHISM:

Claim 89. If there is at(n)-time algorithm for approximate uniform generation for therelationRaut (with
error 1/2), thenfor some absolute constantc > 0 there is apoly(t(nc))-time randomizedalgorithm for
GRAPH-ISOMORPHISM.

Proof. Let A be the hypothesizedt(n)-time algorithm, soA, run on input(G, 1/2) whereG is ann-node
graph, returns an elementσ ∈ Aut(G) drawn from a distributionD that hasdTV(D,UAut(G)) ≤ 1/2.
Given such an algorithmA, it is easy inO(t(n)) time to determine (with high constant probability of
correctness) whether or not|Aut(G)| > 1. Now the claim follows from the known fact [Hof82] that there
is a polynomial-time reduction fromGRAPH-ISOMORPHISM to the problem of determining whether an
input graph has|Aut(G)| > 1.

While approximate uniform generation forRaut is hard, the next theorem shows that theinverseapprox-
imate uniform generation problem forRaut is in fact easy:

Theorem 90. There is a randomized algorithmAaut
inv with the following property: The algorithm takes as

input ǫ, δ > 0. Given access to uniform random samples fromAut(G) (whereG is an unknownn-node
graph),Aaut

inv runs in timepoly(n, log(1/ǫ), log(1/δ)) and with probability1 − δ outputs a samplerCaut

with the following property : The running time ofCaut isO(n log n+ log(1/ǫ)) and the output distribution
ofCaut is ǫ-close to the uniform distribution overAut(G).

Proof. The central tool in the proof is the following theorem of Alonand Roichman [AR94]:

Theorem 91. [AR94] Let H be any group and leth1, . . . , hk be chosen uniformly at random fromH.
Consider the setS = ∪ki=1{hi, h

−1
i }. Then, fork = O(log |H|+ log(1/δ)), with probability at least1− δ

the Cayley graph(H,S) has its second largest eigenvalue at most1/2.

We now describe our algorithmAaut
inv . On inputǫ, δ it drawsk = O(n log n + log(1/δ)) permutations

g1, . . . , gk from Aut(G). It computesg−1
1 , . . . , g−1

k and setsS = ∪ki=1{gi, g
−1
i }. The samplerCaut is

defined as follows: It uses its input random bits to perform a random walk on the Cayley graph(Aut(G), S),
starting aten, for T = O(n log n+ log(1/ǫ)) steps; it outputs the element ofH which it reaches at the end
of the walk. (Note that in order to perform this random walk itis not necessary to haveAut(G) explicitly –
it suffices to explicitly have the setS.)

The analysis is simple: we first observe that every graphG has an automorphism group of size|Aut(G)| ≤
n!. Theorem 91 then guarantees that with probability at least1 − δ the Cayley graph(Aut(G), S) has its
second eigenvalue bounded by1/2. Assuming that the second eigenvalue is indeed at most1/2, standard
results in the theory of random walks on graphs imply that thedistribution of the location reached at the end
of the walk has variation distance at mostǫ from the uniform distribution overAut(G). This concludes the
proof.
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8 Conclusion and future work

We have considered inverse problems in approximate uniformgeneration for a range of interesting and well-
studied classes of functions including LTFs, DNFs, CNFs, polynomial threshold functions, and more. While
our findings have determined the computational complexity of inverse approximate uniform generation for
these classes, several interesting questions and directions remain to be pursued. We outline some of these
directions below.

One natural goal is to extend our results (both positive and negative) to a wider range of function classes;
we list several specific classes that seem particularly worthy of investigation. The first of these is the class of
intersections of two monotone LTFs. We note that Morris and Sinclair [MS04] gave efficient approximate
uniform generation / counting algorithms for intersections of two monotone LTFs, but on the other hand,
no distribution independent PAC orSQ learning algorithm is known for this class (although quasipoly(n)-
time algorithms are known if both LTFs have integer weights that are at mostpoly(n) [KOS04]). The
second class is that of poly(n)-size decision trees. Our DNF result gives a quasipoly(n/ǫ)-time inverse
approximate uniform generation algorithm for this class; can this be improved topoly(n, 1/ǫ)? We note that
in order to obtain such a result one would presumably have to bypass the “standard approach,” since decision
trees are not known to be PAC learnable faster than quasipoly(n/ǫ)-time under the uniform distribution on
{−1, 1}n. (We further note that while [FOS08] gives a reduction from learning the uniform distribution over
satisfying assignments of a decision tree to the problem of PAC learning decision trees under the uniform
distribution, this reduction relies crucially on the assumption — implicit in the [FOS08] framework —
that the probability mass function of the hypothesis distribution can be efficiently evaluated on any input
x ∈ {−1, 1}n. In our framework this assumption need not hold so the [FOS08] reduction does not apply.)
Still other natural classes to investigate are context freelanguages (for which quasi-polynomial time uniform
generation algorithms are known [GJK+97]) and various classes of branching programs. It may also be of
interest to consider similar problems when the underlying measure is (say) Gaussian or log-concave.

Another interesting direction to pursue is to study inverseapproximate uniform generation for combina-
torial problems like matching and coloring as opposed to the“boolean function satisfying assignment”–type
problems that have been the main focus of this paper. We note that preliminary arguments suggest that there
is a simple efficient algorithm for inverse approximate uniform generation of perfect matchings in bipartite
graphs. Similarly, preliminary arguments suggest that forthe range of parameters for which the “forward”
approximate uniform generation problem for colorings is known to be easy (namely, the numberq of allow-
able colors satisfiesq > 11∆/6 where∆ is the degree [Vig99]), the inverse approximate uniform generation
problem also admits an efficient algorithm. These preliminary results give rise to the question of whether
there are similarcombinatorialproblems for which the complexity of the “forward” approximate uniform
generation problem is not known and yet we can determine the complexity of inverse approximate uniform
generation (like the group theoretic setting of Section 7).

Finally, for many combinatorial problems, the approximateuniform generation algorithm is to run a
Markov chain on the state space. In the regimes where the uniform generation problem is hard, the Markov
chain does not mix rapidly which is in turn equivalent to the existence of sparse cuts in the state space.
However, an intriguing possibility arises here: If one can show that the state space can be partitioned into
a small number of components such that each component has no sparse cuts, then given access to a small
number of random samples from the state space (with at least one such example belonging to each compo-
nent), one may be able to easily perform approximate uniformgeneration. Since the inverse approximate
uniform generation algorithms that we consider have accessto random samples, this opens the possibility
of efficient approximate uniform generation algorithms in such cases. To conclude, we give an example of
a natural combinatorial problem (from statistical physics) where it seems that this is essentially the situa-
tion (although we do not have a formal proof). This is the 2-D Ising model, for which the natural Glauber
dynamics is known to have exponential mixing time beyond thecritical temperature [Mar98]. On the other
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hand, it was recently shown that even beyond the critical temperature, if one fixes the boundary to have the
same spin (all positive or all negative) then the mixing timecomes down from exponential to quasipolyno-
mial [LMST]. While we do not know of a formal reduction, the fact that fixing the boundary to the same
spin brings down the mixing time of the Glauber dynamics fromexponential to quasipolynomial is “morally
equivalent” to the existence of only a single sparse cut in the state space of the graph [Sin12]. Finding other
such natural examples is an intriguing goal.
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