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A TROPICAL APPROACH TO THE STRONGLY POSITIVE HODGE CONJECTURE

FARHAD BABAEE AND JUNE HUH

1. INTRODUCTION

The main goal of this article is to construct an example that does not satisfy a stronger version
of the Hodge conjecture introduced in [Dem82]. To state our main results, we first recall some
basic definitions, following [Dem) Chapter IJ.

Let X be a complex manifold of dimension n. If k is a nonnegative integer, we denote by
DF(X) the space of smooth complex differential forms of degree k with compact support, en-
dowed with the inductive limit topology. The space of currents of dimension  is the topological
dual space D} (X), that is, the space of all continuous linear functionals on D*(X):

D, (X) = DF(X).

The pairing between a current T and a differential form ¢ will be denoted (T, ). A k-dimensional
current T is a weak limit of a sequence of k-dimensional currents T; if

lim (T;, ) = (T, ¢) forall p € D*(X).

00
There are corresponding decompositions according to the bidegree and bidimension
DHX) = P DM(X), DL(X)= P D 4(X).
pta=k pq=k
Most operations on smooth differential forms extend by duality to currents. For instance, the
exterior derivative of a k-dimensional current 7 is the (k — 1)-dimensional current dJ defined
by
(dT,¢) = (-1 (T, dp), ¢ € DHX).

The current T is closed if its exterior derivative vanishes, and 7 is real if it is invariant under the
complex conjugation. When T is closed, it defines a cohomology class of X, denoted {T7}.

The space of smooth differential forms of bidegree (p, p) contains the cone of positive differ-
ential forms. By definition, a smooth differential (p, p)-form ¢ is positive if

¢(x)|s is a nonnegative volume form for all p-planes S C T, X and z € X.
Dually, a current T of bidimension (p, p) is strongly positive if

(T,¢) > 0 for every positive differential (p, p)-form ¢ on X.

This research was conducted during the period June Huh served as a Clay Research Fellow.
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Integrating along complex analytic subsets of X provides an important class of strongly positive
currents on X. If Z is a p-dimensional complex analytic subset of X, then the integration current
[Z] is the (p, p)-dimensional current defined by integrating over the smooth locus

<[Z],s0>=/z @, @€ DPP(X).

Suppose from now on that X is an n-dimensional smooth projective algebraic variety over
the complex numbers, and let p and ¢ be nonnegative integers with p + ¢ = n. Let us consider
the following statements:

(HC) The Hodge conjecture
The Hodge conjecture holds for X in codimension ¢, that is, the intersection
H2(X,Q) N H™(X)

consists of classes of p-dimensional algebraic cycles with rational coefficients.

(HC') The Hodge conjecture for currents
& ]
If Tis a (p, p)-dimensional real closed current on X with cohomology class

{7} e Ry (H*(X,Z)/tors N HYY(X)),
then 7 is a weak limit of the form

T=lim T, T = ZAij[Zij],
J

where )\;; are real numbers and Z;; are p-dimensional subvarieties of X.

(HC™) The Hodge conjecture for strongly positive currents
If Tis a (p, p)-dimensional strongly positive closed current on X with cohomology class

{7} e Ry (H*(X,Z)/tors N HY(X)),
then 7 is a weak limit of the form

T = 711{2() Th Ti = Z ATJ [Zij]a
J

where )\;; are positive real numbers and Z;; are p-dimensional subvarieties of X.

Demailly proved in [Dem82, Théoreme 1.10] that, for any smooth projective variety and ¢ as
above,

HC*Y — HC.
Furthermore, he showed that HC™ holds for any smooth projective variety when ¢ = 1, see
[Dem82] Théoreme 1.9] and the proof given in [Dem12, Chapter 13]. In [Dem12, Theorem 13.40],
Demailly showed that, in fact, for any smooth projective variety and ¢,

HC <« HC/,
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and asked whether HC' implies HC* [Dem12, Remark 13.43]. In Theorem we show that
HCT™ is not true in general:

Theorem 1.1. There is a 4-dimensional smooth projective toric variety X and a (2, 2)-dimensional
strongly positive closed current T on X with the following properties:

(1) The cohomology class of T satisfies
{TY € H*(X,Z)/tors N H*?*(X).
(2) The current 7 is not a weak limit of the form

lim T;,  Ti =Y Aijl[ 2],

1—00
J

where );; are nonnegative real numbers and Z;; are algebraic surfaces in X.

The above current T generates an extremal ray of the cone of strongly positive closed currents
on X: If T = T, + 75 is any decomposition of T into strongly positive closed currents, then
both 77 and T3 are nonnegative multiples of 7. This extremality relates to HC™T by the following
application of Milman's converse to the Krein-Milman theorem, see Proposition[5.9and [Dem82,
Proof of Proposition 5.2].

Proposition 1.2. Let X be an algebraic variety and let 7 be a (p, p)-dimensional current on X of
the form
T=lim T, T=Y \jlZl,

11— 00
J

where );; are nonnegative real numbers and Z;; are p-dimensional irreducible subvarieties of
X. If T generates an extremal ray of the cone of strongly positive closed currents on X, then
there are nonnegative real numbers A; and p-dimensional irreducible subvarieties Z; C X such
that
T = lim \[Z;].
11— 00

Therefore, if we assume that HC™ holds for a smooth projective variety X, then every ex-
tremal strongly positive closed current with rational cohomology class can be approximated by
positive multiples of integration currents along irreducible subvarieties of X. Lelong in [Lel73]|
proved that the integration currents along irreducible analytic subsets are extremal, and asked
whether those are the only extremal currents. Demailly in [Dem82] found the first extremal
strongly positive closed current on CP? with a support of real dimension 3, which, therefore,
cannot be an integration current along any analytic set. Later on, Bedford noticed that many
extremal currents occur in dynamical systems on several complex variables have fractal sets as
their support, and extremal currents of this type were later generated in several works such
as [Sib99, [Gue05, IDS13]. These extremal currents, though, were readily known to be a weak
limit of integration currents by the methods of their construction. The first tropical approach to
extremal currents was established in the PhD thesis of the first author [Babl4]. He introduced
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the notion of tropical currents and deduced certain sufficient local conditions which implied
extremality.

In Section [2, we provide a detailed construction of tropical currents. A tropical current is a
certain closed current of bidimension (p, p) on the algebraic torus (C*)™, which is associated to
a tropical variety of dimension p in R™. A tropical variety is a weighted rational polyhedral
complex € which is balanced, see Definition 2.8 The tropical current associated to €, denoted by
Te, has support

|Te| = Log™(€),
where Log is the map defined by
Log: (C)* — R™,  (21,...,2n) — (—log|z1], ..., —log|zn]).

To construct Te from a weighted complex €, for each p-dimensional cell o in € we consider a
current T, the average of the integration currents along fibers of a natural fiberation over the
real torus Log ™' (o) — (S')"P. The current T¢ is then defined by setting

T@ = ZW@(O’)TU,

where the sum is over all p-dimensional cells in € and we (o) is the corresponding weight. In
Theorem 2.9] we give the following criterion for the closedness of the resulting current Te, cf.
[Bab14) Theorem 3.1.8].

Theorem 1.3. A weighted complex € is balanced if and only if the current T¢ is closed.

In Section [3) we prove the above criterion for closedness of T¢, as well as the following cri-
terion for strong extremality of Te. A closed current T with measure coefficients is said to be
strongly extremal if any closed current T’ with measure coefficients which has the same dimen-
sion and support as T is a constant multiple of 7. (Note that if T is strongly positive and strongly
extremal, then T generates an extremal ray in the cone of strongly positive closed currents.) Sim-
ilarly, a balanced weighted complex C is said to be strongly extremal if any balanced weighted
complex € which has the same dimension and support as € is a constant multiple of C. In
Theorem we prove the following improvement of extremality results in [Bab14].

Theorem 1.4. A non-degenerate tropical variety C is strongly extremal if and only if the tropical
current J¢ is strongly extremal.

Here a tropical variety in R™ is said to be non-degenerate if its support is contained in no proper
subspace of R”. We note that there is an abundance of strongly extremal tropical varieties.
For example, the Bergman fan of any simple matroid is a strongly extremal tropical variety
[Huh14, Theorem 38]. There are 376467 nonisomorphic simple matroids on 9 elements [MROS§]],
producing that many strongly extremal strongly positive closed currents on (C*)®. By Theorem
below, all of them have distinct cohomology classes in one fixed toric compactification of
(C*)8, the one associated to the permutohedron [Huh14]. In fact, Demailly’s first example of
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non-analytic extremal strongly positive current in [Dem82] is a tropical current associated to the
simplest nontrivial matroid, namely the rank 2 simple matroid on 3 elements.

In Section@ we consider the trivial extension Te of the tropical current T¢ to an n-dimensional
smooth projective toric variety X whose fan is compatible with C, see Definition[#.5 According
to Fulton and Sturmfels [FS97], cohomology classes of a complete toric variety bijectively cor-
respond to balanced weighted fans compatible with the fan of the toric variety. In Theorem 4.7,
we give a complete description of the cohomology class of Te in X:

Theorem 1.5. If € is a p-dimensional tropical variety compatible with the fan of X, then
{Te} = rec(€) € H(X),

where rec(€) is the recession of C (recalled in Section [.2). In particular, if all polyhedrons in €
are cones in X, then

{Te} =Ce HY(X).

The current 7 in Theoremis a current of the form T¢, and Theorem plays an important
role in justifying the claimed properties of 7.

In Section 5| we complete the proof of Theorem [I.1]by analyzing a certain Laplacian matrix
associated to a 2-dimensional tropical variety C. According to Theorem if € is compatible
with the fan of an n-dimensional smooth projective toric variety X, we may view the cohomol-
ogy class of T¢ as a geometric graph G = G(C) C R™ \ {0} with edge weights w;; satisfying the
balancing condition: At each of its vertex u; there is a real number d; such that

diu; = Z Wiy,
U U
where the sum is over all neighbors of u; in G. We define the tropical Laplacian of € to be the real
symmetric matrix Lg with entries

di if U; = Uj,
(Lg)ij = —Wij if Uq ~ Uy,
0 if otherwise,

where the diagonal entries d; are the real numbers satisfying

diui = E wijuj.

Uj~Uj

When G is the graph of a polytope with weights given by the Hessian of the volume of the dual
polytope, the matrix Lg was considered before in various contexts related to rigidity and poly-
hedral combinatorics [Con82, [Fil92, [Lov01, Izm10]. In this case, L¢ is known to have exactly
one negative eigenvalue, by the Alexandrov-Fenchel inequality. See, for example, [Fil92, Propo-
sition 4] and [Izm10, Theorem A.10]. In Proposition using the Hodge index theorem and
the continuity of the cohomology class assignment, we show that L has at most one negative
eigenvalue if T is a weak limit of integration currents along irreducible surfaces in X.
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The remainder of the paper is devoted to the construction of a strongly extremal tropical sur-
face € whose tropical Laplacian has more than one negative eigenvalue. For this we introduce
two operations on weighted fans, /' — Fj; (Section and F' — F; (Section , and re-
peatedly apply them to a geometric realization of the complete bipartite graph K44 C R* to
arrive at € with the desired properties. By the above Theorems and [I.5 the resulting
tropical current T¢ is strongly extremal strongly positive closed current which is not a weak
limit of positive linear combinations of integration currents along subvarieties.

