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Abstract

We give adeterministicalgorithm for approximately counting satisfying assigmtseof a degree-
polynomial threshold function (PTF). Given a degeemyput polynomialp(z1, ..., z,) overR™ and a
parametet > 0, our algorithm approximateBr,.;_; 13- [p(z) > 0] to within an additivete in time
Oyg.c(1) - poly(n?). (Since it is NP-hard to determine whether the above prdibalsinonzero, any sort
of efficient multiplicative approximation is almost certbiimpossible even for randomized algorithms.)
Note that the running time of our algorithm (as a functiom®f the number of coefficients of a degree-

d PTF) is afixed polynomial. The fastest previous algorithm for this praoblfKan12b], based on
constructions of unconditional pseudorandom generatorddgreed PTFs, runs in timeg©Od.c(1)¢*
forall ¢ > 0.

The key novel contributions of this work are

e A new multivariate central limit theorem, proved using ®&lom Malliavin calculus and Stein’s
Method. This new CLT shows that any collection of Gaussidgipmmials with small eigenvalues
must have a joint distribution which is very close to a muftidnsional Gaussian distribution.

e A new decomposition of low-degree multilinear polynomialger Gaussian inputs. Roughly
speaking we show that (up to some small error) any such potialccan be decomposed into
a bounded number of multilinear polynomials all of which @axtremely small eigenvalues.

We use these new ingredients to give a deterministic alyarfor a Gaussian-space version of the
approximate counting problem, and then employ standafrthtques for working with low-degree PTFs
(invariance principles and regularity lemmas) to redueedtiginal approximate counting problem over
the Boolean hypercube to the Gaussian version.

As an application of our result, we give the first determinifiked-parameter tractable algorithm
for the following moment approximation problem: given a degd polynomialp(x1, ..., z,) over
{-1,1}", apositive integek and an error parameteroutput & 1+¢)-multiplicatively accurate estimate
to E,(_1,1}»[|p(2)|*]. Our algorithm runs in tim&g, (1) - poly(n?).
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1 Introduction

For decades a major research goal in computational conypleas been to understand the computational
power of randomization — and perhaps to show that randonuss not actually augment the abilities of
polynomial-time algorithms. Towards this end, an imparta&search goal within unconditional derandom-
ization has been the developmentdaterministic approximate counting algorithmshis line of research
started with the work of Ajtai and Wigdersdn [AW85], who gavsub-exponential time deterministic algo-
rithm to approximately count the number of satisfying assignts of a constant-depth circuit. Since this
early work many other classes of Boolean functions have beslied from this perspective, including DNF
formulas, low-degre&: F'[2] polynomials, linear threshold functions, and degree-¥mpmiial threshold
functions [LVW93/LV96/ Tre04, GMR13, Vio09, GKML1,[DDS13H, DDS13b].

In this paper we study the problem of deterministic appr@tamcounting fordegreed polynomial
threshold function§PTFs). A degreet PTF is a Boolean functiorf : {—1,1}" — {—1,1} defined by
f(x) = sign(p(z)) wherep : {—1,1}" — R is a degreet polynomial. In the special case whete= 1,
degreed PTFs are often referred to Asear threshold function§LTFs). While LTFs and low-degree PTFs
have been researched for decades (seee.qg. [MK61, MTT618)MR&71GHRI?, Orp92, Hasbd4, Pod09]
and many other works), they have recently been the focusnefwred research attention in fields such as
concrete complexity theory [Shed8, She09, DHIKI,[Kan10/ Kan12d, Kan1Pa, KRS12], learning theory
[KKMS08, [SSSS11, DOSW11, DDFS12], voting thedry [APLI07, $12] and others.

Our main result. The main contribution of this paper is to give a fixed polynaltiime deterministic
approximate counting algorithm for degréd?TFs. We prove the following theorem:

Theorem 1. There is a deterministic algorithm with the following properties: Lefl be given as input
a degreed polynomialp over {—1,1}" and an accuracy parameter > 0. Algorithm A runs in time
O4.(1) - poly(n?) and outputs a valué € [0, 1] such that|s — Pr,c(_1 13 [p(z) > 0]| <.

Note that the above result guaranteesdditive approximation to the desired probability. While addi-
tive approximation is not as strong as multiplicative appr@tion, one should recall that the problem of
determining whethePr,c;_; 1y»[p(x) > 0] is nonzero is well known to be NP-hard, even for degree-2
polynomials and even if all nonconstant monomialg ere restricted to have coefficients frdi, 1} (this
can be shown via a simple reduction from Max-Cut). Thus naiefit algorithm, even allowing random-
ness, can give any multiplicative approximationRe,.¢_; 13»[p(z) > 0] unless NPC RP. Given this,
additive approximation is a natural goal.

Related work. Several previous works have given pply)-time deterministic approximate counting al-
gorithms for widthd DNF formulas (see e.gl [TreD4, 1 V96, GMR13] as well as theraggh of [AW85]
augmented with the almostwise independent distributions 6f [NN93], as discusseie04]). Degree?
PTFs are of course a broad generalization of widlldDNF formulas, and the algorithms for widthBNFs
referenced above do not extend to degideFFs.

Thed = 1 case for degred-PTFs (i.e. LTFS) is qualitatively different fromh> 1. Ford = 1 the satis-
fiability problem is trivial, so one may reasonably hope fonaltiplicatively (1 & ¢)-accurate deterministic
approximate counting algorithm. Indeed such an algoritmning in fully polynomial timepoly(n, 1/¢),
was given by Gopalaet al. and Stefankoviet al. in [GKMT11]. Ford > 2, however, as noted above
additive approximation is the best one can hope for, evemaiodomized algorithms. The only previous
deterministic approximate counting results for degideTFs for generadl follow from known construc-
tions ofunconditional pseudorandom generat@PRGs) for degred-PTFs. The first such construction was
given by Meka and Zuckermahn [MZ110], whose PRG yieldeah8r(1)-Poly (1/¢") _time deterministic approx-
imate counting algorithm. Followup works by Kane [Kanil1am{1b[ Kan12b] improved the parameters



of these PRGs, with the strongest construction from [Kah{fls PTFs over Gaussian inputs) giving a
nQa..(1)€"°_time algorithm. Thus these prior works do not give a fixed/pomial-time algorithm.

For the special case af = 2, in separate work [DDS13a] the authors have given a detésticirap-
proximate counting algorithm for degree-2 PTFs that runsnire poly(n, 2°°v(1/9)). In [DDS13b] the
authors extended the [DDS13a] result and gave an algoritlatndbes deterministic approximate counting
for any O(1)-junta of degree2 PTFs. As we explain in detail in the rest of this introductiomuch more
sophisticated techniques and analyses are required tondht&aresults of the current paper for general
d. These include a new central limit theorem in probabilitgdiy based on Malliavin calculus and Stein’s
method, and an intricate new decomposition procedure text gell beyond the decomposition approaches

employed in[DDS134, DDS13b].

Our approach. The main step in proving Theordm 1 is to give a determinigbigraximate counting al-
gorithm for thestandard Gaussian distributiotV (0, 1)™ overR™ rather than the uniform distribution over
{—1,1}". The key result that gives us Theoréin 1 is the following:

Theorem 2. There is a deterministic algorithm with the following properties: Lefl be given as input
a degreed polynomialp over R™ and an accuracy parameter > 0. Algorithm A runs in timeOg (1) -
poly(n?) and outputs a valué € [0, 1] such thatls — Pr,_yo,1y=[p(z) > 0]| < e.

Theorem( 1l follows from Theorem 2 using the invariance pgleciof [MOO10] and the “regularity
lemma” for polynomial threshold functions frorh [DSTW10].h& arguments that give Theorér 1 from
Theoreni P are essentially identical to the ones uséd in [(3@F 0 we omit them in this extended abstract
(see the full version). In the rest of this introduction wed#e the main ideas behind the proof of Theorem
[Z; as explained below, there are two main contributions.

First contribution: A new multivariate CLT. Our first contribution is a new multidimensional centralitim
theorem that we establish fortuples of degre@- Gaussian polynomials, i.e:-tuples(pi(z),...,p,(z))
where eaclp; is a degreet polynomial andz ~ N(0,1)™. This CLT states that if eagh has “small eigen-
values” (as defined at the start of Sectidn 4), then the jasttibution converges to the multidimensional
Normal distributionG overR" whose mean and covariance matph, . .., p,). The closeness here is with
respect to “test functions” that have globally bounded sdcderivatives; see Theordm]19 for a detailed
statement of our CLT. In Sectidd 6 we use tools from mollifmato go from the aforementioned kind of
“closeness” to the kind of closeness which is required tdyaegpolynomial threshold functions.

Comparing with previous work, the degree-2 case [DDS13g]ired a CLT for a single degree-2 Gaus-
sian polynomial. The main technical ingredient of the [DI3&Jproof was a result of Chatterjée [Cha09].
[DDS13b] established thé = 2 case of our multidimensional CLT via a relatively straigintfard analysis
(requiring just basic linear algebra) of the central linhiéorem from[[NPR10]. We note that in thle= 2
case itis clear what is the correct notion of the eigenvatiesdegree2 polynomial, namely the eigenvalues
of the quadratic form. In contrast, it is far from clear whsthe correct notion of the eigenvalues of a degree-
d polynomial, especially since we require a notion that eesbbth a CLT and a decomposition as described
later. (We note that the tensor eigenvalue definitions tteeeployed in[[FW95, CS18, Lat06] do not ap-
pear to be suitable for our purposes.) Based on discussitinexperts/[Lat13, Noul3, Ledll3, Ole13], even
thed = 2 version of our multidimensional CLT was not previously kmuet alone the far more general
version of the CLT which we establish in this work.

It is instructive to consider our CLT in the context of a resafl Latala [Lat06], which shows that (a
somewhat different notion of) tensor eigenvalues can bd tesbound the growth of moments of degrée-
Gaussian polynomials. However, the moment bounds thateabtained from this approach are too weak
to establish asymptotic normality [Lat13].

Like [DDS13H], in this paper we also use the central limitatean from [NPR10] as a starting point.
However, our subsequent analysis crucially relies on thetfeat there is a geometry-preserving isomor-
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phism between the space of symmetric tensors and multiga@Baussian polynomials. This allows us to
view Gaussian polynomials in terms of the associated teraod greatly facilitates the use of language
and tools from tensor algebra. To establish our conditiorm$ymptotic normality, we make significant use
of tensor identities from Malliavin calculus which were dped in the context of application to Stein’s
method (se€ [NP09, Noull2, NPR10]).

Second contribution: Decomposition. The second main contribution of this paper is a novel decempo
sition that lets us transform a multilinear degre&aussian polynomigbh into a polynomial of the form
h(Ay,...,A,), where (informally)

1. pandh(Ay,..., A,) aree-close (i.e. E[p] = E[h(Ay,..., A;)]andVar[p—h(A4;,...,A—7r)] <e);

2. For each polynomiall;, all of its eigenvalues are extremely small (at mp$br some very smalk);
and

3. r =r(e,d,n) is independent of and depends only on the approximation paramettre eigenvalue
boundr, and the degreé of p.

This decomposition is useful for the following reasons: gemy (1) ensures that the distributionspof
and ofh(A44,..., A,) are close in cdf-distance, and thus to in order to do appratémaounting of Gaus-
sian satisfying assignments fprit suffices to do approximate counting of Gaussian satighassignments
for h(Aq,...,A,). Property (2) ensures that we may apply our new CLT tortieple of polynomials
Aq, ..., A, and thus we may approximately count satisfying assignsienit( A, ..., A,) > 0 by approx-
imating the fraction of assignments that satisfy,, ..., G,) whereG = (Gi,...,G,) is the multidimen-
sional Normal distribution given by our CLT. Finally, by Perty (3), approximatin®r[h(G1,...,G,) > 0]
is a “constant-dimensional problem” (independentp$o it is straightforward for a deterministic algorithm
to approximate this probability in time independentof

We note that there is a subtlety here which requires signifieffort to overcome. As we discuss in
RemarK 2D, in order for our CLT to give a nontrivial bound itshbe the case that the eigenvalue bouisl
much smaller than /r. Mimicking decomposition approaches previously usedtérditure [[Ser07, MZ09,
[DSTW10] has the problem that they will necessarily make 1/7, thus rendering such decompositions
useless for our purposes. (One exception is the decompogitocedure from [Kanlla] where a similar
problem arises, but since the desired target conditions tire different from ours, that work uses a different
approach to overcome the difficulty; we elaborate on thiswglin our context, achieving a decomposition
such that) < 1/r requires ideas that go beyond those used in previous deaitiops, and is responsible
for the large “constant-factor” overhead (captured’by. (1)) in the overall running time bound.

