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Abstract

We initiate the study ofnverseproblems in approximate uniform generation, focusing oifioum
generation of satisfying assignments of various types ai®&m functions. In such an inverse problem,
the algorithm is given uniform random satisfying assignteeri an unknown functiotf belonging to
a classC of Boolean functions (such as linear threshold functionpaynomial-size DNF formulas),
and the goal is to output a probability distributidhwhich is e-close, in total variation distance, to the
uniform distribution overf ~1(1). Problems of this sort comprise a natural type of unsupetVisarning
problem in which the unknown distribution to be learned is tmiform distribution over satisfying
assignments of an unknown functigre C.

Positive results: We prove a general positive result establishing sufficiemditions for efficient
inverse approximate uniform generation for a clg@ssWe define a new type of algorithm called a
densifierfor C, and show (roughly speaking) how to combine (i) a densifi¢ail approximate counting
/ uniform generation algorithm, and (iii) a Statistical @uéearning algorithm, to obtain an inverse
approximate uniform generation algorithm. We apply thisegal result to obtain a poly, 1/¢)-time
inverse approximate uniform generation algorithm for tless ofn-variable linear threshold functions
(halfspaces); and a quasipOly 1/¢)-time inverse approximate uniform generation algorithmtfee
class ofpoly(n)-size DNF formulas.

Negative results:We prove a general negative result establishing that thetemde of certain types
of signature schemes in cryptography implies the hardnfessrtain inverse approximate uniform gen-
eration problems. We instantiate this negative result Witbwn signature schemes from the cryp-
tographic literature to prove (under a plausible cryptpbia hardness assumption) that there are no
subexponential-time inverse approximate uniform gemaralgorithms for 3-CNF formulas; for in-
tersections of two halfspaces; for degree-2 polynomiadshold functions; and for monotone 2-CNF
formulas.

Finally, we show that there is no general relationship betwtae complexity of the “forward” ap-
proximate uniform generation problem and the complexityhef inverse problem for a clags— it
is possible for either one to be easy while the other is handonle direction, we show that the exis-
tence of certain types of Message Authentication Codes (B)ACcryptography implies the hardness
of certain corresponding inverse approximate uniform gaien problems, and we combine this gen-
eral result with recent MAC constructions from the cryptggric literature to show (under a plausible
cryptographic hardness assumption) that there is a El&mswhich the “forward” approximate uniform
generation problem is easy but the inverse approximateumi§eneration problem is computationally
hard. In the other direction, we also show (assuming the GRAFOMORPHISM problem is com-
putationally hard) that there is a problem for which inveapproximate uniform generation is easy but
“forward” approximate uniform generation is computatityhard.
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1 Introduction

The generation of (approximately) uniform random comliriat objects has been an important research
topic in theoretical computer science for several decattesomplexity theory, well-known results have
related approximate uniform generation to other fundaaignpics such as approximate counting and the
power of nondeterminism [JS89, JVVi86. SJ89, Sjp83, StaBa]the algorithms side, celebrated algorithms
have been given for a wide range of approximate uniform geiver problems such as perfect matchings
[JSV04], graph colorings (see e.g. [JEr95, Vig99, HV03jisdying assignments of DNF formulas [KL83,
JVV86,[KLM89], of linear threshold functions (i.e., knapkanstances) [MS04, DyeD3] and more.

Before describing the inverse problems that we consideydériefly recall the usual framework of
approximate uniform generation. An approximate uniformegation problem is defined by a clagof
combinatorial objects and a polynomial-time relatiB(z, y) overC x {0,1}*. An input instance of the
problem is an object € C, and the problem, roughly speaking, is to output an approalpaniformly ran-
dom elemeny from the setR, := {y : R(x,y) holds}. Thus an algorithmA (which must be randomized)
for the problem must have the property that forzalt C, the output distribution ofi(z) puts approximately
equal weight on every element &f.. For example, taking the class of combinatorial objectstfdl n x n
bipartite graph} and the polynomial-time relatioR over (G, M) pairs to be M is a perfect matching in
G,” the resulting approximate uniform generation problenoigenerate an (approximately) uniform perfect
matching in a given bipartite graph;paly(n, log(1/¢))-time algorithm was given i [JSV04]. As another
example, taking the combinatorial object to be a linearghoéd function (LTF)f (z) = sign(w - x — 0)
mapping{—1,1}" — {—1,1} (represented as a vectary,...,w,,0)) and the polynomial-time relation
R over (f,z) to be “x is a satisfying assignment fgf,” we arrive at the problem of generating approxi-
mately uniform satisfying assignments for an LTF (equintlie feasible solutions to zero-one knapsack).
A polynomial-time algorithm was given by [MSD4] and a fastégorithm was subsequently proposed by
[Dye0s].

The focus of this paper is onverseproblems in approximate uniform generation. In such proisle
instead of having toutput(near-)uniform elements @t,, theinputis a sample of elements drawn uniformly
from R,, and the problem (roughly speaking) is to “reverse enginiser sample and output a distribution
which is close to the uniform distribution ovét,. More precisely, following the above framework, a
problem of this sort is again defined by a cl@ssf combinatorial objects and a polynomial-time relation
R. However, now an input instance of the problem is a sanfigle. . . , y,,,} of strings drawn uniformly at
random from the sek, := {y : R(x,y) holds}, where nowz € C is unknown The goal is to output an
e-samplerfor R,, i.e., a randomized algorithm (which takes no input) whosguat distribution is-close
in total variation distance to the uniform distribution ove,. Revisiting the first example from the previous
paragraph, for the inverse problem the input would be a sawipliniformly random perfect matchings of
an unknown bipartite grap@y, and the problem is to output a sampler for the uniform distion over all
perfect matchings afr. For the inverse problem corresponding to the second exartiy@ input is a sample
of uniform random satisfying assignments of an unknown LY&radhe Boolean hypercube, and the desired
output is a sampler that generates approximately unifordam satisfying assignments of the LTF.

Discussion. Before proceeding we briefly consider some possible alterdefinitions of inverse approxi-
mate uniform generation, and argue that our definition istight” one (we give a precise statement of our
definition in Sectiom R, see Definitign]11).

One stronger possible notion of inverse approximate umifgeneration would be that the output dis-
tribution should be supported di, and put nearly the same weight on every elemem gfinstead of just
beinge-close to uniform oveR,. However a moment’s thought suggests that this notion istmmg, since
it is impossible to efficiently achieve this strong guarang¥en in simple settings. (Consider, for exam-
ple, the problem of inverse approximate uniform generabibsatisfying assignments for an unknown LTF.



Given access to uniform satisfying assignments of an ETiEis impossible to efficiently determine whether
f is (say) the majority function or an LTF that differs from roafy on precisely one pointifi—1,1}", and
thus it is impossible to meet this strong guarantee.)

Another possible definition of inverse approximate unifogemeration would be to require that the
algorithm output are-approximation of the unknown objeat instead of ane-sampler forR,. Such a
proposed definition, though, leads immediately to the gmesif how one should measure the distance
between a candidate objectand the true “target” objeat. The most obvious choice would seem to be the
total variation distance betweéry, (the uniform distribution overz,) andi/g ,; but given this distance
measure, it seems most natural to require that the algow@ittomally output ar-approximate sampler for
R,.

Inverse approximate uniform generation via reconstruction and sampling. While our ultimate goal,
as described above, is to obtain algorithms that output plesmalgorithms that attempt to reconstruct
the unknown object: will also play an important role for us. Giveh R as above, we say that &n ¢)-
reconstruction algorithnis an algorithmA.,cconstruct that works as follows: for any € C, if Arcconstruct

is given as input a sample af = m(e,6) i.i.d. draws from the uniform distribution ove®,, then with
probability 1 — § the output 0f4,econstruct IS @n object € C such that the variation distandey (Ur,,Ur,)

is at moste. (Note that the clas€ need not coincide with the original clags soz need not necessarily
belong toC.) With this notion in hand, an intuitively appealing scheroa &lgorithms that solve inverse
approximate uniform generation problems is to proceedearfaiowing two stages:

1. (Reconstruct the unknown object): Run a rgconstruction algorithi, econstruct With accuracy and
confidence paramete¢g2, §/2 to obtainz € C;

2. (Sample from the reconstructed object):Let As.mple be an algorithm which solves the approximate
uniform generation problerfC, R) to accuracy/2 with confidencel — ¢/2. The desired sampler is
the algorithmAg,mp1. With its input set taz.

We refer to this as thstandard approactior solving inverse approximate uniform generation proise
Most of our positive results for inverse approximate umifogeneration can be viewed as following this
approach, but we will see an interesting exception in Sefliovhere we give an efficient algorithm for an
inverse approximate uniform generation problem which dusdollow the standard approach.

1.1 Relation between inverse approximate uniform generabin and other problems. Most of our re-
sults will deal with uniform generation problems in whicletblassC of combinatorial objects is a class
of syntactically defined Boolean functions oer1, 1}" (such as the class of all LTFs, albly(n)-term
DNF formulas, all 3-CNFs, etc.) and the polynomial-timeatien R(f,y) for f € C is "y is a satisfying
assignment forf.” In such cases our inverse approximate uniform genergiiablem can be naturally
recast in the language of learning theory as an unsuperigseding problem (learning a probability distri-
bution from a known class of possible target distributionsg are given access to samples frofp.. (),

the uniform distribution over satisfying assignmentsfof C, and the task of the learner is to construct a
hypothesis distributiorD such thatdry (Uy-1(1), D) < e with high probability. We are not aware of prior
work in unsupervised learning that focuses specificallyistridution learning problems of this sort (where
the target distribution is uniform over the set of satisfyassignments of an unknown member of a known
class of Boolean functions).

Our framework also has some similarities to “uniform-disition learning from positive examples
only,” since in both settings the input to the algorithm isegle of points drawn uniformly at random from
f~1(1), but there are several differences as well. One differeadhai in uniform-distribution learning
from positive examples the goal is to output a hypothesigtfan %, whereas here our goal is to output
a hypothesidistribution (note that outputting a functioh essentially corresponds to the reconstruction
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problem described above). A more significant differencdat the success criterion for our framework is
significantly more demanding than for uniform-distributitearning. In uniform-distribution learning of a
Boolean functionf over the hypercubg¢—1,1}", the hypothesi must satisfyPr[h(z) # f(z)] < ,
where the probability is uniform over &f* points in{—1, 1}". Thus, for a given setting of the error pa-
rametere, in uniform-distribution learning the constantl function is an acceptable hypothesis for any
function f that hag f ~!(1)| < 2. In contrast, in our inverse approximate uniform generatramework
we measure error by the total variation distance betviéen ;) and the hypothesis distributioR, so no
such “easy way out” is possible whefi—!(1)| is small; indeed the hardest instances of inverse approxi-
mate uniform generation problems are often those for wifich(1) is a very small fraction of —1,1}".
Essentially we require a hypothesis with snmallitiplicative error relative to| f~1(1)|/2" rather than the
additive-error criterion that is standard in uniform-distition learning. We are not aware of prior work on
learning Boolean functions in which such a “multiplicatiegor” criterion has been employed.

We summarize the above discussion with the following olzérm, which essentially says that recon-
struction algorithms directly yield uniform-distributidearning algorithms:

Observation 1. LetC be a class of Boolean functiogs-1,1}" — {—1,1} and letR(f,y) be the relation
“y is a satisfying assignment fgi” Suppose there existsidn, ¢, )-time (e, §)-reconstruction algorithm
for C that outputs elements 6t Then there is afO(log(1/8)/€?) + O(t(n,e,5/3) - log(1/8)/€))-time
uniform-distribution learning algorithm that outputs hytheses ir€ (i.e., given access to uniform random
labeled examplegz, f(z)) for any f € C, the algorithm with probabilityi — § outputs a hypothesis € C

such thatPr[h(z) # f(z)] < €).

Proof. The learning algorithm draws an initial set 6f(log(1/48)/€?) uniform labeled examples to esti-
mate|f~1(1)|/2" to within an additivet(e/4) with confidencel — §/3. If the estimate is less tha8¥/4
the algorithm outputs the constantl hypothesis. Otherwise, by drawir@(¢(n,e,d/3) - log(1/6)/¢€))
uniform labeled examples, with failure probability at még8 it can obtaint(n,e,4/3) positive exam-
ples (i.e., points that are uniformly distributed over!(1)). Finally the learning algorithm can use these
points to run the reconstruction algorithm with parameters’3 to obtain a hypothesia € C that has
drv(Us-1(1y,Up-1(1)) < € with failure probability at most/3. Such a hypothesis is easily seen to satisfy
Prlh(z) # f(z)] <. 0

As described in the following subsection, in this paper wavprnegative results for the inverse ap-
proximate uniform generation problem for classes such a@$R3formulas, monotone 2-CNF formulas,
and degree-2 polynomial threshold functions. Since efftaimiform-distribution learning algorithms are
known for these classes, these results show that the inep@eximate uniform generation problem is in-
deed harder than standard uniform-distribution learnimgéme natural and interesting classes of functions.

The problem of inverse approximate uniform generation $s abmewhat reminiscent of the problem
of reconstructing Markov Random Fields (MRFs) from randamples[[BMS08, DMR06, Mos07]. Much
progress has been made on this problem over the past decpéejatly when the hidden graph is a tree.
However, there does not seem to be a concrete connectioedtivis problem and the problems we study.
One reason for this seems to be that in MRF reconstructientak is to reconstruct theodeland not just
the distribution; because of this, various conditions neduk imposed in order to guarantee the uniqueness
of the underlying model given random samples from the dhistidbn. In contrast, in our setting the explicit
goal is to construct a high-accuracy distribution, and itynradeed be the case that there is no unique
underlying model (i.e., Boolean functigf) given the samples received from the distribution.

1.2 Our results. We give a wide range of both positive and negative resultga@rse approximate uni-
form generation problems. As noted above, most of our resigal with uniform generation of satisfying
assignments, i.e( is a class of Boolean functions ovgr-1,1}™ and for f € C the relationR(f,y) is “y



is a satisfying assignment fgt.” All the results, both positive and negative, that we pnedeelow are for
problems of this sort unless indicated otherwise.

Positive results: A general approach and its applicationsWe begin by presenting a general approach
for obtaining inverse approximate uniform generation atgms. This technique combines approximate
uniform generation and counting algorithms and Statik@reery Q) learning algorithms with a new type
of algorithm called a “densifier,” which we introduce and defin Sectioi 13. Very roughly speaking, the
densifier lets us prune the entire spdeel, 11" to a setS which (essentially) contains all gf~!(1) and

is not too much larger thayi—!(1) (so f~1(1) is “dense” inS). By generating approximately uniform
elements ofS it is possible to run a$Q learning algorithm and obtain a high-accuracy hypothesighv
can be used, in conjunction with the approximate uniformegator, to obtain a sampler for a distribution
which is close to the uniform distribution ové¢r!(1). (The approximate counting algorithm is needed for
technical reasons which we explain in Secfiod 3.1.) In $a€ we describe this technique in detail and
prove a general result establishing its effectiveness.

In Sectiong ¥ andl5 we give two main applications of this galrtecchnique to specific classes of func-
tions. The first of these is the claBT'F of all LTFs over{—1, 1}". Our main technical contribution here
is to construct a densifier for LTFs; we do this by carefullyndning known efficient online learning algo-
rithms for LTFs (based on interior-point methods for linpangramming)[[MT94] with known algorithms
for approximate uniform generation and counting of saitigfyassignments of LTF5 [MS04, Dy€03]. Given
this densifier, our general approach yields the desiredsevapproximate uniform generator for LTFs:

Theorem 2. (Informal statement) There is apoly(n, 1/¢)-time algorithm for the inverse problem of ap-
proximately uniformly generating satisfying assignmdotd TFs.

Our second main positive result for a specific class, in 8eidij is for the well-studied clad3NF,, ; of

all sizes DNF formulas overn Boolean variables. Here our main technical contributicio give a densifier
which runs in timen©(°g(s/¢)) and outputs a DNF formula. A challenge here is that kn&@nalgorithms
for learning DNF formulas require time exponentiakit{®. To get around this, we view the densifier’s out-
put DNF as an OR over©(os(s/€)) “metavariables” (corresponding to all possible conjumusi that could
be present in the DNF output by the densifier), and we showittigpossible to apply knowmalicious
noise tolerantSQ algorithms for learningparse disjunctionas theSQ-learning component of our general
approach. Since efficient approximate uniform generatimhagpproximate counting algorithms are known
[AVV86|,[KL83] for DNF formulas, with the above densifier afi)) learner we can carry out our general
technique, and we thereby obtain our second main positsudtr®r a specific function class:

Theorem 3. (Informal statement) There is an©(1°8(s/9))-time algorithm for the inverse problem of approx-
imately uniformly generating satisfying assignmentsstéerm DNF formulas.

Negative results based on cryptographyin light of the “standard approach,” it is clear that in orftaran
inverse approximate uniform generation probl@mR) to be computationally hard, it must be the case that
either stage (1) (reconstructing the unknown object) ayest) (sampling from the reconstructed object) is
hard. (If both stages have efficient algorithis onsiruct @aNd Asampic respectively, then there is an efficient
algorithm for the whole inverse approximate uniform getieraproblem that combines these algorithms
according to the standard approach.) Our first approachttirofg negative results can be used to obtain
hardness results for problems for which stage (2), nedowmisampling, is computationally hard. The
approach is based on signature schemes from public-keyogngmhy; roughly speaking, the general result
which we prove is the following (we note that the statemewégibelow is a simplification of our actual
result which omits several technical conditions; see Té@d80 of Sectioh 6]1 for a precise statement):

Theorem 4. (Informal statement) LetC be a class of functions such that there is a parsimoniousatéoiu
from CIRCUIT-SAT to C-SAT. Then known constructions of secure signature schemey timggi there is
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no subexponential-time algorithm for the inverse probldrapproximately uniformly generating satisfying
assignments to functions ¢h

This theorem yields a wide range of hardness results forifspetasses that show that our positive
results (for LTFs and DNF) lie quite close to the boundary b&atclasses have efficient inverse approximate
uniform generation algorithms. We prove:

Corollary 5. (Informal statement) Under known constructions of secure signature schemese thao
subexponential-time algorithm for the inverse approxgnahiform generation problem for either of the
following classes of functions: (i) 3-CNF formulas; (iitémsections of two halfspaces.

We show that our signature-scheme-based hardness apmraadie extended to settings where there
is no parsimonious reduction as described above. Usingvolg’-type constructions of the sort used to
prove hardness of approximate counting, we prove the fatigw

Theorem 6. (Informal statement)Under the same assumptions as Corolldry 5, there is no sainexial-
time algorithm for the inverse approximate uniform genieraproblem for either of the following classes:
(i) monotone 2-CNF; (ii) degree-2 polynomial thresholddtions.

It is instructive to compare the above hardness results thvélproblem of uniform generation of NP-
witnesses. In particular, while it is obvious that no effitieandomized algorithm can produce even a single
satisfying assignment of a givéhtSAT instance (assuminiiP ¢ BPP), the seminal results of Jerrum
et al. [JVV86] showed that given access to an NP-oracle, it is ptes$o generate approximately uniform
satisfying assignments for a givéaSAT instance. It is interesting to ask whether one requires the f
power of adaptive access to NP-oracles for this task, orlvenet weaker form of “advice” suffices. Our
hardness results can be understood in this context as gaviiagnce that receiving polynomially many
random satisfying assignments a3&5AT instance does not help in further uniform generation osfatig
assignments.

Our signature-scheme based approach cannot give hardrsests for problems that have polynomial-
time algorithms for the “forward” problem of sampling apgirmately uniform satisfying assignments. Our
second approach to proving computational hardness caedst $ometimes) surmount this barrier. The
approach is based on Message Authentication Codes in gnamtioy; the following is an informal statement
of our general result along these lines (as before the fallgwtatement ignores some technical conditions;
see Theorer 80 for a precise statement):

Theorem 7. (Informal statement) There are known constructions of MACs with the followingperty:
LetC be a class of circuits such that the verification algorithnttef MAC can be implementedh Then
there is no subexponential-time inverse approximate umifgeneration algorithm fo€.

We instantiate this general result with a specific constwacof a MAC that is a slight variant of a
construction due to Pietrzak [Pie12]. This specific corsionm yields a clasg for which the “forward”
approximate uniform generation problem is computatignatsy, but (under a plausible computational
hardness assumption) the inverse approximate unifornrgeme problem is computationally hard.

The above construction based on MACs shows that there atdepns (C, R) for which the inverse
approximate uniform generation problem is computatigniaélrd although the “forward” approximate uni-
form generation problem is easy. As our last result, we éihilgroup-theoretic problem (based on graph
automorphisms) for which the reverse situation holds: wadglausible hardness assumption thevard

There is a small caveat here in that we are not giveB4BAT formulaper sebut rather access to random satisfying assignments
of the formula. However, there is a simple elimination baalkggrithm to reconstruct a high-accuracy approximatiaraf8-SAT
formula if we have access to random satisfying assignmenthié formula.



approximate uniform generation problem is computatignbrd, but we give an efficient algorithm for
the inverseapproximate uniform generation problem (which does ndofolour general technique or the
“standard approach”).

Structure of this paper. After the preliminaries in Sectida 2, we present in Secfibou8 general upper
bound technique. In Sectionk 4 add 5 we apply this technimabtain efficient inverse approximate uniform
generation algorithms for LTFs and DNFs respectively. i8af contains our hardness results. In Sedtion 7
we give an example of a problem for which approximate unifgemeration is hard, while the inverse
problem is easy. Finally, in Sectiéh 8 we conclude the papggssting further directions for future work.