2. CONSTRUCTION OF TROPICAL CURRENTS

2.1. Let C* be the group of nonzero complex numbers. The logarithm map is the homomor-
phism
—log:C* — R, z — —log |z,
and the argument map is the homomorphism
arg : C* — S, z— z/|z].
The argument map splits the exact sequence

—1
0 51 cr 5 R 0,

giving polar coordinates to nonzero complex numbers. Under the chosen sign convention, the
inverse image of R, under the logarithm map is the punctured unit disk

D*:={zeC"||2| <1}

Let N be a finitely generated free abelian group. There are Lie group homomorphisms

Tn
_1og@V ﬁ@zl
Ng Sn,

called the logarithm map and the argument map for N respectively, where

Tn := the complex algebraic torus C* ®z N,
Sy := the compact real torus S '@z N,
Ngr = thereal vector space R ®z N.

When N is the group Z" of integral points in R”, we denote the two maps by

(c)"
Log Arg

R" (S1ym.
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2.2. A linear subspace of R" is rational if it is generated by a subset of Z". Corresponding
to a p-dimensional rational subspace H C R", there is a commutative diagram of split exact

sequences

0 0 0

0 —— Sgnzn Chk Sznj(nzry —= 0

£ jArg
0—— THﬂZ” ((C*)n TZ"’/(HHZ”) —0
\LLog

0 H R” R"/H 0,

0 0 0

where the vertical surjections are the logarithm maps for H N Z", Z", and their quotient. We
define a Lie group homomorphism 77 as the composition

Arg

TH : LOgil(H) (Sl)n SZn/(HmZn) .

The map 7y is a submersion, equivariant with respect to the action of (S*)". Its kernel is the
closed subgroup

ker(wH) = THHZ" g (C*)n

Each fiber of 7 is a translation of the kernel by the action of (S!)", and in particular, each fiber
75" (z) is a p-dimensional closed complex submanifold of (C*)™.

Definition 2.1. Let ;1 be a complex Borel measure on Sz /(gnz»). We define a (p, p)-dimensional
closed current Ty (1) on (C*)™ by

Tu(w = [ [ ()] du(e).
x€Szn /(HAZN)
When 1 is the Haar measure on Sz /(znz») normalized by

/ dplz) = 1,
TE€Syn /(HAZN)

we omit y from the notation and write
‘TH = ‘TH ( /L).
In other words, T (1) is obtained from the 0-dimensional current du by

Tu(p) = o (75 (dp)),
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where ¢ is the closed embedding and 7y is the oriented submersion in the diagram

H

Log™'(H) — (C*)"
mi
Sznj(HAZN)-

Each fiber of 7y is invariant under the action of Tynz», and hence the current Ty (1) remains
invariant under the action of Tgnzn:

TH(/J,) =1, ((.TH(/.L)) =t* ({IH(/J,)), t € Tynzn.

The current Ty (1) is strongly positive if and only if 4 is a positive measure.

2.3. Let A be a p-dimensional affine subspace of R™ parallel to the linear subspace H. For
a € A, there is a commutative diagram of corresponding translations

Log™!(4) —“> Log™"(H)

Logi i Log

A——" . @

We define a submersion 74 as the composition
TA LOgil(A) e4> LOgil(H) l> SZn/(HmZn).

The map 74 does not depend on the choice of a, and each fiber of 74 is a p-dimensional closed
complex submanifold of (C*)™ invariant under the action of Trnzn.

Definition 2.2. Let ;1 be a complex Borel measure on Sz /r~z». We define a (p, p)-dimensional
closed current T4(p) on (C*)™ by

Tat) = [ (3 (@) du(a).
x€Szn /(HNZ™)
When 4 is the normalized Haar measure on Sz /(grnzn), We write

‘IA = ‘IA(ILL).

The current T4 (1) is strongly positive if and only if 41 is a positive measure, and the construc-
tion is equivariant with respect to the action of R” by translations:

Tacs() = () (Talw)).  bER™.

Note that T4 (1) has measure coefficients: For each relatively compact open subset U C (C*)™,
the restriction of T4 (ut)|y can be written in a unique way

Ta(p)lo = Z prg dzr Ndzy,
|=|J]=n—p
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where 21, ..., 2, are coordinate functions and j;; are complex Borel measures on U. This ex-
pression can be used to define the current 15T 4 (1), where 15 is the characteristic function of a
Borel subset B C (C*)™. We cover the torus by relatively compact open subsets U C (C*)", and
set

1Ta(w)|u = Z wrrlp dzr ANdzy.
T=|TT=n—p

2.4. A rational polyhedron in R™ is an intersection of finitely many half-spaces of the form
(uym) >¢, me (2", ceR.

Let o be a p-dimensional rational polyhedron in R™. We define

aff(c) := the affine span of o,
c° = theinterior of ¢ in aff(o),
H, := thelinear subspace parallel to aff(c).

The normal lattice of o is the quotient group
N(o) :=Z"/(H, N Z").
The normal lattice defines the (n — p)-dimensional vector spaces
N(o)r :=R®z N(0), N(o)c := C®gz N(o).
Definition 2.3. Let i be a complex Borel measure on Sy ().
(1) We define a submersion 7, as the restriction of m,¢(,) to Log{1 (c°):
Ty : Log ' (0°) — SN(o)-
(2) We define a (p, p)-dimensional current T, (u) on (C*)"™ by
To (1) = Ligg—1(0) Tati(o) (1)-
When 1 is the normalized Haar measure on Sy (), we write

Ty = To ().

Each fiber 7, ! () is a p-dimensional complex manifold, being an open subset of the p-dimensional

closed complex submanifold ﬂa_ffl(o) (z) C (C*)™. The closure 7, ' () is a manifold with piecewise
smooth boundary, and

T = [ e @)duta)
ZESN (o)

In other words, T, (1) is the trivial extension to (C*)™ of the pullback of the 0-dimensional cur-
rent dy along the oriented submersion 7,. We compute the boundary of 7, (x) in Proposition
2.5 below.

The construction is equivariant with respect to the action of R" by translations:

Toop(p) = (€7)" (To(p)),  beER™
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The current T, (1) is strongly positive if and only if the measure y is positive, and its support
satisfies
[ To ()] € [To] =Log™'(0) C (C)".

2.5. A polyhedral complex in R"™ is locally finite if any compact subset of R™ intersects only
finitely many cells.

Proposition 2.4. If a p-dimensional rational polyhedron ¢ is a union of p-dimensional rational
polyhedrons o; in a locally finite polyhedral complex, then

Tolw) = 3 Tou(1).

The sum is well-defined because the subdivision of ¢ is locally finite.

Proof. Since o and o; have the same affine span,

ﬂ-f;l(x) = U ﬂ-;il(x)v YIS SN(O')a

%

and hence

[ﬂ';l(a?)] = Z [7‘(';7,1(.23)], T € SN(o)-
Integrating both sides over z, we have

To(p) =D Tou(1):
The change of the sum and the integral is justified by the local finiteness of the subdivision. [
The boundary of T, (1) has measure coefficients, and can be understood geometrically from
the restrictions of the logarithm map for Z" to fibers of mag(5):
los 7Ta_ff1(a) (z) — aff(0), T € SN(o)-
Each [, is a translation of the logarithm map for H, NZ", and hence is a submersion. We have

m; (@) = 15 1(0°).

Since I, is a submersion, the closure of the inverse image is the inverse image of the closure.
In particular, the closure of [, ,(0°) in the ambient torus is I}, (). The closure has the piecewise

o(i75@) =U 73,

where the union is over all codimension 1 faces 7 of o. The smooth locus of the boundary is the

IT i),

where each component [} (7°) is equipped with the orientation induced from the canonical

smooth boundary

disjoint union

orientation of the complex manifold I} (c°).
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Proposition 2.5. For any complex Borel measure 1 on Sy (),

ATe(p) ==Y ( / ) [la;h)]du(sc)),
ZESN (o)

TCOo

where the sum is over all codimension 1 faces 7 of o.

It follows that the support of d7,, () satisfies

[T, ()| € 1dTe| = | Log™(r) € (C*)".
TCo
Proof. Subdividing o if necessary, we may assume that o is a manifold with corners. By Stokes’
theorem,
op(@)] = =2 [laz)], 7€ 8w
TCo

Since 7, ! (z) = I;1(c°), we have

d%(u)=/ ) d[ms ()] dpu(z) = =) </ . [l;,i(f)]du(w))
ESN (o) TESN (o)

TCo

O

We consider the important special case when o is a p-dimensional unimodular cone in R™, that
is, a cone generated by part of a lattice basis u1, . . .,u, of Z". Let  be an element of (S')", and
consider the closed embedding given by the monomial map

(CP — (CH™, 2+ - 2wl
where [uy, ..., u,] is the matrix with column vectors uy, ..., u,. If x is the image of # in Sy
and 7 is the cone generated by us, . .., u,, then the map restricts to diffeomorphisms

C* x (CHP ! ~ W;fl(a) (z),
D* x (D*)P~!

o

1

(°),

l—l
l*l

)
°)

w,
X
E
I
R

o,T (T

2.6. A p-dimensional weighted complex in R™ is a locally finite polyhedral complex € such that

(1) each inclusion-maximal cell ¢ in € is rational,
(2) each inclusion-maximal cell ¢ in € is p-dimensional, and
(3) each inclusion-maximal cell ¢ in € is assigned a complex number we ().

The weighted complex C is said to be positive if, for all p-dimensional cells ¢ in C,
We (O’ ) > 0.

The support |C| of € is the union of all p-dimensional cells of € with nonzero weight.
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Definition 2.6. A p-dimensional weighted complex €’ is a refinement of C if |¢’| = |C| and each
p-dimensional cell o’ € €’ with nonzero weight is contained in some p-dimensional cell o € €
with

We/(O'/) = We(O’).
If p-dimensional weighted complexes C; and C; have a common refinement, we write

Cy ~ Ca.

This defines an equivalence relation on the set of p-dimensional weighted complexes in R".

Note that any two p-dimensional weighted complexes in R™ can be added after suitable re-
finements of each. This gives the set of equivalence classes of p-dimensional weighted com-
plexes in R™ the structure of a complex vector space.

Definition 2.7. We define a (p, p)-dimensional current Te on (C*)” by
T@ = ZW@(O’) To,
where the sum is over all p-dimensional cells in C.

For an explicit construction of Te involving coordinates, see [Bab14]. If € — b is the weighted
complex obtained by translating C by b € R"”, then

Te_p = (eib)* (‘I@)

The current T is strongly positive if and only if the weighted complex € is positive. The support
of T¢ is the closed subset

|Te| = Log™'[€] € (C)".

Proposition [2.4] implies that equivalent weighted complexes define the same current, and
hence there is a map from the set of equivalence classes of weighted complexes

@ : {@} — ‘.T(g.
For p-dimensional weighted complexes C;, C2 and complex numbers ¢y, c3, we have
701{81}+02{@2} = ClT{el} + 027{62}'
It is clear that the kernel of the linear map ¢ is trivial, and hence

Ci ~ €y ifandonlyif Te, = Te,.
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2.7. Let 7 be a codimension 1 face of a p-dimensional rational polyhedron ¢. The difference of
o and 7 generates a p-dimensional rational polyhedral cone containing H,, defining a ray in the
normal space

cone(c —7)/H; C H,/H; CR"/H, = N(7)g.