At a very high level our decomposition is reminiscent of tegularity lemma for degreé€-polynomials
over{—1,1}" that was given in [DSTW10], in that both procedures breakvargdegreet input polyno-
mial into a collection of “regular” polynomials, but as wew@xplain, this resemblance is a superficial
one as there are many significant differences. First, inB®&W10] setting the given input polynomials
are over{—1, 1}" while here the polynomials are over Gaussian space; thisnajar distinction since the
geometry of Gaussian space plays a fundamental role in oofgpand techniques. Second, the notion of
“regularity” that is used is quite different between the tworks; in [DSTW10] a polynomial is regular if
all variable influences are small whereas here a polynomiaegular” if all its “tensor eigenvalues” are
small. (We subsequently refer to this new notion of regtyasihich is introduced and used in our work
aseigenregularity) Third, in [DSTW10] each “atomic step” of the decompositisnsimply to restrict an
individual input variable to+-1 or —1, whereas in this paper the atomic “decomposition step” mwelves
an eigenvalue computation (to identify two lower-degref/pamials whose product is nontrivially corre-
lated with the polynomial being decomposed). Finally, B&TW10] decomposition produces a decision



tree over input variables with restricted polynomials atl#aves, whereas in this paper we produsimgle
degreed polynomialh(A4, ..., A,) as the output of our decomposition.

Our decomposition has some elements that are reminiscentl@€omposition procedure described in
[Kanlla). Kane's procedure, like ours, breaks a degrpetynomial into a sum of product of lower de-
gree polynomials. However, there are significant diffeemnbetween the procedures. Roughly speaking,
Kane’s decomposition starts with a polynonpednd is aimed at upper bounding the higher moments of the
resulting constituent polynomials, whereas our decontiposis aimed at upper bounding the eigenregular-
ity (magnitude of the largest eigenvalues) of the constitylynomials. To make sure that the number
of constituent polynomials compares favorably with the reatrbounds, Kane divides these polynomials
into several classes such that the number of polynomialayrckass compares favorably with the moment
bounds in that class (and some desired relation holds bettheenumber of polynomials in the different
classes). Instead, in our decomposition procedure, we wamtcompare favorably with the eigenvalue
boundn; given this requirement, it does not seem possible to minanes approach of splitting the con-
stituent polynomials into several classes. Instead, tittaurather elaborate decomposition procedure, we
show that while it may not be possible to split the origindiypomial p in a way so that compares favorably
with 7, it is always possible to (efficiently) find a polynomjasuch thaip — p has small variance, arjdcan
be decomposed so that the number of constituent polynoaatgare favorably with the eigenregularity
parameter.

We note that it is possible for the polynomjal- p to have small variance but relatively huge moments.
Thus our decomposition procedure is not effective for theagch in[[Kan11a] which is based on bounding
moments. However, becauge— p has small variance, the distributions pfand p are indeed close in
cdf distance, which suffices for our purposes. Thus our deosition procedure should be viewed as
incomparable to that of [Kan1la].

We also remark that our decomposition is significantly morelved than the decompositions used
in [DDS13a,, DDS13b]. To see how this additional complexitises, note that both these papers need
to decompose either a single degree-2 Gaussian polynomalset of such polynomials; for simplicity
assume we are dealing with a single degtgmlynomialp. Then the[[DDS13a] decomposition procedure
splitsp into a sum of products of linear functions plus a degzgmlynomial which has small eigenvalues.
Crucially, since a linear function of Gaussians is itself @u€sian, this permits a change of basis in which
these linear functions may be viewed as the new variables:ré&jricting” these new variables, one is
essentially left with a single degr@epolynomial with a small eigenvalue. In contrastpihas degreel
greater thar?, then the[[DDS13a] decomposition will spfiinto a sum of products of pairs of lower degree
Gaussian polynomials plus a polynomial which has smallreigleies. However, i > 2 then some or all of
the new constituent lower degree polynomials may have dagpesmter than. Since a polynomial of degree
d > 1 cannot itself be viewed as a Gaussian, this precludes tls#yiayg of “restricting” this polynomial as
was done in[[DDS13a]. Thus, one has to resort to an iterateemposition, which introduces additional
complications some of which were discussed above.

Organization. We begin in Sectiof]2 by recording various useful prelimmrincluding some basics
from the study of isonormal Gaussian processes (in the xootdinite-degree Gaussian polynomials) that
are required for the rest of the paper. In Secfibn 3 we showitlis sufficient to give an algorithm for
deterministic approximate counting of degré@olynomials in the special case where all the polynomials
are multilinear. In Sectiohl4 we prove our new CLT fottuples of degree- Gaussian polynomials with
“small eigenvalues.” In Sectidd 5 we describe our decontipmsprocedure that can be used to decompose
a k-tuple of degreet multilinear polynomials over Gaussian inputs into an esaly equivalentk-tuple of
polynomials that have a highly structured “special fornrm"3ectiori 6 we show how the CLT from Section
[ can be combined with the highly structured polynomialsnfi®ectiorib to prove Theorelmh 2. In Section
[7 we sketch how Theorefd 1 follows from Theoréi 2. We close icti®@[8 by briefly describing how



TheorentL can be applied to give the first deterministic figathmeter tractable algorithm for the problem
of multiplicatively approximating thé-th absolute moment of a degréesolynomial over{—1,1}".

2 Preliminaries

2.1 Basic Definitions, Notation and Useful Background

For A arealN x N matrix we write ||Al|2 to denote the operator nord|lz = maxg_,cpny %.

Throughout the paper we writg,.<(A) to denote the largest-magnitude eigenvalue of a symme#tdm
A.

We will need the following standard concentration bounddar-degree polynomials over independent
Gaussians.

Theorem 3 (“degreed Chernoff bound”, [[Jan97])Letp : R® — R be a degreet polynomial. For any

t > e, we have »
Pr, no,[[p(x) — E[p(x)]| >t /Var(p(z))] < de~ M),

We will also use the following anti-concentration bound degreed polynomials over Gaussians:

Theorem 4 (JCWO01]). Letp : R®™ — R be a degreet polynomial that is not identically 0. Then for all
e > 0andalld € R, we have

Pr, 1) [[p(x) -0 <e Var(p)} < O(del/d).

On several occasions we will require the following lemmaichiprovides a sufficient condition for two
degreed Gaussian polynomials to have approximately the same dracti satisfying assignments:

Lemma 5. Leta(x),b(x) be degree? polynomials oveiR™. For x ~ N(0,1)", if E[a(x) — b(x)] = 0,
Var[a] = 1and Var[a — b] < (7/d)3, thenPr,_y(g,1): [sign(a(z)) # sign(b(z))] < O(7).

Proof. The argument is a straightforward consequence of Thedreand@. First note that we may assume
7 is at most some sufficiently small positive absolute coristarte otherwise the claimed bound is trivial.
By Theoreni#, we hav®r[|a(x)| < (7/d)?] < O(r). SinceVar[a — b] < (7/d)>? anda — b has mean
0, applying the tail bound given by Theorémn 3, we Bef|a(z) — b(z)| > (7/d)¢] < O(r) (with room

to spare, recalling that is at most some absolute constant). Sisige(a(z)) can disagree witkign(b(z))
only if |a(z)| < (7/d)? or|a(z) — b(x)| > (r/d)?, a union bound gives th&®r,_y  yw [sign(a(z)) #
sign(b(z))] = O(r), and the lemma is proved. O

2.2 Alinear algebraic perspective

We will often view polynomials oveN (0, 1)™ as elements from a linear vector space. In this subsection we
make this correspondence explicit and establish some sibypluseful linear algebra background results. In
particular, we consider the finite-dimensional real vesfmce of all degre€ polynomials overn variables.
This vector space is equipped with an inner product defineflbsvs: for polynomialsP, ), we have
(P,Q) = Eyun(0,)»[P(z) - Q(z)]. For the rest of the paper we [Btdenote this vector space.

We will need to quantify the linear dependency between pmiyials; it will be useful for us to do this
in the following way. LetiV be a subspace df andv € V. We writev!" to denote the projection afon
W andv" to denote the projection afon the space orthogonal ¥, sov = v 4+ LW, Equipped with
this notation, we define the following (somewhat non-stamidaotion of linear dependency for an ordered
set of vectors:



Definition 6. Let V' be defined as above and lgt = {v1,...,v,} be an ordered set of unit vectors
belonging toV. DefineA; = {v1,...,v;} and define/* to be the linear span ofl;. A is said to be(-far
from being linearly dependeiftfor everyl < i < m, we have||(v;)* 1|2 > ¢.

Note that viewing the vector spa&easR’ (for somet), we can associate a matid 4 € R?>*™ with A
where thei*" column of M 4 is v;. The smallest non-zero singular value of this matrix is heptneasure
of the dependency of the vectors.h Observe that this value (denoted by, (M 4)) can alternately be
characterized as

m

E ;0

i=1

Umin(MA) =

inf
a€ER™:||al2=1

2

We next have the following lemma which shows thatifis (-far from being linearly dependent, then
the smallest non-zero singular valueldf, is noticeably large.

Lemma 7. If Ais ¢-far from being linearly dependent (whefe< 1/4), theno i (M4) > (2™ 2.

Proof. We will prove this by induction onn, by proving a lower bound off >~ | a;v;]|2 for any unit
vectora € R™. Form = 1, the proof is obvious by definition. For the induction stelpserve that

m
E QU5
i=1

where we use the notation from Definitioh 6df,,| > ¢*™~3, then we get the stated bound ol | cv;v; |2.
In the other case, sinde,,,| < ¢*™~3, we have

m m—1
E ;U E ;0
i=1 i=1

However, by the induction hypothesis, we get

m—1
E QU
i=1

Thus,|| Y7 civilla > ¢2m1/2 — ¢2m=3 > (2™2 (provided( < 1/4). O

> [l - [|on |

2

2

>
2

_ ’am’ > . <2m—3.

2

m—1
E QU

i=1

2

> (1 _ <2m—3)<2m—4 >
2

The next simple claim says thatf is (-far from being linearly dependent andies in the linear span
of A, then we can upper bound the size of the coefficients usegitesentv.

Claim 8. Letwv be a unit vector which lies in the span dfand let.4 be (-far from being linearly depen-
dent. Then, it = >, B;v; is the unique representation ofas a linear combination of;’s, we have

\V iy B7 < (1/¢)Pm 2

Proof. Let; = 3;/1/>., 3?. Sincey is a unit vector, by Lemnid 7 we have that

Z%’Ui > R
=1 2
Thus¢?m=2., /3" | 32 < 1, giving the claimed upper bound. O



We will also need another simple fact which we state below.

Fact 9. Let.4; be(-far from being linearly dependent. Let,; andv be unit vectors such th&tv, v, 1)| >
¢ andv is orthogonal toV;. ThenA,, 1 is ¢-far from being linearly dependent.

Proof. Note thatv;; = vl‘;l + vfﬁ whereV; = span(.A;) (following Definition[8). Hence we have

Vi 1V;
[ 12 > (v, v2¥)] = (0, 0l3) + (0, v2V)| = |(v,0i1)] > €,

where the first inequality is by Cauchy-Schwarz and the fojsdéty uses that is orthogonal td/;. O

2.3 The model

Throughout this paper, our algorithms will repeatedly begrening basic linear algebraic operations, in
particular SVD computation and Gram-Schmidt orthogomdilim. In the bit complexity model, it is well-
known that these linear algebraic operations can be peeriioy deterministic algorithms) up to additive
error e in time poly(n, 1/¢). For example, letA € R™*™ haveb-bit rational entries. It is known (see
[GLOg] for details) that in timepoly(n, m,b,1/e€), itis possible to compute a valdgg and vectors:; € R”,

v; € R™, such that; = f Avt and|5; — 01| < ¢, whereo is the largest singular value af. Likewise,

T el ]
givenn linearly independent vectois?), . .., v(™ € R™ with b-bit rational entries, it is possible to compute
vectorsiV ... 4™ in time poly(n, m ,b) such that ifu®, ..., u(™ is a Gram-Schmidt orthogonalization
of oM, ... v then we haveu(?) . u 0 g @ < 2- poly(®) for all i,j.

In thls paper, we work in a unit-cost real number model of cotafon. This allows us to assume
that given a real matrixd € R™*™ with b-bit rational entries, we can compute the SVDAfexactly in
time poly(n,m,b). Likewise, givenn vectors oveiR™, each of whose entries abebit rational numbers,
we can perform an exact Gram-Schmidt orthogonalizationinie poly(n, m,b). Using high-accuracy
approximations of the sort described above throughout tgarithms, it is straightforward to translate
our unit-cost real-number algorithms into the bit comgdiesetting, at the cost of some additional error in
the resulting bound. Note that the final guarantee we redugre Theorenl R is only thai is an additively
accurate approximation to the unknown probability. Notghfer that our Lemmil5 gives the following: for
p(z) a degreet Gaussian polynomial wittVar[p] = 1, andp(z) a degreet polynomial so that for each
fixed monomial the coefficients gfandy differ by at mosts, then takings = (¢2/(d® - n))¢, we have that
| Prip(z) > 0] - Prlj(z) > 0)| <.