2 Preliminaries and Useful Tools

2.1 Notation and Definitions. Forn € Z,., we will denote byn| the set{1, ..., n}. For a distributionD
over a finite se¥V we denote byD (), 2 € W, the probability mass thdd assigns to point, soD(x) > 0
and)_ ., D(z) = 1. ForS € W, we write D(S) to denote) ¢ D(x). For a finite setX we write
x €y X toindicate thatr is chosen uniformly at random froti. For a random variable, we will write
x ~ D to denote thatr follows distribution D. Let D, D’ be distributions ovedV. Thetotal variation

distancebetweenD and D' is drv (D, D') gef maxgcw |D(S) — D'(S)| = (1/2) - |D — D'||;, where
|D =Dy =3 ,cw |D(x) — D'(x)| is the L, —distance betweef and D’

We will denote byC,,, or simplyC, a Boolean concept class, i.e., a class of functions mappig1}”
to {—1,1}. We usually consider syntactically defined classes of fanstsuch as the class of allvariable
linear threshold functions or the class of @llvariables-term DNF formulas. We stress that throughout this
paper a clas§ is viewed as aepresentation classThus we will say that an algorithm “takes as input a
function f € C" to mean that the input of the algorithm igepresentatiorof f € C.

We will use the notatiord4,, (or simply 2/, when the dimensiom is clear from the context) for the
uniform distribution ovef{ —1,1}". Let f : {—~1,1}" — {—1,1}. We will denote byl{/;-1(,) the uniform
distribution over satisfying assignments fofLet D be a distribution ovef—1,1}" with 0 < D(f~'(1)) <
1. We write Dy . to denote the conditional distributiaB restricted tof ! (1); so forz € f~1(1) we have
Dy y(z) = D(x)/D(f~'(1)). Observe that, with this notation, we have thgt ;) = Uy, ...

We proceed to define the notions of approximate counting apdosimate uniform generation for a
class of Boolean functions:

Definition 8 (approximate counting)Let C be a class ofn-variable Boolean functions. A randomized
algorithm A¢_ . is an efficient approximate counting algorithm for clagsif for anye,d > 0 and any

f €C,oninpute,d and f € C, it runs in timepoly(n, 1/¢,1og(1/4)) and with probabilityl — ¢ outputs a
valuep such that

1
(1+¢)
Definition 9 (approximate uniform generatian)etC be a class of:-variable Boolean functions. A ran-
domized algorithmA¢,_ is an efficient approximate uniform generation algorithm forssig, if for any

gen

e > 0and anyf € C, there is a distributionD = D/ . supported onf ~1(1) with

1 1
.~ _ <D
L+e |f7H(1)]

Proulf(@) =1 <5< (1+€) - Prou[f(x) = 1]

<x>s<1+e>-m

for eachx € f~1(1), such that for anys > 0, on inpute,é and f € C, algorithm Agcn(e, d, f) runs in

timepoly(n, 1/¢,log(1/4)) and either outputs a point € f~!(1) that is distributed precisely according to
D = Dy, or outputs L. Moreover the probability that it outputs is at most.
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An approximate uniform generation algorithm is said tdfldey polynomialif its running time depen-
dence ore is poly(log(1/e)).

Before we define our inverse approximate uniform generaifoblem, we need the notion osampler
for a distribution:

Definition 10. Let D be a distribution ove{—1,1}". A sampler forD is a circuit C' with m = poly(n)
input bitsz € {—1, 1} andn output bitsz € {—1, 1}" which is such that when ~ U,,, thenz ~ D. For
e > 0, ane-sampler forD is a sampler for some distributio®’ which hasdty (D', D) < e.

For clarity we sometimes write' is a0-sampler forD” to emphasize the fact that the outputs(fz)
are distributedexactlyaccording to distributionD. We are now ready to formally define the notion of an
inverse approximate uniform generation algorithm:

Definition 11 (inverse approximate uniform generatiohetC be a class ofi-variable Boolean functions.
A randomized algorithmél&V is aninverse approximate uniform generation algorithm for €@&gf for any

€,0 > 0and anyf € C, on inpute, § and sample access -1y, with probability 1 — ¢ algorithm Afnv
outputs are-samplerCy for U1 ).

2.2 Hypothesis Testing.Our general approach works by generating a collection obthgsis distribu-
tions, one of which is close to the target distributiép-. ;). Thus, we need a way to select a high-accuracy
hypothesis distribution from a pool of candidate distribug which contains at least one high-accuracy hy-
pothesis. This problem has been well studied, see e.g. @haptf [DLO1]. We use the following result
which is an extension of Lemma C.1 6f [DDS12a].

Proposition 12. Let D be a distribution over a finite sety and D, = {Dj};-\f:1 be a collection ofV
distributions overnV with the property that there exisise [N] such thatdrv (D, D;) < e. There is an
algorithm 72, which is given access to:

(i) samplers forD and Dy, for all k € [N],

(i) a (1 + B)—approximate evaluation oraclBVALp, (§), for all £ € [N], which, on inputw € W,
deterministically outputs a valu@,f(w), such thatDy(w)/(1 + B) < D;f(w) < (1 + B)Dy(w),
wherej3 > 0 is any parameter satisfying + 3)? < 1 + ¢/8,

an accuracy parameterand a confidence parametérand has the following behavior: It makes
m =0 ((1/¢) - (log N + log(1/5)))

draws fromD and from eachDy, k € [N], and O(m) calls to each oraclé&€VALp, (3), k € [N], per-
formsO(mN?) arithmetic operations, and with probability — ¢ outputs an index* ¢ [N] that satisfies
dTv(D,DZ'*) S Ge.

Before we proceed with the proof, we note that there are icectaicial differences between the current

setting and the setting df [DDS12a, DDS12b] (as well as atblated works that use versions of Proposi-

tion[12). In particular, in our setting, the 98t is of size2”, which was not the case in [DDS12a, DDS12b].

Hence, we cannot assume the distributi@dnsare given explicitly in the input. Thus Propositibnl 12 care-
fully specifies what kind of access to these distributionseguired. Propositioh 12 is an extension of

similar results in the previous works; while the idea of thegh is essentially the same, the details are more
involved.



Proof of Propositio IR At a high level, the algorithny? performs a tournament by running a “compe-
tition” Choose- Hypot hesi s for every pair of distinct distributions in the collectidp,. It outputs a
distribution D* € D, that was never a loser (i.e., won or achieved a draw in alldtapetitions). If no
such distribution exists i®, then the algorithm outputs “failure.” We start by descrigpand analyzing the
competition subroutine between a pair of distributionshim ¢ollection.

Lemma 13. In the context of Propositidn 12, there is an algorit@moose- Hypot hesi s?(D;, D;, €, &)
which is given access to

(i) independent samples from and Dy, for k € {3, j},
(i) an evaluation oracleEVALp, (B), for k € {3, j},

an accuracy parametet’ and a confidence parametéf, and has the following behavior: It uses’ =
O ((1/6’2) 1og(1/6’)) samples from each @, D; and D, it makesO(m') calls to the oracle¥ VAL p, (3),

k € {i,j}, performsO(m’) arithmetic operations, and if som@y,, k € {i, j}, hasdrvy(Dy, D) < ¢ then
with probability 1 — ¢’ it outputs an index* € {i, j} that satisfiesity (D, Dy+) < 6¢'.

Proof. To set up the competition betweén and D, we consider the following subset &¥:

Hij = Hij(Ds, Dj) = {w € W] Di(w) = Dj(w)}
and the corresponding probabilities; gef D;(H;j) andg; ; gef D;(H;j). Clearly, it holdsp; ; > ¢; ; and by
definition of the total variation distance we can write

drv(Di, Dj) = pij — qij-

For the purposes of our algorithm, we would ideally want traccess to the séf;;. Unfortunately
though, this is not possible since the evaluation oraclesaly approximate. Hence, we will need to define
amore robust version of the s&t; which will turn out to have similar properties. In particylave consider
the set

H} € {weW| Dl (w) > D} (w)}

and the corresponding probabilitied; % D;(H7) andq¢’, &' D;(H[). We claim that the difference

A% pfj - qu is an accurate approximation g (D;, D;). In particular, we show:

Claim 14. We have
A <dry(D;, Dj) < A+e/4 (1)

Before we proceed with the proof, we stress that (1) cryciadles our assumption that the evaluation
oracles provide aultiplicativeapproximation to the exact probabilities.
Proof. To show [1) we proceed as follows: Ldt= H;; N Hf] B =H;nN H—fj andC = H;; N Hf] Then
we can write
drv(Di, Dj) = (Di — D;)(A) + (D; — D;)(B)

and
A = (D; = D;)(A) + (Di — D;)(C).

We will show that
0<(D;—Dj)(B) <¢/8 2
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and similarly

—¢/8 < (D; — D;j)(C) <0 3)
from which the claim follows. We proceed to pro\é (2), thegraof (3) being very similar. Letv € B. Then
D;(w) > Dj(w) (sincew € H;;) which gives(D; — D;)(B) > 0, establishing the LHS of12). We now
establish the RHS. Far € B we also have thaf)f(w) < f)f(w) (sincew € Hfj). Now by the definition

of the evaluation oracles, it follows thar’ (w) > giT(wg; and D! (w) < (1 + B)D;(w). Combining these
inequalities yields
Di(w) < (1+ )*Dj(w) < (1 +¢/8)D;(w)

where the second inequality follows by our choicesofTherefore,

(D: = Dy)(B) = & (Difw) = Dsw)) < (e/8) - D;(B) < /8

as desired. O

Note that the probabilitiepfj andqu are not available to us explicithyHence,Choose- Hypot hesi s
requires a way to empirically estimate each of thpsabability values (up to a small additive accuracy).
This task can be done efficiently because we have samplesatméie distributionsD;, D; and oracle

access to the sé{fj thanks to théeVALp, (5) oracles.The following claim provides the details:
Claim 15. There exists a subroutiriest i mat e(D;, Hi@,% 0) which is given access to

(i) independent samples from;,

(i) an evaluation oracleEVALp, (B), for k € {3, j},

an accuracy parametey and a confidence parametér and has the following behavior: It makes =
O ((1/4%)log(1/6)) draws fromD; and O(m) calls to the oracle€€VALp, (8), k = i, j, performsO(m)

arithmetic operations, and with probability — ¢ outputs a numbeﬁfj such thaqf)fj - pfj| <.

Proof. The desired subroutine amounts to a straightforward rarstonpling procedure, which we include
here for the sake of completeness. We will use the followiegnentary fact, a simple consequence of the
additive Chernoff bound.

Fact 16. Let X be a random variable taking values in the rangel, 1]. ThenE[X] can be estimated to
within an additivet, with confidence probability — 4, usingm = Q((1/72)1og(1/6)) independent sam-
ples fromX. In particular, the empirical averagel,,, = (1/m) ", X;, where theX;’s are independent

samples ofY, satisfiesPr [|)?m —~E[X]| < T] >1-4.

We shall refer to this as “empirically estimating” the vahfeE[X].

Consider the indicator functioﬁHigj of the setHg, ie., IH@ : W — {0, 1} with IH@ () = 1ifand
only if x € Hfj It is clear thatE,.p, [IH‘j (w)] = DZ-(HZ@) = pfj. The subroutine is described in the
following pseudocode:

SubroutineEst i mat e(Di,HiBj,%é):
Input: Sample access tb; and oracle access WVALp, (8), k =i, j.
Output: A numberﬁfj such that with probability — ¢ it holds \ﬁfj — DZ-(HZ.)\ <.




1. Drawm = © ((1/~?%)log(1/4)) sampless = {s,}}", from D;.
2. For each sample, ¢ € [m]:

(@) Use the oracleBVALp,(8), EVALp, (), to approximately evaluatd; (s¢), D;(s¢).
(b) If D} (s¢) > D (sy) setl o (si) = 1, otherwisel . (s¢) = 0.

3. Setp; = 7 Xty Tpya (s0):

4. Outputp?;;.

The computational efficiency of this simple random samppngcedure follows from the fact that we
can efficiently decide membership Eig To do this, for a giver: € W, we make a query to each of the

oraclesEVALp, (8), EVALp, (8) to obtain the probabilitie] (), D(x). We have that: € H; (or
equivalently/, s (z) = 1) if and only if f)f(x) > f)f(x). By Fact{16, applied for the random variable
ij
1,5 (x), wherez ~ D;, afterm = Q((1/~?)log(1/4)) samples fromD; we obtain at+~-additive estimate
ij

to pfj with probability 1 — §. For each sample, we make one query to each of the oracles; tientotal
number of oracle queries 19(m) as desired. The only non-trivial arithmetic operations theO(m)

comparisons done in Step 2(b), and Claimh 15 is proved. O

Now we are ready to prove Lemrhal13. The algoritBhoose- Hypot hesi s?(D;, D;, €, d') per-
forming the competition betweel; andD; is the following:

Algorithm Choose- Hypot hesi s”(D;, D;, ¢, d):
Input: Sample access tb and Dy, k = i, j, oracle access tBVALp, (5), k = 1, j.

1. Setp]; =Esti mat e(D;, H, ¢ /8,0 /4).

1€ /8,0'/4) andiz‘fj =Esti mat e(D;, H?

ij)
2. If fafj — @fj < 9¢'/2, declare a draw and return eitheor j. Otherwise:
3. Drawm’ = © ((1/6’2)log(1/5’)) samples’ = {s,}7*, from D.
4. For each sample, ¢ € [m/]:
(a) Use the oracleBVALp, (8), EVALp, (8) to evaluateD; (s), D (s).
(b) If D (s¢) > D (s¢) SetIHfj(SZ) =1, otherwiseIHi,@»j(s@) =0.

5. Setr = -4, 22”2/1 IHZ_(;(S@), i.e.,7 is the fraction of samples that fall insidég.

6. If > fafj — 18736’, declareD; as winner and returii otherwise,
7. 1ft< (}fj + 18—35’, declareD; as winner and returs; otherwise,

8. declare a draw and return eithieor ;.

10



It is not hard to check that the outcome of the competitionsdu® depend on the ordering of the pair
of distributions provided in the input; that is, on inp(#s;, D;) and(D;, D;) the competition outputs the
same result for a fixed set of samples, .. ., s, } drawn fromD.

The upper bounds on sample complexity, query complexity ramdber of arithmetic operations can
be straightforwardly verified. Hence, it remains to shovvrecnness By ClalmEIB and a union bound,
with probability at leastl — §'/2, we will have that\pz.] — p”\ < ¢/8 and |q” - q”\ < €/8. In
the following, we condition on this good eventhe correctness athoose- Hypot hesi s is then an
immediate consequence of the following claim.

Claim 17. Suppose thairvy (D, D;) < €. Then:

(i) If drv(D, D;) > 6€, then the probability that the competition betweenpand D; does not declare
D; as the winner is at most~—™'<*/8. (Intuitively, if D; is very far fromD then it is very likely that
D; will be declared winner.)

(i) The probability that the competition betwe&h and D; declaresD; as the winner is at most ™' ¢/,
(Intuitively, sinceD; is close toD, a draw with some otheD; is possible but it is very unlikely that
D; will be declared winner.)

Proof. Letr? = D(Hg.). The definition of the variation distance implies that — pf]| <dry(D,D;) <

¢. Therefore, we have that’® — fafj\ < |rf - p”] + ]p” p”] < 9¢'/8. Consider the indicator0('1)
random variableg Z,}7”, defined asZ, = 1 if and only if s, € HZBJ Clearly, 7 = WZ@=1 Z; and
Ey[7] = Es,~p[Zs] = rP. Since theZ,’s are mutually independent, it follows from the Chernoftind that
Prir <rP —¢/2] < e /8, Using|r? —]5?]-| < 9¢'/8. we get thatPr[r < jgﬂj —13€'/8] < e /8,

e Forpart (i): Ifdrv(D, D;) > 6€, from the triangle inequality we get that; —g; ; = drv(D;, D;) >
be’ Claim[12 implies thap, ; — q;’; > 19¢/4 and our conditioning finally gives, , — g/ ; > 9¢'/2.
Hence, the algorithm will go beyond Step 2, and with prolighilt leastl — e=™'<*/8, it will stop at

Step 6, declarind); as the winner of the competition betweBpandD;.

e For part (ii): pr” — (}fj < 9¢'/2 then the competition declares a draw, hefteis not the winner.

Otherwise we havpu — Z]f] > 9¢'/2 and the argument of the previous paragraph implies that the

competition betwee); and D; will declare D; as the winner with probability at most™'<”*/8,
This concludes the proof of Claim117. O
This completes the proof of Lemrhal13. O

We now proceed to describe the algorithi¥ and establish Propositidn]12. The algorithm performs
a tournament by running the competiti@oose- Hypot hesi s”(D;, Dj,e,6/(2N)) for every pair of
distinct distributionsD;, D; in the collectionD,. It outputs a distributionD* € D, that was never a loser
(i.e., won or achieved a draw in all its competitions). If nwls distribution exists irD, then the algorithm
outputs “failure.” A detailed pseudocode follows:

Algorithm 72 ({D;}1L,, €, 0):
Input: Sample access tB andDy, k € [N], and oracle access WVALp, , k € [N].

1. Drawm = © ((1/€®)(log N + log(1/6))) samples fromD and eachDy, k € [N].
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2. Foralli,j € [N],i # j, runChoose- Hypot hesi s?(D;, D;,¢,5/(2N)) using this sample.
3. Output an index* such thatD;« was never declared a loser, if one exists.

4. Otherwise, output “failure”.

We now proceed to analyze the algorithm. The bounds on th@leatomplexity, running time and
query complexity to the evaluation oracles follow from tleeresponding bounds f@hoose- Hypot hesi s.
Hence, it suffices to show correctness. We do this below.

By definition, there exists somB; € D, such thaddry (D, D;) < e. By Claim[11Z, the distributiorD;
never loses a competition against any othgrc D, (so the algorithm does not output “failure”). A union
bound over allV distributions inD, shows that with probability — §/2, the distributionD’ never loses a
competition.

We next argue that with probability at lealst- /2, every distributionD; € D, that never loses has
small variation distance from. Fix a distributionD; such thatlry (D;, D) > 6¢; Claim[17(i) implies that
D, loses toD; with probability 1 — 2em/8 > 1 d/(2N). A union bound yields that with probability
1 —§/2, every distributionD; that hasirv (D;, D) > 6¢ loses some competition.

Thus, with overall probability at least— §, the tournament does not output “failure” and outputs some
distribution D* such thatiry (D, D*) is at moste. The proof of Propositioh 12 is now complete. [

Remark 18. As stated Proposition_12 assumes that algorithifh has access to samplers for all the dis-
tributions D;,, so each call to such a sampler is guaranteed to output areedatistributed according to
Dy. Let Dit be a distribution ovewV U {_L} which is such that (i)Di (L) < 1/2, and (ii) the conditional
distribution (Di- )y, of D conditioned on not outputting. is preciselyDy. It is easy to see that the proof
of Propositior IR extends to a setting in whigl’ has access to samplers 1ZO;€l rather than samplers for
Dy,; each time a sample fro,, is required the algorithm can simply invoke the samplerl]?gf repeatedly
until an element other than is obtained. (The low-probability event that many repeti§ are ever needed
can be “folded into” the failure probability.)

3 A general technique for inverse approximate uniform geneation

In this section we present a general technique for solvingrge approximate uniform generation problems.
Our main positive results follow this conceptual framewa#it the heart of our approach is a new type of
algorithm which we call alensifierfor a concept clas§. Roughly speaking, this is an algorithm which,
given uniform random positive examples of an unknoyvre C, constructs a se$’ which (essentially)
contains all off~1(1) and which is such thaf~!(1) is “dense” in.S. Our main result in this section,
Theoreni 211, states (roughly speaking) that the existen¢i¢ afcomputationally efficient densifier, (ii) an
efficient approximate uniform generation algorithm, (@ efficient approximate counting algorithm, and
(iv) an efficientstatistical query (SQlearning algorithm, together suffice to yield an efficiergalthm for
our inverse approximate uniform generation problem.

We have already defined approximate uniform generation apdoaimate counting algorithms, so
we need to defin€(Q learning algorithms and densifiers. Thtistical query(SQ) learning model is a
natural restriction of the PAC learning model in which a teag algorithm is allowed to obtain estimates
of statistical properties of the examples but cannot diremtcess the examples themselves. Debe a
distribution over{—1, 1}". In the SQ model[Kea98], the learning algorithm has acaeastatistical query
oracle STAT(f, D), to which it can make a query of the forfwy, 7), wherey : {—1,1}" x {—-1,1} —
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[—1,1] is thequery functionandr > 0 is thetolerance The oracle responds with a valuesuch that
|Esp [Xx (z, f(z))] —v| < 7, wheref € C is the target concept. The goal of the algorithm is to output
a hypothesisi : {—1,1}" — {—1,1} such thatPr,..p[h(x) # f(z)] < e. The following is a precise
definition:

Definition 19. LetC be a class ofi-variable boolean functions anB be a distribution ove{ —1,1}". An
SQ learning algorithm folC underD is a randomized algorithmélgQ that for everye,§ > 0, every target
conceptf € C, on inpute, 6 and with access to orackTAT(f, D) and to independent samples drawn from
D, outputs with probabilityl —o a hypothesié : {—1,1}" — {—1,1} such thaPr,.p[h(z) # f(z)] <e.
Letti(n,1/e,1/0) be the running time oﬂgQ (assuming each oracle query is answered in unit tirig); )
be the maximum running time to evaluate any query providéd'#6I'( f, D) andr(n, 1/¢) be the minimum
value of the tolerance parameter ever providedTAT(f, D) in the course omgQ’s execution. We say
thatAgQ is efficient(and thatC is efficiently SQ learnable with respect to distributioP), if ¢;(n, 1/€,1/9)

is polynomial inn, 1/e and 1/4, to(n) is polynomial inn and 7(n, 1/¢) is lower bounded by an inverse
polynomial inn and 1/e. We call anSQ learning algorithm. A, for C distribution independerif Ag,
succeeds for any distributioP. If C has an efficient distribution independe$®) learning algorithm we
say thatC is efficiently SQ learnable (distribution independently)

We sometimes write an(¢, §)-SQ learning algorithm” to explicitly state the accuracy paetene and
confidence parameter Throughout this paper, we will only déh distribution independern( learning
algorithms.