We write u,, /, for the primitive generator of this ray in the lattice N(7). For any b € R",
Ug—b/7—b = Ug /7"
Definition 2.8. A p-dimensional weighted complex € satisfies the balancing condition at T if

Z WQ(U)UU/T =0

ooT
in the complex vector space N (7)c, where the sum is over all p-dimensional cells ¢ in € contain-
ing 7 as a face. A weighted complex is balanced if it satisfies the balancing condition at each of
its codimension 1 cells.

A tropical variety is a positive and balanced weighted complex with finitely many cells, and a
tropical current is the current associated to a tropical variety. Our first main result is the following
criterion for the closedness of T¢, cf. [Bab14), Theorem 3.1.8].

Theorem 2.9. A weighted complex € is balanced if and only if T¢ is closed.

Theorem 2.9|follows from an explicit formula for the boundary of T¢ in Theorem
dTe = — Z.AT ( Z We(O’)ua/T).
T TCo
Here the first sum is over all codimension 1 cells 7 in €, the second sum is over all p-dimensional
cells ¢ in € containing 7, and A is an injective linear map constructed in Section [3.2| using the
averaging operator of the compact Lie group Sy (7).

2.8. Some properties of the current T can be read off from the polyhedral geometry of |C|. We
show that this is the case for the property of Te being strongly extremal.

Definition 2.10. A closed current T with measure coefficients is strongly extremal if for any closed
current T’ with measure coefficients which has the same dimension and support as T there is a
complex number ¢ such that 7/ = ¢ - 7.

If T is strongly positive and strongly extremal, then T generates an extremal ray in the cone of
strongly positive closed currents: If T = T + T3 is any decomposition of T into strongly positive
closed currents, then both 7; and T are nonnegative multiples of T. Indeed, we have

[T = [T+ T1| = [T+ T2,
and hence there are constants ¢; and ¢, satisfying

T+T1=0¢-7, T+Ty=0c-T, c1,co > 1.
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Definition 2.11. A balanced weighted complex C is strongly extremal if for any balanced weighted
complex € which has the same dimension and support as € there is a complex number ¢ such
that ¢’ ~ ¢- C.

A weighted complex in R" is said to be non-degenerate if its support is contained in no proper
affine subspace of R". Our second main result provides a new class of strongly extremal closed
currents on (C*)™.

Theorem 2.12. A non-degenerate balanced weighted complex C is strongly extremal if and only
if Te is strongly extremal.

This follows from Fourier analysis for tropical currents developed in the next section. A 0-
dimensional weighted complex in R! shows that the assumption of non-degeneracy is necessary
in Theorem

Remark 2.13. We note that there is an abundance of strongly extremal tropical varieties. For
example, the Bergman fan of any simple matroid is a strongly extremal tropical variety; see
[Huh14, Chapter III] for the Bergman fan and the extremality. Let Ty, be the tropical current
associated to the Bergman fan of a simple matroid M on the ground set {0,1,...,n}. If M is
representable over C, then there are closed subvarieties Z; C (C*)™ of the ambient torus and
positive real numbers ); such that
Ty = lim N\ [Z;].
1— 00

It would be interesting to know whether T, can be approximated as above when M is not
representable over C. See [Huh14| Section 4.3] for a related discussion.

We end this section with a useful sufficient condition for the strong extremality of C.
Definition 2.14. Let C be a p-dimensional weighted complex in R™.
(1) Cis locally extremal if, for every codimension 1 cell 7 in €, every proper subset of
{uy/, | 0 is a p-dimensional cell in € containing 7 with nonzero we(o) }

is linearly independent in the normal space N (7)g.

(2) Cis connected in codimension 1 if, for every pair of p-dimensional cells ¢/, o in € with nonzero
weights, there are codimension 1 cells 71,...,7; and p-dimensional cells ¢, 01, ...,0;in €
with nonzero weights such that

0 =00DT Co1 DT CoyD---D1Co=0".
The following sufficient condition for the strong extremality of C was used as a definition of
strong extremality of € in [Bab14].

Proposition 2.15. If a balanced weighted complex € is locally extremal and connected in codi-
mension 1, then it is strongly extremal.
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Proof. Let €' be a p-dimensional balanced weighted complex with |€| = |€’|. We show that there
is a complex number ¢ such that ¢’ ~ ¢ - €. Note that any refinement of C is balanced, locally
extremal, and connected in codimension 1. By replacing € and €’ with their refinements, we may
assume that the set of p-dimensional cells in € with nonzero weights is the set of p-dimensional
cells in ¢’ with nonzero weights.

We may suppose that C is not equivalent to 0. Choose a p-dimensional cell ¢’ in € with
nonzero weight, and let ¢ be the complex number satisfying

wer (o) =c-we(d').
We show that, for any other p-dimensional cell ¢” in € with nonzero weight,
wer(a”) =c-we(a”).

Since € is connected in codimension 1, there are codimension 1 cells 74, . . . , 7; and p-dimensional

cells og, 01, . .., 07 in € with nonzero weights such that
0 =001 C0o1 DT Coy DD Co=0".

By induction on the minimal distance [ between ¢’ and ¢” in €, we are reduced to the case when
[ =1, that is, when ¢’ and ¢” have a common codimension 1 face . The balancing conditions
for € and € at 7 give

3 (w@/(a) —c- we(0)>u,, =0,

ooT
where the sum is over all p-dimensional cells ¢ in € with nonzero weight that contain 7. Since €
is locally extremal, every proper subset of the vectors u, . is linearly independent, and hence

we(0') —c-we(o') =0 implies we(0”) — c-we(a”) =0.

3. FOURIER ANALYSIS FOR TROPICAL CURRENTS

We develop necessary Fourier analysis on tori for proofs of Theorems[2.9|and

3.1. Let N bea finitely generated free abelian group, and let M be the dual group Homy(N, Z).
The one-parameter subgroup corresponding to u € N is the homomorphism
A4St — Sy, Z— 2z Q@ U.
The character corresponding to m € M is the homomorphism
X™: Sy — S, 2@ u — 2™

where (u, m) denotes the dual pairing between elements of N and M.
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We orient the unit circle S* as the boundary of the complex manifold D*, the punctured unit
disc in C*. This makes each one-parameter subgroup of Sy a 1-dimensional current on Sx: The
pairing between A" and a smooth 1-form w is given by

(= [ (.

We write df for the invariant 1-form on S! with [, df = 1 corresponding to the chosen orien-
tation, and y; for the normalized Haar measure on S*. For m € M, we define a smooth 1-form
w(m) on Sy by

Then we have

<)\“7w(m)> = / (A" (xX™)* db = (u,m).

S1
Taking linear combinations of 1-dimensional currents and smooth 1-forms, the above gives the
dual pairing between N¢ and the dual Lie algebra of Sy. In particular, for u;,us € N and any

invariant 1-form w, we have
<)‘U1+U2vw> = </\UI7w> + <)‘u2aw>'
Note however that, in general, \“1 142 £ \¥1 4 \“2 ag 1-dimensional currents on Sy.

We write z*(w) for the pullback of a smooth 1-form w along the multiplication map
Sy ——=Sn, €S
Definition 3.1. Let u € N, m € M, and v be a complex Borel measure on Sy .
(1) The v-average of a smooth 1-form w on Sy is the smooth 1-form
Alw,v) := / ¥ (w) dv(z).
z€SN

(2) The v-average of A" is the 1-dimensional current A(A*,v) on Sy defined by

(AN, v),w) ::/ (A")* A(w, v).

Sl
(3) The m-th Fourier coefficient of v is the complex number

o(m) = / x™ dv(z)
TESN
When v is the normalized Haar measure on Sy, we omit v from the notation and write
A(w) := A(w, v), A = AN, v).
We record here basic properties of the above objects. Define

1 ifk=0,
0 ifk+#£0.

Proposition 3.2. Let u be an element of N, and let m be an element of M.
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(1) If wis an invariant 1-form on Sy, then
A" w,v) = v(m) - x"w.
(2) If w is an invariant 1-form on Sy, then
(A X" w) = Ggumy - (A" w).
(3) If w is an invariant 1-form on Sy, then

<A(/\“, V),me> = O(u,m) - 2(m) - (A", w).

Proof. Since w is invariant and x™ is a homomorphism, for each z € Sy, we have

m

" (X" w) = 27 (") - 2" (w) = X" (@) X" - w.
Therefore,
ACw) = [t dv(e) = o(m)
TESN
This proves the first item.
The second item follows from the computation

o) = [ e = [ oo,

Sl

The last integral is zero unless (u,m) is zero, because (A*)*w is an invariant 1-form.

The third item is a combination of the first two:

<A()\“,u),xmw> = <)\“,A(X’”w,u)> = (u,my - v(m) - <)\“,xmw>.

Consider the split exact sequence associated to a primitive element u of V:

0 St 5y — ™o coker(A") — 0.

Let 1 be a complex Borel measure on the cokernel of A%, and let v be the pullback of the product
measure p X pq under a splitting isomorphism

Sy =~ coker(A*) x St

Each fiber of the submersion g, is a translations of the image of A\* in Sy, equipped with the
orientation induced from that of S*.

Proposition 3.3. If u is a primitive element of N, then
A = [ [0 (@) du(a).
xEcoker(A®)
In particular, if i is the normalized Haar measure on the cokernel of A%, then

A(Au) - /zecoker(A") [q; (x)} d'u(x)
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Proof. By Fubini’s theorem, for any smooth 1-form w on Sy =~ coker(A*) x S L

[/ ( / 1<A“>*x*y*w> ) dyn ()
/ ( / 1<A“>*x*w) du(z) - / din(y)
/z </qu1<z) w) due):

This shows the equality between 1-dimensional currents

u _ -1 x xZ).
A(A 71/) _AECOker(A") [qu ( )]du( )

<A(/\“, v), w>

If p is the normalized Haar measure on coker(\*), then v is the normalized Haar measure on
Sn, and the second statement follows. O

In other words, when u is a primitive element of N, A(\*, v) is the pullback of the 0-dimensional
current du along the oriented submersion g,,. In general,

AN v) = mu/ [qgl(x)]du(m),

zEcoker(A%)

where m,, is the nonnegative integer satisfying v = m,u’ with v’ primitive.

3.2. Let 7 be a rational polyhedron in R". Let m,(, is the submersion associated to aff(7) and
(") is the closed embedding in the diagram

L)

Log ™' (aff(1)) — (C*)"
Taff(T) i
SN(r)-
For u € N(7) and a complex Borel measure v on Sy ,), we define a current on (C*)" by
ff(r * w
Ar(u,v) = 1pg-1(5) i )(Waff(r) A(A »V)>'

In other words, A, (u, v) is the trivial extension of the pullback of the v-average of A" along the
oriented submersion 7. When v is the normalized Haar measure on Sy (), we write

Ar(u) = Ar(u,v).
For any nonzero u, the support of A (u, v) satisfies
A (u,1)] € A (w)] = Log ™ () (€)™
Proposition 3.4. For any uq,us € N(7),

Az (ur +uz) = Ar(ur) + Ar(uz2).
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Proof. Since 77 is linear, it is enough to check that A is linear. Fourier coefficients of the normal-
ized Haar measure v on Sy, are

1 ifm=0,

Pm) = 0 ifm#0.