Using these two observations, it can be shown that by makiffggiently accurate approximations at
each stage where a numerical computation is performed byidealized” algorithm, the cumulative er-
ror resulting from all of the approximations can be absorinéal the finalO(€) error bound. Since inverse
polynomial levels of error can be achieved in polynomialdifor all of the approximate numerical computa-
tions that our algorithm performs, and since only gef) many such approximation steps are performed by
poly(n?)-time algorithms, the resulting approximate implementaiof our algorithms in a bit-complexity
model also achieve the guarantee of Thedrem 2, at the cosixetipoly (n?) overhead in the running time.
Since working through the details of such an analysis isdisus for the reader as it is for the authors, we
content ourselves with this brief discussion.

2.4 Polynomials and tensors: some basics from isonormal Gasian processes

We start with some basic background; a more detailed disnuss the topics we cover here can be found
in [NPO9,/Nou12, NPR10].

Gaussian processesA Gaussian process a collection of jointly distributed random variabl€X; } .7,
whereT is an index set, such that § C T is finite then the random variabldsY, }scs are distributed
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as a multidimensional normal. Throughout this paper we ovily deal withcenteredGaussian processes,

meaning thaEE[X;| = 0 for everyt € T'. Itis well known that a centered Gaussian process is cogiplet

characterized by its set of covariancEB[X;X;|}scr. An easy but important observation is that the
functiond : T x T — R* defined byd(s,t) = /E[(Xs — X;)?] forms a (pseudo)-metric on the st

Isonormal Gaussian processed-or H any separable Hilbert space, the Gaussian procEs$s)},cy over
H is isonormalif it is centered andS[ X (h) - X (h')] = (h, h') for everyh, i/ € H. Itis easy to see that for
an isonormal Gaussian process, the metiicduced by the processX ()} ey is the same as the metric
on the Hilbert spacé{, and thus there is an isomorphism between the Gaussiansgrp&éh)} and the
Hilbert spaceH. This isomorphism allows us to reason about the pro€a3% )} using the geometry off.
Throughout this paper the Hilbert spagewill be the n-dimensional Hilbert spacR”, and we will
consider the isonormal Gaussian procé3gh)},cy. This Gaussian process can be described explicitly
as follows: We equiR™ with the standard normal measukg0, 1)", and corresponding to every element
h € R™ we defineX (h) = h-z, wherez ~ N(0,1)". The resulting{ X (h)} is easily seen to be a Gaussian
process with the property thBY X (h) - X (g)] = (h, g).

Tensors. We write H®? to denote the-tensor product of{. Fixing a basis,...,e, of H, recall that
every element oH{®? may be uniquely written as

f= > flin,... ig) ;@ ®@e;, wheref(ir, ... ig) €R. (1)

i1yenig=1

We write H“? to denote the subspace of symmetritensors. These are the elemefits H®? such
that, writing f as in [1) above, we havg(iy, ..., iq) = f(is1), - i0(q)) fOr every permutationr € S,.
Given a tensoyf € H®? written as in[[1), we write to denote the symmetrization ¢f

~gef 1 = . :
FE q YooY Sy i) e ® - @ ey,

€S8y i1, yig=1

which lies inH®9; we alternately writeSym( f) for f if the latter is typographically inconvenient.

Given an element € H, we write 1 to denote the-th tensor product of with itself, h @ - -- ® h.
Note that this is a symmetric tensor; we sometimes refér“tbas apure symmetrig-tensor Note that
every symmetrigj-tensor can be expressed as a finite linear combination efgunmetric‘q-tensorsh?q
where eacth; € H has||h;|| = 1 (but this representation is not in general unique).

We say that a tensof as in [1) ismultilinear if f(i1,...,i,) = 0 wheneveri, = i, for anya # b,
a,b € [q] (i.e. all the diagonal entries gfare zero).

From tensors to Gaussian polynomials and backwWe write H,(x) to denote the'* Hermite polynomial;
this is the univariate polynomial

— _ _ (_1)q x2/2 di —x2/2
Ho(z) =1,Hi(z) =z, Hy(z)= Te i .
Note that these have been normalized so thatE}aIN(O,l)[Hq(x)Q] = 1/q!. We write W9 to denote the
g-th Wiener chaosthis is the space spanned by all random variables of the 18X (%)) (intuitively, this
is the span of all homogenous degremultivariate Hermite polynomials.). We note that it can bewsn
(see e.g. Section 2.2 of [NP09]) that forg € H with ||h]| = ||g|| = 1 we have

E[H, (X (h)) - Hy(X (9))] = %w@q,g@q» @



Theiterated Ito integralis a map which takes us from symmetric tensors to Gaussigmauoiials as
follows. Giveng > 1 andh € H which satisfieg|h|| = 1, we define

Io(h®) = q!'- Hy(X (). 3)

(We definely(c) = c for ¢ € R.) Note that with the definition of Ito integral, we can repleake
guarantee of{2) as saying
E[L,(h®7) - I,(9")] = ¢! - (h™1, g°7).

So far, the mag,(-) has been defined only for pure symmetyitensors of unit norm. However, equipped
with the fact that every: € 1“7 can be written as a linear combination of such tensors, thenean be
linearly extended to the whole spa&g’?. Using the multiplication formula for Ito integrals (eqicat (5)
below) and standard identities for Hermite polynomialgaih be shown (see again Section 2.2 of [NP09])
that such an extension is consistent and unambiguoust dee$ not depend on the particular linear com-
bination of the pure symmetric tensors we use to represent{. Thus every element ¢f“? maps to an
element ofV? and further this mapping can be shown to be bijective. In thetmapl, is an isomorphism
(up to scaling) between the spal®! of Gaussian chaoses and the Hilbert spice, as is shown by the
following relation: for f, g € H®4, we have

E[L,(f) - I,(9)] = ¢ (f, 9)

(ee ClainTIl below for a proof). This relation forges a cotioechbetween the-th Wiener chao3/V? and
the geometry of the spadé®?. This connection is crucial for us as we extensively use aijmers in the
spaceH 4 to reason about the Wiener chad¥'.

Let F = F(xy,...,x,) be any degred-Gaussian polynomial ovéil = R". SinceE[F?] < oo, the

Wiener chaos decomposition implies that there exists auenggquencey, . .., fo where f, € H®? such
that
d
F =Y "IL(fy), (4)
q=0

where by conventiordy(fy) = E[F]. Moreover, this decomposition is easily seen to be effecfivehe
sense that givel” we can deterministically construct the tensgss. . ., fy in time n°@ . In a bit more
detail, let.J, be the operator which mags : R® — R (with E[F?] < c0) to its projection on the space
Wia. If Fis explicitly presented as a polynomial of degegdhen the action of each operatdy, ..., Jy
can easily be computed in timé&’(?), and given an explicit representation (as a polynomialngf@oint £,

in the image of/J,, it is straightforward to computg, (in time n©@) such that/,(f,) = F,. (In the other
direction it is also straightforward, givefy € #®? for ¢ = 0,...,d, to output the degreé-polynomial F

satisfying [(4).)

Remark 10. If F'is a multilinear degreet Gaussian polynomial ovet, then it can be shown that in
the Wiener chaos decompositiéh = Iy(fo) + --- + L4(fa), eachf, is a multilinear symmetric tensor.
Conversely, iff, € H“? is a multilinear symmetric tensor then it can be shown thaf,) is a multilinear
Gaussian polynomial.

2.5 Some background results from isonormal Gaussian process.
We begin with a simple claim about the inner product betwéemtegrals:
Claim 11. [Inner product between Ito integrals] Let f € H®P andg € H®9. Then

0 if p #q,

ﬂ%qf@@”:{@«fm if p=gq.



Proof. Forp # ¢ the claim follows from the fact that different levels of Wenchaos are orthogonal to
each other. Fop = ¢, we may write f, g in terms of pure symmetric tensors fis= Zﬁzl i - 7P,

2
9= Z§'=1 Bj -g?p, and hence

E[L,(f) I(9)] = Zazﬁg L(f") - I(g;™)]

t,j=1
= Z ail8; B[Hy(X(fi)) - Hy(X(g5))]
i,j=1
t
- p' Z ai/Bj<fi®pagj®p>
i,j=1
= pf.9),
where the first equality is by linearity df,(-), the second is by [3), the third is byl (2), and the fourth is by
the bilinearity of(-, -). O

As a consequence of this we get the following useful fact:
Fact12. Letfy, ... be symmetric tensors whefee H®". Thenwe hav®&ar(}", I;(f)] = >, Var[L(f;)].

Proof. All the random variableg;( f;) are centered foi > 1, so it suffices to show thd[(>, Li(f:)?] =
>~ E[L(f:)?]. This follows directly from ClainiII1L. O

Contraction products. Consider symmetric tensofse H“? andg € H®". For0 < s < min{q,r} we
define thes-th contraction productf ®, g € H®47"~2¢ as follows:

[e.e]

(f ®S g)(tl,tz,...,tq+7-725) = Z <f7 eil ® LRI ® e’i5> ® <g7 eil ® LI ® e’i5>'

One way to visualize the contraction product is as a matriitipligation. We may viewf € H9 as a matrix
fq—s,s Where the rows of,_, s are identified with the elements pf]?~* and the columns with the elements
of [n]*, and we may likewise viewy € H" as an[n]® x [n|"~® matrix. A matrix multiplication between
fq—s,s andgs ., results in a matrix of dimensiom|?~* x [n]"~%, which can be viewed as an element of
HEa+7=25; this element is the-th contraction producf ®; g.

Note that the contraction produ¢t®, g of two symmetric tensors may not be a symmetric tensor. We
write f®,g to denoteSym(f ®, ¢); the resulting symmetric tensor is an elemenksfatr—2s,

We will make heavy use of the following multiplication formaufor Ito integrals (see p. 4 of [NPR10]):

Theorem 13. [Multiplication formula for Ito integrals. ] If f € H®? andg € H®4, then

min{p,q}
ORI SIH | [T} ©

r=0

10



3 Dealing with non-multilinear polynomials

The decomposition procedure that we use relies heavilyefatt that the input polynomiajs are multilin-
ear. To handle general (non-multilinear) degdgeslynomials, the first step of our algorithm is to transform

them to (essentially) equivalent multilinear degrepelynomials. This is accomplished by a simple proce-

dure whose performance is described in the following tmedélote that given Theorem114, in subsequent
sections we can (and do) assume that the polynoprg@len as input in Theorefd 2 is multilinear.

Theorem 14. There is a deterministic proceduténearize with the following properties: The algorithm
takes as input a (not necessarily multilinear) varianceepmed polynomialp over R™ and an accuracy
parameters > 0. It runs in timeO, 5(1) - poly(n?) and outputs a multilinear degreépolynomialg over
R™, withn' < O45(1) - n, such that

Pr, s [p(@) 2 0] = Pr vy [a(z) = 0] < O(0).

Proof. The proceduréinearize is given below. (Recall that a diagonal entry @ftensorf = Zil,...,iqzl f(i,...

e, @ -+ ® e, is acoefficientf (i1, ..., i,) that hasi, = i, for somea # b.)

Linearize

Input: A degreed polynomialp : R — R such thatVar(p) = 1.
Output: A degreed multilinear polynomialg : R” — R such that

Pr, non[p(z) 2 0] = Pr,_y 1y [q(z) = 0] < 6.
wheren' =n - K.