To state our main result, we introduce the notion aemsifierfor a classC of Boolean functions.
Intuitively, a densifier is an algorithm which is given aceéssamples frortd ;-1 ;) (wheref is an unknown
element ofC) and outputs a subsét C {—1,1}" which is such that (i)5 contains “almost all” off ~*(1),
but (i) S is “much smaller” than{—1,1}" — in particular it is small enough thgt !(1) N S is (at least
moderately) “dense” ir$.

Definition 20. Fix a functionvy(n, 1/¢,1/6) taking values in(0, 1] and a classC of n-variable Boolean

functions. An algorithméléif,) is said to bea y-densifier for function clas€ using clasg’’ if it has the
following behavior:For everye, § > 0, everyl /2" < p < 1, and everyf € C, given as input, 6, p and a set

of independent samples frdiy- ;, the following holds: Lep & Pr,, [f(z) = 1]. I p <5 < (1+6)p,
then with probability at least — ¢, aIgorithmAffef,) outputs a functiory € C’ such that:

@ Pra:~uf,1(l) [g(x)=1]>1—¢
(b) Procy [f(z)=1] > ~(n,1/e,1/0).

We will sometimes write an(¢, v, 6)—densifier” to explicitly state the parameters in the debnit
Our main conceptual approach is summarized in the followlegrem:

Theorem 21(General Upper Bound)LetC, C’ be classes afi-variable boolean functions. Suppose that

o A ig an (e, v, 0)-densifier forC usingC’ running in timeZye, (n, 1/€,1/6).

den
° Ag;n is an (e, 0)-approximate uniform generation algorithm f6f running in timeZ e, (7, 1/€,1/6).
o AS . isan(e,d)-approximate counting algorithm fa running in timeT,oun (n, 1/€,1/6).

o AgQ is an(e, 0)-SQ learning algorithm forC such that:AgQ runs intimet;(n,1/e,1/6) , ta(n) is the
maximum time needed to evaluate any query provided 6T (f, D), andr(n, 1/¢) is the minimum
value of the tolerance parameter ever provide@TAT(f, D) in the course omgQ's execution.
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Then there exists an inverse approximate uniform generaigorithm Aﬁw for C. The running time of
A is polynomial inTye, (n, 1/€,1/68), 1/7, Tyen(n, 1/€,1/8), Teount (1, 1/€,1/8), t1(n,1/€,1/6), ta(n)

and1/7(n,1/¢). B

Sketch of the algorithm. The inverse approximate uniform generation algoritlztﬁ;lV for C works in three
main conceptual steps. Léte C be the unknown target function and recall that our algori];lmﬁpV is given
access to samples frobfy—1 ).

(1) In the first step,AC  runs the densifiexélflifl) on a set of samples frotd;-1(;). Letg € C' be the

inv
output function ofd &)

den

Note that by setting the input to the approximate uniformegation algorithmflg,;1 to g, we obtain an

approximate sampler'; for 4,1 ;). The output distributionD’ of this sampler, is by definition supported
ong~!(1) and is close td) = Uy-1(1) in total variation distance.

(2) The second stepisto run tEQ-algorithmAgQ to learn the functiory € C under the distributiorD.
Let i be the hypothesis constructed Jde.

(3) In the third and final step, the algorithm simply samplesrfC, until it obtains an example that
hash(z) = 1, and outputs this.

Remark 22. The reader may have noticed that the above sketch does nuttseese the approximate
counting algorithmA<, . we will revisit this point below.

C .
count?’

Remark 23. The connection between the above algorithm sketch and taedard approach” discussed in
the Introduction is as follows: The functionA h essentially corresponds to the reconstructed objedt
the “standard approach.” The process of sampling f@nand doing rejection sampling until an input that
satisfiesh is obtained, essentially corresponds to thg,,,i. procedure of the “standard approach.”

3.1 Intuition, motivation and discussion. To motivate the high-level idea behind our algorithm, cdasi
a setting in whichf~1(1) is only a tiny fraction (sayt /2°() of {—1,1}". It is intuitively clear that we
would like to use some kind of a learning algorithm in orderctome up with a good approximation of
f~1(1), but we need this approximation to be accurate at the “scdlg™ ' (1) itself rather than at the scale
of all of {—1,1}", so we need some way to ensure that the learning algorithypithesis is accurate at this
small scale. By using a densifier to constrgatuch thayy—!(1) is not too much larger thafi~1(1), we can
use the distributiorD = U, -1(;) to run a learning algorithm and obtain a good approximatibyid (1) at
the desired scale. (Sinde and D’ are close in variation distance, this implies we also lgawith respect
toD’))

To motivate our use of a®Q learning algorithm rather than a standard PAC learningrilga, observe
that there seems to be no way to obtain correctly labeled pbemndistributed according t®. However,
we show that it is possible to accurately simulate sta@istizieries undeP having access only to random
positive examples fronf~!(1) and to unlabeled examples drawn frdin(subject to additional technical
caveats discussed below). We discuss the issue of how isghje to successfully use &) learner in our
setting in more detail below.

Discussion and implementation issuesWhile the three main conceptual steps (1)-(3) of our albarit
may (hopefully) seem quite intuitive in light of the preceglimotivation, a few issues immediately arise
in thinking about how to implement these steps. The first @rm&eerns running thé(g-algorithm,ét‘sfQ in

2|t is straightforward to derive an explicit running time mbifor AS,, in terms of the above functions from our analysis, but

the resulting expression is extremely long and rather oninétive so we do not provide it.
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Step 2 to learnf under distributionD (recall thatD = U,-1(;) and is close taD’). Our algorithmAﬁ1V
needs to be able to efficiently simulat%Q given its available information. While it would be easy to do
so given access to random labeled exampleg(x)), wherex ~ D, such information is not available in
our setting. To overcome this obstacle, we show (see Prapo&@3) that forany samplable distributiorD,
we can efficiently simulate a statistical query algorithnilemD using samples frond, ;. This does not
quite solve the problem, since we only have samples tom ;). However, we show (see Claim]28) that
for our setting, i.e., folD = U,-1(;), we can simulate a sample frofw; ;. by a simple rejection sampling
procedure using samples frdi}-1 ;) and query access o

Some more issues remain to be handled. First, the simulatithre statistical query algorithm sketched
in the previous paragraph only works under the assumptiatnth are given a sufficiently accurate approx-
imation b of the probabilityPr,.p[f(x) = 1]. (Intuitively, our approximation should be smaller than
the smallest tolerance provided to the statistical query oracle by the algoritlzi@b.) Second, by Defini-
tion[20, the densifier only succeeds under the assumptioit thaiven in its input ar(1 + ¢)-multiplicative
approximatiorp to p = Pr,<y, [f(z) = 1].

We handle these issues as follows: First, we show (see CB)ithat, given an accurate estimatand
a “dense” functiory € C’, we can use the approximate counting algoritlztﬁjm{1t to efficiently compute an
accurate estimatiy. (This is one reason why Theoréml 21 requires an approxinuateting algorithm for
C'.) To deal with the fact that we do not a priori have an accurstienatep, we run our sketched algorithm
for all possible values aPr,.,[f(x) = 1] in an appropriate multiplicative “grid” of siz& = O(n/e),
covering all possible values frorty2™ to 1. We thus obtain a séP of N candidate distributions one of
which is guaranteed to be close to the true distributipn: ;) in variation distance. At this point, we would
like to apply our hypothesis testing machinery (Proposifid) to find such a distribution. However, in
order to use Propositidn112, in addition to sample accedsetedndidate distributions (and the distribution
being learned), we also requirenaultiplicatively accurateapproximate evaluation oracle to evaluate the
probability mass of any point under the candidate distiiimst We show (see Lemnial39) that this is
possible in our generic setting, using properties of thesifien and the approximate counting algorithm
AC forC.

Now we are ready to begin the detailed proof of Thedrem 21.

3.2 Simulating statistical query algorithms. Our aIgorithmAan will need to simulate a statistical query
algorithm for C, with respect to a specific distributio. Note, however that4;,, only has access to
uniform positive examples of € C, i.e., samples fromd/;-1(;). Hence we need to show that a statistical
qguery algorithm can be efficiently simulatedsach asetting. To do this it suffices to show that one can
efficiently provide valid responses tpueries to the statistical query oradl&@AT(f, D), i.e.,that one can
simulate the oracleAssuming this can be done, the simulation algoritdgy, s is very simple: Run the
statistical query algorithmisq, and whenever it makes a queryS®AT( f, D), simulate it. To this end, in
the following lemma we describe a procedure that simulate) oracle. (Our approach here is similar to

that of earlier simulation procedures that have been givéhe literature, see e.g. Dersal. [DGL05].)

Lemma 24. Let C be a concept clasever {—1,1}", f € C, and D be a samplable distribution over
{—1,1}". There exists an algorithr8i nul at e- STATJE.7 with the following properties: It is given access

to independent samples frafy, ., and takes as input a numbé} € [0, 1], at(n)-time computable query
functiony : {—1,1}" x{-1,1} — [—1, 1], atolerancer and a confidencé. It has the following behavior:
it usesm = O ((1/7%)log(1/8)) samples fromD and Dy ., runs in timeO (m - t(n)), and if |b; —
Pr,..p[f(z) = 1]| < 7/, then with probabilityl — ¢ it outputs a numbev such that

[Bowp [x (2, f(2))] —v| <7+ 7. (4)
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Proof. To prove the lemma, we start by rewriting the expectatio@)ras follows:
E.p [X(@, f(2))] = Eznp; ;. [X(2,1)] - Prowp[f(z) = 1] + Eonp,  [X(z, —1)] - Prowp[f(z) = —1].
We also observe that
E.-p [X(z,—1)] = Egup, , [X(z,—1)] - Proop[f(z) = 1] + Esup,  [x(z,—1)] - Prop[f(z) = —1].
Combining the above equalities we get

E.p [x(2, f(2))] = Eznp [X(2, =1)] + Evnp; , [X(2,1) = x(2, —1)] - Prowp[f(z) = 1. (5)

Given the above identity, the algorith8i rmul at e- STATJ’? is very simple: We use random sampling from
D to empirically estimate the expectatioBs..p [x(z, —1)] (recall thatD is assumed to be a samplable dis-
tribution), and we use the independent samples ffym  to empirically estimaté,.p, , [x(z,1) — x(z, —1)].
Both estimates are obtained to within an additive accurdcyg/2 (with confidence probability — §/2
each). We combine these estimates with our estirhjatr@r Pr..p[f(x) = 1] in the obvious way (see
Step 2 of pseudocode below).

SubroutineSi nul at e- STAT?(D,D]?7+,X,T,5},5):

Input: Independent samples from and Dy, , query access tg : {—1,1}" — {—1, 1}, accuracyr,
6} € [0, 1] and confidence.

Output: If \6} — Pr,.p[f(z) = 1]] < 7/, a numberv that with probability 1 — § satisfies
|Esnlx(@, f(2)] —v| <7+ 7.

1. Empirically estimate the valuds,..p[x(r, —1)] andE,p, , [x(z,1) — x(z, —1)] to within an
additive+7/2 with confidence probability — §/2. Let El, E» be the corresponding estimates,

2. Outputv = El + Eg . lgz

By Fact16, we can estimate each expectation using © ((1/7%)log(1/5)) samples (fromD, Dy,
respectively). For each such sample the estimation algoriteeds to evaluate the functign(once for
the first expectation and twice for the second). Hence, tta tmmber of queries tg is O(m), i.e., the
subroutineSi nul at e- STATJ? runs in timeO(m - t(n)) as desired.

By a union bound, with probability — § both estimates will be-7/2 accurate. The boundl(4) follows
from this latter fact and_{5) by a straightforward applioatiof the triangle inequality. This completes the
proof of Lemmd 24. O

Given the above lemma, we can state and prove our generdl f@ssimulatingSQ algorithms:

Proposition 25. LetC be a concept class anfl be a samplable distribution over-1, 1}". Suppose there
exists anSQ-learning algorithm Agq for C under D with the following performance:Agq runs in time
Ty = ti(n,1/e,1/6), each query provided t8TAT(f, D) can be evaluated in tim& = ¢2(n), and the
minimum value of the tolerance providedS®AT(f, D) in the course of its execution is= 7(n,1/e).
Then, there exists an algorithmsq_smv that is given access to

(i) independent samples from; . ; and

(i) anumberb; € [0,1],
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and efficiently simulates the behavior§qg. In particular, Asq_smi has the following performance guar-
antee: on input an accuraayand a confidencé, it usesm = O ((1/7?) - log(11/6) - Ty ) samples fronD
andDy o, runs in timeTsq_smv = O (mT3), andif ]6} —Pr,.p[f(z) = 1]| < 7/2 then with probability
1 — ¢ it outputs a hypothesig : {—1,1}" — {—1,1} such thatPr,..p[h(x) # f(z)] <e.

Proof. The simulation procedure is very simple. We run the algorithsq by simulating its queries using
algorithmSi mul at e- STATJI?. The algorithm is described in the following pseudocode:

Algorithm Asq s (D, Dy 1, €, by, 0):

Input: Independent samples from andDy ., b~f € [0,1], ¢ 60 > 0.

Output: If ]6} — Pr,.p[f(z) = 1]| < 7/2, a hypothesish that with probabilityl — § satisfies
Pryplh(z) # f(x)] < e

1. LetT = 7(n,1/¢) be the minimum accuracy ever used in a quersTAT(f, D) during the
execution of4dgq(€,6/2).

2. Run the algorithmAgsq(e,§/2), by simulating each query t&TAT(f, D) as follows:
whenever Asq makes a query(x,7) to STAT(f,D), the simulation algorithm runs
Si mul at e- STATY?(D, Dy, ,x,7/2,7/2,6/(2T1)).

3. Output the hypothesis obtained by the simulation.

Note that we run the algorithmlgg with confidence probability — 6/2. Moreover, each query to
the STAT(f, D) oracle is simulated with confidende— §/(217). Since.Agq runs for at most’ time
steps, it certainly performs at mdst queries in total. Hence, by a union bound over these everitis, w
probability 1 — 6/2 all answers to its queries will be accurate to within an adelit-7 /2. By the guarantee
of algorithm.Asq and a union bound, with probability— o, the algorithmAsq_snv Will output a hypothesis
h:{-1,1}" — {—1,1} such thatPr,.p[h(z) # f(z)] < e. The sample complexity and running time
follow from the bounds foSi rmul at e- STAT]?. This completes the proof of Proposition] 25. O

Proposition 2b tells us we can efficiently simulate a siastquery algorithm for a concept clags
undera samplabledistribution D if we have access to samples drawn frdm _ (and a very accurate
estimate ofPr,.p[f(z) = 1]). In our setting, we have thd? = /-1, whereg € C’ is the function that

is output byAéif'). So, the two issues we must handle are (i) obtaining sames®, and (ii) obtaining
samples fromDy .
For (i), we note that, even though we do not have access tolsardmwnexactlyfrom D, it suffices

for our purposes to userd-sampler forD for a sufficiently small-’. To see this we use the following fact:

Fact 26. Let D, D’ be distributions ove{ —1, 1}™ with dpvy (D, D’) < 7'. Then for any bounded function
¢:{-1,1}" — [-1,1] we have thatE,.p[¢(z)] — Epwp/[p(x)]| < 27'.
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Proof. By definition we have that

|Ec~p[d(2)] — Exnpr[d(2)]] = e{_Zlfl}n (D(z) = D'(x)) o(x)
< |(D(x) = D'(x)) | |¢(x)]
ze{-1,1}"
< maxgeaye |6(@)| - X [D(x) - D'(2)]
ze{-1,1}"
< 1-[|D- D'l
= 2dry(D,D")
< 27
as desired. O

The above fact implies that the statement of Propoditiéno@icuous to hold with the same parameters
ifinstead of &-sampler forD we have access tor&sampler forD, for 7/ = 7 /8. The only difference is that
in Step 1 of the subroutingi mul at e- STAT]? we empirically estimate the expectati@ihy.. p [x(z, —1)]
up to an additivet7/4. By Fact[26, this will be at-(7/4 + 27') = +7/2 accurate estimate for the
E..p[x(z,—1)]. Thatis, we have:

Corollary 27. The statement of Propositign]25 continues to hold with theesparameters if instead of a
0-sampler forD we have access tod = 7/8-sampler forD.

For (ii), even though we do not have access to the distribuflo= 14,1y directly, we note below
that we can efficientlgample fromDy , using samples frot¥;-1 ;) together withevaluations of; (recall
again thaty is provided as the output of the densifier).

Claim 28. Letg : {—1,1}" — {—1, 1} be at,(n) time computable functiosuch thaPryyy,_, | [g(z) =1] > €.
There is an efficient subroutine thatgivene’ and a circuit to compute as inputusesn = O((1/€') log(1/4))
samples frond{; -1y, runs in timeO(m - t,(n)), and with probabilityl — ¢ outputs a sample such that

X ~ Df’+, whereD = Z/{gfl(l).

Proof. To simulate a sample fromv; . we simply draw samples frod;-. ;) until we obtain a sample
with g(z) = 1. The following pseudocode makes this precise:

SubroutineSi nul at e- sanpl eDf¢+(uf71(1),g, €,0):

Input: Independent samples frotd;-1(;), a circuit computingg, a valuee’ > 0 such thate <
Procu, ., [g(xz) = 1] and confidence parametér

Output: A pointz € {—1,1}" that with probabilityl — ¢ satisfiest ~ Dy . .

1. Repeat the following at most = © ((1/€') log(1/4)) times:

(@) Draw a sample ~ Us-1(y).
(b) If the circuit forg evaluates to 1 on input then output.

2. If no pointz with g(x) = 1 has been obtained, halt and output “failure.”

18



SincePro~yy,_, ) [g(z) = 1]> €, after repeating this process = 2 ((1/€') log(1/4)) times, we will
obtain a satisfying assignmentgavith probability at least —§. Itis clear that such a sampids distributed
according taD .. For each sample we need to evaluatence, hence the running time follows. O

Getting a good estimatebe of Pr,p[f(z) = 1]. The simulations presented above require an additively
accurate estimaﬂéc of Pr,.p[f(x) = 1]. We now show that in our context, such an estimate can beyeasil
obtained if we have access to a good estingadé p = Pr.<y, [f(z) = 1], using the fact that we have an
efficient approximate counting algorithm f6f and thatD = Uy-1(1) Whereg € C'.

Claim 29. Letg : {—1,1}" — {1, 1} g € C' be at,4(n) time computable functiosatisfyingPrmNugfl(1) [f(z) =
1] >+ andProy,_, [g(x) =1] > 1—¢. LetAS, ., be an(e, §)-approximate counting algorithm fa¥
running in timeTount (2, 1/€,1/9). There is a procedur&st i mat e- Bi as with the following behavior:

Esti mat e- Bi as takes as input a valué < p < 1, a parameterr’ > 0, a confidence parametéf, and
a representatlon of € C'. Esti mat e- Bi as runs in timeO(ty - Teount(n,2/7',1/4")) and satisfies the

following: if p f Przwun [f(z) = 1] < p < (1 + ¢)p, then with probabilityl — ¢’ Est i mat e- Bi as
outputs a valué; such thatlby — Pr,.p[f(z) = 1]| < 7.

Proof. The proceduré&st i mat e- Bi as is very simple. It runsdS, . on inputse* = 7//2, ', using the
representation foy € C'. Letp, be the value returned by the approximate courfst i mat e- Bi as
returnsp/py.

The claimed running time bound is obvious. To see that theguhore is correct, first observe that by
Definition[8, with probabilityl — ¢’ we have that

-1 —1
g ()] 1 <p, < lg—" (1)
2n 1+ e* 2n
For the rest of the argument we assume that the above ingguaéed holds. Letl denotelg=1(1)],

denote|f~1(1) N g~1(1)|, and letC denote|f~(1) \ g~*(1)], so the true valu®r,.p[f(x) = 1] equals
% and the above inequality can be rephrased as

(14 €").

1+€*_ 2P <AL (14 €9).

By our assumption op we have that
B+C<p-2"<(1+¢€)(B+C);

sincePro~y, _, [g(z) =1] > 1 — ¢ we have

<¢ ie.,,C <
B+C ‘ ( —1-¢

and sincePerugflm [f(z) =1] >+ we have

-B);

B
A=

Combining these inequalities we get

1 B 1 B+C p _B , ¢ B
e : <Z <=1 1+e9)(1 =— . (1+¢
1+e¢ A7 1+4¢€* A Tps T A (1+€)1+€) +1—6/ A (1+¢€)
Hence 3 .
D 1 2¢
— L < (14— < < 2¢*
Dy _A< e 1+6*> l+e =
where we have useB < A. Recalling that* = 7’/2, the lemma is proved. O
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3.3 An algorithm that succeeds given the (approximate) biasf f. In this section, we present an al-
gorithm A{fw(e,é,ﬁ) which, in addition to samples fro(;-1(;), takes as input parameterss,p. The
algorithm succeeds in outputting a hypothesis distribufiy satisfyingdrv (Dy,Us-1(1)) < € if the input
parametep is a multiplicatively accurate approximation Rr,,, [f(x) = 1]. The algorithm follows the
three high-level steps previously outlined and uses theostibes of the previous subsection to simulate the

statistical query algorithm. Detailed pseudocode follows

Algorithm AL (Us-1(1y, €, 6, ):

Input: Independent samples frai#y -1y, accuracy and confidence parameters and a valud /2" <
p<1

Output: If Pryy,[f(z) = 1] < p < (1 + €)Pryuy,[f(z) = 1], with probability 1 — ¢ outputs an
e-samplerCy for Up-1y) -

1. [Run the densifier to obtain g]

Fix e 2 ¢/6 andy &' v(n, 1/e1,3/5). Run they-densifier.A

samples froni{;—1(;y. Letg € C’ be its output.