Therefore, by Proposition[3.2} for any character x and invariant 1-form w on Sy(-),

(A" w) + (A*2 w)  ifm =0,

AT ) =
(A T2), " w) im0,

and
U A + (A¥2 if =0,
<A()‘ul)7me> + <A(}\ 2)7me> — < 7w> < 7w> irm

if m # 0.

The Stone-Weierstrass theorem shows that any smooth 1-form on Sy ;) can be uniformly ap-
proximated by linear combinations of 1-forms of the form x"w with w invariant, and hence the
above implies

AAIH2) = A1) + A(N2),
U

We note that the linear operators A, and A are injective: By Proposition 3.2} for any element

m in the dual group M (1) := N(7)Y,

(AN, w(m)) = (A", w(m)) = (u,m).
It follows that A, (u) = 0 if and only if A(A") = 0 if and only if u = 0.
3.3. Let 7 be a codimension 1 face of a p-dimensional rational polyhedron ¢ in R". Corre-

sponding to each point x € Sy(o), there is a commutative diagram of maps between smooth
manifolds

Log ' (7°) — Log ™' (aff(0)) — aff(0)

aff (o)
lm Taff(o)

A\lo/T 9o /T
St = Sn(r) > Sn(o)-
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The maps 7, T, (,) are submersions with oriented fibers, the maps I, ., ls(») are restrictions
of the logarithm map, and all unlabeled maps are inclusions between subsets of (C*)”. The
dimensions of the above manifolds are depicted in the following diagram:

2p

1 ——>n—ptl—>n—p.
The bottom row is a split exact sequence of Lie groups, and there is a canonical isomorphism
SN (o) =~ coker(\"e/7).
Each fiber of the submersion ¢, ,, has the orientation induced from that of S L

Lemma 3.5. We have the following equality between currents on Log™ ' (7°):
1746)] = 73 [g; 1 (@)].
Proof. By construction, the top square in the diagram is cartesian:

l;;(TO) = Logfl(TO) N Wa;fl(a) (x).

This equality, together with the commutativity of the two squares, shows that
loo(m%) =771 (q; ), (7))

The left-hand side is oriented as a boundary of the complex manifold l;;(ao), and the circle
q;/lT (x) is oriented as a translate of the one-parameter subgroup A\"~~. The canonical orientation

on fibers of 7, gives the orientation on the right-hand side.
We show that the two orientations agree. We do this explicitly after three reduction steps:
(1) Itis enough to show this locally around any one pointin [}, (7°). Therefore, we may assume
that 7 = aff(7).
(2) By translation, we may assume that the chosen point is the identity element of the ambient

torus.
(3) By monomial change of coordinates, we may assume that

T =span(es, ..., ep), o = cone(ey) + 7.

Here ey, ..., ey is the standard basis of Z". Recall that the punctured unit disc D* maps to the
positive real line R. under the logarithm map. Under the above assumptions, the diagram
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reads

D* x (C*)P~1 x {1}

St x (€*)P~1 x {1} ————> C* x (C*)P~! x {1}

| T

St x (C*)P~1 x (SH)nTP ———= C* x (C*)P~! x (81)"7P ———= R x RP~! x {0}

|

St x {1} x {1} ——> 8! x {1} x (§H)"7P ————> {1} x {1} x (§H)"~P.

From this diagram we see that the orientation on I },(7°) as a boundary of I, }.(c°) agrees with
the product of the orientation on S* and the canonical orientation on fibers of 7. O

It follows that there is an equality between the trivial extensions to (C*)"
[loa()] = [77 (g, ()]
3.4. Let o be a p-dimensional rational polyhedron in R", and let /i, be a complex Borel measure
on Sy (). For each codimension 1 face 7 of o, consider the split exact sequence

0wt 2 0g g
N () N(o) :

Let v, /, be the pullback of the product measure y, x p; under a splitting isomorphism
SN(T) ~ SN(O') X Sl.

Proposition 3.6. We have
dTU(MU) = - Z‘AT(UU/T7 VU/T)7

TCOo

where the sum is over all codimension 1 faces 7 of ¢. In particular,

ATy = =Y Ar(tg)r)

TCo

Proof. We start from the geometric representation of the boundary in Proposition 2.5 We have

dTa(ﬂU) = - Z (/ g [l;,;(T)] d#a(‘r)>'
TESN (o)

T7Co

Lemma[3.5]and Proposition [3.3|together give

dTa(MU) = Z (/ S [WTl(qg/lT(m))]> = - Z‘AT(UU/T7VG'/T)'
TESN (o)

TCo TCO
If i is the normalized Haar measure on Sy (), then v,/ is the normalized Haar measure on
Sn(r) forall 7 C o, and the second statement follows.

]
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Let 0 and 7 be as above, and consider the dual exact sequences

Ug/r

0 Z N(r) N(o) —=0

and
0 ——> M(oc) —— M(7) %ZV — 0.
The latter exact sequence shows that an element m of M(7) is in M (¢) if and only if
(Ug/r,m) = 0.

When m satisfies this condition, the m-th Fourier coefficients of both v, /. and i, are defined.

Proposition 3.7. If an element m of M(7) isin M (), then 0, /. (m) = fi(m).

Proof. Since m € M/(o), the character x™ is constant along each fiber of ¢, /.. Therefore, by
Fubini’s theorem,

buyelm) = [ 3™ @) - [ dis(w) = o ().

Y

O
The following formula for the boundary of T¢ directly implies Theorem
Theorem 3.8. For any p-dimensional weighted complex € in R",
aTe == > A (D wel@)uo/r ),
T TCo
where the second sum is over all p-dimensional cells o containing 7.
Proof. By Proposition 3.6, we have
0T == 3 3" welo)As (us2)
o 17Co
Changing the order of summation and applying Proposition 3.4 gives
dTe = - A, ( 3 w@(a)u(,ﬁ).
T TCo
O

3.5. Let P be a p-dimensional locally finite rational polyhedral complex in R™. We choose a
complex Borel measure ji, on Sy, for each p-dimensional cell o of P, and define a current

Ti=> Tole),

where the sum is over all p-dimensional cells o in P. The support of T satisfies

7] € Log (2]
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In fact, any (p, p)-dimensional closed current with measure coefficients and support in Log ™' ||
is equal to T for some choices of complex Borel measures p,, see Lemma For each o and
its codimension 1 face 7, there are inclusion maps
M(o) —— M(r) — (Z")",
dual to the quotient maps
7" —— N(1) —— N(o).

Let m be an element of (Z™)". For each p-dimensional cell o in P, we set
fe(m) iftm e M(o),

0 ifm ¢ M(o).

WfJ'(O'7 m) =

This defines p-dimensional weighted complexes Cg(m) in R™ satisfying
[Co(m)] S [P].

Theorem 3.9. The current T is closed if and only if C(m) is balanced for all m € (Z™)V.

When all the measures (i, are invariant, Cy(m) is zero for all nonzero m, and Theoremis
equivalent to Theorem[2.9} The general case of Theorem [3.9|will be used in the proof of Theorem
2.12)

Proof. Let 7 be a codimension 1 cell in P, and let m be an element of (Z™)". If m ¢ M(7), then
for all p-dimensional cells o in P containing 7,

Wg’(O’ s m) = 0,
and Cgy(m) trivially satisfies the balancing condition at 7. It remains to show that T is closed if

and only if Cy(m) satisfies the balancing condition at 7 whenever m € M (7). By Proposition
we have the expression
dJ = — Z Z -A‘r(ua/'m Va/'r)a

T 17CO
where the second sum is over all p-dimensional cell ¢ containing 7. Therefore, 7 is closed if and
only if, for each codimension 1 cell 7 of P,

Z ‘AT(UU/Ta VU/T) =0.
TCo
This happens if and only if, for each codimension 1 cell 7 of P,
Z ’/T; ‘A()‘ua/‘ra VJ/T) =0.
TCo
Since each 77 is an injective linear map, the condition is equivalent to

Z A(N*/7,v5,,) =0 foreach 7.

TCOo
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By the Stone-Weierstrass theorem, any smooth 1-form on Sy ;) can be uniformly approximated
by 1-forms of the form x"w, where x™ is a character and w is an invariant 1-form on Sy (), and
hence the above condition holds if and only if

Z <A()\“0/T,V(,/T),me> =0 foreachr,

TCOo

for all characters x™ and all invariant 1-forms w on Sy (). Using Propositions [3.2]and the
equation reads

Z wo(a,m) (\/m w) = 0.

TCo

Finally, the dual pairing between N(7)c and M (7)c shows that the condition holds if and only
if the balancing condition

Z wyg(o,m) us/r =0

TCo

is satisfied for all 7 and all elements m € M (7). O

3.6. Theorem can be used to prove one direction of Theorem If ¢ is a balanced
weighted complex which has the same dimension and support as €, then T¢/ is a closed cur-
rent with measure coefficients which has the same dimension and support as Te. Therefore, if
Te is strongly extremal, then there is a constant c such that

T@r =C- ‘I@ = ‘Ic.e.

This implies
C' ~c-C,

and hence C is strongly extremal. We prove the other direction after three lemmas.

Lemma 3.10. A p-dimensional weighted complex € in R" is non-degenerate if and only if
(M (o)r = {0},

where the intersection is over all p-dimensional cells in C.

Proof. The non-degeneracy of € is equivalent to the exactness of

ZHU—HR”—H),

which is in turn equivalent to the exactness of
0— (R")Y — P HY,
g

where the sums are over all p-dimensional cells in €. The kernel of the latter map is the inter-
section of M (o)g in the statement of the lemma. O

Lemma 3.11. If the support of a balanced weighted complex C; is properly contained in the
support of a strongly extremal balanced weighted complex €, of the same dimension, then
€y ~0.
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Proof. The local finiteness of C;, C, implies that there are only countably many cells in €;, C.
Therefore, there is a nonzero complex number ¢; such that

|Cl{€1} + {62}’ = |62|
By the strong extremality of Cy, there is a complex number ¢, with
01{81} + {62} = 02{82}.

Since the support of C; is properly contained in the support of €3, the number ¢, should be 1,
and hence all the weights of C; are zero. O

Lemma 3.12. Let P be a p-dimensional locally finite rational polyhedral complex in R". If the
support of a (p, p)-dimensional current T with measure coefficients on (C*)” satisfies

7| € Log ™[],
then there are complex Borel measures i, on Sy () such that
T = Z To’ (Mo)a

where the sum is over all p-dimensional cells o in P.

Proof. The second theorem on support [Dem), Section II1.2] implies that, for each p-dimensional
cell o in P, there is a complex Borel measure p, on Sy () such that

(:'r|Log*1 (o°) — ﬂ-; (duo ) :

The trivial extension of the right-hand side to (C*)™ is by definition T, (. ), and hence
7= > Tolo)| € ULog ™17l

where the union is over all (p — 1)-dimensional cells in . Note that each Log™*|7| is contained

in the closed submanifold
Log ™' (aff(7)) C (C*)".

Since this submanifold has Cauchy-Riemann dimension p — 1, the first theorem on support
[Dem) Section II.2] implies that

T=> Tolue) =0.