1. Let p(z1,...,2,) = ZJ _o1j(f;) be the Wiener chaos decomposition mf Let K =
d2 . (d/5)3d

2. Construct polynomiaj : R” — R from p by replacing eachy; by (y;1 + ... + vix)/VE.

3. Letg = Z (fj) be the Wiener chaos decomposmorqof/vheref] € HQ‘] and#,, = R".

4. For eactd < j < d, obtaing; from f; by zeroing out all the diagonal entries frofn

5. Outputg = Z;l:o I;(g;).

It is clear that all the tensorg; are multilinear, so by Remafk110 the polynomjathat the procedure
Linearize outputs is multilinear. The main step in proving Theofesltbibound the variance gf— ¢, so
we will establish the following claim:

Claim 15. Var[j — ¢] < & - Var[g].
Proof. We first observe that

d

Var|§ — q] = Z zd:E [ I;(g5)) ] ; (6)

=1 j=1

A similar “multilinearization” procedure is analyzed in@§114], but since the setting and required guarantees arenstat
different here we give a self-contained algorithm and asialy

11
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where the first equality is becaugg = fo and the second is by Claim111 and and the fact that each
(fj) ;(gj) has mean 0 foj > 1. Now fix a valuel < j < d. Since eacly; is obtained fromf] by
zeroing out diagonal elements, again using Claiin 11 we sse th

E (1) ~ L(9)?] =3t I1Fs = illF (7)

where the squared Frobenius noﬂrﬂ gi||% equals the sum of squared entries of the tenor g;.
Now,observe that the entry;, ;. = f;(i1,...,1;) of the tensorf; maps to the entry

€i1,1 +...4+¢; K (6',.,1 + ... +€',‘,K) 1
(e, “)® ® — Lt = iy Z

) J .
cl VK VK Kil2 ®g=1 Cia,la

(Zlv °y ) [K]]

wheng is constructed fronp. Further observe that alt’ outcomes of@izleimga are distinct. Sincg; is
obtained by zeroing out the diagonal entrieg'gfwe get that

i1 1
Ifi—gillez= > (n,..i)* 707 15Kl

(i1, E[n]d

where the seSk ;j = {({1,...,¢;) € [K) : {1,...,¢; are not all distinc}. It is easy to see thdSy ;| <

(42 - K7)/K, so we get ,

_ J
L S A

(i1,...,ij)6[n]j

Returning to[(B) and(7), this yields

.9 2 d
Varlg—g <> jl- Y <ai1,...,i])2-§{<i{-(2ﬂ- > (aih...,i])z).

=1 (i1,...585)€[n]d J=1 (i1,45)€[n]I

.

Using FaciIPR and Claifnl1, we see that

d d

Var[p ZVar =Y E[L() =) 4 Z (i)

J=1 =1 (ir,005)€m)

It is easy to see thaVar|G] = Var[p|, which equals 1 by assumption, so we have ¥ar[q — ¢] <
% - Var|q| as desired. O

To finish the proof of Theoren 14, observe that by our choic& ofie haveVar|q — ¢ < (5/d)3? -
Var|[q]. Sinceg—¢ has mean 0 anWar|[¢] = 1 we may apply Lemmi5, and we get thmeN(Ql)”’ lq(z) >
0] = Pr,_youyeld@) > 0] < O(8). The theorem follows by observing that the two distributions
P()znn(0,1)m ANAG(2),n (o 1) are identical. O

4 A multidimensional CLT for low-degree Gaussian polynomids

Our goal in this section is to prove a CLT (Theorén 19 below)cisays, roughly, the following: Let
Iy, ..., F, be eigenregular low-degree Gaussian polynomials BVefhere the meaning of “eigenregular”
is that the polynomial has “small eigenvalues”; more on liglow). Then the distribution dff, ..., F,) is
close — as measured by test functions with absolutely baliedeond derivatives — to thedimensional
Normal distribution with matching mean and covariance.

12



To make this statement more precise, let us begin by exptpimhat exactly is meant by the eigenvalues
of a polynomial — this is clear enough for a quadratic polyr@niout not so clear for degrees 3 and higher.

Eigenvalues of tensors and polynomials.We begin by defining the largest eigenvalue of a symmetric
tensor.

Definition 16. For anyp > 2 andg € H®?, defineAn..(g), the largest-magnitude eigenvalwé g, as
follows. Consider a partition ofp] into S and .S = [p] \ S where bothS and S are non-empt§iWe define

(9,2 @ y)
zeHS yers ITIE - NYIF 5,540

(Here ||z|| = denotes the Frobenius norm:of) For p € {0,1} andg € H®P we say that\,ax(g) = 0.

Fix a Gaussian polynomidl’ of degreed, and recall that' has a unique Wiener chaos decomposition
ask = Zgzo I,(fq) with f, € H®%. The following definition plays a crucial role in the rest bétpaper.

Definition 17. We define théargest-magnitude eigenvaloé F' to be

)\max(F) = max{)\max(fQ)a cee 7)\max(fd)}-

We say thaf is e-eigenregulaif Amex (F) < ¢, and we sometimes refer gynax(F) 5q theeigenregularity
Var|F] Var[F)|

of F.

Remark 18. If F' is a polynomial of degree at most 1 then we say that the poligiafis 0-eigenregular
(and hence-eigenregular for every > 0).

Now we can give a precise statement of our new CLT:

Theorem 19. Fix d > 2 and letF = (Fy,..., F,) be Gaussian polynomials ov&", each of degree at
mostd, such that for eachi we haveE[F;] = 0, Var[F;] < 1 and F; is e-eigenregular. LetC' denote
the covariance matrix of”, soC(i, j) = Cov ([, Fj) = Eyno,1)»[Fi(z)Fj(2)]. LetG be a mean-zero
r-dimensional Gaussian random variable with covariancerira®’. Then for anyo : R” — R, a € C?
such that all second derivatives @fare at most|a” ||, < oo, we have

[Ela(Fy, ..., F)] — Ela(G)]] < 201120 12 (/e ||a” | .

The rest of Sectiohl4 is dedicated to the proof of Thedrem 1 fdroof of Theorerh 19 is somewhat
involved, using Malliavin calculus in the context of Staimhethod; it builds on recent work by Nourdin,
Peccati and Réveillac [NPD9, Noul12, NPR10]. In Sediiohwelfirst give the necessary background in-
gredients from Malliavin calculus which will serve as thelin our proof, and in Sectidn 4.2 we give our
proof of Theorenh 19.

Remark 20. Itis clear from the statement of Theorem 19 that in order fiertheorem to yield a meaningful
bound, it must be the case that the number of polynomigssmall compared ta /,/e. Looking ahead,
in our eventual application of Theorem]19, thepolynomialsF1,. .., F, will be obtained by applying
the decomposition procedure described in Sediion 5 to tiginat degreed input polynomial. Thus it
will be crucially important for our decomposition proce@uto decompose the original polynomial into
polynomials all of which arextremelyeigenregular, in particulare-eigenregular for a value < 1/72.
Significant work will be required in Sectigh 5 to surmounsttinallenge.

%(Note that since we are only dealing with symmetric tensoescould equivalently have considered only partitions into
[1,...,k],[k+1,...,p]wherel <k <p-—1)
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4.1 Background from Malliavin calculus.

Malliavin derivatives. LetF = f(X(h1),...,X(hy)) wherehy, ..., h, € H andf is a differentiable
function. TheMalliavin derivativeis a# valued random variable defined as

d_efzn: Of(X(h1), ..., X(hn))

DF = ;e
; (%cl hZ
=1
Note that if ' = f(x1,...,xz,) (i.e. m = n andh; is the canonical basis vecter € R") then we have
DF — 8]‘"(:1:1,...,3%)’'“7 Of (x1,...,2n) ’
ory Oxy,

where as usual we hawve~ N (0,1)".
Our proof of Theorerh 19 will involve a lot of manipulation afrier products of Malliavin derivatives.
The following results will be useful:

Claim 21. [[NPR1Q]] Letq > pand f € H®? andg € H®. LetF = I,(f) andG = I,(g).

min{p,q} p—1\ (q—1 _
<DF, DG> = pq Z (T - 1)' <7’ . 1> <T . 1> Ip+q—2r(f®rg)

r=1

Theorem 22. [[NPR10]] Letq > pand f € H®? andg € H®. LetF = I,,(f) andG = I,(g).

P N2/ 1\ 2 B
Bl DGR = 0~ 0 (VT 1) (C2]) wra-2sEl? ifr<a

r=1

p—1 4 _
BUDF.DGP| =) + ' = 0P (V1) o= 20fBgl? p=a
r=1

q 2 2

1 -1 - .

BUDF. DGR = 30~ 0 (P2 1) (P2]) wra- 2Bl tr>a
r=1

(The last equality above is not explicitly stated(in [NPRbQ} it follows easily from their proof of the
first equality; see Equation 3.12 in the proof of Lemma 3. INPR10].)

We recall (see [NPR10, NPD9]) that the operafofwhich is called the generator of the Ornstein-
Uhlenbeck semigroup) is defined by

[e.e]

LF =Y —qJy(F).

q=0
We also recall the that theseudo-inverse df is defined to be the operator

L7'F = i —Jo(F)/q.
q=1

Both operators are well-defined for all finite-degree GauspiolynomialsF'.
We recall the following key identity which provides the fuardental connection between Malliavin
Calculus and Stein’s method:

Claim 23 (see e.g. Equation (2.22) 6f [NFO9)eth : R — R be a continuous function with a bounded first
derivative. Lep andg be polynomials ovet’ with E[g] = 0. ThenE[qh(p)] = E[I/(p)- (Dp, —DL™1g)].

Specializing to the case(x) = z, we have
Corollary 24. Letp andq be finite degree polynomials ova&rwith E[q] = 0. ThenE[gp] = E[(Dp, —DL™1q)].
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4.2 Proof of Theorem 19
We recall the following CLT due to Nourdin and Peccati:

Theorem 25. [[NPQ9], see also[[Noul?2], Theorem 6.1] L&t = (F1,..., F,.) where eachF; is a Gaussian
polynomial withE[F;] = 0. LetC be a symmetric PSD matrix R"*" and letG be a mean-@-dimensional
Gaussian random variable with covariance matfix Then for anya : R” — R,a € C? such that
la"]|c0 < o0, We have

[Ela(F)] - Ela(9)]] < %Ilo/’lloo- > D ElC(,5) = Y (i, )]

i=1 j=1
whereY (i, j) = (DF;, —DL™'F}).
We now use Theoref P5 to prove Theoilerh 19.
Proof. As in Theoreni 25, we writ& (a, b) to denoteDF,, —DL~'F,). For anyl < a,b < r, we have
C(a,b) = Cov(Fy, Fy) = E[F, Fp] = E[Y (a,b)], (8)
where the second equality is becaudgeand F;, have mean 0 and the third equality is by Corollary 24. Since

C'is a covariance matrix and every covariance matrix is PSDnag apply Theorerh 25, and we get that

T2 7,2
Bla(F)) ~ Ela(@)] < Tl max E[C(a,b)=Y (a,b)] = ol max E[Y (a,b)~E[Y (a, b))

where we used8) for the equality. By Jensen’s inequalithaweE[|Y (a,b)—E[Y (a,b)]|] < \/Var[Y (a,b)].
Lemma26 below gives us thatar[Y (a, b)] < 29(¢1°ed)¢, and the theorem is proved. O

So to prove Theoref 19, it remains to establish the folloiémgma:
Lemma 26. For eachl < a,b < k, we have thaVar[Y (a, b)] = 20(@1°ed) ¢ whereY (a,b) = (DF,, —~DL™ ' F}).

4.2.1 Proof of Lemmd26
We begin with the following useful facts about contractigngucts:

Fact 27. Leth € HOU, g € HO% whereq; > ¢o. Then forl < r < min{q; — 1, ¢}, we havd|h®,.g|| <
Amax (R)[|g]l-

Proof. We first observe that the range of allowed values-a@nsures that the contraction producb, g

is well defined. Next, we note that since symmetrizing carené@wrease the norm of a tensor, we have
|h&@,g]|? < ||h®,g|/%. As mentioned in our earlier discussion about contractiaulpets we may vievk as
an[n|?~" x [n]" matrix H andg as ann]” x [n]%~" matrix G with columnsG;. Sincel < r < ¢; — 1 the
matrix H is non-degenerate (neither a single row nor a single coluam we have

lh@rgl? = [ HGIIE = IHG 3 < D~ Amax(WIGill3 = Mnax(R)* [ G113 = Amax(h)? 9]

as claimed. O

Fact 28. Fix a € HO%, b € HY” whereq; > ¢ andc € HOB, d € HO% wheregs > ¢4. Then for
1 <r <min{g; — 1,g2} and1 < ry < {g3 — 1,4} satisfyingg: + g2 — 2r1 = g3 + q4 — 2r2, we have
(a®p, b, c@ryd) < Amax(a@)Amax(c) - [0 - [|d]]-
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Proof. By Cauchy-Schwarz we have that
(a@r, by c@ryd) < [la@p, bl - [le@r,dll,
and using Fadf 27 twice this is at most the claimed bound. O

Fix a,b € [k]. We may write
d d
Fo=Y Ia;) and  Fy=Y Ib)
q=1 q=1
x(bg) < €. (Note that there
0 andE[I,(aq)] = 0 for
1, and hench[Fz] < 1.

where eaclu,, b, € 1“9, and by assumption eaeh< g < d hasAmax(ag), Amax
is no contrlbunon of the formiy(ap) because by assumption we haigF,] =
g > 0, and likewise forb.) Recall also that by assumption we havar|F,| <

Using ClainTI1, we have that

d 2 d d
=E !(Z Iq(aq)) ] = ZE[[q(aq)Z] _ Zq! Nagyag) < 1,
q=1 q=1

g=1

which immediately implies that

1 . . 1
lag||> < = forallq € [d] (and likewisg||b,|* < —). (9)
q! q!