€.ch

den

(e1,0/3,p) using random

2. [Run the SQ-learner, using the approximate uniform generator for g, to obtain hypothesis
h]

(a) Fix ez def e/, T2 def T(n,1/e3) andm *o ((1/73) -log(T1/6) - T1), whereT, =

tl(n, 1/62, 12/5).
(b) Run the generatadC,, (g, 2/8,8/(12m)) m times and letSp, C {—1,1}" be the multiset

gen

of samples obtained.

(c) RunSi mul at e- sanpl eDfa+(L{f71(1),g,7,5/(12m)) mtimesandleSp, . C {-1,1}"
be the multiset of samples obtained.

(d) RunEst i mat e- Bi as with parameterg, 7' = 75/2, &' = §/12, using the representation
for g € C’, and leth; be the value it returns.

(€) RunAsq_smv(Sp, Sp, ,,€2,by,0/12). Leth : {~1,1}" — {-1,1} be the output hy-
pothesis.

3. [Output the sampler which does rejection sampling accordig to 4 on draws from the ap-
proximate uniform generator for g]

Output the samplef’; which works as follows:
Fori=1tot =0 ((1/v)log(1/(de)) do:

(@) Setes 2" ey /48000.

(b) Run the generatadC. (g, es,de/(12t)) and letz(?) be its output.

gen

(¢) If h(z®) = 1, outputz®),

If no (" with h(z(") = 1 has been obtained, outpihie default element..

Let D denote the distribution over-1,1}" U{ L } for whichC} is a 0-sampler, and |2’ denote
the conditional distribution o restricted to{ —1,1}" (i.e., excludingL).
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We note that by inspection of the code @@, we have that the distributioP” is identical to( Dy e5)n-1(1)»
whereD, ., is the distribution corresponding to the output of the agjpnate uniform generator when called
on functiong and error parameteg, (see Definitiori B) andD,, ,),-11) is Dy e, conditioned omh~1(1).

We have the following:

Theorem 30. Letp & Pr.cy, [f(x) = 1]. Algorithm A€ (e, 6, p) has the following behavior: If < p <

mv

(1 + €)p, then with probabilityl — § the following both hold:

(i) the outputC is a sampler for a distributiorD such thaTdTV(ﬁ,Z/{f—l(l)) <¢ and
(i) the functionsh, g satisfy|h =1 (1) N g1 (1)|/|g7 (1) > ~/2.

The running time oa{ﬁv is polynomial il ge, (1, 1/€,1/6), Tyen(n,1/€,1/6), Toount (1, 1/€,1/6), t1(n,1/€,1/9),
ta(n), 1/7(n,1/e), and1/vy(n,1/e,1/4).

Proof. We give an intuitive explanation of the pseudocode in tandétim a proof of correctnesdie argue
that Steps 1-3 of the algorithm implement the correspondiags of our high-level description and that the
algorithm succeeds with confidence probability- §.

We assume throughout the argument that indekéek in [p, (1 + €)p). Given this, by Definitioi 20 with
probability 1 — §/3 the functiong satisfies properties (a) and (b) of Definitlod 20, il@rwuf,lm [g(x) =
1]>1—¢ andPerugfl(l) [f(xz) = 1] > ~. We condition on this ever{tvhich we denotg2;) going forth.

We now argue that Step 2 simulates 81@ learning algorithmAgQ to learn the functiory € C under
distribution D = U,-1(;) to accuracy: with confidencel —4/3. Note that the goal of Step (b) is to obtain
samples from a distributio®” (the distribution ‘D, ., ;5" of Definition @) such thatlrv (D", D) < 72/8.
To achieve this, we call the approximate uniform generaioy fa total ofm timeswith failure probability
d/(12m) for each call (i.e., each call returns with probability at most)/(12m)). By a union bound,
with failure probability at mosbt /12, all calls to the generator are successful and we obtain &setf
m independent samples frof”. Similarly, the goal of Step (c) is to obtaim samples fromD; . and
to achieve it we call the subroutir® nul at e- sanpl e”s.+ a total ofm times with failure probability
d/(12m) each. By Clainh 28 and a union bound, with failure probabditynosty /12, this step is successful,
.e., it gives a sebp, . of m independent samples froM; ... The goal of Step (d) is to obtain a valtg

satisfying|b~f — Pr,.p[f(z) = 1]| < 12/2; by Claim[29, with failure probability at most/12 the value
b; obtained in this step is as desireeinally, Step (e) applies the simulation algorittaq s using the

samplesSp andSp, , and the estimatb?f of Pr,.p[f(z) = 1] obtained in the previous steps. Conditioning
on Steps (b), (c) and (d) being successful Corollady 27 iesplhat Step (e) is successful with probability
1 —4/12, i.e., it outputs a hypothesis that satisfier,.p[f(x) # h(z)] < €. A union bound over
Steps (c), (d) and (e) completes the analysis of Stepd.future reference, we Idf, denote the event
that the hypothesig constructed in Step 2(e) h&r,p[f(z) # h(z)] < € (S0 we have thaE; holds
with probability at leastl — §/3; we additionally condition on this event going forthjVe observe that
since (as we have just showP)rxNugfl(l) [f(z) # h(z)] < e andPryy [f(x) = 1] > ~, we have
Pl“x~ugfl(1)[h($) = 1] > v — e2 > /2, which gives item (ii) of the theorem; so it remains to edibl
item (i) and the claimed running time bound.

To establish (i), we need to prove that the output distrdsutD of the sampleiCy is e-close in total
variation distance té{;-1(;y. This sampler attempts to drawsamples from a distributio®’ such that
drv(D’, D) < e (this is the distribution D, .,” in the notation of Definitio B) and it outputs one of these
samples that satisfigs(unless none of these samples satisfigim which case it outputa default element
1). The desired variation distance bound follows from thet texma for our choice of parameters:

21



Lemma 31. Let D be the output distribution ofC_ (U;-1(1), €,6,5). If Proy, [f(z) =1 <5< (1+
€) Pr,.y,[f(z) = 1], thenconditioned on Event&; and E,, we have

€ €+4€3+ +€2+ €9
[ [ —_— E —_—
66 v T2y Ty
€ €

< ey 44l
-+ ——+-+—+-<e
= 676 12000 6 146

drv (D, Up-11)) <

Proof. Consider the distributio’ = D, ., (see Definitioi Bproduced by the approximate uniform gen-
erator in Step 3 of the algorithm. Lﬂ/’h—l(l) denote distributionD’ restricted toh~'(1). Let S denote the
setg~1(1) N h~1(1). The lemma is an immediate consequence of Claims 32, 84,d3&helow using the
triangle inequality (everything below is conditioned Bn and E>). O

Claim 32. dpv (D, D') < €/6.

Proof. Recall thatD’ is simply D conditioned on not outputting .

We first claim that with probability at leagt— de/12 all ¢ points drawn in Step 3 of the code fol;
are distributed according to the distributiéf = D, ., overg=!(1). Each of thet calls to the approximate
uniform generator has failure probabilify/(12t) (of outputting_L rather than a point distributed according
to D’) so by a union bound no calls fail with probabiliéy leastl — de/12, and thus with probability at least
1 — d¢/12 indeed allt samples are independently drawn from such a distributian

Conditioned on this, we claim that a satisfying assignmentfis obtained within the samples with
probability at least — de/12. This can be shown as follows:

Claim 33. Leth : {—1,1}" — {—1, 1} be the hypothesis output bgéQ_SIM. We have
Pr,.p[h(x) =1] > /4.

Proof. Firstrecall that, by property (b) in the definition of the diier (Definition20), we hav®r,.p|[f(z) =
1] > . Sincedyy (D', D) < 3, by definition we get

Pro.p/|f(z) =1] > Pryp[f(z) =1] —e3 > v —e3 > 3v/4.

Now by the guarantee of Step 2 we have tRat..p[f(z) # h(z)] < eo. Combined with the fact that
drv (D', D) < es, this implies that

Prop/(f(z) # h(z)] < €2+ €3 < 7/2.
Therefore, we conclude that
Prop[h(z) = 1] = Proop[f(2) = 1] = Prowp[f(2) # h(z)] = 37/4—7/2 > 7/4
as desired. O

Hence, for an appropriate constant in the big-Theta spagifyy with probability at least — de/12 >
1—6/12 somez® is a satisfying assignment af that with probability at least — ¢/12 somez®, i € [t],
hash(z) = 1. Thus with overall failure probability at most /6 a draw fromD’ is not_L, and consequently
we havedry (D, D) < de/6 < /6. O

Claim 34. dTV(D,aD/|h*1(1)) < 6/6.
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Proof. The probability that any of thepointsz(V, ..., 2(*) is not drawn fromD’ is at mostt - de/(12t) <
¢/12. Assuming that this does not happéme probability that na:() lies inh~1(1) is at most(1 — v /4) <
6¢/12 < ¢/12 by Claim[33. Assuming this does not happen, the output of & fiam D is distributed
identically according t@'[;,-1(;). Consequently we have thét (D, D'[,-11)) < ¢/6 as claimed. O

Claim 35. dTV(D/‘hfl(l)yuS) < des /7.

Proof. The definition of an approximate uniform generator gives hat &ty (D', U,-1(1)) < €3, and
Claim[33 gives thaPr,.p/[h(z) = 1] > v/4. We now recall the fact that for any two distributiofn , Dy
and any evenE, writing D; | to denote distributiorD; conditioned on evenE, we have

drv (D1, D7)

drv(Di|g, D2|E) < Dr(E)

The claim follows sincé,—1(1)[;,-1(1) is equivalent td/s. O

€2’
Proof. The proof requires a careful combination of the propertieghe functiong constructed by the

densifier and the guarantee of t8€) algorithm. Recall tha5 = g~!(1) N A~1(1). We consider the set
S" =g~ (1) n f~1(1). By the triangle inequality, we can bound the desired viamadistance as follows:

drv(Us,Up-1(1y) < dovUp-1(1),Usr) + drv(Usr, Us). (6)

We will bound from above each term of the RHS in turn. To prdcee need an expression for the total
variation distance between the uniform distribution on fimite sets. The following fact is obtained by
straightforward calculation:

Fact 37. Let A, B be subsets of a finite sg¥ andi/ 4, Up be the uniform distributions oA, B respectively.

Then,

|AN B|
Al

|BNA|

drv(Ua,Up) = (1/2) - |B|

+(1/2) -

1 1
+12-AmB.‘———‘. (7)
To bound the first term of the RHS &1l (6) we apply the above factff= f~!(1) andB = S’. Note that in
this caseB C A, hence the second term 6f (7) is zero. Regarding the first, teote that

AnB| _ [fTM W) ng (1)) _ o
|A] itmr T

where the inequality follows from Property (a) of the demsifiefinition. Similarly, for the third term we
can write

L B ' mng'w)

AmB.' N _ <e
4N 5] A 1B A 7] !

1 1
W‘@‘—’B"\

where the inequality also follows from Property (a) of thesifer definition. We therefore conclude that
dT\/(Z/{ffl(l),Z/{S/) < €.

We now proceed to bound the second term of the RHSlof (6) byymgpFact 3Y forA = S’ and
B = S. It turns out that bounding the individual terms of (7) iskier in this case. For the first term we
have:

AnB| _ /W) ng W) nAt @) W) g @) nATA)] g~ (1)] <

A 1) ng= () lg~H(1)] W ngT )
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where the last inequality follows from the guarantee of $kglearning algorithm and Property (b) of the
densifier definition. For the second term we have

B4l _ 7'M ng i) nA(A))]
Bl g 1) n AT

To analyze this term we recall that by the guarantee oftalgorithm it follows that the numerator satisfies
M ng ) NATH Q) < e g7 D))

From the same guarantee we also get
O Ng W) NATIA) < e g (L)

Now, Property (b) of the densifier definition gives (1) N g=1(1)| > ~ - |¢g~(1)|. Combing these two
inequalities implies that

g NATHOI = FTH W) N W) N AT 2 (v = e2) - lgTH )L

In conclusion, the second term is upper bounded1bhy) - e
For the third term, we can write

1 1
ORI OIINEORIEONE
To analyze these term we relate the cardinalities of thetse Iseparticular, we can write

T WngTt W = W NgT O RO N ngT ) NATHD))
) Ng T W) NATH ) e - g7 (D)

g AR+ 2 ) g )

AN B '@ - ﬁ' 1 1) g (1) N L)

IN
—

IN

where the last inequlity is Property (b) of the densifier dafin Therefore, we obtain
€ _ _ _ _ _ _ _
(1- ;2) AT Mg I < W ngT W AR < ) gL
Similarly, we have

71 (1) NATHD) I g ) NATH )+ 1) NngTHI) NATHD)
Ng~ W) NAHD)| + e [g7H (D)

T O NRT )+ =2 g (1) N AT
T e

VAN
=
[
o
S~—

A

=

G
>

and therefore

€2

1—
( T e

) lgTt W R W < 1T ngTH ) NATHA) < g ) N AT

The above imply that the third term is bounded(liby2) - % This completes the proof of the claim[J

With Lemma31 established, to finish the proof of Theokein 36rtains only to establish the claimed
running time bound. This follows from a straightforward {(lsomewhat tedious) verification, using the
running time bounds established in Lemima 24, PropoditigrC2sollary( 27, Claini 28 and Claifn 9. [
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3.4 Getting from Al to Af : Anapproximate evaluation oracle. Recall that the algorithmt;; . from

the previous: subsection is only guaranteed (with high goilibg to output a sampler for a hypothesis
distribution D that is statistically close to the target distributi@in-1 4, if it is given an input parametey

satisfyingp < p < (1 + €)p, wherep d:efPrxeun [f(z) = 1]. Given this, a natural idea is to rutlC  a total
of k = O(n/e) times, using “guesses” farthat increase multiplicatively as powerslof ¢, starting afl / 2"
(the smallest possible value) and going up to 1. This yielgmthesis distribution®, ..., D, whereD;

def

is the distribution obtained by settifigto p; = (1 + ¢)*~!/2". With such distributions in hand, an obvious
approach is to use the “hypothesis testing” machinery ofi&e@ to identify a high-accuracy; from this
collection.

This is indeed the path we follow, but some care is needed ke 1t approach go through. Recall that
as described in Proposition]12, the hypothesis testingithgo requires the following:

1. independent samples from the target distributipn ;) (this is not a problem since such samples are
available in our framework);

2. independent samples frof; for eachi (also not a problem since theth run of algorithmA{ﬁV
outputs a sampler for distributioR;; and

3. a(1 + O(¢))-approximate evaluation orackVAL , for each distributionD;.

In this subsection we show how to construct item (3) aboweathproximate evaluation oracle. In more
detail, we first describe a randomized proceddneck which is applied to the output of each execution
of A (across allc different settings of the input paramefg). We show that with high probability the
“right” value p;~ (the one which satisfigs < p;» < (1+¢)p) will pass the proceduréheck. Then we show
that for each valug;- that passed the check a simple deterministic algorithmsgive desired approximate
evaluation oracle fob);.

We proceed to describe ti@heck procedure and characterize its performance.

Algorithm Check (g, h, ', ¢) :

Input: functionsg andh as described in Lemnial38, a confidence parandétand an accuracy param

etere

Output: If [h=1(1)Nng=1(1)|/|g~(1)| > ~/2, with probability 1 — §" outputs a paifa, ) such that
-1

o= A= (1) Ng ™ (W)]/lg7 W] < e [~ Ng ™ W)/~ ()] and i < < (147971 (1)),

whereu = 7 = ¢/40000.

1. Samplen = O(log(2/8")/(yu?)) pointsz?, ..., z™ from Ag;n(g, v/4,8 /(2m)). Ifanyz/ = L
halt and output “failure.”

2. Leta be(1/m) times the number of points’ that haveh(x) = 1.

3. Call AS . (7,0"/2) ong and set: to 2" times the value it returns.

count

Lemma 38. Fix i € [k]. Consider a sequence &fruns of A where in thei-th run it is givenp; &ef

(1+ €)i=1/2" as its input parameter. Lef; be the function irC’ constructed byAC in Step 1 of itsi-th
run and h; be the hypothesis function constructed & in Step 2(e) of itg-th run. Suppos€heck is
given as inpuy;, h;, a confidence parametéf, and an accuracy parametef. Then it either outputs “no”
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or a pair (ay, ;) € [0,1] x [0,2"*1], and satisfies the following performance guaranteefhff'(1) N
g7 (D)|/]g; *(1)] > ~/2 then with probability at least — ¢’ Check outputs a pair(a;, #;) such that

gt @I W) ng ()]

i S - 8
g7 (D) ' 9 (1) ’
and 1
(1
|gf +(T)| < ki < (L+7)lg (1), ®

wherep = 7 = ¢€/40000.

Proof. Suppose that is such thath; (1) N g; ' (1)|/]g; ' (1)| > /2. Recall from DefinitioriD that each
pointx? drawn fromAgén(gi, v/4,9"/(2m)) in Step 1 is with probability — ¢’ /(2m) distributed according
to Dy, ,/4; by @ union bound we have that with probability at least 8’ /2 all m points are distributed
this way (and thus none of them atg. We condition on this going forward. Definitidd 9 impliesath
drv(Dy, /0,Uy1y) < 7/4; together with the assumption thidt ' (1) N g (1)]/]g; 1 (1)] > /2, this
implies that eachr’ independently has proability at leagt4 of havingh(z) = 1. Consequently, by the
choice ofm in Step 1, a standard multiplicative Chernoff bound impthest

g0l g )
lg~1(1)] - lg~1(1)]
with failure probability at most’/4, giving (8).

Finally, Definition[8 gives thaf{9) holds with failure prdiiity at mostd’ /4. This concludes the proof.
O

QG

Next we show how a high-accuracy estimateof |2, (1) N g;*(1)|/|g; * (1)] yields a deterministic
approximate evaluation oracle fﬁ);

Lemma 39. Algorithm Si nul at e- Appr ox- Eval (which is deterministic) takes as input a valaec
[0,1], astringz € {—1,1}", a parametelk, (a circuit for) h : {—1,1}" — {—1,1}, and(a representation
for) g : {~1,1}" — {—1,1}, g € C’, whereh, g are obtained from a run afl’C . Suppose that

T @Ng Wl i) ng )
o] |t )]

and )
lg— (1)
1+7
whereu = 7 = €¢/40000. ThenSi mul at e- Appr ox- Eval outputs a valug such that

<k < (1479 (1)

@)

T <1+ AP @), (10)

whergﬁ :Ae/192, D is the output distribution constructed in Step 3 of the runéléjv that producedh, g,
and D' is D conditioned on{ —1,1}" (excluding.L).

Proof. TheSi mul at e- Appr ox- Eval procedure is very simple. Given an inpue {—1,1}" it evalu-
ates bothy andh onz, and if either evaluates tol it returns the value 0. If both evaluate to 1 then it returns
the valuel /(k«).
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For the correctness proof, note first that it is easy to sea fhe definition of the sampler’; (Step 3
of A€ ) and Definitior® (recall that the approximate uniform geer.AC. (g) only outputs strings that

inv gen
satisfy g) that if z € {—1,1}", = ¢ h~'(1) N ¢~ (1) then D has zero probability of outputting, so
Si mul at e- Appr ox- Eval behaves appropriately in this case.

Now suppose thak(z) = g(x) = 1. We first show that the valug/(k«a) is multiplicatively close
to 1/|h~1(1) N g~'(1)]. Let us write A to denotelg—!(1)| and B to denotelh~1(1) N g~1(1)|. With this
notation we have

B B A
-l <u- = and <k<(1 A.
« A‘—“ a2 ad gopses+n)

Consequently, we have

1—u B A B

oy — < . = —(1— . < < — . <
Bl—u—71)<B T, A(l i) 1+T_I{OZ_A(1—|—,M) (14+7)A < B(1+2u+27),
and hence ) ) ) ) )
< —< = (11)

B 142u+2r " ka B 1—p—1
Now consider any: € h=1(1) N g~!(1). By Definition[d we have that

1 1
Ltes |g1(1)]

< Dg,ﬁ:s(x) < (1 + 63) ’ m

Since a draw fromD’ is obtained by taking a draw from, ., and conditioning on it lying im.~1(1), it
follows that we have

1 1 A
=< D(x) < -
re B < D'(z) < (1+e3) 5
Combining this with[(I]L) and recalling that= 7 = ¢/40000 andes = e/48000, we get [ID) as desired.

O

3.5 The final algorithm: Proof of Theorem[2]. Finally we are ready to give the inverse approximate

uniform generation algorithmd€ _ for C.

mnv

Algorithm AS (Uys-1(1y, €, 6)
Input: Independent samples frabry-1 (4, accuracy and confidence parameters
Output: With probability 1 — § outputs are-samplerC’y for U1 ;) .

1. Fori=1tok = O(n/e):
(@) Setp; & (14 €)i=1/2m.
(b) Run AL, (Us-1(1y,€/12,6/3,p;). Letg; € C' be the function constructed in Step/d;, be
trje hypothesis function constructed in Step 2(e), @g); be the sampler for distribution
D; constructed in Step 3.
(c) RunCheck(g;, hi,0/3,¢€). If it returns a pair(«;, ;) then addi to the setS (initially
empty).
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2. Run the hypothesis testing procedal"]éf*m) over the SEI{D;—}Z'GS of hypothesis distributions,
using accuracy parametef12 and confidence parametér3. Here7"/—' is given access to
Ug-1(1), uses the samplef€’y); to generate draws from distributionfB; (see Remark18grnd
uses the procedui® nul at e- Appr ox- Eval («, ki, h;, g;) for the (1 + ¢/192)-approximate
evaluation oracIéEVALD; for D). Leti* € S be the index of the distribution that it returns.

3. Output the samplgiC’ );».

Proof of Theorem[2]: Let p = Pr,«y, [f(z) = 1] denote the true fraction of satisfying assignmentsyfor
in {—1,1}". Leti* be the element df] such thap < p;« < (1 + ¢/6)p. By Theoreni 3D, with probability
at leastl — 6/3 we have that both

(i) (Cf)s is asampler for a distributio®;- such thatlpy (D;- «Up1(1y) < €/6; and
(i) [h="(1) N gzt (WI/lga" (V)] = 7/2.