O

End of proof of Theorem[2.12} Suppose C is non-degenerate and strongly extremal, and let T be
a closed current with measure coefficients which has the same dimension and support as Je.
Lemma shows that there are complex Borel measures ji, on Sy, such that

J= ZU’O'(/-’LO')7
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where the sum is over all p-dimensional cells ¢ in €. For each m € (Z™)Y, we construct the
balanced weighted complexes Cg(m) using Theorem 3.9} Since € is strongly extremal, there are
complex numbers c¢(m) such that

Cy(m) = ¢(m) - €, m € (Z™)".

Since € is non-degenerate, Lemma shows that the support of C5(m) is properly contained in
the support of € for all nonzero m € (Z")". Therefore

Cy(m) =0, m # 0.

In other words, the Fourier coefficient [i,(m) is zero for all p-dimensional cell ¢ in € and all
nonzero m € (Z™)". The measures y, are determined by their Fourier coefficients, and hence
each i, is the invariant measure on Sy () with the normalization

/ dpo (z) = c(0).
TESN (o)

Therefore T = ¢(0) - Te, and the current T¢ is strongly extremal. O

4. TROPICAL CURRENTS ON TORIC VARIETIES

4.1. Let X be an n-dimensional smooth projective complex toric variety containing (C*)™, let
Y be the fan of X, and let p and ¢ be nonnegative integers satisfying p + ¢ = n. A cohomology
class in X gives a homomorphism from the homology group of complementary dimension to
Z, defining the Kronecker duality homomorphism

Dy : H*Y(X,Z) — Homy (H2(X,Z),Z), ¢+ (a+—> deg(cna)).

The homomorphism Dx is, in fact, an isomorphism. Since the homology group is generated by
the classes of g-dimensional torus orbit closures, the duality identifies cohomology classes with
certain Z-valued functions on the set of p-dimensional cones in ¥, that is, with certain integral
weights assigned to the p-dimensional cones in ¥. The relation between homology classes of
g-dimensional torus orbit closures of X translates to the balancing condition on the integral
weights on the p-dimensional cones in ¥ [FS97, Theorem 2.1].

Theorem 4.1. The Kronecker duality gives isomorphisms between abelian groups

H?1(X,Z) ~ Hom(Hs,(X,Z),Z) ~ { p-dimensional balanced integral weights on £},

The vanishing theorem of Danilov says that the cohomology group H'(X,(%) vanishes
when i # j [CLS11, Theorem 9.3.2]. Therefore, by the Hodge decomposition theorem, there
is an induced isomorphism between complex vector spaces

Dx,c : H"(X) — {p-dimensional balanced weights on -} .
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In other words, the Kronecker duality identifies elements of H?9(X) with p-dimensional bal-
anced weighted complexes in . Explicitly, for a smooth closed form ¢ of degree (g, q),

Dxc:{pb— (v— [ o),
V()

where V (7) is the ¢-dimensional torus orbit closure in X corresponding to a p-dimensional cone
v in X.

Let wy be the smooth positive (1, 1)-form on X corresponding to a fixed torus equivariant
projective embedding
¢ X — PN,

The trace measure of a (p, p)-dimensional positive current 7 on X is the positive Borel measure
1
tr(T) = tr(T,wp) := HT/\ wy.

The trace measure of a positive current on an open subset of X is defined in the same way using
the restriction of wy.

Proposition 4.2. If C is a p-dimensional positive weighted complex in R™ with finitely many
cells, then the trace measure of the positive current T¢ is finite.

Proof. Let o be a p-dimensional rational polyhedron in R", and recall that each fiber 7, ! () is an
open subset of the p-dimensional closed subvariety 7ra*ff1(0) (x) € (C*)™. By Wirtinger’s theorem
[GH94, Chapter 1], the normalized volume of 7T;ff1(,,) () with respect to wy is the degree of the
closure

— X
d, = deg <7Taff1(0') (x) C [EDN> .

This integer d, is independent of 2 € Sy (,), because the projective embedding ¢ is equivariant
and fibers of 7., are translates of each other under the action of (S*)". It follows that tr(T,,) <
d,, and hence

tr(Te) <Y we(o)ds,
where the sum is over all p-dimensional cells ¢ in C. |

Let € be a p-dimensional weighted complex in R™ with finitely many cells. Proposition
shows that X is covered by coordinate charts (£2, z) such that

Teloncn = Z wrg dzr ANdzy,
[11=1J|=k
where ;s are complex Borel measures on © N (C*)™. It follows that the current T admits the
trivial extension, the current T on X defined by
?@|Q: Z vrydzy Ndzy,
[1=]J|=k

where v ; are complex Borel measures on Q given by vy ;(—) = prs(— N (C*)").
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Lemma 4.3. If Cis a balanced weighted complex with finitely many cells, then there are complex
numbers ¢4, . .., ¢; and positive balanced weighted complexes C, . .., C; with finitely many cells
such that

l
‘I@ = Z C; T@i.
i=1

Proof. Let C,, be the set of p-dimensional cells in €, and consider the complex vector space
W= {w : €, — C | w satisfies the balancing condition}.

Since the balancing condition is defined over the real numbers, W is spanned by elements of
the form w : G, — R. Therefore it is enough to show the following statement: If C is a
balanced weighted complex with real weights and finitely many cells, then T¢ can be written as
a difference

Je=Ta —Ts,
where A and B are positive balanced weighted complexes with finitely many cells.

We construct the weighted complexes A and B from C as follows. Let |A| be the union
Al = | aff(0),
o€l
and note that there is a refinement of C that extends to a finite rational polyhedral subdivision

of |A|. Choose any such refinement €’ of € and a subdivision A of |A|. For each p-dimensional
cell v in A, we set

wa(y) = max [we(o)|,  ws(y) =waly) —we(y).

o€,
This makes A and B positive weighted complexes satisfying
Te =Ty —Tp.
It is easy to see that A is balanced, and B is balanced because A and C are balanced.

O

Proposition 4.4. If € is a balanced weighted complex with finitely many cells, then the trivial
extension T is a closed current on X.

Proof. We use Lemma [4.3|to express T¢ as a linear combination

!
Te =Y ciTe,
=1

where ¢; are complex numbers and C; are positive balanced weighted complexes with finitely
many cells. By taking the trivial extension we have

i
?e = Z C; ?Q
i=1
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By Theorem[2.9] each T¢, is a positive closed current on the open subset (C*)" C X. Since each
C; has finitely many cells, Proposition [£.2shows that Skoda’s extension theorem [Dem), Section
II1.2] applies to the positive closed current Te,. It follows that dT¢, = 0, and hence

l
df@ == Z C; d?ei =0.

i=1

Any (p, p)-dimensional closed current T on X defines a linear functional on HP"?(X):
T— (¢ — (T,q/;}).
Composing the above map with the Poincaré-Serre duality H??(X )" ~ H%%(X), we have
T {T} € HY9(X).

The element {7} is the cohomology class of 7. In particular, a p-dimensional balanced weighted
complex € with finitely many cells defines a cohomology class {T¢}, which we may view as a p-
dimensional balanced weighted complex via Theorem 4.1} We compare two balanced weighted
complexes in Theorem

4.2. Let Cbe a p-dimensional balanced weighted complex in R™ with finitely many cells. The
recession cone of a polyhedron o is the convex polyhedral cone

rec(c)={beR"|oc+bCl o} C H,.
If o is rational, then rec(o) is rational, and if o is a cone, then o = rec(o).

Definition 4.5. We say that C is compatible with ¥ if rec(o) € ¥ for all o € C.

There is a subdivision of € that is compatible with a subdivision of ¥, see [GS11]].

Definition 4.6. For each p-dimensional cone v in X, we define
Wrec(@)(’Y) = ZWC (0’),
ag
where the sum is over all p-dimensional cells ¢ in € whose recession cone is .

This defines a p-dimensional weighted complex rec(C, X), the recession of € in ¥. When C is
compatible with 3, we write

rec(C) :=rec(C, X).
As suggested by the notation, the recession of € does not depend on ¥ when € is compatible

with ¥. More precisely, if C; ~ Cq and if €; is compatible with a complete fan ¥; for i = 1,2,
then

rec(Cy, X1) ~ rec(Cq, Xo).
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Theorem 4.7. If € is a p-dimensional tropical variety compatible with 3}, then
{Te} = rec(@) € H¥(X).
In particular, if all polyhedrons in € are cones in ¥, then

{Te} =Ce HY(X).
The remainder of this section is devoted to the proof of Theorem 4.7}

4.3. Let o be a p-dimensional rational polyhedron in R™. If rec(o) € 3, we consider the corre-
sponding torus invariant affine open subset

Urec(o) 1= Spec (C[rec(a)v N Z”]) C X.

We write p’ for the dimension of the recession cone of o, and K, for the span of the recession
cone of o:
p’ := dim (rec(0)), K, := span(rec(c)) ~ R”".
There are morphisms between fans
(rec(0) € K,) — (rec(o) € H,) — (rec(o) CR").

Since X is smooth, rec(c) € ¥ implies that rec(o) is unimodular, and the induced map between
affine toric varieties fits into the commutative diagram

U o 7[] o
Trc,rzn 7 ——— Tu,rzn 7 ———— Usec(o)

c¥’ C¥ x (C*)P7P ——CF' x (C*)" ¥,

where ¢!, 02, 3 are isomorphisms between toric varieties and the horizontal maps are equi-
variant closed embeddings. We write z.(,) for the distinguished point of Ure(,) corresponding
to the semigroup homomorphism

v 1 ifmeot,
rec(o)’ NZ" — C, m—
0 ifm¢ot.

The isotropy subgroup of the distinguished point is Tk, ~z» C (C*)", and we may identify
TN (rec(0)) With the closed torus orbit of Uyec(») by the map

TN(rec(a')) — Urec(a)a t—t- Zrec(o)-
Under the above commutative diagram,

Zrec(oc) — = Rrec(oc) — = Prec(o)

l l l

O(Cpl —— OCT’/ X 1((:*)1;71,’ EE—— OCPI X 1(@*)n—p’~

The following observation forms the basis of the proof of Theorem 4.7,
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Lemma 4.8. If rec(c) € %, then
— X
Logil(J) - Urec(a)-

Utec (o)

7p/
rec(o) ~ D,

where D is the closed unit disc in C. Write ® for the action of (S*)" on Urec(s), and observe that

Proof. Note that the isomorphism ¢! restricts to the homeomorphism 71 (1)

P ((Sl)” X Wmcl(g)(l)> = U wr;‘}(o) (z) = Log ™' (rec(0)°).

TESN (rec(o))
This shows that

Urec(o)

o (S xad (1) <) = o ((s1)" x ml (1))%”) — Log ' (rec(0)°)
rec(o) - rec(o) - g ’

7UY€C o
where the compactness of ﬂrgcl(a) (1) ‘ is used in the first equality. Since the logarithm map is

a submersion, the above implies

Urec(o)

) ((Sl)” X wrzcl(o)(l)Uwc(”j = Log ' (rec(0))

7Urec o
Therefore, the set on the right-hand side is compact. We use this to prove that Log ™" (o) s

compact, and hence

Urcc( o)

T 1
Log_ (U) = Log_ (U) - Urec(a) .
Let A be a bounded polyhedron in the Minkowski-Weyl decomposition ¢ = A + rec(c). Write
W for the action of R on Uy (), and observe that

] (A X Log_l(rec(o))> = |J Log ™" (b+ rec(0)) = Log™ (o).

beA
This shows that
—Urec o Urec(d) 7Urec o
] (A x Log ™" (rec(c)) ( )> = \I/(A X Logfl(rec(a))) =Log ‘(o) 7,
—UI‘EC o
where the compactness of Log ™" (rec(0)) ) is used in the first equality. Therefore, the set on
the right-hand side is compact. O

Let € be a p-dimensional balanced weighted complex in R with finitely many cells.