Recall thatVar|[Y (a,b)] = E[Y (a,b)?] — E[Y (a,b)]?>. We begin by giving a compact expression for
E[Y (a,b)]? as follows:

E[Y(a,b)]? = E[DF,, —~DL 'F)>=E[F,F,]*> (by Corollary23)

(zd; Iq(%)) (Zd; [q(bq)> ]

2
d
— (Z q!ay, bq>) (by linearity of expectation and Claim11)

q=1

(10)

Thus to prove Lemmia 26 it suffices to show that

2
d
b)?] < (Z q!(aq,bq>) + 20(dlogd) . (11)
q=1

we do this below. We begin by writing

d d
Y(a,b) = (DF,,—DL™'F) :<ZDI ag), Z >:X+Y, (12)
q=1 q=1
where
41 11
:Z_<qu(aq)aDIq(bq)> and Y = Z <_ ><D[q1(aq1) D14, (bgy))- (13)
=1 4 e\ @
q —2q1>42=

Thus our goal is to upper bourig[(X + Y)?] by the RHS of[(1lL); we do this via the following two claims.
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Claim 29. We have

2
d
E[X?) < | Y qlag.by) | +200ede2, (14)
q=1
Claim 30. We have
E[Y2] < 2O(d10gd)€2' (15)

Given Claim$2P and 30 we have

E[(X +Y)]? = E[X?+2E[XY]+E[Y? <E[X]>+E[Y?]+2/EX]E]Y]Z (16)

2
d
(Z qMay, bq>> + 20(dlogd) 2 1 o, /R[X2] E[Y]2. (17)

q=1

IN

Now note that

2
d
E[X?]E[Y]? = ((Z q!(aq,bq>) +20(d10gd)€2) .920(dlogd)e2  (by Claimd29 anf30)
=1
d
< 2O(d10gd)62+20(dlogd€ Zq| aq’ (by\/mé \/E_‘_\/?)
q=1

d
< 20(dlogd)2 | 9O(dlogd) . Z(f ||aqH> (\/aubqu) (by Cauchy-Schwarz)

L)
[y

= 20Uosdc (by @)).

Combining this with[(1l7) we indeed gét{11) as desired. Thusmains only to prove Clainis P9 and
30.

Proof of ClaimP29. We may writeX? asA + B, where

d
A= (Dly(ag), Dly(by)?

14

and

2
B = Z —<DL11 (a(h)vDLh (bfh)> ! (DL}2 (afm)’leh(b(Iz»-
>0 sao>1 q192
Z2q1>q2=

First we analyzdt[A]. Using Theorerh 22 we have that

1

2 E[(DI,(aq), qu(bq)>2]

B

E[4] =

<
Il
—

I
Mg

4
(@)% 0y, +q22 re(2)) -l as)

<
Il
—_

Now observe that for

| /\

r < gq— 1, we have

Haq(}érbqu2 < )‘maX(aq)2 : Hbq”2 < 62/(1!
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where we have used F4cf]| 27 for the first inequality and theneadee bound and19) for the second. Hence
from (I8) we obtain

aq’ 2O(d log d) 62. (19)

Mg_

q:l
We turn now to bound[B]. Using ClainT21 we get

9 q1 g — 1 2 _
E[B] = Z —E <q% Z(rl - 1)!<7’1 - 1> Ig,—2r) (g, @1, bg,) | -

d>q1>q2>1 9192 ri=1

a2 g —1\2 N

(q% Z (ro = 1)! <T‘ _ 1> Togy—2r, (QQ2®sz(I2)>]
ro=1 2
- -1\ (g2 — 1)
= Z 2(]1Q2 Z Z(T‘l - 1)!(7"2 — 1)'<7" o 1) <T _ 1>

d>q1>q2>1 ri=1ro=1 ! 2

E[I2II1—27‘1 (ath én b(h )I2Q2—2T2 (atn éTz bfm )] (20)

Let us fix a given outcome af; > ¢o. Recalling ClainIll, we see that the orly;, r2) pairs that
will give a nonzero expectation are those such that — 2r; = 2gs — 2r9, i.€. 79 = g9 — 1 + 1.
For such an(ry,72) pair, by ClaimIlL we get thaE[Ia, —ar, (0, @rybgy) + T2gs—2rs (Agy @rybys, )] €QUAlS
(2q1 — 2r1)Nag, @r, by, » @g @ry by, ), Which in turn satisfies

<GQ1®r1bq17aq2®rzbq2> = <aq1abq1> (aqzaqu> if r1 = qu,
<GQ1®T’1 bquaqzé’rz bq2> < €. \/QT \/q7 ifl1<r <q —1,

where the inequality follows from Factl28, the eigenvaluarth and[(P). We thus arrive at

E[B] < Z 2(Q1) (Q2) <CLQ1JbQ1> ’ <CLQ2JbQ2>

d>q1>q2>1
qi—1 2 2
—1 —1 2q1 — 27r1)!
+ Y 2qg Y (= DY Z_Q1+7’1—1)< 1) ( & 1) Lo Lo )t : 7”1')
d>q1>q>1 =1 " - Q@+ - (1!)(g2!)
< Z 2(q1)!(g2) aq,, bg,) - (ags, bgo) + 90(dlog d) 2
d>q1>q2>1

Combining this with[(IB), we get that

2
d
E[X?) < | Y qlag.by) | +200sde2
q=1
This concludes the proof of Claim]29. O
Proof of ClaimB0d. We have
1 1 1 1
E[Y2] = Z Z <a + g) <% + &) ’ E[<DL11 (a(h)v DI(I2 (bII2)> ’ <DL13 (aqg)v DI(]4 (bQ4)>]

d>q1>q2>1d>q3>qa>1

< 4 Z Z \/E [(DIg,(ag, ), D1g,(bgy) \/E [(DIgy(agy), DIy, (bg,))?],

1<q1<q2<d 1<g3<qa<d
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where we have used Cauchy-Schwarz and the factthat .-)(_- + o) is always strictly less than 4. Fix
anyd > ¢, > g2 > 1; to prove Claini:3D it suffices to show thBf(D1,, (a,, ), DI, (by,))%] < 20(@losd)e2,

For this we use the third bound of Theoren 22, which gives

q2 2 2
g —1\" (-1 ~

B o). DI = (0@ (0 =00 (1 1) (221 (0t = 20l

r=1
For anyl < r < ¢ we have thatr < ¢; — 1 (sinceq; > ¢2), and hence by Faft 7, the eigenvalue
bound and[(9) we get thti,, @,b,,[|> < €2/g2!. Thus each summand in the previous expression is at most
20(ailogq1) 2 — 90(dlogd) 2 " 5g required. This concludes the proof of Claim 30, and witheé proof of
Lemmd26 and of TheoremM9. O

5 Decomposingi-tuples of multilinear degree- Gaussian polynomials

In this section we prove our main decomposition resultifdauples of multilinear Gaussian polynomials,
Theoreni 3I1. We begin by giving a precise statement of thdtyésilowed by a discussion of how the result
fits into our broader context.

Theorem 31. Fix d > 2 and fix any non-increasing computable functi@n [1,c0) — (0, 1) that satisfies
B(z) < 1/z. There is a procedur®egularize-Poly; with the following properties. The procedure takes as
input a degree? multilinear Gaussian polynomial with Var[p] = 1 and a parameter- > 0. It runs in
poly(n?) - Og.-(1) time and outputs a collection of polynomidls, },—o....a and{Aq ¢} g—0.....d,e=1, .m,-

Write p(z) as3-0_, cqpq(x) wherep, € Wi for all g and Var([p,] = 1for1 < ¢ < d. For0 < ¢ <d
andz € R", let

By(@) = cghg(Aga(x),. . Ay, (), andlet  p(x) = py(e).

The following conditions hold:

1. For eachqg € {0,...,d} the polynomialp, belongs to)V?. Moreover, forq € {1,...,d}, each
polynomial A4, ¢ belongs toV’ for somel < j < d and hasVar|[4, ] = 1.

2. We havéPr, y (1) [p(z) > 0] — Pr,n 1) [B(z) > 0]| < O(7), and moreoveNar, .y (g 1) [p(2)—
p(x)] < (r/d)*.

3. Each polynomiak, is a multilinear polynomial in itsn, arguments. Moreover, there exist functions
Ng(d, ) and Mz (d, 7) such that ifCoeff (h, ) denotes the sum of the absolute values of the coefficients
of hy, thenzgz1 Coeff(h,) < Mg(d, ) and the number of arguments to &lj’s, Zgzl Mg, is at
mostNg(d, 7). Also, the degree of the polynomia) (for all 1 < ¢ < d) is upper bounded by.

4. Further, letNum = Y7 m, and Coeff = Y°0_, Coeff(hy). Then each polynomiall ,(z) is
B(Num + Coeff)-eigenregular.

Discussion.Intuitively, Condition (2) means that it will be sufficierd tlo deterministic approximate count-
ing for the polynomiap rather than the original polynomial Condition (4) ensures that the eigenregularity
of each polynomiald, , compares favorably both with the number of polynomials poedl and with the
size of the coefficients in the “outer” polynomialg. As discussed earlier, having the eigenregularity be
small relative to the number of polynomials is crucial siitde required in order for our CLT, Theoreml19,
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to yield a good bound. We need to deal with the size of the aoeffiis for technical reasons — as we will see
in Sectior 6, we will apply our CLT where its “test function”is a smooth approximator to the 0/1-valued
function which, on input{ 4, ,}; ., outputs 1 if and only ikign (ZZ:O he(Ag,--- ,Aq,mq)) = 1. Our
CLT’s quantitative bound depends on the second derivafive and to bound this we need coefficient size
bounds on thé,, polynomials.

We build up to Theorem 31 in a sequence of incremental stdgeectior{ 5.1l we begin by describing
how to decompose a single element of a given Wiener chaosaauBe®f our requirement that the number
of polynomials produced in the decomposition must be verglsmlative to the eigenregularity that is
achieved — see Remark]l20 — even this is a non-trivial taskjirieg two “layers” of decomposition and
an approach that goes well beyond the decomposition tewbsim previous work [DDS13a, DDS13b].
In Section[5.2 we extend this and describe how to simultasigadecompose &-tuple of elements of
the same Wiener chaos. (See the beginning of Selction 5.2 fex@anation of why we need to be able to
simultaneously decompose many polynomials at once.) Itidég.3 we describe how to handlé:&l+1)-
tuple of elements where there dre@lements from each of the+ 1 Wiener chaose®?, ..., W<, Finally,
in Sectior 5.4 we specialize this decomposition féf(@+ 1)-tuple to obtain Theorein B1.

5.1 Decomposing a single multilinear element of the-th Wiener chaos
We begin with a useful definition and fact:

Definition 32. For S C [n], we say that a tensor

f= Z f(ilw--viq)'eil@"'@eiq

i150nyig=1
is supported orf'if f(i1,...,7,) = 0 whenever any ofj, . .., i, do not belong tc.

Fact 33. Let f € H®P be supported o C [n] andg € H®? be supported ofl’ C [n] whereS, T are
disjoint. Then for any) < r < min{p, ¢} we have that the contraction produgt, g equals O.

Proof. We may write

f= Z f(,-- . dplej, ®...®e;, and g= Z 9(J1, - dglej ® ... D ey,
jly"'7j]}es jly---vjqu

Note that
f®rg= Z (fiei, ®...Q0€;,)®(g,e;, ®...Qe€;)
i1,50ir €[]
The value(f,e; ® ... ®e;,) is 0 unless all the;’s lie in S, and likewise(g, e;, ® ... ®e;,) = 0 unless all
thei;’s lie in T'. SinceS N'T = (), the fact is proved. O

As our lowest-level decomposition tool, we show that givesymmetric tensor with a large-magnitude
eigenvalue, it is possible to efficiently find two lower-dinségonal symmetric tensokg andg», supported
on disjoint subsets dh], such thatf is correlated with the product @f andg,:

Lemma 34. Fix anyq > 2. There is apoly(n?)-time deterministic procedure with the following propest

Let f € H®? be a multilinear symmetric tensor that h&&ar[/,(f)] = 1 and Apax(f) > 1 > 0. Oninput

f, the procedure outputs multilinear symmetric tensgrse H®% and go € H®92 such that the following
conditions hold:
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1. Var([l, (¢1)] = Var[l,(g2)] =1, andqi, g2 > O with 1 + g2 = ¢;
2. g1 and g, are supported on disjoint set§ T' C [n];
3. E[Ly(f) - Ig,(91) - 14,(g2)] > n/29.

Proof. The procedure begins as follows:

1. For each partition ofy] into S andS = [¢] \ S where|S|,|S| > 0, it computes the valugg 5(f) =

3 ® H
S jfmﬁ”yy'f and the associated tensors= z/|z|, 8 = y/||y|.