We condition on these two events holding. By Lenimia 38, witibpbility at least — /3 the procedure
Check outputs a valuey;« such that

lhit (1) Ngi' (1) <y lhit (1) Ngit (1)
lg;-" (1) - lg;-' (1)

for u = €/40000. We condition on this event holding. Now Lemind 39 implies Siatrul at e- Appr ox- Eval ((Cy);+)
meets the requirements of &+ /3)-approximate evaluation oracle feBIVAL - D, from Propositiod IR, for

8 = 153 Hence by Proposition 1@r more precisely by Remaltk18)ith probablllty at least — §/3 the

indexi* that 7/~ returns is such thab). is ane/2-sampler foid;-1(1) as desired.
As in the proof of Theorer 30, the claimed running time boumnd straightforward consequence of the
various running time bounds established for all the procesigalled byA&V This concludes the proof of

our general positive result, Theorém 21. O

Qi —

4 Linear Threshold Functions

In this section we apply our general framework from Sedfiom 8rove Theorerl2, i.e., obtain a polynomial
time algorithm for the problem of inverse approximate umifogeneration for the clasé = LTF,, of
n-variable linear threshold functions ovgr-1, 1}™. More formally, we prove:

Theorem 40. There is an algorithmALTF which is apoly (n,1/e,log(1/6))-time inverse approximate

mv

uniform generation algorithm for the cla3sl'F,,.

The above theorem will follow as an application of Theofedf@1C’ = C = LTF,,. The literature
provides us with three of the four ingredients that our galegpproach requires for LTFs — approximate uni-
form generation, approximate counting, and Statisticam@learning —and our main technical contribution
is giving the fourth necessary ingredient, a densifier. Viet &ty recalling the three known ingredients in
the following subsection.
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4.1 Tools from the literature. We first record two efficient algorithms for approximate onih genera-
tion and approximate counting f&TF,,, due to Dyer|[Dye03]:

Theorem 41. (approximate uniform generation f@TF,,, [Dye03]) There is an algorithmélgcl;lF that on

input (a weights—based representation of) an arbitrarg LTF,, and a confidence parametér> 0, runs
in time poly (n, log(1/4)) and with probabilityl — § outputs a point: such thate ~ Uj,-1(y).

We note that the above algorithm gives us a somewhat strguggantee than that in Definitibh 9. Indeed,
the algorithm,élgqF with high probability outputs a point € {1, 1}" whose distribution igxactlylf, 1y

(as opposed to a point whose distributiortlisseto 14,1 ;).

Theorem 42. (approximate counting foLTF,,, [Dye03]) There is an algorithm4XTF, that on input (a
weights—based representation of) an arbitrérye LTF,,, an accuracy parameter > 0 and a confidence
parameters > 0, runs in timepoly(n, 1/¢,log(1/9)) and outputsp € [0, 1] that with probability1 — ¢

satisfiep € [1 — €, 1 + €] - Pry gy, [h(x) = 1].

We also need an efficieSt) learning algorithm for halfpaces. This is provided to us bgsult of Blum

et. al. [BEKV97]:

Theorem 43. (SQ learning algorithm forLTF,,, [BEKV97]) There is a distribution-independei$Q
learning algorithm A§S* for LTF,, that has running time; = poly(n,1/¢,log(1/4)), uses at most
ts = poly(n) time to evaluate each query, and requires tolerance of itsriges no smaller tham =

1/poly(n,1/e).

4.2 Adensifier for LTF,,. The lastingredient we need in order to apply our Thedrém at@nputation-
ally efficient densifer fol.TF,,. This is the main technical contribution of this section @dummarized
in the following theorem:

Theorem 44, (efficient proper densifier f&TF,,) Sety(e, 6,n) *o (6/(n*logn)). Thereis ane,~,8)—
densifier A¥TF for LTF,, that, for any input parameter8 < ¢,§, 1/2" < p < 1, outputs a function

den

g € LTF,, and runs in timepoly(n, 1/¢, log(1/9)).

Discussion and intuition. Before we prove Theorem44, we provide some intuition. Let LTF,, be the
unknown LTF and suppose that we would like to desigr(an, §)-densifierAYLF for f. That is, given
sample access ;-1(;), and a numbep satisfyingp < p < (1 + ¢)p, wherep = Pr.ey, [f(z) = 1],

we would like to efficiently compute (a weights—based repméstion for) an LTRy : {—1,1}" — {—1,1}

such that the following conditions are satisfied:

(a) Prrwufﬂ(l) [g(x) =1] > 1—¢,and

(0) Proiy, [9(z) = 1] < (1/7) - Pro~y, [f = 1].

(While condition (b) above appears slightly different thamoperty (b) in our Definitio_20, because of
property (a), the two statements are essentially equivaleto a factor ofl /(1 — ¢€) in the value ofy.)

We start by noting that it is easy to handle the casejhsatlarge. In particular, observe thatzif> 2+
thenp = Pryy, [f(x) = 1] > p/(1 +¢€) > p/2 > ~, and we can just outpuf = 1 since it clearly
satisfies both properties of the definition. For the follogvintuitive discussion we will henceforth assume
thatp < 2.

Recall that our desired functignis an LTF, i.e.g(z) = sign(v - = —t), for some(v,t) € R**1. Recall
also that our densifier has sample acceddta ;), so it can obtain random positive examplesfolach
of which gives a linear constraint over thet variables. Hence a natural first approach is to attempt to
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construct an appropriate linear program over these vasalvhose feasible solutions satisfy conditions (a)
and (b) above. We begin by analyzing this approach; whilaritg out to not quite work, it will gives us
valuable intuition for our actual algorithm, which is praged further below.

Note that following this approach, condition () is relativeasy to satisfy. Indeed, consider any 0
and suppose we want to construct an L E sign(v - = — t) such thatPeruffl(l) [g(x)=1] > 1 —e.

This can be done as follows: draw a $&t of N = © ((1/e) - (n? + log(1/6))) samples fronif—1 ;)
and consider a linear prograd, with variables(w, ) € R"*! that enforces all these examples to be
positive. That s, for each € S, , we will have an inequalityv-x > 4. Itis clear thatCP, is feasible (any
weights—based representation fois a feasible solution) and that it can be solvegty (n, 1 /¢, log(1/4))
time, since itis defined b (/N ) many linear constraints and the coefficients of the comdtraatrix are in
{£1}. The following simple claim shows that with high probalyilany feasible solution of P satisfies
condition (a):

Claim 45. With probability at leastl — § over the sampl&,, anyg € LTF,, consistent withS, satisfies
condition (a).

Proof. Consider an LTk and suppose that it does not satisfy condition (a),Re,,.,, [¢(z) = —1|f(z) =

1] > €. Since each sampte € S, is uniformly distributed inf~!(1), the probability it does not “hit” the
setg~(—1)N f~1(1) is at mostl — . The probability thaho sample inS hitsg=(—1) N f~1(1) is thus

at most(1 — )N+ < §/27". Recalling that there exist at mogt” distinct LTFs over{—1,1}" [Mur71],

it follows by a union bound that the probability there exiatsLTF that does not satisfy condition (a) is at
mosté as desired. O

The above claim directly implies that with high probabilayy feasible solution(w*, 6*) to LP is
such thatg*(x) = sign(w* - x — 0*) satisfies condition (a). Of course, an arbitrary feasibletiEm to
LP is by no means guaranteed to satisfy condition (b). (Notetample that the constantfunction is
certainly feasible forZP, .) Hence, a natural idea is to include additional constsaimbur linear program
so that condition (b) is also satisfied.

Along these lines, consider the following procedure: DrasetS_of N_ = |4/p]| uniform unlabeled
samples from{—1, 1}" and label them negative. That is, for each sample S_, we add the constraint
w - x < 1o our linear program. LetfP be the linear program that contains all the constraints eefin
by S, U S_. Itis not hard to prove that with probability at ledst- 2§ over the sampl&_, we have that
S_ C f~1(—1) and hence (any weight based representatioryf @f)a feasible solution tgP. In fact, it is
possible to show that ~ is sufficiently smal— roughly,y < 6/ (4(n? + log(1/4))) is what is required —
then with high probability each solution P also satisfies condition (b). The catch, of course, is that th
above procedure is not computationally efficient becavisemay be very large — ip is very small, then it
is infeasible even to write down the linear progrérR.

Algorithm Description. The above discussion motivates our actual densifier algores follows: The
problem with the above described naive approach is thanieigees (the potentially very large sét) all

at once at the beginning of the algorithm. Note that havingrgel setS_ is not necessarily in and of itself
a problem, since one could potentially use the ellipsoidho@to solveLP if one could obtain an efficient
separation oracle. Thus intuitively, if one had an onlirgoathm which would generaté_ on the fly then
one could potentially get a feasible solution4® in polynomial time. This serves as the intuition behind
our actual algorithm.

More concretely, our densified}EF will invoke a computationally efficienonline learning algorithm
for LTFs. In particular,AYTF will run the online learnerdL5F for a sequence of stages and in each stage
it will provide as counterexamples Uékﬂl" judiciously chosen labeled examples, which will be positiv
for the online learner’s current hypothesis, but negatoreff(with high probability). SincedXLF makes a
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small number of mistakes in the worst-case, this processdsagteed to terminate after a small number of
stages (since in each stage foece the online learner to make a mistake).

We now provide the details. We start by recalling the notibordine learningfor a clas<C of boolean
functions. In the online model, learning proceeds in a secgief stages. In each stage the learning
algorithm is given an unlabeled examples {—1, 1}" and is asked to predict the valyiéz), wheref € C
is the unknown target concept. After the learning algorithakes its prediction, it is given the correct value
of f(x). The goal of the learner is to identiffywhile minimizing the total number of mistakes. We say that
an online algorithm learns clagswith mistake boundV/ if it makes at most\/ mistakes orany sequence
of examples consistent with sonfec C. Our densifier makes essential use of a computationallyiexitic
online learning algorithm for the class of linear threshiidctions by Maass and Turan [MT94]:

Theorem 46. ((MT94], Theorem 3.3) There existspaly(n) time deterministic online learning algorithm

ALTE for the classLTF,, with mistake bound\/ (n) gef O©(n%logn). In particular, at every stage of its

execution, the current hypothesis maintained4j{¥ is a (weights—based representation of an) LTF that
is consistent with all labeled examples received so far.

We note that the above algorithm works by reducing the prold&online learning for LTFs to a convex
optimization problem. Hence, one can use any efficient coopémization algorithm to do online learning
for LTFs, e.g. the ellipsoid method [Kha80, GL$88]. The mikst bound in the above theorem follows by
plugging in the algorithm of Vaidya [Vai89, Vai96].

We now proceed with a more detailed description of our desrdidilowed by pseudocode and a proof of
correctness. As previously mentioned, the basic idea isdowge the online learner to leafrwhile cleverly
providing counterexamples to it in each stage of its exeautOur algorithm starts by sampling, samples
from U1,y and making sure that these are classified correctly by theeoldarner. This step guarantees
that our final solution will satisfy condition (a) of the dérey. Leth € LTF,, be the current hypothesis at
the end of this process. If satisfies condition (b) (we can efficiently decide this byngsbur approximate
counter forLTF,,), we outputh and terminate the algorithm. Otherwise, we use our apprab@raniform
generator to construct a uniform satisfying assignmeatl/, -1 ;) and we label it negative, i.e., we give the
labeled exampléx, —1) as a counterexample to the online learner. Sincd®es not satisfy condition (b),
i.e., it has "many” satisfying assignments, it follows thath high probability (roughly, at leadt— ~) over
the choice ofr € U),-1(y), the pointz output by the generator will indeed be negative folWe continue
this process for a number of stages. If all counterexampies generated are indeed consistent vfi{this
happens with probability roughly — ~ - M, whereM = M (n) = ©(n?logn) is an upper bound on the
number of stages), after at makt stages we have either found a hypothésmatisfying condition (b) or
the online learner terminates. In the latter case, the stuhgothesis of the online learner is identicalfto
as follows from Theorem 46. (Note that the above argumers gatupper bound ad(5/M) on the value
of v.) Detailed pseudocode follows:

Algorithm AYTF (1414, €,0,D):
Input: Independent samples frolfy—1(,), parameters, 6 > 0, and a valud /2" <p < 1.
Output: If p < p < (1+¢€)p, with probability 1 — § outputs a functiory € LTF,, satisfying conditions

(a) and (b).
1. Draw asefS; of N = © ((1/e) - (n* 4 log(1/6))) examples frond/;—. ).

2. Initialize i = 0 and set &' O (n2log n).
While (i < M) do the following:
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(a) Execute thé-th stage ofA}5F and leth() € LTF,, be its current hypothesis.
(b) If there existse € S with () (z) = —1 do the following:

e Give the labeled exampler, 1) as a counterexample tfLF.
e Seti =+ 1 and go to Step 2.

(c) RunALTE (n(0) ¢ 5/(4M)) and letp; be its output.

count
(d) Sety &'5/(16M). If i < p/(v+ (1 + €)?) then outputh(?;
(e) otherwise, do the following:

o RunAITF(n®) 5/(4M)) and letz?) be its output.

e Give the point(z(), —1) as a counterexample tL5F.
e Seti =i+ 1 and go to Step 2.

3. Output the current hypothesi§) of ALTF.

Theorem 47. Algorithm ASTF (U1 (1, €, 6, p) runs in timepoly (n, 1/¢,log(1/6)). If p < p < (1 +€)p
then with probabilityl — ¢ it outputs a vectofw, #) such thatg(z) = sign(w - x — 6) satisfies conditions
(a) and (b) at the start of Sectidn 4.2.

Proof. First note that by Claifh 45, with probability at ledst 5 /4 over S, any LTF consistent witts, will
satisfy condition (a). We will condition on this event andabn the event that each call to the approximate
counting algorithm and to the approximate uniform genermsteuccessful. Since Step 2 involves at most
M iterations, by a union bound, with probability at least 6/4 all calls to ALTY, will be successful, i.e.,
for all i we will have thatp; /(1 + €) < p; < (1 + €) - p;, wherep; = Prycyy, [h9 (x) = 1]. Similarly,
with failure probability at mosb /4, all pointsz(Y) constructed bwggf will be uniformly random over
(h)~1(1). Hence, with failure probability at mo8t /4 all three conditions will be satisfied.

Conditioning on the above events, if the algorithm outputg@othesisi(”) in Step 2(d), this hypothesis
will certainly satisfy condition (b), since; < (1+¢)p; < p/(v-(1+¢)) < p/~. Inthis case, the algorithm
succeeds with probability at least— 36/4. It remains to show that if the algorithm returns a hypothesi
in Step 3, it will be successful with probability at ledst- §. To see this, observe that if no execution of
Step 2(e) generates a poirit) with f(z() = 1, all the counterexamples given #d’5F are consistent with
f. Therefore, by Theorefn #6, the hypothesis of Step 3 will le@tidal to f, which trivially satisfies both
conditions.

We claim that with overall probability at least— §/4 all executions of Step 2(e) generate points
with f(zV) = —1. Indeed, fix an execution of Step 2(e). Singe> p/ ((1+¢)?- ), it follows that
p < (4v)pi. Hence, with probability at leagt— 4 a uniform pointz(®) ~ U1, is a negative example
for f,i.e.,z(® f~1(—1). By a union bound over all stages, our claim holds except faitbre probability
4~ - M = §/4, as desired. This completes the proof of correctness.

It remains to analyze the running time. Note that Step 2 isatgnl at mosd/ = O(n?logn) times.
Each iteration involves (i) one round of the online leardgfsF (this takespoly(n) time by Theoreni 46),
(i) one call of ALTFE (this takespoly(n, 1/¢,log(1/8)) time by Theoreni 42), and (iii) one call td~TF

count gen

(this takespoly(n, 1/¢,1og(1/6)) time by Theorenl41). This completes the proof of Thedrem 47. O
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5 DNFs

In this section we apply our general positive result, ThedBd, to give a quasipolynomial-time algorithm
for the inverse approximate uniform generation problemsféerm DNF formulas. LeDNF,, ; denote
the class of alk-term DNF formulas over. Boolean variables (which for convenience we think obas
variables). Our main result of this section is the following

Theorem 48. There is an algorithmAﬁfF"’s which is an inverse approximate uniform generation algo-

rithm for the clasdDNF,, ,. Given input parameters & the algorithm runs in tim@oly (n'°5(5/9) log(1/6)).

We note that even in the standard uniform distribution legymodel the fastest known running time for
learnings-term DNF formulas to accuraeyis poly (n'°(5/<)  1og(1/4)) [Ver90,Val12]. Thus it seems likely
that obtaining goly(n, s, 1/¢)-time algorithm would require a significant breakthroughcamputational
learning theory.

For our application of Theorem 1 for DNFs we shall héve- DNF,, ; andC’ = DNF,, ; for some
t which we shall specify later. As in the case of LTFs, the #tare provides us with three of the four
ingredients that our general approach requires for DNF —aqmate uniform generation, approximate
counting, and Statistical Query learning (more on this Wgle- and our main technical contribution is
giving the fourth necessary ingredient, a densifier. Befwesenting and analyzing our densifier algorithm
we recall the other three ingredients.

5.1 Tools from the literature. Karp, Luby and Madras [KLM89] have given approximate unfiogen-
eration and approximate counting algorithms for DNF forasul (We note that [JVV86] give an efficient
algorithm that with high probability outputs a&axactlyuniform satisfying assignment for DNFs.)

Theorem 49. (Approximate uniform generation for DNFs, [KLM89]) Thei® an approximate uniform
DN

generation algorithmAgen Frt for the classDNF,, ; that runs in timepoly(n, t,1/€,log(1/6)).
Theorem 50. (Approximate counting for DNFs|_[KLM89]) There is an approate counting algorithm
A;fnw for the classDNF,, ; that runs in timepoly(n, t,1/€,log(1/6)).

The fastest known algorithm in the literature f8€) learning s-term DNF formulas under arbitrary
distributions runs in time0(m'"/*logs) . poly(1/¢e) [KS04], which is much more than our desired running
time bound. However, we will see that we are able to use knmalicious noise toleran8Q learning
algorithms for learningparse disjunctionsver N Boolean variables rather than DNF formulas. In more
detail, our densifier will provide us with a set 8f = n?(°s(s/¢)) many conjunctions which is such that
the target functionf is very close to a disjunction (which we cgll) over an unknown subset of at most
s of theseN conjunctions. Thus intuitively any learning algorithm fdisjunctions, run over the “feature
space” of conjunctions provided by the densifier, would seddf the target function werg, but the target
function is actuallyf (which is not necessarily exactly a disjunction over thésgariables). Fortunately,
known results on the malicious noise tolerance of speSificlearning algorithms imply that it is in fact
possible to use thes) algorithms to learry to high accuracy, as we now explain.

We now state the precis) learning result that we will use. The following theorem isiedt conse-
guence of, e.g., Theorems 5 and 6[of [Dec93] or alterativeljheorems 5 and 6 of [AD98]:

Theorem 51. (Malicious noise tolerans(Q algorithm for learning sparse disjunctions) L@&bsy i be the
class of all disjunctions of length at mdsver N Boolean variables:, ..., zy. There is a distribution-
independen$(Q learning algorithm AS35? for Cpisy i that has running time; = poly (N, 1/¢,log(1/9)),
uses at most, = poly(NN) time to evaluate each query, and requires tolerance of iexigg no smaller
thanT = 1/poly(k, 1/¢). The algorithm outputs a hypothesis which is a disjunctioeray, . .., z .
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Moreover, there is a fixed polynomié(-) such that aIgorithmétSDéSJ has the following property: Fix a
distribution D over {0, 1}". Let f be anN-variable Boolean function which is such tHt,.p[f’(z) #
f(x)] < K, wheref” € Cpisy i is somek-variable disjunction and: < /(e/k) < ¢/2. Then if AQ}S” is
run with aSTAT(f, D) oracle, with probabilityl — ¢ it outputs a hypothesis such thatPr,.p[h(z) #
f'(x)] < ¢/2,and henc®Pr,.p[h(z # f(x)] <e.

(We note in passing that at the heart of Theorein 51 iataibute-efficientSQ algorithm for learning
sparse disjunctions. Very roughly speaking, an attribifieient SQ learning algorithm is one which can
learn a target function oveN variables, which actually depends only on an unknown subisgt< N
of the variables, using statistical queries for which th@imum value of the tolerance is “large.” The
intuition behind Theorer %1 is that since the distance betwfeand f’ is much less tham, the effect of
using aSTAT(f, D) oracle rather than &TAT( f’, D) oracle is negligible, and hence tH€) algorithm will
succeed whether it is run withor f’ as the target function.)

5.2 Adensifier for DNF,, ; and the proof of Theorem[48. In this subsection we state our main theorem
regarding the existence of densifiers for DNF formulas, Téed52, and show how Theordm| 48 follows
from this theorem.

Theorem 52. Let(n,s,1/¢,1/6) = 1/(4n?'6s/1</) 10g(s/5)). Algorithm A" ™ (Us-1 (1), €. 8, D)
outputs a collectior§S of conjunctionsC’, ..., C|s; and has the following performance guaranteep IS

Pr, .y, [f(x) = 1] < p < (1 4 €)p, then with probability at least — ¢, the functiong(x) aef Vie(sCi
satisfies the following:

1. Pryoy g(z)=1]>1—¢

FHm)
2. Prooy [f(x) =1] > v(n,s,1/e,1/6).

3. ThereisaDNFf’ = C;, V- --VC; ,, which is a disjunction of’ < s of the conjunctiong’y, . .., Cg|,
such thatPrmNugfl(l) [f'(x) # f(x)] < L(e/s), wherel(-) is the polynomial from TheoremI51.

DNF,,, s
den

The size o5 and the running time ot (Uys-1(1), €,6,D) is poly(n!°e(+/9) log(1/5)).