Proposition 4.9. If C is non-degenerate, strongly extremal, and compatible with 3, then T¢ is a
strongly extremal closed current on X.

Proof. Write D,, for the torus invariant prime divisor in X corresponding to a 1-dimensional
cone p in ¥. We note that, for any p-dimensional rational polyhedron ¢ in C, the subset

)Urecm

Dp HW C Urec(a)
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is either empty or a closed submanifold of Cauchy-Riemann dimension p — 1. The subset is
nonempty if and only if rec(o) contains p, and in this case, for any b € aff(c), we have the
commutative diagram

7U{‘EC o
Dp n LOg71 (aff(a)) = = Urec(o)

- :

’ / e_b ’ ’
CP =1 x (C*)P7P x (SH"P —— CP x (C*)"7F.

Let 7 be a closed current on X with measure coefficients which has the same dimension and
support as T¢. By Theorem there is a complex number ¢ such that

T‘(C*)n —C- T@ =0.
This implies that
_ — X
|[T—c-Te| C U (Dp NLog (o) ),

p.o
where the union is over all pairs of 1-dimensional cone p in ¥ and p-dimensional cell ¢ in €. By

Lemma[4.8, we have

|T—c-Te| C U (Dp NLog™* (aff(a))Um(d)> .

p,o
The above commutative diagram shows that the right-hand side is a finite union of submani-
folds of Cauchy-Riemann dimension p — 1:

U (Dp ﬂLOgl(aff(a'))UrEC(U)> ~ U ((CP’—l % ((C*)p—P/ % (Sl)n—p>.

X p,o

By the first theorem on support [Dem), Section IIL.2], this implies

T—c- ?e =0.
O
44. Let Dq,...,D, be the torus invariant prime divisors in X corresponding to distinct 1-
dimensional cones p1, ..., p, in X. We fix a positive integer [ < p.

Lemma 4.10. Let o be a p-dimensional rational polyhedron in R", € Sy (), b € aff(o).

(1) Ifrec(o) € %, then Dy, ..., D; intersect transversally with the smooth subvariety

?Urec(a)
Tati(o) (%) € Uree(o)»

and this intersection is nonempty if and only if rec(o) contains p1, ..., p;.
(2) Ifrec(o) € ¥ and rec(o) contains p1, ..., pp, then

?Urec(a) b
Dy ﬂ-~-ﬁDpﬂ7Taff(a)(x) = {e ~$-zrec(g)}.
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(3) Ifrec(o) € ¥ and rec(o) contains p1, . .., pp, then the above intersection point is contained in
the relative interior of
1 Urec(a) ?Urec(a)
o (2) C Mati(o) (7)

Proof. It is enough to prove the assertions when = is the identity and o contains the origin. In
this case, we have aff(c) = H, and rec(o) C o. If rec(c) € ¥, then rec(o) is unimodular, and
there is a commutative diagram

U,

1 (1) rec(o)

Taff(o) rec(o)

\ng iwi
CP' x (C*)P 7 —— 7 x (C)" 7.
If rec(o) does not contain p;, then D; is disjoint from Usec(o). If rec(o) contains py, . .., p;, then

Utec (o)

Dyn-- N DN, () ~ CP' o (CF)PP

If furthermore | = p, then N (o) = N(rec(o)), and the above intersection is the single point

{zrec(g)} ~ {Ocp X 1(@)%,,}.

This point is contained in the relative interior of

—————Uiec(o) _ ————Utec(o) —p
<7Trec1(a)(1) - ﬂaffl(a)(l) ) ~ (]D) C (CI?>’

Since rec(c) C o, the point is contained in the relative interior of

_7Urcc(:7) _7Urcc(o')
ng(l) g 7Taffl(tf)(l)

O

The wedge product between positive closed currents will play an important role in the proof
of Theorem We briefly review the definition here, referring [Deml] and [DSQ9] for details.
Write d = 0 + 0 for the usual decomposition of the exterior derivative on X, and set

c 1 )
d° = % (8 — 6).
Let u be a plurisubharmonic function on an open subset U C X, and let T be a positive closed
current on U. Since T has measure coefficients, u7T is a well-defined current on U if u is locally
integrable with respect to tr(T). In this case, we define

dd®(u) AT := dd®(uT).

The wedge product is a positive closed current on U, and it vanishes identically when v is

pluriharmonic.
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Let D be a positive closed current on U of degree (1,1). We define D A T as above, using open
subsets U; C U covering U and plurisubharmonic functions u; on U; satisfying

D

U, = ddcul

The wedge product does not depend on the choice of the open covering and local potentials,
and it extends linearly to the case when D is almost positive, that is, when D can be written as the
sum of a positive closed current and a smooth current. If D, ..., D, are almost positive closed
current on U of degree (1, 1) satisfying the integrability condition, we define

Dy ADoA... AD AT := Dy A (DQ/\.../\(DZ/\‘J')).
Let o be a p-dimensional rational polyhedron compatible with X, and write x, be the nor-
malized Haar measure on Sy (). If rec(o) is p-dimensional, we define a closed embedding
LJZSN(G) — X, t}—)eib't‘zrec(g), b € aff(o).

In this case, the isotropy subgroup of the distinguished point is T, ~z» C (C*)™, and the closed
embedding does not depend on the choice of b.

Proposition 4.11. If C is a p-dimensional tropical variety compatible with X, then
[Di]A ... A D] ATe
is a well-defined strongly positive closed current on X. When | = p, we have

Dy A ADIATe =Y we(0)ios(dpo),
where the sum is over all p-dimensional cells ¢ in € such that rec(c) = cone(p1, ..., pp).

Proof. For a p-dimensional cell o in C, let f7 be the local equation for D; on the affine chart
Urec(o)- By Lemma for each z, the divisors Dy, ..., D; transversally intersect the smooth
subvariety

Urcc (o)

7Ta_ffl(g) (.13) C Urec((r)~

Therefore, the Poincaré-Lelong formula repeatedly applies to f7, ..., f{ to show that
i og 7| ... Addog | 7| A Tl = [ Mol dna),
TESN (o)

where II, , is the smooth subvariety

Urcc (o)

Iy :=DiN...0 DN W;fl(a)(-r) c Urec(or)~

We apply the above analysis to each p-dimensional cell ¢ in €. By Lemma the support of

T, is contained in the open subset Urec(0) C X, and hence

DA A DY ATe = Y welo) [ iy o dio @)
o TEON (o)
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When [ = p, the integrand can be computed using Lemma [4.10}

[II,.] ifrec(o) =cone(pi,...,pp),
1771Urec(0‘) [HO' JE] = i .
Log™1(0) ’ 0 if rec(o) # cone(p1, ..., pp)-

Therefore, we have
(DA AD) ATe =Y Wel(0)tow(dpto),

where the sum is over all p-dimensional cells ¢ in € such that rec(c) = cone(p1, ..., pp). O

4.5. We begin the proof of Theorem [4.7] Fix a positive integer [ < p, and let

p1,---,pp := distinct 1-dimensional cones in ¥,
Dy,...,D, := torusinvariant divisors of p1,..., pp,

Li,...,L, := hermitian line bundles on X corresponding to Dy,..., D,
wi,...,wp := Chernforms of the line bundles L4, ..., L,.

If s; is a holomorphic section of Ox (D;) that defines D;, then the Poincaré-Lelong formula says
that
dd®log |s;| = [D;] — w;.

Proposition 4.12. If C is a p-dimensional tropical variety compatible with ¥, then
{[Dl] AL ADY] AtTe} = {wi} A A {w} A {Te).
Proof. The statement follows from repeated application of the following general fact. Let 7 be a
positive closed current on X, and let D be a positive closed (1, 1)-current on X. We write
D = w + dd°u,

where w is a smooth (1, 1)-form and w is an almost plurisubharmonic function, a function that is
locally equal to the sum of a smooth function and a plurisubharmonic function. The general
fact to be applied is:

If w is locally integrable with respect to tr(7T), then {D A T} = {w} A {T}.

To see this, we use Demailly’s regularization theorem [Dem92] to construct a sequence of smooth
functions u; decreasing to v and a smooth positive closed (1, 1)-form ¢ such that

¢ + ddCUj > 0.
Choose open subsets U; C X covering X and plurisubharmonic functions ¢; on U; such that
w|Ui = ddC(Pz

Then ¢; + (u;|y,) is a sequence of plurisubharmonic functions on U; decreasing to ¢; + (u

By the monotone convergence theorem for wedge products [DS09], we have

Ui)’

m (4 + dd®u;)|v, A Tlo, = (& + dd°u)|v; ATl
j—00
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Since X is compact, the open covering of X can be taken to be finite, and hence
lim (¢ + dd°u;) AT = (¢ + ddu) A T.
j—o0
By continuity of the cohomology class assignment, this implies
lim {(w + dd®uj) A fr} - {(w + ddeu) A fr} — (D AT}
j—o0
Since w + dd“u; is smooth and dd‘u; is exact, the left-hand side is equal to

thr;o {w+dd®u;} AT} = {w} A{T}.

O

Proof of Theorem Suppose p1, . .., pp generates a p-dimensional cone y in 3. Since X is smooth,
every p-dimensional cone of ¥ is of this form. The torus orbit closure V' (y) C X corresponding
to  is the transversal intersection of D, ..., D,, and its fundamental class is Poincaré dual to
{wi} A...A{w,}. We show that

(f@,wl/\.../\wﬁ:/ wi AL AWy ATe = Wreee)(7)-
X
By Proposition we have
/wl/\.../\wp/\?@:/[Dl]/\...[Dp]A?@.
X X

By Proposition[4.11} the right-hand side is

/X[Dl] A Dy ANTe = /X (ZW@(G’)LU*(dMU)) = Zw@(a),

where the sum is over all p-dimensional cells ¢ in € such that rec(c) = 7. Note that the sum is,
by definition of the recession of C, the weight w..(¢)(7). Since the above computation is valid
for each p-dimensional cone v in ¥, we have

{Te} =rec(C) € HT(X).

5. THE STRONGLY POSITIVE HODGE CONJECTURE

5.1. This section is devoted to the construction of the following example.

Theorem 5.1. There is a 4-dimensional smooth projective variety X and a (2,2)-dimensional
strongly positive closed current T on X with the following properties:

(1) The cohomology class of T satisfies

{7} € HY(X,Z) N H**(X,C).
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(2) The current 7 is not a weak limit of the form

11320 T, Ti= ZAij[Zz’j],
J

where )\;; are positive real numbers and Z;; are irreducible surfaces in X.

The above X and T have other notable properties: X is a toric variety, T is strongly extremal,
and {7} generates an extremal ray of the nef cone of X. Since any nef class in a smooth complete
toric variety is effective [Lil3| Theorem 1.1], there are nonnegative integers ); and irreducible

surfaces Z; C X such that
{7} =2 2{1Z}
J
This example shows that, in general, HC™ is not true and not implied by HC'.