2. For the(a, 3) pair from the iteration of step (1) which achieves the largedue for \; 5(f), let
o/ = a/llal| andgy = |S1|, and lets’ = 5/||5|| andge = |Sa|.

Recalling the variational characterization of singulduea, each iteration of Step (1) (for a given choice
of S, .5) is an SVD computation and can be performed in timky(n9). Since there are at maat partitions
S, S to consider, the overall running time of these first two sisply (n9).

We proceed to analyze these first two steps of the procedure.fatct thath,,.x(f) > n means that
the maximizinga, 8 identified in Step (2) will satisfyj«|l2 = ||l = 1 and(f,a ® B) > n. Sincef is a
multilinear tensor these tensatis 5 will also be multilinear (if, sayq had a nonzero diagonal entry then a
larger value of f, « ® () could be obtained by zeroing out that entry and rescalinglces is a symmetric
tensor, it follows that

(f,a®B)=(f.a®p) = (f.aep) >n.

Since symmetrizing cannot increase the norm of a tensor,awe that|a| < ||« = 1 and likewise fors5.
It follows that (f, o/ ® 8y > n, |/ = |5 =1, ¢/ € H, andf’ € H®.

From this point it is not difficult to achieve conditions (I)ca(3) of the lemma,; to achieve condition (2)
we proceed as follows. Note that

(f. ' ®p) = Yo f(51,82)d'(S1)B(S2).

S1€[n]a1,So€[n]92

Now consider a randomized process that diviggsinto two sets4; and.4, by independently assigning
eachi € [n] to .A; with probability 1/2 and to.4, with probability 1/2 (we will later derandomize this
process below). Given an outcome 4f and .A4,, we considery; € H® andvy € H®% defined as
follows: for eachS; € [n|?, S, € [n]%,

I/l(Sl) = 0/(51) : 1[51 - Al] and VQ(SQ) = B,(Sg) : 1[52 C Az],
where ‘S; C A;” means that each coordinate &flies in A;. We have that

E[(f,1n @ )] = > F(S1,82)a (S1)B'(S2) - (1/2)191]- (1/2)1%21, (21)

S1€[n]a1,S2€[n]2

where|S;| denotes the number of distinct values that are present indbelinates of5;. Sincea’ and/j’
are multilinear, the only nonzero contributions to the s@2d) @re from(S;, Sz) pairs with|S;| = ¢; and
|Sa| = g2 = ¢ — ¢1. Hence we have

Blfmen]=g Y f(5.5)0608(%) > L

29
S1€[n]91,S2€[n]92
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The above analysis requires omghwise independence, so constructidg and.4s (and the resulting; , )
using ag-wise independent distributioP, we get that

Bpl(f,1 @ m)] = ok,
and thus some outcome in the supportdimust achieve at least the expected value. The third step of
the algorithm is to deterministically enumerate over aling® in the support of thg-wise independent
distribution (using well-known constructions gfwise independent distributionE[K_BTB5] this can be done
in time poly(n?)) and to output a paij; = m go = FII o that has(f, v ® 1) > 5%

We now verify thatg; andg, satisfy all the required cond|t|ons. First, it is clear thatand g, satisfy
g1 € HOU, g5 € H®%, and it is obvious from the construction that and g are supported on dis-
joint sets.4; and.4,, so condition (2) indeed holds. Turning to condition (1jcgiq; > 0 we have that
Var(l,, (91)] = E[I,, (91)?], which equals 1 by Claifn 11 (and similarly we get thatr[I,, (g2)] = 1). For
Condition (3), we first show thak;, (g1) - 14,(92) = I,(Sym(g1®g2)) (and hencd, (g1) - I4,(g2) lies in
the Wiener chaos of degreg To see this, recall from the multiplication formula foo integrals (Theorem
[13) that we have

Iq (91) - I(I2(g2) = Z rl.

r
r=0

min{q1,q2} N
( > (r > Iq1+q2—2rs}’m(91 ®r G2))-

Sinceg; and g, are supported on disjoint sets, by Fact 33 all summands mith 0 vanish, and we get

Ig,(91) - 145 (92) = Ig,+4,(Sym(g1 ® g2)) as claimed.
With this identity in hand, we have that

E[l,(f)1g(91)1g:(92)] = E[L;(f)I4(Sym(g1 ® g2))]
= ¢/f,Sym(g1 ® g2))  (by Claim11)
= d{f,91 ®g2) (sincef is symmetric)
> (firi®@w)  (since|w] < [lo'|| = 1and|lve|| < |8 = 1)
> L
> 5
and Lemma&_34 is proved. O

We are now ready to define our first algorithmic primitive, ffliecedureSplit-One-Wiener. This pro-
cedure either certifies that its input polynomial (an eletdg(f) of the g-th Wiener chaos) is eigenregular,
or else it “splits off” a productP - () from its input polynomial. (Here and subsequently the suff@ne-
Wiener” indicates that the procedure applies only to one elemigift) belonging to one level of the Wiener
chaos.)

Lemma 35. Fix any ¢ > 2. There is a deterministic proceduf@plit-One-Wiener which takes as input
a polynomiall,(f) € H, that hasVar[I,(f)] = 1 and a parameter; > 0. Split-One-Wiener runs in
deterministicpoly (n?, 1/n) time and has the following guarantee:

e If \nax(f) <, thenSplit-One-Wiener returns “eigenregular”.

e Otherwise, if\yax(f) > n, thenSplit-One-Wiener outputs a quadrupléP, Q, R, ¢) with the follow-
ing properties:

1. P=1,(g) € WandQ = I,,(g2) € WP whereqi+q¢2 = ¢, 1,92 > 0,andVar[I, (¢1)] =
Var[ly,(g2)] = 1.
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2. The tensorg; € H®? andg, € H® are supported on disjoint sef§ 7' C [n].
3. P-QeWlandVar[P - Q] =1, and all of P, Q, R are multilinear.

4. The value: d:efE[Iq(f) - P - Q] satisfiesc > n/24.
5. ReWiandl,(f) =cP-Q+ RandE[P-Q-R]=0.
6. Var(R) =1 — 2.

Proof. Split-One-Wiener runs the procedure from Lemia 34 and checks whether thestargieie\ 53( f)
achieved in Step (1) is at least If it is less thann then it outputs eigenregular.” Otherwise it sets
P=1Ip,(01), Q= I,(g2), setsc = E[L,(f) - P- Q] = q!(f, 91 ® go), and setR = [,(f) = ¢- P - Q.
Lemma34 directly gives properties (1),(2) and (4), and prop(3) follows from the fact thakE[Q] =
E[P] = 0 andP and@ are independent random variables (observe that by pro(®rtigey are polynomials
over disjoint sets of variables). The first two parts of (53 anmediate; for the last part, recalling that
R =I,(f) — cP - Q, we have thaf? is simply the component df,( f) that is orthogonal td& - ). SinceR
lies in W1 its mean is zero, so by linear algebra we have Wat[R] = E[R?] = 1 — c? as claimed. O

Building on the algorithmic primitiveSplit-One-Wiener, we now describe a proceduBecompose-
One-Wiener which works by iteratively executin®plit-One-Wiener on the “remainder” portionk that
was “left over” from the previous call t8plit-One-Wiener. Intuitively, the overall effect of this procedure
is to break its input polynomial into a sum of products of paif polynomials, plus a remainder term which
is either eigenregular or else has variance which is nddyigimall.

(We draw the reader’s attention to the quantitative boundo&fficients given by property (6) of Lemma
[38. This coefficient bound will play a crucial role in the nifitiation procedure of Sectidn 6.)

Lemma 36. Fix any ¢ > 2. There is a deterministic procedu@ecompose-One-Wienewhich takes as
input a polynomial,(f) € W, that hasVar[I,(f)] = 1 and parameterg ande. Decompose-One-Wiener
runs in poly(n?,1/n,log(1/¢)) time and has the following guarantee:

1. ltoutputs a sef of triples{(c;, P;, Q;)}!, and a polynomial? such thatl,(f) = ;" | ¢;K;Q;+ R.

2. Foreachi = 1,...,m we haveP; € W% and(@Q; € W%:2 with g; 1,¢;2 > 0 andg;1 + ¢i2 = q;
moreoverVar[P;| = Var|Q;] = Var[P, - Q;] = 1forall i € [m], R € W9, and all P;,Q; and R
are multilinear.

3. m < O((4/n*)log(1/e)).

4. Either R is n-eigenregular, in which casBecompose-One-Wienereturns “eigenregular remain-
der”, or else Var|R] < ¢, in which caseDecompose-One-Wienereturns “small remainder”.

5. E[(3]7L, ¢;P; - Q)) - B] = 0. As a consequence, we haVar[> ", ¢; P; - Q;] + Var[R] = 1.

6. Y7Ly ¢ < (29/m) .

Proof. The procedur®ecompose-One-Wieneis defined below. It is helpful to keep the following invari-
antin mind: At any stage during the execution of the alganitive letV;, denote the linear subspace spanned
by {P; - Qi} whereL = {(¢;, P;, Q;)}. The algorithm maintains the invariant thigtg) is orthogonal td/r,

(as is clear by construction).

i. Initialize L to the empty set of triples and the indexto 0.

ii. Initialize g = f and hencd,(g) = I,(f).
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ii. If Var[l,(g)] < ¢, then output the sek = {(¢;, P, Q;)}/~, and the polynomialR = I,(f) —
o, ¢iP; - @i, and return $mall remainder.”

iv. Else, choose a constafiso thatVar([,((g)] = 1.

v. Run procedur&plit-One-Wiener (using parameter) on I,(Cg). If it returns “eigenregular”, then
stop the procedure and output theBet {c¢;, P;, Q;}/", and the polynomiaR = I,(f)—>"", ¢; ;-
Q;, and return &igenregular remainder”.

vi. Else if the output ofSplit-One-Wieneris (P, @, R, ¢), then appendc,,, 1, Pp+1, @m+1) to the list
L wherecy,+1 = ¢, Ppy1 = P andQ,,+1 = Q. Now, project the polynomial,(f) to V7, and
let I,(g) denote the part of () that is orthogonal td/;, i.e. I,(g) = (I,(f))"=. Recompute the
constants;, ..., ¢,41 SO that with the recomputed constants we higvg) = zgl i PiQi+1,(9).
Incrementm and go to Step [iii].

We now establish the claimed properties. The first and foprtperties are obvious. The second
property follows directly from Lemma 36. For the fifth propemote thatl,(g) is orthogonal tal,(f) —
I,(g) by construction. It remains to justify the third and the igtoperties. We do this using the following
claim:

Claim 37. At each stage in the executionldécompose-One-WiengwhenL = {(¢;, P;, Q;) }i=1,...k, the
set{P; - Q;}¥_, isn/24-far from being linearly dependent.

Proof. The proof is by induction. The claim is trivially true féar= 1. For the inductive step, observe that
by construction, just beforé,. 1, Pri1,Qr+1) is appended to the list, we have (by property (2)) that
Pyi1 - Qr41 is @ unit vector, and thatZ,(Cg), Pr+1 - Qr+1)| > n/2%. Sincel,(Cg) is orthogonal tol7,
(before appendingcy 1, Pri1,Qr+1)), by Fact® we get the stated claim. O

When theDecompose-One-Wieneprocedure terminates, note that by property (5) we havéthaty " | ¢; P;-
@;] < 1. Hence applying Claim 37 with Claifd 8, we get property (6).
It remains only to establish property (3). This follows inufiegely from the following claim:

Claim 38. At each stage in the execution@&compose-One-WienewhenL = {(¢;, P;, Qi) }i=1,... ; and
I,(9) = (I4(f))*"=, we haveVar|[I,(g)] < (1 — n?/49)k.

Proof. As before the proof is by induction and the base claim (when0) is immediate. For the inductive
step, just before appendin@+1, Pr+1, Qr+1) to the listL in Step (vi), note that if we defing,(h) =
I,(9) — ¢k4+1Pr+1Qr+1, then by theSplit-One-Wiener guarantee (property (6) of Lemrhal35) we have that
Var[l,(h)] < (1—n?%/49) - Var[I,(g)], which by the inductive hypothesis is at m¢st-,?/47)**+1. Since
the vectorl,(f) — I,(h) lies in the linear span of;, U {Py11 - Qre1}, and || I, (R)| < (1 — n?/49)k+L,
hence after appendin@y+1, Pr+1, Qr+1) to L, we have that the new polynomia)(g) defined in step (vi)
has||Z,(g)| < (1 —n/29)**1. This concludes the proof. O

This concludes the proof of Lemrhal36. O

We note that the guarantees of thecompose-One-Wieneprocedure bear some resemblance to the
decomposition that is used in [DDS13a] for degree-2 Gangsidynomials. However, in our current con-
text of working with degreet polynomials,Decompose-One-Wieneis not good enough, for the following
reason. Suppose thBecompose-One-Wienereturns ‘eigenregular remainder” and outputs a decom-
position of I, (f) as) ", ¢;P;Q; + R. While the polynomialR is n-eigenregular, it is entirely possible that
the number of polynomial®;, Q); in the decomposition (i.e2m) may be as large a@(nl2 log(1/€)). We
would like to apply our CLT to conclude that the joint distriton of R and the polynomials obtained from
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the subsequent decompositionff, Q+, . .., B, @, is close to a normal distribution, but since the number
2m of polynomials is already too large when compared to thergevef the eigenregularity parameter, we
cannot use our CLT (recall Remdrkl ZE).