With a slight abuse of terminology we may rephrase the ablgerem as saying thafthClI\TF"*S is a
(¢,,d)-densifier for function clas§ = DNF,, ; using clasg’ = DNF,,, wheret = nO0s(/9) . We
defer the description of AlgorithrmifF”’s and the proof of Theorefn b2 to the next subsection.
Proof of Theorerh 48The proof is essentially just an application of Theofernh 2fie ®nly twist is the use
of aSQ disjunction learning algorithm rather than a DNF learnifgpathm, but the special properties of
Algorithm AR5 let this go through without a problem.

In more detail, in Step 2(e) of AIgorithM{ﬁV (see Section 313), in the execution of Algorittdag—sm,

the SQ algorithm that is simulated is the algoritha3}S7 run over the feature spaceof all conjunctions

that are output by Algorithmétg}:F“ in Step 1 of Algorithm. A€

oy (i.e., these conjunctions play the role
of variableszy,...,zy for the SQ learning algorithm). Property (3) of Theordm] 52 and Theokgin
together imply that the algorithtdS3>7, run on @&8TAT(f,U,-1(1)) oracle with parameteks 6, would with

probability 1 — § output a hypothesis’ satisfyingPr,, _, , [I/(x) # f(x)] < e. Hence the hypothess
that is output byAsq_smv in Step 2(e) of AlgorithmA/C _ fulfills the necessary accuracy (with respectfto

mv

underD = U,-1(;)) and confidence requirements, and the overall algorithip succeeds as described in
Theoreni 211.
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Finally, combining the running time bounds Jéf?el:F" and AS}5” with the time bounds of the other
procedures described earlier, one can straightforwarellijfywthat the running time of the overall algorithm
AC _is poly(n!°e(s/9) 1og(1/9)). O

mv

5.3 Construction of a densifier for DNF,, ; and proof of Theorem[52. Let f = T} Vv --- V T be
the targets-term DNF formula, wherd?, ... T, are the terms (conjunctions). The high-level idea of our
densifier is quite simple: IT; is a term which is “reasonably likely” to be satisfied by a onifi draw ofx
from f~1(1), thenT; is at least “mildly likely” to be satisfied by = 21log n consecutive independent draws
of = from f~1(1). Such a sequence of draws, . . ., " will with high probability uniquely identifyZ;. By
repeating this process sufficiently many times, with higbbibility we will obtain a pool’s, .. ., Cis) of
conjunctions which contains all of the terfiisthat are reasonably likely to be satisfied by a uniform draw
of = from f~1(1). TheoreniBR follows straightforwardly from this.

We give detailed pseudocode for our densifier algorithmvielo

Algorithm AdDOTF”’S Us-11), € 0,D):

Input: Independent samples frobfy-.(,), parameters, 6 > 0, and a valud /2" < p < 1.

Output: If p < p < (1 + €)p, with probability 1 — § outputs a ses of conjunctionsCy, ..., C|s| as
described in Theorem b2

1. Initialize setS to (). Let ¢(-) be the polynomial from Theoremb1.
2. Fori = 1to M = 2n2198(2s/U(</5)) Jog (s /5), repeat the following:

(a) Drawr = 2logn satisfying assignments!, . .., z" from U101y

(b) LetC; be the AND of all literals that take the same value invadtringsz?, . .., " (noteC;
may be the empty conjunction). We s@yis acandidate term.

(c) If the candidate tern®; satisfiesPr;.y, [C;i(x) = 1] < pthen add”; to the setS.

3. OutputS.

The following crucial claim makes the intuition presentédh& start of this subsection precise:
1 [Tj(x) = 1] > £(e/s)/(2s). Then with probabil-
ity at leastl —4/s, termT} is a candidate term at some iteration of Step 2 of AlgorimﬁfF"’s Us-101),€,0,D).

Claim 53. Supposd is aterminf such thatPr,;,

Proof. Fix a given iteration of the loop in Step 2. With probability at least
(0(c/5)/(25))2 108" = (1 /n)? 1082/ 0/,

all 2logn points z', ..., 228" satisfy T;; let us call this event¥, and condition onE taking place.
We claim that conditioned o#, the pointsz?!, ..., z21°8" are independent uniform samples drawn from
Tj‘l(l). (To see this, observe that eachis an independent sample chosen uniformly at random from
f7H ) N T but f71(1) N T (1) s identical to)!(1).) Given thatz!, ..., z%1°¢™ are independent
uniform samples drawn fromj‘l(l), the probability that any literal which isot present irll’; is contained

in C; (i.e., is satisfied by al2log n points) is at mosgn/n? < 1/2. So with overall probability at least
Wl/a/» the termTj is a candidate term at iteratian Consequently’; is a candidate term at some

iteration with probability at least — §/s, by the choice of\f = 2n2108(2s/4(¢/*)) og (s /6). O
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Now we are ready to prove Theorém 52:

Proof of Theorerh 32The claimed running time bound otDNF" * is easily verified, so it remains only to

establish (1)-(3). Fi¥ such thap < p < (1 + €)p wherep = PrxNun [f(z) =1].

Consider any fixed terrif; of f such thatPr,y _, , [T(z) = 1] > l(e/s)/(2s). By Claim[53 we
have that with probability at leadt— ¢/s, termTj is a candidate term at some iteration of Step 2 of the
algorithm. We claim that in step (c) of this iteration thentef; will in fact be added teS. This is because
by assumption we have

Proy, [Tj(x) = 1] < Preay,[f(z) = 1] =p <.

So by a union bound, with probability at ledst ¢ every termil; in f such thaPrxNuffl(l) [Tj(x) =1] >
l(e/s)/(2s) is added taS.

Let L be the set of those ternT§ in f that havePrxNuffl(l) [T;(x) = 1] > £(e/s)/(2s). Let f" be the
DNF obtained by taking the OR of all terms In By a union bound over the (at mosgtterms that are in
f but notinf’, we havePrmNufflm [f'(x) = 1] > 1—{(e/s)/2. Sinceg (as defined in Theorem b2 has
g(z) = 1 wheneverf’(z) = 1, it follows thatPrmNufflm [g(x) =1] > 1—{(e/s)/2 > 1 — ¢, giving item
(1) of the theorem.

Foritem (2), sincef (z) = 1 wheneverf’(z) = 1, we havePrxNugfl(l) [f(z)=1] > Prou ., [f(x) =
1]. Everyx such thatf’(z) = 1 also hagj(z) = 1 so to lower bountPrxNugfl(l) [f(x) = 1] itis enough to
upper bound the number of pointsgn' (1) and lower bound the number of pointsﬁr‘rl(l). Since each
C; that is added & is satisfied by at mogl2™ < (1+ ¢€)p2" points, we have thdy—'(1)| < (1+¢)pM2™.
Since at least — ¢ of the points that satisfy also satlsfyf’ We have that ~1(1)| > p(1 —€)2". Thus we
havePr;y _, ,, [f'(z)=1]>p(1—¢€)/((1+€)pM) = 1+5 + > 51, giving (2).

Finally, for (3) we have thaf(z) # f’(x) only on those inputs that havgxz) = 1 but f’(z) = 0
(because some term outside bfis satisfied byr and no term inL is satisfied byz). Even if all such
inputsz lie in g~1(1) (the worst case), there can be at m@st/s)/2)p2" such inputs, and we know that
g7 (V)] = [£71(1)] > p(1 = €)2". Sowe havePr,y , , [f(z) # f'(x)] < < Hef2)2 < y(e/s), and we
have (3) as desired. O

5.4 Inverse approximate uniform generation for k-DNFs. We briefly note that our general approach
immediately yields an efficient inverse approximate umfayeneration algorithm for the class /ofDNFs
for any constank. Let k.-DNF denote the class of altDNFs overn Boolean variables, i.e., DNF formulas
in which each term (conjunction) has at méditerals.

Theorem 54. There is an algorlthn:lél’f "DNF \which is an inverse approximate uniform generation alduorit
for the classi-DINF. Given input parameters § the algorithm runs in timeoly (n*, 1/¢,log(1/9)).

For anyk-DNF f itis easy to see th@r,.y, [f(z) = 1] > 1/2F, and consequently the constant 1 func-
tion is ay-densifier fork-DNF with v = 1/2%. Theoren{ 54 then follows immediately from Theorem 21,
using the algorithms for approximate uniform generatiod eounting of DNF formulas mentioned above
[KLM89] together with well-known algorithms fd8Q learningk-DNF formulas inpoly (n*, 1/¢,log(1/6))

time [Kea98].
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6 Negative results for inverse approximate uniform generabn

In this section, we will prove hardness results for inverppraximate uniform generation problems for
specific classe§ of Boolean functions. As is standard in computational leeyrtheory, our hardness
results are based on cryptographic hardness assumptibasafdness assumptions we use are well studied
assumptions in cryptography such as the strong RSA assamecisional Diffie Hellman problem, and
hardness of learning parity with noise.

As was alluded to in the introduction, in light of the starlapproach, there are two potential barriers
to obtaining inverse approximate uniform generation afgors for a clasC of functions. The first is
that “reconstructing” the object from clasmay be hard, and the second is that sampling approximately
uniform random satisfying assignments from the reconstdiobject may be hard. While any hard inverse
approximate uniform generation problem must be hard becafisne of these two potential barriers, we
emphasize here that even if one of the two steps in the straggoroach is shown to be hard, this does
not constitute a proof of hardness of the overall inverse@pmate uniform generation problem, as there is
may exist some efficient algorithm for the class/hich departs from the standard approach. Indeed, we will
give such an example in Sectibh 7, where we give an efficiguridhm for a specific inverse approximate
uniform generation problem that does not follow the staddgproach. (In fact, for that problem, the second
step of the standard approach is provably no easier thandlémown graph automorphism problem, which
has withstood several decades of effort towards even gettBub-exponential time algorithm.)

Our hardness results come in two flavors. Our first hardnesstse based on signature schemes, are
for problems where it is provably hard (of course under a aaaipnal hardness assumption) to sample
approximately uniform satisfying assignments. In confrasr hardness results of the second flavor are
based on Message Authentication Codes (MACs). We give suesudt for a specific clags which has the
property that it is actually easy to sample uniform satrgfyassignments for functions @& hence, in an
informal sense, it is the first step in the standard apprdaatis algorithmically hard for this problem. The
following subsections describe all of our hardness resultetail.

6.1 Hardness results based on signature schemds. this subsection we prove a general theorem, The-
orem[60, which relates the hardness of inverse approxinrateron generation to the existence of certain
secure signature schemes in cryptography. Roughly spgakKimeoren 60 says that if secure signature
schemes exist, then the inverse approximate uniform geoenaroblem is computationally hard for any
classC which is Levin-reducible fronCIRCUIT-SAT. We will use this general result to establish hard-
ness of inverse approximate uniform generation for sevaalral classes of functions, including 3-CNF
formulas, intersections of two halfspaces, and degreehpmial threshold functions (PTFs).

We begin by recalling the definition of public key signatuokhemes. For an extensive treatment of
signature schemes, see [Gal04]. For simplicity, and sihseiffices for our purposes, we only consider
schemes with deterministic verification algorithms.

Definition 55. A signature scheme is a triplg~, S, V') of polynomial-timealgorithms with the following
properties :

¢ (Key generation algorithm) G is a randomized algorithm which on inplit produces a paifpk, sk)
(note that the sizes of boftk and sk are polynomial inn).

e (Signing algorithm) S'is a randomized algorithm which takes as input a messag®m the message
spaceM, a secret keyk and randomnesse {0, 1}", and outputsa signatures = S(m, sk, r).

o (Verification algorithm) V' is a deterministic algorithm such thaf(m, pk,o) = 1 for everyo =
S(m, sk,r).
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We will require signature schemes with some special pr@gsewhich we now define, first fixing some
notation. Let(G, S, V) be a signature scheme. For a message spdcand pair(pk, sk) of public and
secret keys, we define the sRf ;. of “valid” signed messages dise set of all possible signed messages
(m,o = S(m,sk,r)) asm ranges over all oM andr ranges over all of0,1}". Similarly, we define
the setR,, of “potential” signed messages &, ,, = {(m,o0) : V(m,pk,0) = 1}. Likewise, we
define the set of valid signatures for messagelenotedR; s (m), as the set of all possible paifs:, o =
S(m, sk, r)) asr ranges over all of0, 1}", and we define the set of potential signatures for message
Ropk(m) = {(m,o) : V(m,pk,o) = 1}.

Definition 56. Let (G, S, V') be a signature scheme aod be a message space. A pégjik, sk) of public
and secret keys is said to & n)-specialif the following properties hold :

o LetRy 4 be the set of valid signed messages &3d,;, be the set of potential signed messages. Then

‘/R’l sk‘
> > —n.
Roprl =+ 1

_ 1

T R sk(m)[

¢ Define two distributiond) and D’ over pairs(m, o) as follows : D is obtained by choosing €, M
and choosingr €y R s,(m). D' is the distribution defined to be uniform over the Bat,,. Then
dry(D,D’") < 6.

e For any fixed pai(m, o) € Ry sx(m), we havePr, ¢ 1y [0 = S(m, sk, 7)]

From now on, in the interest of brevity{ will denote the “obvious” message spat¢ associated with
a signature scheme unless mentioned otherwismilarly, the randomness for the signing algorithmS
will always assumed to bee; {0, 1}".

We next recall the standard notion of existentiaforgeabilityunder RMA (Random Message Attack):

Definition 57. A signature schem@=, S, V') is said to be(t, €)-RMA secureif the following holds: Let
(pk, sk) «+ G(1™). Let(mg,...,m;) be chosen uniformly at random fromt. Leto; < S(m;, sk,r).
Then, for any probabilistic algorithra running in timet,

Alpk,my,...,my,01,...,00) = (m/,0")] < e
(pk7$k),(m17---,mt)7(0'17---70't)[ (p 1 t;01 t) = ( )]

whereV (m/, pk,c’) = 1andm’ # m;foralli =1,... .
Next we need to formally define the notion of hardness of swepproximate uniform generation:

Definition 58. LetC be a class of:-variable Boolean functiong” is said to be(t(n), €, §)-hard for inverse
approximate uniform generatiaghthere is no algorithmA running in timet(n) which is an(e, é)-inverse
approximate uniform generation algorithm f6r

Finally, we will also need the definition of an invertible lieveduction:

Definition 59. A binary relation R is said to reduce to another binary relatiaR’ by atime- invertible
Levin reductionif there are three algorithms, 8 and~, each running in time(n) on instances of length
n, with the following property:

e Forevery(z,y) € R, it holds that(a(x), 5(z,y)) € R;
e For every(a(z),z) € R, itholds that(z, y(a(z), 2)) € R.

Furthermore, the function§ and~ are injective maps with the property thata(x), 5(z,vy)) = y.

Note that for any class of functiorts we can define the binary relatid®y as follows :(f,x) € Re if
andonly if f(x) = 1 andf € C. In this section, whenever we say that there is an invertiblén reduction
from classC; to classC,, we mean that there is an invertible Levin reduction betwidencorresponding
binary relationsR¢, and R, .
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6.1.1 A general hardness result based on signature schemé§e now state and prove our main theorem
relating signature schemes to hardness of inverse appatxiomiform generation:

Theorem 60. Let (G, S, V') be a(t, €)-RMA secure signature scheme. Suppose that with probaaflieast
99/100a random pair(pk, sk) <— G(1™) is (9, n)-special. LeC be a class ofi-variable Boolean functions
such that there is a Levin reduction froBIRCUIT-SAT to C running in timet’(n). Letx; and ky be such
thatky <1—-2-2n+d+t'(n)/|IM|), ke <1—=2t'(n)-(n+0d)ande < (1 — k1)(1 — K2)/4. If t1(-) is

a time function such thatt; (¢'(n)) < t(n), thenC is (t1(n), k1, k2)-hard for inverse approximate uniform
generation.

The high-level idea of the proof is simple: Suppose thereevaerefficient algorithm for the inverse ap-
proximate uniform generation problem f©rBecause of the invertible Levin reduction fraddRCUIT-SAT
to C, there is a signature scheme for which the verification &lyor (using any given public key) corre-
sponds to a function ig. The signed messag¢sii,o1), ..., (m¢, o) correspond to points from; -1y
where f € C. Now the existence of an efficient algorithm for the inverppraximate uniform generation
problem forC (i.e. an algorithm which, given points frobf-1;), can generate more such points) translates
into an algorithm which, given a sample of signed messagesgenerate a new signed message. But this
violates the existential unforgeability under RMA of thgrsiture scheme.

We now proceed to the formal proof.

Proof. Assume towards a contradiction that there is an algorithfor inverse approximate uniform gen-
eration A;,, which runs in timet; such that with probabilityl — x5, the output distribution i%-close to
the target distribution. If we can show that for afiyn)-special key paifpk, sk) the resulting signature
scheme is noft, €) secure, then this will result in a contradiction. We will nage algorithmA to construct
an adversary which breaks the signature schem@fan-special key pair$pk, sk).

Towards this, fix &0, n)-special key paifpk, sk) and consider the functiovi,;, : M x{0,1}* — {0,1}
defined ad/,,(m, o) = V(m, pk, o). Clearly,V, is an instance o€ IRCUIT-SAT (i.e. V,, is computed by
a satisfiable polynomial-size Boolean circuiBince there is an invertible Levin reduction frdadhRCUIT-
SAT to C, givenpk, the adversary in timé(n) can computeb,;, € C with the following properties (lef
and-~ be the corresponding algorithms in the definition of the hexiduction):

e For every(m, o) such thatl,(m, o) = 1, @pr(B(Vpk, (m,0))) = 1.

e For everyr such that,.(z) = 1, Vi (7(Pp, 7)) = 1.

Recall that the adversary receives signatres, o1), . . ., (my ), 0y (n)). Letx; = B(Vir, (M4, 07)).
Let D, be the distribution ofz1, ..., 7y (,)). We next make the following claim.
Claim 61. Letyy,...,yy be drawn uniformly at random frorm;,j(l) and let D, be the corresponding

distribution of(y1, ..., y). Then,D, and D, aret'(n)-(2n + ¢)-close in statistical distance.

Proof. Note thatD, and D, aret’(n)-way product distributions. IDQ) and Dél) are the corresponding
marginals on the first coordinate, thémn) - dTV(Dg(Cl),DZ(f)) < drv(D,,D,). Thus, it suffices to upper
bounddTV(Dél),DgSl)), which we now do.

dry (DS, DY) < 3 DO =P+ > [pD() - DM )|
ZESUPP(Dz(Il))\SUPP(Dél)) ZEsupp(ngl))
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By definition of (pk, sk) being(d, n)-special, we get that

> D (2) = DV (=) < .

zesupp(DYY)\supp(DSV)

To bound the next sum, let= Pr[DZ(,l) € supp(Dg))]. Note thatr > 1 — 7. We have

> pPe-pPe| < Y |[rPE -DPE)| - Y D)
zesupp(DS") zesupp(DL) zesupp(DL)
(1)
Dy’ (2)
< . M) - ¥ =)
< T > D7 (2) .

zesupp(DS")

@) restri (1) is si i istributi i
We observe thaPyT restricted tosupp(D, ’) is simply the uniform distribution over the image of the

setR s and hence is the same as applying the mam the distributionD’. LikewiseDg(El) is the same as
applying the mag on D (mentioned in Definitiof 36). Hence, we have that

dry (DY, DM < 25+ dpy (D, D') < 20+ 6.
Ol

Now, observe that the instances are each of length at mostn). Since the distributiond,, and
D, aret'(n)-(2n + ¢) close, hence our adversary can u, in timet(n) on the examples, . .., 2y ()
and succeed with probability — ko — ¢'(n)-(2n + d) > (1 — k2)/2 in producing a sampler whose output
distribution isx,-close tdqu>;]3(1)- Call this output distributior¥Z. Let 3(D) denote the distribution obtained
by applying the map on D. The proof of Claini 6l shows tha( D) is (2r + ¢)-close to the distribution
L{@fkl(l). Thus, with probability(1—r2)/2, Z is (k14 (2n+0))-close to the distributiop (D). By definition
of f) we have

t/
P Vi € [t'], m; >1—+—.
r(m,a)ED[ ? [ ]7m #m] = ’M’

Thus, with probability==2,

/ J—
Pr.cz[z = g(m,o) andVi € [t'],m; #m] > 1 —r1 — (2n+J) — \,/f/(—\ > ! 2H1
Thus, with overall probability1 —r;)(1—kx2)/4 > €, the adversary succeeds in producing g(m, o)
such thati € [t'], m; # m. Applying the mapy on (®,y, z), the adversary gets the péin, o). Also, note
that the total running time of the adversaryti$t’(n)) + t'(n) < 2t1(¢'(n)) < t(n) which contradicts the
(t,e)-RMA security of the signature scheme. O

6.1.2 A specific hardness assumptionAt this point, at the cost of sacrificing some generality, wa-c
sider a particular instantiation of a signature scheme fthenliterature which meets our requirements.
While similar signature schemes can be constructed undey diierent cryptographic assumptions in the
literature, we forsake such generality to keep the disonssom getting too cumbersome.

To state our cryptographic assumption, we need the follgwistation:

e PRIMES; is the set ofk-bit prime numbers.
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e RSA; is the set of all products of two primes of lendttk — 1)/2].

The following cryptographic assumption (a slight variahtle standard RSA assumption) appears in
[MRV99].

Assumption 1. The RSA’ s(k) assumption: Fix anym € RSA, and letz €y Z;, andp €y PRIMES .
Let A be any probabilistic algorithm running in timgk). Then,

Pr(, ) [A(m,z,p) =y andy? = z (mod m)] < ﬁ

As mentioned in[[MRV99], given the present state of compaita number theory, it is plausible to
conjecture the RSAs(k) assumption fos(k) = 2*° for some absolute constafit> 0. For the sake of
conciseness, for the rest of this section we write “Assuomgdfl holds true” to mean that Assumptioh 1
holds true withs(k) = 2"’ for some fixed constamt > 0. (We note, though, that all our hardness results go
through giving superpolynomial hardness using oitly) = ko))

Micali et al. [MRV99] give a construction of a “unique signature schemsihg Assumptiofll:

Theorem 62. If Assumptiori 1l holds true, then there igta= o’ e = 1/t)-RMA secure signature scheme
(G, S, V) with the following property : For any message € M, there do not exist; # oy such that
V(m,o1) = V(m,o9) = 1. In this scheme the signing algorithfhis deterministic and the message space
M is of size2™’.