5.2. Let G be an edge-weighted geometric graph in R™ \ {0}, that is, an edge-weighted graph
whose vertices are nonzero vectors in R™ and edges are line segments in R™ \ {0}. We suppose
that all the edge-weights are real numbers. We write

uy,Us,... := the verticesof G,
u;u; = the edge connecting u; and u;;,
w;; = the weight on the edge u;u,;.

We say that an edge u;u; is positive or negative according to the sign of the weight w;;.

Definition 5.2. An edge-weighted geometric graph G C R™\ {0} satisfies the balancing condition
at its vertex wu; if there is a real number d; such that

diui = Z WijUyj,
where the sum is over all neighbors of u; in G. The graph G is balanced if it satisfies the balancing
condition at each of its vertices.

The real numbers d; are uniquely determined by G because all the vertices of G are nonzero.
When G is balanced, we define the tropical Laplacian of G to be the real symmetric matrix Lg
with entries

d; ifu; =uy,
(La)ij == —wi; ifu; ~uy,
0  if otherwise,
where the diagonal entries d; are the real numbers satisfying
dyu; = Z Wiy
uinug

The tropical Laplacian of G has a combinatorial part and a geometric part:

Lc = L(G) — D(G).
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The combinatorial part L(G) is the combinatorial Laplacian of the abstract graph of GG as defined
in [Chu97], and the geometric part D(G) is a diagonal matrix that depends on the position of
the vertices of G.

Definition 5.3. When G is balanced, we define the signature of G to be the triple

ni(G) := the positive index of inertia of L,
n_(G) := the negative index of inertia of L,
no(G) := the corank of L¢.

Let F' be a 2-dimensional real weighted fan in R”, that is, a 2-dimensional weighted com-
plex all of whose 2-dimensional cells are cones with real weights. We define an edge-weighted
geometric graph G(F') C R™ \ {0} as follows:

(1) The set of vertices of G(F) is
{u; | u; is a primitive generator of a 1-dimensional cone in F'}.
(2) The set of edges of G(F) is
{u;u; | the cone over w;u; is a 2-dimensional cone in F with nonzero weight}.
(38) The weights on the edges of G(F) are
w;j = W (cone(u;uy)).
We say that a weighted fan is unimodular if all of its cones are unimodular.

Proposition 5.4. When F' is unimodular, F is balanced if and only if G(F) is balanced.

Proof. Let u;u; be an edge of G(F'), let ¢ be the cone over u;u;, and let 7 be the cone over u,.
Since ¢ is unimodular, the image of u; in the normal lattice of 7 is u, /-, the primitive generator
of the ray

cone(oc —7)/H, C H,/H,.

Therefore, the balancing condition for F at 7 is equivalent to the condition

Z Wi Uj € R- s .

Ui VUG

O

A geometric graph G C R" is said to be locally extremal if the set of neighbors of u; is linearly
independent for every vertex u; € G.

Proposition 5.5. Let F' be a 2-dimensional real balanced weighted fan in R™. If G(F) is con-
nected and locally extremal, then F' is strongly extremal.
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1) W y; Ui n;; u;
- —> e 8
W Wi i
n; = up + l"J
uI u. u. u.
i i n, n; j

E
£

i Wy Wi i

FIGURE 1. The operation ' — FZJ; produces one new eigenvalue whose sign
coincides with the sign of w;j, and the operation F' — F;; produces one new
positive and one new negative eigenvalue.

Proof. Let u;u; be an edge of G(F'), let o be the cone over u;u;, and let 7 be the cone over u;. The
image of u; in the normal lattice of 7 is a nonzero multiple of u, /., and hence the weighted fan
F is locally extremal if and only if G(F') is locally extremal. Since F' is pure dimensional, F is
connected in codimension 1 if and only if G(F) is connected, and therefore the assertion follows
from Proposition [2.15 O

When F is balanced and unimodular, we define the tropical Laplacian of F to be the tropical
Laplacian of G(F'), and the signature of F to be the signature of G(F):

(n+(F)sn(F)no(F)) 1= (n4 (G(F)) n (G(F)), mo (G(F)) ).
In Sections [5.3|and we introduce two basic operations on F' and analyze the change of the

signature of F' under each operation (see Figure [l).

5.3. Let F be a 2-dimensional real weighted fan in R", and suppose that u;u; is an edge of
G(F). We set

ni2 = Ul + ug,
and define a 2-dimensional real weighted fan F}}, as follows:

(1) The set of 1-dimensional cones in F}}, is
{Cone(nlg)} U {l—dimensional cones in F}
(2) The set of 2-dimensional cones in F}}, is

{cone(ul n12), Cone(u2n12)} U {Q—dimensional cones in F other than cone(u;us) }
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(3) The weights on the 2-dimensional cones in F}}, are
WF1+2 (Cone(ulnlg)) = W12,
WFE (cone(u2n12)) = wWi2,
W (cone(uiuy)) = wg;.

The abstract graph of G(F}}) is a subdivision of the abstract graph of G(F'), with one new vertex
n12 subdividing the edge connecting u; and us. It is easy to see that

F% is balanced if and only if F is balanced,

F l'g is unimodular if and only if F' is unimodular,

F%, is non-degenerate if and only if F' is non-degenerate,

- Fy, is strongly extremal if and only if F is strongly extremal.

Suppose F is balanced and unimodular, so that the tropical Laplacians L¢(p) and L F)
are defined. The balancing condition for G(F) translates to the balancing condition for G(F}}),
and we can compute the diagonal entries of L F) from the diagonal entries of Lg(r). The
balancing condition for G(F') at u; is

diui = E wijuj;
Ui UG

where the sum is over all neighbors of u; in the graph G(F).
(1) The balancing condition for G(F}}) at u; is

(di 4+ wiz)up = wigniz + 5 WUy,

Uj

where the sum is over all neighbors of u; other than u, in the graph G(F).
(2) The balancing condition for G(F}) at us is

(da + wi2)us = wignis + E Wa; Uy,

uj

where the sum is over all neighbors of u, other than ; in the graph G(F).
(3) The balancing condition for G(F}}) at njs is

W1aN12 = W12U1 + Wi2U2.

Around any other vertex, the geometric graphs G(F) and G(F}}) are identical, and hence the
diagonal entries of the two tropical Laplacians agree.

Proposition 5.6. We have
(n+(F) +1, n_(F), no(F)) if w2 is positive,

ny (Fy), no(Fyh), no(Fh)) =
( e 12/, 70 12) (m(F), n_(F)+1, no(F)) if wy, is negative.
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Proof. Let Q¢(ry and QG( Fb) be the quadratic forms associated to Lg () and LG( Fy,) respec-
tively. The above analysis of the balancing condition for G(F};) shows that
QG(F$)(y127 L1, T2, T3y ) - QG(F) (1'1, T2, X3, - - ) =
w1225 + wiaT3 + 2w12T1 T2 + Wi2yty — 2W12T1Y12 — 2Y12T2Y12,

where y, 4 is the variable corresponding to the new vertex n,5 and z; is the variable correspond-
ing to u;. The above equation simplifies to

Qg(plg)(yu,xl, T2,T3,- - ) - QG(F)(%, T2,T3,- - ) = W12 (y12 — T — $2)2,
and the conclusion follows. O
5.4. An edge ujus of a geometric graph in R” \ {0} is said to be in general position if for every
other edge u;u; of the graph
O if{ul,UQ}ﬁ{ui,uj}:V),

span(uy, uz) Nspan(u;, u;) = ¢ span(uq) if {u1, us} N {us, uj} = {u1},
span(ug) if {ur,ua} N {us,u;} = {ua}.
Let F be a 2-dimensional real weighted fan in R", and suppose that u;us is an edge of G(F). If
ujug is in general position, we set

ny = —uy, Mg = —Ug,
and define a 2-dimensional real weighted fan F7; as follows:
(1) The set of 1-dimensional cones in F, is
{cone(nl), cone(ng)} U {1—dimensional cones in F }
(2) The set of 2-dimensional cones in F, is
{Cone(nlng)7 cone(njug), cone(uy ng)} U {Q—dimensional cones in F other than cone(u;us) }

(3) The weights on the 2-dimensional cones in F}, are

W - (cone(nyng)) = —wio,
Wi (cone(niuy)) = —wi2,
Wi (cone(uiny)) = —wia,
W (cone(uguy)) := wi;.

The cones in F, form a fan because u;us is in general position. The abstract graph of G(F}3) is
a subdivision of the abstract graph of G(F'), with two new vertices n; and ny subdividing the
edge connecting u; and us. It is easy to see that

- [y, is balanced if and only if F' is balanced,

— I, is unimodular if and only if F'is unimodular,
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- [y, is non-degenerate if and only if F' is non-degenerate,
- [y, is strongly extremal if and only if F' is strongly extremal.

Suppose F' is balanced and unimodular, so that the tropical Laplacians L¢r) and L p-)
are defined. The balancing condition for G(F') translates to the balancing condition for G(Fy;),

and we can compute the diagonal entries of L, -, from the diagonal entries of L¢(r). The
balancing condition for G(F') at u; is

diui = E WijUyj,

Ui VUG

where the sum is over all neighbors of u; in the graph G(F).
(1) The balancing condition for G(Fy,) at u, is

d1U1 = (—wlg)nz + Zwljuj,
J
where the sum is over all neighbors of u; other than u, in the graph G(F).
(2) The balancing condition for G(Fy;) at us is

dauz = (—wiz)ny + Y wajuy,
J
where the sum is over all neighbors of us other than u; in the graph G(F).
(8) The balancing condition for G(Fy;) at ng is

0-n = (—’LU12)UQ + (—wlg)ng.
(4) The balancing condition for G(Fy,) at ng is
0-no = (—wlg)ul + (—wlg)?’ll.

Around any other vertex, the geometric graphs G(F') and G(Fy,) are identical, and hence the
diagonal entries of the two tropical Laplacians agree.

Proposition 5.7. We have
(n+(F2), n-(Fi), mo(Fp)) = (n+(F) + 1, n-(F) + 1, no(F)):

Proof. Let Q¢(ry and Qg( F3) be the quadratic forms associated to Lg(ry and LG( F;,) Yespec-

tively. The above analysis of the balancing condition for G(F;) shows that

Qg(pla)(ylva»mla T2,T3,- - ) - QG(F)(mla T2,T3, .- ) =
W1221T2 + W12T1Y2 + Wi2Z2Y1 + Wi2Y1Y2,

where 31, y» are variables corresponding to n;, n, respectively and z; is the variable correspond-
ing to u,. The above equation simplifies to

Qg(plg)(ylay%xl;x%z?n ) = Qar) (@1, 32, w3, .. .) = wia(y1 + 1) (y2 + 22),

and the conclusion follows.
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O

5.5. Let X be an n-dimensional smooth projective toric variety, £ be the fan of X, and let p be
an integer > 2.

Proposition 5.8. Let {T} be a (p, p)-dimensional cohomology class in X. If there are nonnegative
real numbers )\; and p-dimensional irreducible subvarieties Z; C X such that

{7} = E{go {NilZil},

then, for any nef divisors Hi, Hs, ... on X, the tropical Laplacian of the 2-dimensional balanced
weighted fan

{H }U...U{Hp,2} U{T}

has at most one negative eigenvalue.

In particular, by continuity of the cohomology class assignment, if a (2, 2)-dimensional closed
current T on X is the weak limit of the form

71— 00

where ); are nonnegative real numbers and Z; are irreducible surfaces in X, then the tropical
Laplacian of {T} has at most one negative eigenvalue.