We surmount this difficulty by usin@ecompose-One-Wieneas a tool within an improved “two-level”
decomposition procedure which we present and analyze bé&los improved decomposition procedure has
a stronger guarantee th&@ecompose-One-Wienein the following sense: it breaks its input polynomial
into a sum of products of pairs of polynomials ptus remainder term#,., (for “eigenregular”) andr,,c,

(for “negligible”). The R,, remainder term is guaranteed to have negligibly small wagaand the?, .,
remainder term is guaranteed to either be zero or else extoemelyeigenregular — in particular, for an
appropriate setting of the input parameters, its eigemaeityis much “stronger” than the number of pairs
of polynomials that are produced in the decomposition. i@ tinis improved decomposition procedure
Regularize-One-Wienerbecause of this extremely strong eigenregularity guagante

Before giving the formal statement, we note that intuitviis procedure will be useful because it
“guarantees that we make progress” for the following rea¥émcan always erase the small-variadtg,
term at the cost of a small and affordable error, and the @egre.., remainder term is so eigenregular that
it will not pose an obstacle to our ultimate goal of applyihg CLT. Thus we have reduced the original poly-
nomial to a sum of pairwise products of lower-degree polyiatsnwhich can each be tackled inductively
using similar methods (more precisely, using the genextidim of procedurdregularize-One-Wienerto
simultaneously decompose multiple polynomials which wecdbe in the next subsection).

Theorem 39. Fix anyg > 2. There is a procedur®egularize-One-Wienerwhich takes as input a poly-
nomial 7,(f) such thatVar[I,(f)] = 1 and input parametergy = 1 > 7, > ... > ng ande, where
K = O(1/¢e - log(1/¢)). Regularize-One-Wienerruns in polyn?,1/nx,1/¢) time and has the following
guarantee:

1. DefineM (i) = ( log(l/e) Regularize-One-Wieneroutputs a valuel < ¢ < k, a setL =
{(a;;, P, J,Qm)}Z 1,..0,j=1,...M () Of triples, and a pair of polynomial&; g, [seg SUCh thatl,(f) =

M
ZZ 1 Z] (1Z aijPij - Qij+ Rreg + Rncg-

2. For eachi, j we haveP; ; € W%t and Q; ; € W32 with ¢; ;. 1,¢; 2 > 0andg; ;1 + qij2 = q
andVar[P; ;| = Var[Q; ;| = Var[P, ; - Q; ;| = 1; moreover,P; ; and Q); ; are over disjoint sets of
variables. In addition R,cs, Rneg € W and all of P j, Q; j, Rreg, Runeg are multilinear.

3. The polynomialk,, satisfiesVar|[R,.,| < e and the polynomiakR,, is 7, 1-eigenregular, where
we define)x 1 = 0.

4. Forl < i < ¢ we havey_ M1 (a; ;)2 < (2/3;) MOV,

We stress that it is crucially important that condition 3\pdes 7, 1-eigenregularity rather tham,-
eigenregularity.

Proof. The procedureRegularize-One-Wieneris given below. We note that it maintains the invariant
I,(f) = Z(a,P,Q)eL a-P-Q+ 1,(g;) throughout its execution (this is easily verified by insjpmot

i. Initialize L to the empty set of triples.

®Note that the reason this problem did not arise in the degrpelynomial decompositions of [DDS13a] is because each
polynomial P;, Q; obtained fromDecompose-One-Wienein that setting must have degree 1 (the only way to break thebeu
2 into a sum of non-negative integers is as 1+1). Degreeyinpatials may be viewed as having “perfect eigenregularitgte
that any degree-1 polynomial in Gaussian variables isfitbsfributed precisely as a Gaussian) and so having any auoftsuch
degree-1 polynomials did not pose a probleniin [DD$13a].
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ii. Initialize g1 = f, s0I,(g1) = I,(f).

iii. Fori=1to K do the following:

iii(@). If Var[l,(g;)] < ethen setRpes = I;(g), SEtRyeg = 0, OUtPULL, Ryee @aNd Rpeg, and exit.

iii(b). Otherwise, runDecompose-One-Wienewith parameters); ande on the polynomiall,(\;g),
where); is chosen so tha&ar[I,(\ig)] = 1. LetL; = {(c; j, Pi j, Qi ;)} be the set of (at most
M (i) many, by Lemma&36) triples anf@; be the polynomial that it outputs.

iii(c). If the call to Decompose-One-Wienem step iii(b) returned $mall remainder” then setL to
LU LjwhereL; = {(5, Pij, Qij)} (e, iy Qi eLir SEtRneg 10 Ri/Ai, SetR.e 10 0, output
L, R.e; and Ry,¢q, and exit.

iii(d). Otherwise it must be the case tHaecompose-One-Wienereturned tigenregular remain-

der.” In this case, ifVar[z;-Vi(f) ¢ijPij - Qijl < € then setRneg 03 . p o ey, 5L

P, ;- Qi; and R, t0 R; /i, outputL, Ryee and Ryeq, and exit.

iii(e). Otherwise, sef; 1 1o satisfqu(g,-H) = Rz//\z’ setL to LUL; Whel’EL; = {(C)Z\—’ZJ, Pi,ja inj)}(ci,j,Pi,j,Qi,j)ELi’
increment;, and go to the next iteration of step (iii).

For Property (1), we observe that the claimed bound\6fi) follows immediately from part (3) of
Lemmal36). The rest of Property (1) follows from the invatiand inspection of steps iii(c) and iii(d).
Property (2) follows directly from part (2) of Lemrhal36.

To establishing the remaining properties we will use thiwahg claim:

Claim 40. For eachi we haveVar[l,(g;)] < (1 — €)' L.

Proof. The proof is by induction or. The claim clearly holds foi = 1. For the inductive step, observe
that the only way the procedure reaches step iii(e) andriments; is if the execution oDecompose-One-
Wiener on I,(\;g) returned tigenregular remainder” and the decompositiofy, (\;g) = > ¢; i P; jQi i+
R; hasVar[)_ ¢; ;P; ;Qi ;| > ¢, and hence (by part (5) of Lemrhal3®pr[R;] < (1 — €) Var[I,(\igi)]-
Consequently in this case we haVar[l,(gi+1)] = Var[R;/\;] < (1 — €) Var[l,(g;)], which inductively
is at most(1 — ¢)¢ as desired. O

Note that this claim immediately gives thgt > 1 for all i, which together with part (6) of Lemm@a([36)
gives Property (4).

It remains only to establish Property (3). Note that by CIdidhit must be the case that the algorithm
halts and exits at some iteration of either step iii(a)¢)iior iii(d) — if it has not already exited by the time
i reachesy, sinceVar|[I,(g;)] < (1—¢)"~! once it reaches = K it will exit in step iii(a). We consider the
three possibilities in turn. If it exits at Step iii(a) thelearly Property (3) is satisfied. If it exits at Step iii(c)
then by Lemma&(36) we have thstar[R;] < €; since); > 1 this means thaVar[Ry.;| = Var[R;/\;] < ¢
and again Property (3) holds. Finally, if it exits at Stefdljiduring thei-th iteration of the loop then observe
that the value of isi — 1 (sinceL; is notadded on td’). Lemmal(36) guarantees th&f (and hencer,.)
is n;-eigenregular, i.en,41-eigenregular, and as above the fact that 1 ensures thaVar|R,c] < ¢, and
Property (3) holds in this case as well. This concludes thefpsf Theorent 39. O

5.2 Decomposing &-tuple of multilinear elements of the ¢g-th Wiener chaos

In this section we generalize tlitegularize-One-Wienerprocedure to simultaneously decompose multi-
ple polynomials that all belong t#V¢. Even though our ultimate goal is to decompose a single defre
Gaussian polynomial, we require a procedure that is cagdbitandling many polynomials because even
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decomposing a single degrdepolynomial usingRegularize-One-Wienerwill give rise to many lower-
degree polynomials which all need to be decomposed in tdrhis (s also the reason why we must prove
Theorenl 4B, which deals with Gaussian polynomials, in order to ultimately obtain Theoi&l, which
decomposes a single Gaussian polynomial.)

A natural approach to decompos@olynomialsi,(f1),...,I,(f.) € WY is simply to runRegularize-
One-Wiener r separate times. However, this simpleminded approach ewelidresult in different values
/1, ...,¢,. being obtained from the calls, and hence in different levels of eigenregularitytfer “remain-
der” polynomialsR; ,cg, - - ., I2r reg that are constructed. This is a problem because some of isevcay
yield a relatively large eigenregularity parameter, whither calls may generate very many polynomials
(and a much smaller eigenregularity parameter). Since kfiec@&n only take advantage of the largest eigen-
regularity parameter, the key advantageRegularize-One-Wiener— that the number of polynomials it
produces compares favorably with the eigenregularity e$¢hpolynomials — is lost.

We get around this with th#ultiRegularize-One-Wiener procedure that is presented and analyzed
below. It augments thRegularize-One-Wienerprocedure with ideas from the decomposition procedure
for k-tuples of degree-2 polynomials that was presented angzatiin [DDS13b] (and which in turn built
on ideas from the decomposition of [GOWZ10] for simultarepudealing with multiple degree-1 poly-
nomials, using a different notion of “eigenregularity”) ru€ially, it guarantees that theverall number of
polynomials that are produced from all thelecompositions compares favorably with the overall eiggnr
ularity parameter that is obtained.

Theorem 41. Fix any ¢ > 2. There is a procedurdultiRegularize-One-Wiener which takes as input
an r-tuple of polynomial,(f1), ..., I;(f-)) such thatVar[I,(f;)] = 1 for all 4, and input parameters
m=1>mn >...>ngande, whereK = O(r/e -log(1/¢)). MultiRegularize-One-Wiener runs in
poly(n?,1/ng,r/€) time and has the following guarantee:

1. DefineM (i) = O(i—;log(l/e)). MultiRegularize-One-Wiener outputs an index with 0 < ¢ <

K and for eachs € [r] a setL of triples {(as.i j, Ps,ij; @s.ij) i=1,..t,j=1,.,m@) @and a pair of
polynomialsR; rcg, s neg, SUCh that

t M(i)

I(f) =D Y @sijPoij Qs + sreg - Rsxog + Roneg: (22)
i=1 j=1

2. For eachs,,j we havePs,i,j € Wis.i5.1 and Qs,i,j € Wis.i.5.2 with Qs,ij,154s,,5,2 > 0 and s, 1+
Qs,ij,2 = q andV&I’[Ps,Z‘J’] = Var[QSw—] = Var[PS7Z-7j-QS7Z-7j] = 1. Slmllarly we han%s,reg Rs,neg S
W1, and Var[R, ;] = 1. MoreoverP; ; ; and @, ; ; are over disjoint sets of variables, and all of
Py i, Qs iy Rs reg @aNd R, 10 @re multilinear.