The above theorem says that under the R§A) assumption, there is a deterministic signature scheme
such that there is only one signaturg for every message:, and for every message the only accepting
input for V' is (m, o,,,). As a consequence, the signature scheme in Theorem 62 haoflesty thaevery
(pk, sk) pair that can be generated 6yis (0, 0)-special

Remark 63. It is important to note here that constructiong @f0) special signature schemes are abundant
in the literature. A partial list follows : Lysyanskaya [l§&] constructed a determinist{0, 0) special sig-
nature scheme using a strong version of the Diffie—Hellmanraption. Hohenberger and Waters [HW10]
constructed a scheme with a similar guarantee using a varfidime Diffie—Hellman assumption on bilinear
groups. In fact, going back much further, Cramer and Sho@9[ FisO3] show that using the Strong RSA
assumption, one can ge{@ 0) special signature scheme (which however is not deterriapist/e remark
that the scheme as stated(in [CS00] is (o) special in any obvious sense, but the more efficient version
in [Fis03] can be easily verified to 4@, 0) special. Throughout this section, for the sake of simplicite

use the signature scheme in Theofer 62.

Instantiating Theorem 60 with the signature scheme fronoféra[62, we obtain the following corol-
lary:

Corollary 64. Suppose that Assumptibh 1 holds true. Then the followindsholLetC be a function class
such that there is a polynomial timeX-time) invertible Levin reduction fror@IRCUIT-SAT to C. Then
Cis (27,1 —27"° 1 — 27"°)-hard for inverse approximate uniform generation for soroastantc > 0
(depending only on thed” in Assumptiorl 1 and oik).

6.1.3 Inverse approximate uniform generation hardness rasgts for specific function classes whose
satisfiability problem is NP-complete. In this subsection we use Corolldryl64 to prove hardnesdtsesu
inverse approximate uniform generation for specific fuorcitlasse€ for which there are invertible Levin
reductions fromCIRCUIT-SAT to C.

Recall that a 3-CNF formula is a conjunction of clauses (disjions) of length 3. The following fact
can be easily verified by inspecting the standard reductimm CIRCUIT-SAT to 3-CNF-SAT.
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Fact 65. There is a polynomial time invertible Levin reduction fr@iRCUIT-SAT to 3-CNF-SAT.
As a corollary, we have the following result.

Corollary 66. If Assumptioi 1l holds true, then there exists an absolutstaah: > 0 such that the class
3-CNFis (2"°,1 — 27,1 — 27"")-hard for inverse approximate uniform generation.

Corollary[66 is interesting in light of the well known factaththe class of all 3-CNF formulas is effi-
ciently PAC learnable from uniform random examples (in fander any distribution).

We next observe that the problem of inverse approximateotmifgeneration remains hard even for
3-CNF formulas in which each variable occurs a bounded numbimes. To prove this we will use the
fact that polynomial time invertible Levin reductions coose:

Fact 67. If there is a polynomial time invertible Levin reductionfi@CIRCUIT-SAT to C and a polynomial
time Levin reduction frorg to Cy, then there is a polynomial time invertible Levin reductimom CIRCUIT-
SAT to C;.

The following theorem says that the inverse approximatéoumi generation problem remains hard for
the class of all 3-CNF formulas in which each variable ocatirsost 4 times (hereafter denoteéd-CNF).

Theorem 68. If Assumptiof 1L holds true, then there exists an absolutstaat: > 0 such that3,4-CNF-
SATis (27,1 — 27,1 — 27")-hard for inverse approximate uniform generation.

Proof. Tovey [Tov84] shows that there is a polynomial time invadihevin reduction from8-CNF-SAT
to 3,4-CNF-SAT. Using Facf 67, we have a polynomial time Levin reductiomfi©@IRCUIT-SAT to 3,4-
CNF-SAT. Now the result follows from Corollarfy 64 O

The next theorem shows that the class of all intersectiotms@halfspaces ovet Boolean variables is
hard for inverse approximate uniform generation.

Theorem 69. If Assumptio 1L holds true, then there exists an absolutsteatc > 0 such thatC = {all
intersections of two halfspaces overBoolean variablek is (27,1 — 27,1 — 27"")-hard for inverse
approximate uniform generation.

Proof. We recall that theSUBSET-SUM problem is defined as follows : An instandeis defined by
positive integersuy, ..., w,, s > 0. A satisfying assignment for this instance is giveruby {0, 1}" such
that) " , w;z; = s. Itis wellknown that theSUBSET-SUM problem is NP-complete and it is folklore that
there is a invertible Levin reduction froBySAT to SUBSET-SUM. However, since it is somewhat difficult
to find this reduction explicitly in the literature, we outi such a reduction.

To describe the reduction, we first defihan-3-SAT. An instanceVl of 1-in-3-SAT is defined over
Boolean variables, . . ., z,, with the following constraints : Thé” constraint is defined by a subset of at
most three literals ovet, . . . , z,. Anassignmentte., ..., z, satisfiesl if and only if for every constraint
there is exactly one literal which is set to true. Schaéfeh8] showed thad-SAT reduces td.-in-3-SAT
in polynomial time, and the reduction can be easily verifede an invertible Levin reduction. Now the
standard textbook reduction froBaSAT to SUBSET-SUM (which can be found e.qg. ii [Pag94]) applied to
instances ofl-in-3-SAT, can be easily seen to be a polynomial time invertible Leethuction. By Fadt §7,
we thus have a polynomial time invertible Levin reductioonfr3-CNF-SAT to SUBSET-SUM.

With this reduction in hand, it remains only to observe thedt tany instance cSUBSET-SUM is
also an instance of “intersection of two halfspaces,” sympcause) ;" , w;z; = s if and only if s <
o, wi-x; < s. Thus, there is a polynomial time invertible Levin reductfoom 3-CNF-SAT to the class
of all intersections of two halfspaces. This finishes thevpro O
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6.1.4 A hardness result where the satisfiability problem isni P. So far all of our hardness results have
been for classeS of NP-complete languages. As Theorenh 60 requires a redutbon CIRCUIT-SAT to
C, this theorem cannot be directly used to prove hardnessldsseC which are not NP-hard. We next
give an extension of Theoreml60 which can apply to clagsies which the satisfiability problem is i#.
Using this result we will show hardness of inverse approxéimaiform generation foMONOTONE-2-
CNF-SAT. (Recall that a monotone 2-CNF formula is a conjunction atises of the form; V x;, with no
negations; such a formula is trivially satisfiable by thetale assignment.)

We begin by defining by a notion of invertible one-many redng that we will need.

Definition 70. CIRCUIT-SAT is said to have am-almost invertible one-many reduction to a function class
C if the following conditions hold:

e There is a polynomial time computable functirsuch that given an instance of CIRCUIT-SAT
(i.e. @ is a satisfiable circuit) = f(®) is an instance of (i.e. ¥ € C and ¥ is satisfiable).

e Fix any instanceb of CIRCUIT-SAT and let.A = U ~!(1) denote the set of satisfying assignments of
. ThenA can be partitioned into setd; and.As such that.As|/|.A| < n and there is an efficiently
computable functiory : A; — ®~1(1) such thatg(x) is a satisfying assignment df for every
r € A

e For everyy which is a satisfying assignment ®f the number of pre-images gfunder g is exactly
the same, and the uniform distribution over!(y) is polynomial time samplable.

We next state the following simple claim which will be helpfater.

Claim 71. Suppose there is apralmost invertible one-many reduction fradiRCUIT-SAT to C. Let f and
g be the functions from Definitidn170. Létbe an instance o€IRCUIT-SAT and let¥ = f(®) be the
corresponding instance @¢f. Define distributionsD, and D, as follows :

e A draw fromD; is obtained by choosing uniformly at random fromb~!(1) and then outputting
uniformly at random frony = (y).

e A draw fromD; is obtained by choosing’ uniformly at random fromb—1(1).

Then we havéry (D1, D) < 1.

Proof. This is an immediate consequence of the fact thats uniform over the setl; while D5 is uniform
over the setd (from Definition[70). O

We next have the following extension of Corolléryl 64.

Theorem 72. Suppose that Assumptibh 1 holds true. Then i§ a function class such that there is an
n-almost invertible one-many reduction (fgr= 2-(")) from CIRCUIT-SAT to C, thenC is (2"°,1 —
27" 1 —27")-hard for inverse approximate uniform generation for sorheaute constant > 0.

Proof. The proof is similar to the proof of Corollaty 64. Assume todsa contradiction that there is an
algorithm for inverse approximation uniform generatidg,, for C which runs in timet; such that with
probability 1 — k4, the output distribution i -close to the target distribution. (We will sgt, k1 and ks
later to2"", 1 — 27" and1 — 2~ respectively.)

Let (G, S, V) be the RMA-secure signature scheme constructed in ThdaZemNd@e that(G, S, V) is
a (T, ¢)-RMA secure signature scheme whéfe= 2", ¢ = 1/T and| M| = 2" for constants, u > 0.
Let (pk, sk) be a choice of key pair. We will ud;,,, to contradict the security ¢fG, S, V'). Towards this,

43



consider the functiof,;, : M x {0,1}* — {0, 1} defined ad/,,(m, o) = V(m, pk, o). Clearly,V,; is an
instance ofCIRCUIT-SAT. Consider thej-invertible one-many reduction fro@IRCUIT-SAT to C. Let «
and 3 have the same meaning as in Definition 70. et= «(V,;) and letA, A; and A, have the same
meaning as in Definition 70. The adversary receives messiggature pair$mi,o1) ... (mq,, oy ) Where
m1,...,my, are chosen independently at random frarm For any:, (m;, 0;) is a satisfying assignment of
Vpi. By definition, in timety = ¢; - poly(n), the adversary can sample, ..., z;, ) such thatx, ..., z;,
are independent and ~ Ug-1(,,, »,)- Note that this means that eachis an independent sample from
Aj and|z;| = poly(n). Note that(z1, ..., 2 ) is at;-fold product distribution such that i’ denotes the
distribution ofz;, then by Claim ZlLdry (D', Uy-1(1y) < 1. Hence, ifD is the distribution of 2y, .. ., 2, ),
thendTv(D,L{fI,,l(l)) < t1n.
Hence, the adversary can now rdp.. on the samples,,...,z, and as long a8 — ko — t1n >

(1 — k9)/2, succeeds in producing a sampler with probability— x2)/2 whose output distribution (call
it Z) is k1 close to the distributiod{y-1(;). Note that ag; = 2-%"), for anyc > 0, t; = 2"° and
ke = 1 — 27" satisfies this condition. Hence, we get that (7, D’) < r; + n. Now, observe that

31

M|
The above uses the fact that every element in the rangehafs the same number of pre-images. This of
course implies that

Procir[8(p) = (m, ) andm # m;] = 1

Pryez[B(p) = (m, o) andm # my] > 1 — % — (k51 + 7).

M

Again as long as; < 1 — 2(n + t1/|M]), the adversary succeeds in getting a valid message signatur
pair (m, o) with m # m,; for any1 < ¢ < t; with probability (1 — x1)/2. Again, we can ensurg; <
1 — 2(n + t1/|M]) by choosinge sufficiently small compared tp. The total probability of success is
(1 — k1)(1 — K2)/4 and the total running time i& (poly(n)) + poly(n). Again if ¢ is sufficiently small
compared tq: andd, then the total running time is at mast(poly(n)) + poly(n) < T and the success
probability is at leastl — x1)(1 — k2)/4 > €, resulting in a contradiction. O

We now demonstrate a polynomial timenvertible one-many reduction fro@RCUIT-SAT to MONOTONE-
2-CNF-SAT for n = 2=%(")_ The reduction uses the “blow-up” idea used to prove hasiogapproximate
counting forMONOTONE-2-CNF-SAT in [JVV86]. We will closely follow the instantiation of thigech-
nique in [Wat12].

Lemma 73. There is a polynomial timg-almost invertible one-many reduction froBIRCUIT-SAT to
MONOTONE-2-CNF-SAT wherep = 2-2("),

Proof. We begin by noting the following simple fact.

Fact 74. If there is a polynomial time invertible Levin reductionfidCIRCUIT-SAT to a classC; and an
n-almost invertible one-many reduction fratp to Cs, then there is a polynomial timgalmost invertible
one-many reduction frol8IRCUIT-SAT to Cs.

Since there is an invertible Levin reduction frabdRCUIT-SAT to 3-CNF-SAT, by virtue of Faci 7K,
it suffices to demonstrate a polynomial timelmost invertible one-many reduction fraBaCNF-SAT to
MONOTONE-2-CNF-SAT. To do this, we first construct an instanceMERTEX-COVER from the 3-
CNF-SAT instance. Letb = A7, ®; be the instance @-CNF-SAT. Construct an instance MERTEX-
COVER by introducing seven vertices for each cladsdone corresponding to every satisfying assignment
of ®;). Now, put an edge between any two vertices of this graphefdbrresponding assignments to the
variables of® conflict on some variable. We call this graph We observe the following properties of this
graph :
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e (G has exactlyrm vertices.
e Every vertex cover ofs has size at leagtm.

e There is an efficiently computable and invertible injectibhetween the satisfying assignments of
® and the vertex covers dff of size 6m. To get the vertex cover corresponding to a satisfying
assignment, for every clauge, include the six vertices in the vertex cover which conflicthvthe
satisfying assignment.

We next do the blow-up construction. We create a new grtaphy replacing every vertex aff with a
cloud of 10m vertices, and for every edge @nwe create a complete bipartite graph between the correspond
ing clouds inG’. Clearly, the size of the graph’ is polynomial in the size of th8-CNF-SAT formula. We
define a mag; between vertex covers 6 and vertex covers af as follows : LetS’ be a vertex cover of
G'. We define the sef = ¢;(5") in the following way. For every vertex in the graph, if all the vertices
in the corresponding cloud 6’ are inS’, then includev € S, else do not include in S. It is easy to
observe thay; maps vertex covers @¥ to vertex covers ofs. It is also easy to observe that a vertex cover
of G of sizes has(2'" — 1)"™=* pre-images undey; .

Now, observe that we can construdvi®NOTONE-2-CNF-SAT formula ¥ which has a variable cor-
responding to every vertex i@ and every subset’ of G’ corresponds to a truth assignmegt to ¥ such
thatW(yg) = 1 if and only if S’ is a vertex cover ofy’. Because of this correspondence, we can construct
a mapg; which maps satisfying assignmentsibfo vertex covers ofs. Further, a vertex cover of sizen
graphG has(2!9" — 1)~ pre-images undey;. Since the total number of vertex coversbf sizes is
at most(zn), the total number of satisfying assignmentslofvhich map to vertex covers @f of size more
than6m can be bounded by :

27m

™
7m m m—s 7m m m— m m
> (M) @om oy < () @om -yt < m -y

s=6m+1 6m +1

On the other hand, sinee has at least one satisfying assignment, he&rtes at least one vertex cover
of size6m and hence the total number of satisfying assignment® efhich map to vertex covers a¥
of size6m is at least(2!"" — 1)™. Thus, if we letA denote the set of satisfying assignmentsboéand
A; be the set of satisfying assignment®fwhich map to vertex covers d@F of size exactlyém (under
g1), then|A;|/|A| > 1 —2-%() Next, notice that we can define the mamapping.A; to the satisfying
assignments ob in the following manner y(z) = ¢=!(g1(z)). It is easy to see that this map satisfies all
the requirements of the majpfrom Definition[Z0 which concludes the proof. O

Combining Lemma& 43 with Theorem]72, we have the followingpdary.

Corollary 75. If Assumptiof ]l holds true, thedlONOTONE-2-CNF-SAT is (27,1 — 277", 1 — 27°)
hard for inverse approximate uniform generation for somsadlite constant > 0.

As a consequence of the above result, we also get hardnessdose approximate uniform generation
of degree-2polynomial threshold functions (PTEghese are functions of the forsign(q(z)) whereq(z)
is a degree-2 multilinear polynomial ovén, 1}".

Corollary 76. If Assumptiori ]l holds true, then the class ofralvariable degree-2 polynomial threshold
functions is(2"°,1 — 27,1 — 27™°) hard for inverse approximate uniform generation for somscilite
constantc > 0.

Proof. This follows immediately from the fact that every monotor€RF formula can be expressed as a
degree-2 PTF. To see this, note thabit= A", (z;1 V x;2) where each;; is a 0/1 variable, thed®@(z) is
true if and only ifY """ | 1 + 22 — 241 - 252 > m. This finishes the proof. O
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6.2 Hardness results based on Message Authentication Codesll of the previous hardness results
intuitively correspond to the case when the second steprdfstandard approach” is algorithmically hard.
Indeed, consider a clags of functions that has an efficient approximate uniform gatien algorithm.
UnlessP # NP there cannot be any Karp reduction frédlRCUIT-SAT to C (this would contradict the
NP-completeness @EIRCUIT-SAT) and hence Theorem160 is not applicable in this setting. df &ven
forn =1 — 1/poly(n) there cannot be any-almost invertible one-many reduction fraBIRCUIT-SAT to
C unlessP # N P. This makes Theorem 172 inapplicable in this setting. Thuprove hardness results for
classes that have efficient approximate uniform generatigorithms, we need some other approach.

In this section we show that Message Authentication CodésdMcan be used to establish hardness of
inverse approximate uniform generation for such classesb&gin by defining MACs. (We remark that we
use a restricted definition which is sufficient for us; for thest general definition, see [Gol04].)

Definition 77. AMessage Authentication Code (MA®)a triple (G, T, V') of polynomial-timealgorithms
with the following properties :

¢ (Key generation algorithm) G(-) is a randomized algorithm which on inplit produces a secret key
sk;

e (Tagging algorithm) 7" is a randomized algorithm which takes as input messagsecret keyk and
randomnessg and outputsr < T'(m, sk, r);

e (Verification algorithm) V' is a deterministic algorithm which takes as input messagesecret key
skando. If o = T'(m, sk,r) for somer thenV (m, sk,o) = 1.

For the purposes of our hardness results we require MACs seithhe special properties. While our
hardness results can be derived from slightly more genefgl$than those we specify below, we forsake
some generality for the sake of clarity. For a MAG, T, V') and a choice of secret key:, we sayo is a
valid tagfor messagen if there exists- such thatr = T'(m, sk, r). Likewise, we say that is apotential
tag for messagen if V(m, sk,o) = 1.

Definition 78. A Message Authentication Co@€, T, V') over a message spacel is said to bespecialif
the following conditions hold : For any secret key,

e For every messager € M, the set of valid tags is identical to the set of potentls.

e For every two messages; #* ms and everyoi, oo such thato; is a valid tag form;, we have
Pr.[T(my,sk,r) = 01] = Pr,.[T(mq, sk,r) = o9].. In particular, the cardinality of the set of valid
tags form is the same for alin.

We next define the standard notion of security under Randossde attacks for MACs. As before,
from now onwards, we will assume implicitly that! is the message space.

Definition 79. A special MAC(G, T, V) is said to be(t, €)-RMA secureif the following holds : Letk «+
G(1™). Let(my,...,m;) be chosen uniformly at random fromt. Leto; < T'(m,, sk,r). Then for any
probabilistic algorithmA running in timet,

Pr [A(m1,...,my,01,...,00) = (m/,0")] < e
sk,(m1,....,mt),(01,...,0t)

whereV (m/, sk,o’) =1andm’ #m;foralli=1,... ¢t
It is known how to construct MACs meeting the requirement®définition[79 under standard crypto-
graphic assumptions (see [Gol04]).
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6.2.1 Ageneral hardness result based on Message Authentiica Codes. The next theorem shows that
special MACs yield hardness results for inverse approxénuaiform generation.

Theorem 80. Letc > 0 and (G, T, V) be a(t, ¢)-RMA secure special MAC for some= 2" ande = 1/t
with a message spactt of size2®("). LetV,,;, denote the functioy, : (m, o) — V(m,sk,o). If Vy, € C
for everysy, then there exists > 0 such thaC is (¢, x, n)-hard for inverse approximate uniform generation
for t; = 2° andk = n=1- 2,

Proof. Towards a contradiction, let us assume that there is anitgdgo®;,,, for inverse approximate uni-
form generation of which runs in timet; and with probabilityl — » outputs a sampler whose statistical
distance is at most from the target distribution. (We will set, ~ andn later in the proof.) We will use
Ainy to contradict the security of the MAC. Let be a secret key chosen accordingt@™). Now, the ad-
versary receives message-tag p&irs,o1), ..., (mqy, o0 ) Wheremy, ..., my, are chosen independently
at random fromM. Because the MAC is special, for eactve have that; is a uniformly random valid tag
for the message;. Hence eaclim;, ;) is an independent and uniformly random satisfying assigrroe
Vsk-

We can thus rum;,, on the sampleém;,o1),..., (my,, oy, ) With its accuracy parameter settand
its confidence parameter setlte- . Takingk =n =1 — 2" we can choosé small enough compared
to ¢, and witht; = 27 we get that the total running time of;,,, is at most2™ /2. By the definition of
inverse approximate uniform generation, with probabiityeastl — n = 27" the algorithmA;,,, outputs
a sampler for a distributioty that isx = (1 — 2—"6)-close to the uniform distribution over the satisfying
assignments of,;. Now, observe that

. t
Pr(m"’)wuvsjclu) [m; #mforallie [t;]] > 1 M
Thus,
Pr..z[z = (m,o) andm; # mforall i € [t1]] > (1 — k) — "/t\/(—l‘

This means that with probabilityl —n) - ((1— k) — Jw—l'), the adversary can output a forgery. Itis clear

thatfor a suitable choice af relative toc, recalling thatc =n =1 — 2" the probability of outputting a
forgery is greater tha?~"", which contradicts the security of the MAC. O

Unlike signature schemes, which permitted intricate rédos (cf. Theoreri 80), in the case of MACs
we get a hardness result for complexity cl@senly if V. itself belongs taC. While special MACs are
known to existassuming the existence of one-way functidns [Gol@4é constructions are rather involved
and rely on constructions of pseudorandom functions (PRESAn intermediate step. As a result, the
verification algorithmV” also involves computing PRFs; this means that using theselatd constructions,
one can only get hardness results for a clafPRFs can be computed (h As a result, the class tends
to be fairly complex, making the corresponding hardnessltrés inverse approximate uniform generation
for C somewhat uninteresting.