Proof. Repeatedly applying the Bertini theorem [Jou83| Corollary 6.11] to a general element of
the linear system |H;|, we are reduced to the case when p = 2: If there are nonnegative real
numbers \; and irreducible surfaces Z; C X such that

{7} = Lli}go {NilZil},

then the tropical Laplacian of {T} has at most one negative eigenvalue. By continuity, it is
enough to prove the following statement: If Z C X is an irreducible surface, then the tropical
Laplacian of {[Z]} has exactly one negative eigenvalue.

Let F be the cohomology class {[Z]}, viewed as a 2-dimensional weighted fan in R™, and let

U1, Ug,... = primitive generators of 1-dimensional conesin %,
Dy,Dy,... := torus-invariant prime divisors of cone(us ), cone(us), .. .,
Li,Ls,... := linebundles on X corresponding to D1, D>, .. ..

The 2-dimensional cones in F' are the 2-dimensional cones in 3}, and the weights are given by
Wij ‘= WF (COIle(uin)) = C1 (Lz) Uep (LJ) N CI(Z) = D7 . Dj . CI(Z)

Let d; be a diagonal entry of the tropical Laplacian of F', determined by the balancing condition

diu; = E Wijuy,

Ui UG
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where the sum is over all neighbors of u; in the graph of F. We claim that

To see this, choose any m € (Z™)" satisfying (u;, m) = 1. By the balancing condition above, we
have
di = Z wij<uj,m>.
Ui~V UG
The divisor of the character ™ in X is
div(x™) = _(u;,m)D;,
J
where the sum is over all torus-invariant prime divisors in X [CLS11, Proposition 4.1.2]. There-
fore, we have the rational equivalence
—D; ~ > (u;,m)D;,
JFi
where the sum is over all torus-invariant prime divisors in X not equal to D;. Since D; and D;
are disjoint when u;u; does not generate a cone in F', this implies
Dy Di-d(Z)= Y (uj,m) (Di -D; ~c1(Z)),
where the sum is over all neighbors of u; in the graph of F' It follows that
di= > wisluj,m) = > (us,m)(D;- Dy -cl(2)) = ~Di - Dy -cl(2).
Uq Nuj Uj Nu]'
We now show that the tropical Laplacian of F' has exactly one negative eigenvalue. Choose
any resolution of singularities 7 : Z — Z. By the projection formula, for any i and j,

D, - Dj Cl(Z) =7* (01<LZ‘)) ur* (Cl(Lj)) ﬂCl(Z)

Let V be the real vector space with basis eq, €2, ..., and consider the linear map to the Néron-
Severi space

V — NSL(2), ei — m* (c1(Ly)).
By the computation made above, the quadratic form associated to the tropical Laplacian of F' is
obtained as the composition

V x V —= NSL(Z) x NSL(Z) — =R,
where I is the intersection form on Z. By the Hodge index theorem [GH94, Chapter 4], —I has
signature of the form (p — 1,1, 0), and hence the tropical Laplacian of F' has at most one nega-
tive eigenvalue. Since X is projective, the tropical Laplacian has, in fact, exactly one negative
eigenvalue. O

The following application of Milman’s converse to the Krein-Milman theorem relates ex-
tremality to the strongly positive Hodge conjecture, see [Dem82, Proof of Proposition 5.2].
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Proposition 5.9. Let T be a (p, p)-dimensional closed current on X of the form

T=lm T, T = ZAij[Zij]a
j

where \;; are nonnegative real numbers and Z;; are p-dimensional irreducible subvarieties of
X. If T generates an extremal ray of the cone of strongly positive closed currents on X, then
there are nonnegative real numbers \; and p-dimensional irreducible subvarieties Z; C X such
that

71— 00

Proof. For a (p, p)-dimensional positive current 7' on X, we set

Izili= [ 7 nwr
X

where w is the fixed Kdhler form on X. Consider the sets of positive currents

S = {T : T'is a (p, p)-dimensional positive closed current with ||T'|| = 1 },
Z
X = {M : Z is a p-dimensional irreducible subvariety of X } cs.

Banach-Alaoglu theorem [Rud91, Theorem 3.15] shows that & is compact, and hence the closure
K C 8 and the closed convex hull co(X) C § are compact. Since the space of (p, p)-dimensional
currents on X is locally convex, Milman’s theorem [Rud91, Theorem 3.25] applies to these com-
pact sets: Every extremal element of co(X) is contained in X. To conclude, we note that

T
—— € co(X).
] € )

Indeed, the current TJ; is nonzero for sufficiently large 4, and

Ty T T
i ’
TN oo ([Tl 17|

€ co(X).

Furthermore, since the cone of strongly positive closed currents contains co(X), the current
T/||7]| is an extremal element of co(X). It follows from Milman’s theorem that

T
— c XK.
1711

In other words, there are p-dimensional irreducible subvarieties Z; C X such that

—— = lim 7[21] .
T oo [[[Z4]]]
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5.6. Suppose F is a 2-dimensional real weighted fan in R™ with the following properties:

- Fis balanced, unimodular, and non-degenerate,
— G(F) is connected and locally extremal,

— the negative edges of G(F') are pairwise disjoint and in general position.

Let ujug, usug, . .. be the negative edges of G(F'), and let m be the number of negative edges.
Since the negative edges are pairwise disjoint and in general position, we may define

Fi= (Fi3)50)5 - )am—12m-
The resulting weighted fan F' has the following properties:
- Fis positive,
- Fis balanced, unimodular, and non-degenerate,
— G(F) is connected and locally extremal.
In addition, by Proposition

n_(F) > (the number of negative edges of G(F)).
We construct an example of F in R* with the stated properties.
We start from a geometric realization G C R*\ {0} of the complete bipartite graph

€1 €2 €3 €4

bil f2 I3 fa,

where e1, es, €3, €4 are the standard basis vectors of R* and fi, fa, f3, f1 are suitable primitive
integral vectors to be determined.

Let M be the matrix with row vectors f1, fa, f3, f1, and let P be the collection of cones
{0} U {cone(ui) | u; is a vertex of G} U {cone(uiuj) | uju; is an edge of G}.
If the determinant of M is nonzero, then { f1, f2, f3, f4} is linearly independent, and hence G is

locally extremal.

Lemma 5.10. If all 2 x 2 minors of M are nonzero, then every edge of G is in general position,
and P is a fan.

Proof. We show that every edge of G is in general position. It is easy to check from this that P is
a fan. By symmetry, it is enough to show that

span(es, f1) Nspan(es, f2) = 0,

span(e, fi) Nspan(er, fa) = span(e;),

span(es, f1) Nspan(eg, f1) = span(f1).
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This follows from direct computation. For example, the intersection span(e1, f1) N span(ez, f2)
is isomorphic to the kernel of the transpose of the submatrix My, 2y (3.4}, which is nonsingular
by assumption. Therefore we have the first equality. The other two equalities can be shown in a
similar way. O

If the determinant of M is nonzero, then G is locally extremal, and hence any two balanced
edge-weights on G are proportional. For a randomly chosen M, the graph G does not admit
any nonzero balanced weight.

Lemma 5.11. If the columns of M form an orthogonal basis of R*, then G admits a nonzero
balanced integral weight, unique up to a constant multiple.

Proof. The uniqueness follows from the connectedness and the local extremality of G. We define
edge-weights on G by setting

w(eifi) weafi) wilesfi) wi(eafr)
w(eif2) wleaf2) wiesfa) wileaf2) - M
wieifs) wileafs) wilesfs) wieafs) ’

weifs) wileafs) wilesfs) wieafs)
where w(e; f;) denote the weight on the edge e; f;. It is straightforward to check that G is bal-
anced. For example, the balancing condition for G at f; is
fi = fuier + fizes + fizes + fiaeq,

and the balancing condition for G at e; is

(fh+ B+ [+ fi)er = fufi+ fafe+ farfs + farfa
O

Suppose that M is an integral matrix all of whose 2 x 2 minors are nonzero. If columns
of M form an orthogonal basis of R?, then we can construct a balanced weighted fan F' on P
using Lemmas and If furthermore all the entries of M are either 0 or %1, then F'is
unimodular, and if each row and column of M contains at most one negative entry, then the
negative edges of G(F) are pairwise disjoint.

As a concrete example, we take

0 1 1 1

1 -1 1
M = 0

1 1 0 -1

1 -1 1 0

The determinant of M is —9, and the 2 x 2 minors of M are

- ]-7 _17 _17 _17 _17 _17 _17 _17 _17 _17 _17 _17 _17 _17 _1: _17 _1a _17 _1a
1 T, T AL T AL, T AL, T 4L, -2, -2, 2, 42 12, 42
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It follows that P is a unimodular fan and all edges of G are in general position. The columns of
M form an orthogonal basis of R*, and hence P admits a balanced integral weight as in Lemma
This defines a balanced weighted unimodular fan F. The abstract graph of G(F) is

€1

fi

where the three edges with negative weights are denoted by dashed lines. Since negative edges
of G(F) are pairwise disjoint and in general position, we can construct the positive balanced
weighted fan F from F. We order the vertices of G(F) by

+e1, tea, +e3, +eq, +f17 +f25 +f37 +f47 —€2, —€3, —€4, 7f25 7f37 7f4-

The tropical Laplacian of G(F) is the symmetric matrix

—1 0 0 —1 0 1 0 0 0 —1 0 0 0 0
-1 -1 0 0 0 0 1 0 0 0 -1 0 0 0

Loy = )
( ) -1 0 —1 0 0 0 0 1 —1 0 0 0 0 0

and
(n+(ﬁ), n_(F), no(ﬁ)) = (7,3,4).

We use the weighted fan F to construct the strongly positive closed current T in Theorem

Proof of Theorem There is a refinement of F that is compatible with a complete fan ; on R%;
this is a general fact on extension of fans [GS11, Proposition 3.15]. Applying toric Chow lemma
[CLS11, Theorem 6.1.18] and toric resolution of singularities [CLS11, Theorem 11.1.9] to ¥; in
that order, we can construct a subdivision ¥, of 3; that defines a smooth projective toric variety
X. Let € be the refinement of F' that is compatible with . Since € is a unimodular refinement
of the 2-dimensional unimodular weighted fan F, it is obtained from F' by repeated application
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of the construction F' — F:]r in Section see [CLS11, Lemma 10.4.2]. Therefore C is strongly
extremal, and by Proposition

n_(€) =n_(F)=3.

Let T := T¢ be the tropical current on X associated to the non-degenerate weighted fan C. We
note that

(1) Te is strongly positive because C is positive,
(2) Te is closed because € is balanced (Proposition ,
(3) Te is strongly extremal because C is strongly extremal (Proposition .

We show that Te is not a weak limit of the form

zlifrolo T, Ti= Z )\ij[Zij];
J

where )\;; are nonnegative real numbers and Z;; are irreducible surfaces in X. If otherwise,
since T¢ is strongly extremal, Proposition [5.9|implies that there are nonnegative real numbers
A; and p-dimensional irreducible subvarieties Z; C X such that

?e = lim )\Z[ZZ]

i—00
Therefore, by Proposition the tropical Laplacian of {T¢} has at most one negative eigen-
value. However, by Theorem 4.7

{Te} = ¢,

whose tropical Laplacian has three negative eigenvalues, a contradiction. O
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