One way to bypass this is to use construction of MACs whichatanvolve use of PRFs as an interme-
diate step. In recent years there has been significant m®aréehis aree [KPE11,[DKPW12]. While both
these papers describe several MACs which do not require RRE®ne most relevant for us is the MAC
construction of [KPC 11] based on the hardness of the “Learning Parity with Nojs®N) problem.

6.2.2 Some specific hardness assumptions, and a corresparglispecific hardness resultWe first
state a “decision” version of LPN. To do this, we need theofsihg notation:

e Let Ber, denote the following distribution oveé¥ F'(2) : If = <— Ber,, thenPr[z = 1] = 7.

a7



e Forz € GF(2)", we useA(x,T,-) to denote the distributiofr, z - r & e) over GF(2)" x GF(2)
wherer ~ GF(2)" ande ~ Ber,; andz - r = @;z;r; ( mod 2).

Assumption 2. Let 7 € (0,1/2) and letO, , be an oracle which, each time it is invoked, returns an
independent uniformly random sample froxw, 7, -). The LPN assumption states that for amly(n)-
time algorithmA,

|[[Procar@n A% = 1] = [ProcarppnA%2 =1]| < e

for somee which is negligible im.

LPN is a well-studied problem; despite intensive reseaffdrtethe fastest known algorithm for this
problem takes time©(*/lesn) [BKWO3]. For our applications, we will need a variant of theoae LPN
assumption. To define the assumption,A¢t, ¢, 7, -) denote the distribution oveérd, A - x & e) where A
is uniformly random inG F(2)**™ ande is uniformly random over the sét € GF(2)* : wt(z) < [7£]}.
The vectore is usually referred to as theoise vector.

Assumption 3. Let7 € (0,1/2), £ = ¢ - n for some0 < ¢ < 1/2 and letO, ,, be an oracle which
returns a uniformly random sample frof(z, ¢, 7, ). Then the(t, €) exact LPN assumptiostates that for
any algorithmA running in timet,

|Proccr) n [A9=tr = 1] — Pr,ccr(2) n [ACee1/2 = 1| <e

For the sake of brevity, we henceforth refer to this assuongiy saying “the exadtn, ¢, 7) LPN problem
is (¢, ¢)-hard”

The above conjecture seems to be very closely related tordssan[2, but it is not known whether
Assumptior 2 formally reduces to Assumpt[dn 3. Assumfidra8 previously been suggested in the cryp-
tographic literature [KSS10] in the context of getting jgetfcompleteness in LPN-based protocols. We note
that Arora and Ge [AG11] have investigated the complexityhig problem and gave an algorithm which
runs in timen®®. We believe that the proximity of Assumptibh 3 to the welldied Assumptiofl2, as well
as the failure to find algorithms for Assumptidn 3, make itaugible conjecture. For the rest of this section
we use Assumptioln] 3 with= 27" ande = 2" for some fixeds > 0.

We next define a seemingly stronger variant of Assumgtion Bhwvive call subset exact LPNThis
requires the following definitions: Far,v € GF(2)", ¢,d < nandr € (0,1/2), we define the distribution
A%(x,v,¢,T,-) as follows :

. A, 6,1/2,)) ifwt(v) <d
A (1‘, 1)7£7 T; ') — { A(w . U7£7 T, .) if wt('l)) 2 d

wherez - v € GF(2)" is defined by(x - v); = z; - v;. In other words, ifwt(v) > d, then the distribution
A%(x,v, ¢, T) projectsz into the non-zero coordinates ofand then outputs samples corresponding to exact
LPN for the projected vector. We define the ora@¥g, , . (-) which takes an input € G7(2)" and outputs

a random sample from“(x, v, ¢, ,-). The subset exact LPN assumption states the following:

Assumption 4. Letr € (0,1/2), { = ¢-nandd = ¢ - n for somed < ¢, < 1/2. The(t, €)-subset exact
LPN assumptiorsays that for any algorithnd running in timet,

‘PrmeGF [A b = 1} Procaren [Aoz’l’d’”z = 1” <e

For the sake of brevity, we henceforth refer to this assumnpy saying “the subset exagt, ¢, d, 7) LPN
problem is(t, ¢)-hard”
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Assumptiori % is very similar to treubset LPN assumptiarsed in[[KPC 11] and previously considered
in [Pie12]. The subset LPN assumption is the same as Assomiftbut with/ = 1 and thecoordinates
of the noise vectoe being drawn independently frofder... Pietrzak [Pie12] showed that the subset LPN
assumption is implied by the standard LPN assumption (Apsiomi2) with a minor change in the security
parameters. Along the same lines, the next lemma shows gwatmdptiori B implies Assumptidd 4 with a
minor change in parameters. The proof is identical to thefpod Theorem 1 in[[Pie12] and hence we do
not repeat it here.

Lemma 81. If the exact(n, ¢, 7) LPN problem i¢, ¢) hard, then for anyg € N, the subset exa¢t’, ¢, n +
g,7) LPN problem is(t’, ¢’) hard forn’ > n + g, ¢' = t/2 ande’ = € + 524,

Proof. The proof of this lemma follows verbatim from the proof of Dhem 1 in [PielR]. The key obser-
vation is that the reduction from subset LPN to LPN in Theotem [Piel2] is independent of the noise
distribution. O

From Lemmd8l, we get that Assumptidn 3 implies Assumgtioim4articular, we can set= n/5
andg = n/10, n’ > 11n/10. Then we get that if the exa¢t, ¢, 7) problem is(2"6, 2—"ﬁ) hard for some
S > 0, then the subset exapt’, 7, 11n/10, ) is also(2"6/,2—"6/) hard for some othes’ > 0. For the rest
of this section, we set the value 6findg as above and we assume that the subset éxaat, 11n/10, 7)
is (2”5,,2‘”5,) hard for somes’ > 0.

Now we are ready to define the following Message Authentca@ode (MAC)(G, S, V'), which we
refer to ad. PN-MAC:

e The key generation algorithid chooses a random matri € GF(2)*" and a string:’ € GF(2)*,
where\ = 2n.

e The tagging algorithm sampléd € GF(2)"** ande € GF(2)* wheree is a randomly chosen vector
in GF(2)* with at most[7/] ones. The algorithm outputs, R” - (X - m + 2') + e).

e The verification algorithm, given tagk, Z) for messagen, computeyy = Z + RT - (X - m + 2)
and accepts if and only if the total number of oneg is at most|7/].

Note that all arithmetic operations in the description & #bove MAC are done ove¥F'(2). The
following theorem shows that under suitable assumptioasbove MAC is special and secure as desired:

Theorem 82. Assuming that the exath, ¢, 7) problem is(¢, ¢) hard fort = 27" ande = 2 for 8 >0,

LPN-MAC described above is &', ¢')-RMA-secure special MAC faf = 27" and¢ = 2" for some
B > 0.

Proof. First, it is trivial to observe that the MAC described aboseaispecial MAC. Thus, we are only
left with the task of proving the security of this constrocti In [KPCF11] (Theorem 5), the authors show
that the above MAC is secure with the above parameters unsumptio R provided the vecterin the
description ofLPN-MAC is drawn from a distribution where every coordinateza$ an independent draw
from Ber,. (We note that the MAC of Theorem 5 in [KP@1] is described in a slightly different way, but
Dodiset al. [DKPW12] show that the above MAC and the MAC of Theorem 5 in (KFL1] are exactly the
same). Follow the same proof verbatim except whenéver [KEITuse the subset LPN assumption, we use
the subset exact LPN assumption (i.e. Assumgilon 4), werohtaroof of Theorerh 82. O
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6.2.3 A problem for which inverse approximate uniform geneation is hard but approximate uni-
form generation is easy.Given Theoreni 80, in order to come up with a problem wherergev@pproxi-
mate uniform generation is hard but approximate uniformegation is easy, it remains only to show that
the verification algorithm fot PN-MAC can be implemented in a class of functions for which apprakém
uniform generation is easy. Towards this, we have the faligwlefinition.

Definition 83. BILINEAR-MAJORITY, , - is a class of Boolean functions such that evéryBILINEAR-
MAJORITY (5, [ : GE(2)7* x GF(2)* x GF(2)" — {0,1} is parameterized by subsess, ..., S\ C
[n] andz® € GF(2)* and is defined as follows : On inp(R, Z,m) € GF(2)"* x GF(2)* x GF(2)",
define

A
Yi :Zi+ZRij’(Z my + )
j=1

ZGS]'

where all the additions and multiplications are (#/'(2). Thenf(R, Z, m) = 1 if and only if at most
[7¢] coordinatesyy, ..., y, arel.

Claim 84. For theLPN-MAC with parameterd, n, A andr described earlier, the verification algorithiri
can be implemented in the claBH.INEAR-MAJORITY ,, 5 -

Proof. Consider theLPN-MAC with parameterd, n, A andr and secret keyX andz’. Now define a
function f in BILINEAR-MAJORITY ,, » - Wherez? = 2’ and the subsef; = {i : X;; = 1}. Itis easy to
check that the correspondind R, Z,m) = 1 if and only if (R, Z) is a valid tag for message. O

The next and final claim says that there is an efficient appraté uniform generation algorithm for
BILINEAR-MAJORITY , » -

Claim 85. There is an algorithm which given anf €BILINEAR-MAJORITY,, » - (with parameters
Si,...,8\ C [n] andx® € GF(2)*) and an input parametef > 0, runs in timepoly (n, £, A, log(1/4))
and outputs a distribution which i&close to being uniform ofi—!(1).

Proof. The crucial observation is that for ai, m), the setdr ,,, = {z : f(R, Z,m) = 1} has cardinality
independent of? andm. This is because after we fik andm, if we defineb; = Zj-:l R;; - (Zzesj mye +

x?), theny; = Z; + b;. Thus, for every fixing ofR andm, sinceb; is fixed, the set of thos& such that the
number ofy;’s which arel is bounded byr¢ is independent ofz andm. This implies that the following
sampling algorithm returns a uniformly random elemenfof (1):

e Randomly samplé? andm. Computep; as defined earlier.

e Leta = [7/] and consider the halfspaggy) = sign(a — Zle y;). Now, we use Theorefn #1
to sample uniformly at random from~!(1) and hence draw a uniformly randognfrom the set

{ye{0,1} : 0 v < a}.

e We setZ; = y; + b;. Output(R, Z, m).

The guarantee on the running time of the procedure follomglsi by using the running time of Theorém|41.
Similarly, the statistical distance of the output from tméform distribution onf~*(1) is at most. O

50



7 Efficient inverse approximate uniform generation when appoximate uni-
form generation is infeasible

In Sectiori# we gave an efficient algorithm for the inverseragimate uniform generation problem for half-
spaces, and in Sectigh 5 we gave a quasi-polynomial timeitdgofor the inverse approximate uniform
generation problem for DNFs. Since both these algorithriisviothe standard approach, both crucially
use efficient algorithms for the corresponding uniform gatien problems[[KLM89, MS04]. In this con-
text, it is natural to ask the following questiols inverse approximate uniform generation easy only if the
corresponding approximate uniform generation problemasy®

In this section we show that the answer to this question i5 (oo at least two reasons). First, we point
out that a negative answer follows easily from the well-kndact that it is computationally hard to “detect
unique solutions.” In more detail, we recall the definitidrttee UNIQUE-SAT problem.UNIQUE-SAT is
a promise problem where given a CN¥-the task is to distinguish between the following two cases:

e & has no satisfying assignment; versus

e ¥ hasexactlyone satisfying assignment.

In a famous result, Valiant and Vazirahi [VV86] showed thidiwing.
Theorem 86. [VV86] There is a randomized polynomial time reduction flolF-SAT to UNIQUE-SAT.

Let C denote the class of atl-variable CNF formulas that have exactly one satisfyinggassent. As
an immediate corollary of Theorem [VVB6] we have the follogi

Corollary 87. There is a constant > 0 such that unlesSAT € BPTIME(¢(n)), there is no approximate
uniform generation algorithm fa€ which runs in timeBPTIME(¢(n¢)) even for variation distance= 1/2.

On the other hand, it is clear that there is a linear time &lyorfor the inverse approximate uniform
generation problem for the clags simply draw a single example and output the trivial distribution
supported on that one example.

The above simple argument shows that there indeed existesl@svhere inverse uniform generation
is “easy” but approximate uniform generation is “hard”, this example is somewhat unsatisfying, as the
algorithm for inverse approximate uniform generation igidf. It is natural to ask the following meta-
guestion: is there a class of functiofissuch that approximation uniform generation is hard, butiise
approximate generation is easy because of a polynomial-élgorithm that “uses its samples in a non-
trivial way?” In the rest of this section we give an examplesoth a problem.

Efficient inverse approximate uniform generation for graph automorphism. The following problem is
more naturally defined in terms of a relation over combinatabjects rather than in terms of a function
and its satisfying assignments. Let us defifydo be the set of all (simple undirected) graphs over vertex se
[n] andS,, to be the symmetric group ovéi]. We define the relatio,, (G, o) overgG, x S, as follows:
R.u.t(G, o) holds if and only ifo is an automorphism for the gragh (Recall that & is an automorphism
for graphG” means thatz, y) is an edge itz if and only if (o(z), o(y)) is also an edge i) The inverse
approximate uniform generation problem for the relati®g,; is then as follows: There is an unknown
n-vertex graphG. The algorithm receives uniformly random samples from #teAsit(G) := {0 € S,, :
R.ut(G, o) holds}. Oninpute, §, with probability 1 — § the algorithm must output a sampler whose output
distribution ise-close to the uniform distribution ovetut(G).

It is easy to see thatut(G) is a subgroup o8,,, and hence the identity permutatiej) must belong to
Aut(G). To understand the complexity of this problem we recall ttegh isomorphism problem:

51



Definition 88. GRAPH-ISOMORPHISM is defined as follows : The input is a pair of graphis, G2 € G,
and the goal is to determine whether they are isomorphic.

While it is known thatGRAPH-ISOMORPHISM is unlikely to be NP-completé [Sch88, BHZ87], even
after several decades of effort the fastest known algorfit"mGRAPH-ISOMORPHISM has a running
time of 2°(v") [Bab81]. This gives strong empirical evidence tt@RAPH-ISOMORPHISM is a compu-
tationally hard problem. The following claim establishbattapproximate uniform generation f&x,,; is
as hard aSRAPH-ISOMORPHISM:

Claim 89. If there is at(n)-time algorithm for approximate uniform generation for tiedation R, (with
error 1/2), thenfor some absolute constant> 0 there is apoly(t(n°))-time randomizedlgorithm for
GRAPH-ISOMORPHISM.

Proof. Let A be the hypothesizet{n)-time algorithm, sa4, run on input(G, 1/2) whereG is ann-node
graph, returns an element € Aut(G) drawn from a distributionD that hasdry (D, Uaue)) < 1/2.
Given such an algorithnd, it is easy inO(¢(n)) time to determine (with high constant probability of
correctness) whether or nptut(G)| > 1. Now the claim follows from the known fadt [Hof82] that there
is a polynomial-time reduction frol@RAPH-ISOMORPHISM to the problem of determining whether an
input graph hasAut(G)| > 1. O

While approximate uniform generation f&,,; is hard, the next theorem shows that ithesrseapprox-
imate uniform generation problem fét,,; is in fact easy:

Theorem 90. There is a randomized algorithm?"* with the following property: The algorithm takes as
inpute, & > 0. Given access to uniform random samples frant(G) (whereG is an unknowm-node
graph), A% runs in timepoly(n, log(1/¢€),log(1/4)) and with probabilityl — & outputs a sample€,;
with the following property : The running time 6f,,,; is O(nlogn + log(1/¢)) and the output distribution
of Cyyt IS e-close to the uniform distribution ovetut(G).

Proof. The central tool in the proof is the following theorem of Aland Roichman [AR94]:

Theorem 91. [AR94] Let H be any group and lehq, ..., h; be chosen uniformly at random frof.
Consider the se§ = UF_, {h;,h;'}. Then, fork = O(log |H| + log(1/6)), with probability at leastl — §
the Cayley grapli{H, S) has its second largest eigenvalue at mo4.

We now describe our algorithm?“*. On inpute, § it drawsk = O(nlogn + log(1/§)) permutations
g1s- .., gx from Aut(G). It computesg;,..., g, " and setsS = UE_ {g;,9;'}. The sampleiCyy is
defined as follows: It uses its input random bits to performralom walk on the Cayley gragAut(G), S),
starting ate,,, for 7' = O(nlogn + log(1/¢)) steps; it outputs the element Bf which it reaches at the end
of the walk. (Note that in order to perform this random walisihot necessary to haveut(G) explicitly —
it suffices to explicitly have the sét.)

The analysis is simple: we first observe that every gi@pias an automorphism group of sizent(G)| <
n!. Theoren 9l then guarantees that with probability at I¢ast) the Cayley grapl{Aut(G), S) has its
second eigenvalue bounded by2. Assuming that the second eigenvalue is indeed at myststandard
results in the theory of random walks on graphs imply thatis&ibution of the location reached at the end
of the walk has variation distance at mestom the uniform distribution oveAut(G). This concludes the
proof. O
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8 Conclusion and future work

We have considered inverse problems in approximate unifmmneration for a range of interesting and well-
studied classes of functions including LTFs, DNFs, CNF§mmmmial threshold functions, and more. While
our findings have determined the computational compleXiiyw@rse approximate uniform generation for
these classes, several interesting questions and diteaionain to be pursued. We outline some of these
directions below.

One natural goal is to extend our results (both positive aughtive) to a wider range of function classes;
we list several specific classes that seem particularlyhyat investigation. The first of these is the class of
intersections of two monotone LTFs. We note that Morris amtI&ir [MS04] gave efficient approximate
uniform generation / counting algorithms for intersectia@f two monotone LTFs, but on the other hand,
no distribution independent PAC 8K) learning algorithm is known for this class (although quebifn)-
time algorithms are known if both LTFs have integer weightat tare at mospoly(n) [KOS04]). The
second class is that of pdly)-size decision trees. Our DNF result gives a quasipoly)-time inverse
approximate uniform generation algorithm for this clags) this be improved tpoly(n, 1/¢)? We note that
in order to obtain such a result one would presumably havggads the “standard approach,” since decision
trees are not known to be PAC learnable faster than quasipalytime under the uniform distribution on
{-1,1}". (We further note that while [FOSD8] gives a reduction frearhing the uniform distribution over
satisfying assignments of a decision tree to the problemAGf Rarning decision trees under the uniform
distribution, this reduction relies crucially on the as@fion — implicit in the [FOS0B] framework —
that the probability mass function of the hypothesis distibn can be efficiently evaluated on any input
x € {—1,1}". In our framework this assumption need not hold so [the [F()&aRiction does not apply.)
Still other natural classes to investigate are contextléneguages (for which quasi-polynomial time uniform
generation algorithms are known [GIRB7]) and various classes of branching programs. It may aésof b
interest to consider similar problems when the underlyirgasure is (say) Gaussian or log-concave.

Another interesting direction to pursue is to study invegproximate uniform generation for combina-
torial problems like matching and coloring as opposed tdleelean function satisfying assignment’—type
problems that have been the main focus of this paper. We hat@teliminary arguments suggest that there
is a simple efficient algorithm for inverse approximate amf generation of perfect matchings in bipartite
graphs. Similarly, preliminary arguments suggest thatterrange of parameters for which the “forward”
approximate uniform generation problem for colorings iswn to be easy (hamely, the numigeof allow-
able colors satisfieg > 11A /6 whereA is the degree [Vig99]), the inverse approximate uniformegation
problem also admits an efficient algorithm. These prelimyjirrasults give rise to the question of whether
there are similacombinatorialproblems for which the complexity of the “forward” approxate uniform
generation problem is not known and yet we can determinedhmplexity of inverse approximate uniform
generation (like the group theoretic setting of Sedfion 7).

Finally, for many combinatorial problems, the approximatéform generation algorithm is to run a
Markov chain on the state space. In the regimes where theramjeneration problem is hard, the Markov
chain does not mix rapidly which is in turn equivalent to théstence of sparse cuts in the state space.
However, an intriguing possibility arises here: If one cow that the state space can be partitioned into
a small number of components such that each component hgmrsesuts, then given access to a small
number of random samples from the state space (with at leasswwch example belonging to each compo-
nent), one may be able to easily perform approximate unifgemeration. Since the inverse approximate
uniform generation algorithms that we consider have acessndom samples, this opens the possibility
of efficient approximate uniform generation algorithms uicls cases. To conclude, we give an example of
a natural combinatorial problem (from statistical physibere it seems that this is essentially the situa-
tion (although we do not have a formal proof). This is the 2sihd model, for which the natural Glauber
dynamics is known to have exponential mixing time beyondctiitecal temperature [Mar98]. On the other
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hand, it was recently shown that even beyond the criticapegature, if one fixes the boundary to have the
same spin (all positive or all negative) then the mixing ticoenes down from exponential to quasipolyno-
mial [LMST]. While we do not know of a formal reduction, thecfahat fixing the boundary to the same
spin brings down the mixing time of the Glauber dynamics feponential to quasipolynomial is “morally
equivalent” to the existence of only a single sparse cutérstate space of the graph [Sin12]. Finding other
such natural examples is an intriguing goal.
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