3. For eachs we have thaVar[R; neg] < € and thatas yeq - Rs reg IS 1:-+1-€ig€Nregular, where we define
nx+1 = 0.
4. Forl <s <randl <i<twehaved ' (a,,;)? < (2/n;) M1,
Proof. Similar to Regularize-One-Wiener the proceduréMultiRegularize-One-Wiener maintains the
invariant thaF f.or each ¢ [r.], we haV(_—:-Iq_(fs) = E(a,BQ)eLs a-P- Q + 1,(9s,i) t_hrou_ghout its execution.
Before giving the detailed description we provide someulgadints to keep in mind. The sgt] \ live
contains the indices of those polynomials for which the r@elsdecomposition has already been achieved,
while live contains those polynomials that are still being decompoddtk variablehit, maintains the
number of times that the decomposition procedDezompose-One-Wienehas been applied td,(gs.;)
for some;.
Here is the procedurilultiRegularize-One-Wiener:
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i. Foralls e [r]initialize hit, to be 0, initializeL ; to be the empty set of triples, and initialige; = f,
s01,(gs1) = I,(fs)- Initialize the selive to be([s].

ii. Fori=1to K do the following:

i(a). For eachs € live, if Var[l,(gs;)] < e then setR; neg = 14(9s,i), S€tasreg = 0 and setRy req
to be any unit variance element 37 (the choice ofR, ., is immaterial), and remove from
live.

ii(b). If live is empty then for each € [r| output the sefl, and the pairR; cg, Rs neg, and exit.
Otherwise, for eachy € live, run Decompose-One-Wienewith parameters); and ¢ on
the polynomiall,()sigs), where ), ; is chosen so thaVar[l,(\;.gs)] = 1. Let Ly; =
{(csij: Psij. Qs,i,5)} be the set of (at most/ (i) many, by Lemma_36) triples ani, ; be
the polynomial that it outputs.

ii(c). Ifthe call toDecompose-One-Wienereturned $mall remainder” for any polynomiall, (s ;gs ),
then for each suchsetL, to L;UL) ; whereL{ ; = {(CA—J, Psijs Qsij) coij Po Qo j)ELs.i7
S€tR; neg 10 Ry i/ As i, S€la, rog = 0 @NAR; 1, t0 be any unit variance elementdi? (as before,
the choice ofR; ., is immaterial), and removefrom live.

li(d). Ifforeverys € liveitisthe case thaVar[} . =~ p o, e, CsijPsij: Qsigl <€ then

SetRs’an to Z(cs,i,j7P5,i,j7Qs,i,j)eL5,i %Ps7i7j ’ stivj' AISO’ Setas7rcg = Var(Rsvi/Asyi)
and andRg e = Rsi/(Asi - asreg). FOr eachs e [r] output the setl,, and the triple
aS,I‘Ogy Rsﬂ*cg, Rs7ncg, and eXlt

li(e). Otherwise, for eacls € live such thatVar[y . ~p o ep  CsijPsij- @sigl > €
increasehit, by 1, setl; to LSUL’SJ WhereL;Z. - {(Ci‘:"f P, Qs,i,j)}(cs_’i,j,psjz._j,QS”)eLs,i,
and sely, ;11 to satisfyl,(gsi+1) = Rs,i/As. INCrementi and go to the next iteration of step

(ii).

Property (1) follows from the discussion preceding the aigm description and inspection of step ii(d).
Property (2) follows directly from part (2) of Lemrhal36 (Naket the algorithm ensures that ..., has unit
variance).

We have the following analogue of Claiml40:

Claim 42. At each stage in the execution of the algorithm, for each live we haveVar[I,(gs,)] <
(1- e)hitS.

Proof. The proof is an easy adaptation of the proof of Clairh 40, ufegcriterion for incrementingit
that is employed in step ii(e). O

Claim[42 implies that for each € live we have)\,; > 1, so as in the proof of Claifn_ 40 we get that
Property (4) holds.

Observe that if an index is removed fronlive (either in Step ii(a) or Step ii(c)), then the polynomial
R, es is 0-eigenregular, and since ; > 1, the polynomialR; ., hasVar[R; ,,.,] < €. Hence as a
consequent of the above-mentioned invariant, it is easilified that eack € [r] \ live satisfies[(2R).

The last step is to establish Property (3). The key obsenvagithat each time the algorithm increments
i in step ii(e) and returns to step ii(a), at least ane [r] must have hadits incremented. Once a given
value ofs hashit, reachO(1/e - log(1/¢)), by Claim[42 it will be the case thatis removed fronlive in
Stepii(a). Sincel = O(r/e-log(1/¢)), it follows that the algorithm must halt and exit in someati#wn of
step ii(b) or ii(d). If the algorithm exits in step ii(b) thenis clear from the above discussion that Property
(3) holds. Finally, if the algorithm exits in step ii(d), tmesimilar to the final paragraph of the proof of
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Theoren 3D, the value dfis i — 1 (since for the elements € live at the start of that execution of step
ii(d), the elements of, ; are not added on td;). Similar to before we get that Lemma_{36) guarantees
that R, ; (and henceR; ,.;) is n;-eigenregular, i.en.,-eigenregular, the fact tha\, ; > 1 ensures that
Var[R; neq| < €, and hence Property (3) holds. The proof is complete. O

5.3 Beyond the homogeneous case: handling multiple levelsWiener chaos

In this subsection we describe and analyze our most invaleedmposition procedur&jultiRegularize-
Many-Wieners, for decomposing &(d + 1)-tuple consisting of: elements from thg-th Wiener chaos for
eachj = 0,...,d. We will obtain Theoreni 31 in the following subsection usMgltiRegularize-Many-
Wieners.

An informal “top-down” description. We begin with an informal description of how the decompositi
procedure works. Lepq,...,p; be k degreed multilinear Gaussian polynomials. Eaphhas a unique
expansion in terms of symmetrigtensorsf; , € H®? asp; = ZZ:O Pig, Where p;, = I,(fiq). FOr
2 < ¢ < dletOLD, denote the set of polynomia{d,(fi ¢) }i=1,.. k-

The high-level idea of the decomposition is to “work down@/afrom higher to lower levels of the
Wiener chaos in successive stages, at each stage Msiligregularize-One-Wiener to simultaneously
decompose all of the polynomials at the current level. Beftdly choosing the eigenregularity parameters
at each stage we can ensure that at the end of the decompaséiare left with a collection of “not too
many” polynomials (thed; ; ,'s of Theoreni3ll) all of which are highly eigenregular.

In a bit more detail, in the first stage we simultaneously dgwose thé: degreed polynomialsl;(f1.4), - - -, La(fx,d)

)

using theMultiRegularize-One-Wiener algorithm with parameters = n(()d) > > ngzd) ande(?) . This
generates:

e k& polynomials inWW¢ that are eachyt(f?)+1-eigenregular, for someé < t@ < K@ — 1 where

K@ < O(k/eD - log(1/€D)) (intuitively, these should be thought of as “extremely eiggu-
lar” polynomials); these are thi, .., polynomials. LetR EG 4 denote this set of polynomials. It also
generates

e Foreachl < ¢ < d—1,“nottoo many” (at mosk-O((k/e/¥)log(1/e®))- (1/(77t(f9))2) log(1/e®))
new polynomials inV?; these are thé’ ; ; andQ, ; ; polynomials that lie inV?. Let N EW, denote
this set of polynomials.

Let ALL;_ denote the union ad LD, andN EW,_;. Note that every element ofL.L,_, belongs
to W71, and that the size dfALL,_,| is upper bounded by

k- O((k/e D) log(1/eD)) - (1/(n}{))*) log(1/¢).

The key qualitative point is that after this first stage ofaaposition, the number of eigenregular
polynomials that have been produced ®EG,| < k, and each such polynomial iéf?)ﬂ-eigenregular,
while the number of polynomials of lower degree that remaité dealt with (the pieces that came from
the original polynomial plus the elements StEW, U - - - U NEW,_;) is upper bounded in terms &f ¢(4)
andnt(gid)).

In the second stage we simultaneously decompose all theetsfAL L, by applying theMultiRegularize-
One-Wiener algorithm to those ALL,_1| polynomials, using input parameters= n((]d_l) > ngd_l) >

(@ D whereK (41 — O(JALLy_,|/el™1) -1og(1/€l@=1)) ande(@~D). This generates
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e at most|ALL,_1| polynomials imV?~! that are eaclniff;llz+1—eigenregular, for some < ¢(@-1) <

K(@=1) _ 1 (intuitively, these should be thought of as “extremely eiggular” polynomials); these
are theR, ,o; polynomials. LetREG;_; denote this set of polynomials. It also generates

e Foreachl < ¢ < d—2, “not too many” (at mostALLd_ly-K(d‘l)(l/(nt(ff;llgﬁ) log(1/€e4=1))) new
polynomials inV?; these are thé, ; ; andQ, ; ; polynomials that lie inV?. Add these polynomials
to the setNV EW,,.

Similar to above, the key qualitative point to observe ig thea number of eigenregular polynomials
that have been produced|REG,| + |REG4_,|, which is a number depending only éne®, (41 and
1/17% , while the eigenregularity of each such polynomial is atmm{nt(f?)H, ngfi;iiﬂ}, where the first
expression inside the max comes from the polynomia|RifG,| and the second from the polynomials in
|REG4-1|. By setting then-parameters so th@éf}) I andnt(ff;llg ., are both much smaller tharjffi)), we
can ensure that the number of polynomials that are produmeghares favorable with their eigenregularity.

Continuing in this fashion, the crux of the analysis is tougrghat this can be done “all the way down,”
so that the total number of polynomials that are ever pradiic¢he analysis is far smaller tharin, where
7 is the largest eigenregularity of any of these polynomid®wever, it is somewhat awkward to argue
this using the “top-down” view on the decomposition proaedihat we have adopted so far. Instead, in the
formal proof which we give below, we take a “bottom-up” viedwtbe decomposition procedure: we first
show that it can be successfully carried out for low-degm@grnmmials, and use this fact to show that it can

be successfully carried out for higher-degree polynomials

5.3.1 The MultiRegularize-Many-Wieners procedure and itsanalysis

Now we present and analyze the actiMhlltiRegularize-Many-Wieners procedure. Theoref %3 gives a
performance bound on the procedure. Its proof will be by @tidn on the degree: we first establish the
result for degree 2 and then use the fact that the theorens fmldiegreeg, ..., d — 1 to prove the result
for degreed.

Theorem 43. Fix d > 2 and fix any non-increasing computable functjon [1,00) — (0,1) that satisfies
B(z) < 1/z. There is a procedurdlultiRegularize-Many-Wieners,; s with the following properties. The
procedure takes as input the following:

e It is givenk lists of d + 1 multilinear Gaussian polynomials; theth list is p, o, ..., ps s Where
Ps,q € WPand Varlp,,| =1forl1 < ¢ <d.

e It also takes as input a parameter> 0.

The procedure runs ipoly(n?) - O 4. (1) time and outputs, for each input polynomial,, a polyno-
mial Out(ps 4) and a collection of polynomials that we dendte(ps.q)e}e—1,... num(p,.,); N€renum(ps )
is the number of arguments of the polynonialt(p; ,). (* Out” stands for “outer” and “In” stands for
“inner”.)

Fors=1,...,k,0<¢g<dandx € R", let

ﬁs,q(l‘) = OUt(pS,q) (In(ps,q)l('m)» s >In(ps,q)num(psyq)(l’)) (23)
(Intuitively, eachp, , is a polynomial that has been decomposed into constitueipelynomials
In(ps,g)1,- - I(Ps,g)num(ps ), Ps,q IS MeANt to be a good approximator for ,. The following conditions

make this precise.)
The following conditions hold:
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1. For eachs € [k],0 < ¢ < d the polynomial, ,(z) belongs to the-th Wiener chao3V?. Addition-
ally, each polynomialn(ps ), with g > 1 lies inW7 for somel < j < dand hasVar[In(p; 4)¢] = 1.

2. Foreachs € [k],0 < ¢ < d, we haveVar[p, ; — ps 4] < 7.

3. Each polynomiaDut(ps ) is a multilinear polynomial in itsium(ps 4) arguments. Moreover,there
existsN = Ng(k,d,7) andM = Mg(k,d, ) such that ifCoeff(p, ,) denotes the sum of the absolute
values of the coefficients Ofut(p;q), then_,  Coeff(p;4) < M and}_, num(psq4) < N.

4. Further, letNum = >, o, num(ps,) andCoeff = >,

kg _a Coef(ps q). Then,
each polynomialn(ps 4), is B( um + Coeff)-eigenregular.

777q0

After proving Theoreni 43, in the next subsection we will afBheoreni 3]l from it as a special case,
by writing the degreet polynomialp aszgzo pq Whereq € W7 and applying Theorem 43 (@y. . . . , pa).

Base case: Proof of Theorermn 43 in the case= 2. Fix any non-increasing functiofi : [1,00) — (0, 1)

that satisfiesi(z) < 1/xz. The main step is to use thdultiRegularize-One-Wiener procedure on the
vector of (at mosk) polynomials{ps »}cx); We now specify precisely how to set the parameters of this
procedure. Fix = 7 and letK = O(k/e - log(1/¢)) as in the statement of Theordm| 41. We define the

parameter§ =ny > n;--- > nx > ni4+1 = 0 as follows: fort =0,..., K — 1, we have
7.1
K2 1 4\ ©rzlog(1/e)
M1 = C—‘_z'(10g1/6)2—|-0/'k:3- <—> K (24)
€ T U

whereC, C’ > 1 are absolute constants defined below (geé (27)[and (28ikvaly the first term corre-
spond to an upper bound ®um whereas the second term corresponds to an upper bou@idetf). (Note
the assumption that(z) < 1/x implies that indeedy;; < 7;.) When called with these parameters on the
vector of polynomials{p; 2 }sek), by Theoreni-4MultiRegularize-One-Wiener outputs an index with

0 <t < K and a decomposition of eagh» as

£ M)
ps,2 = Z Z as,i,sz,i,j : Qs,i,j + as,reg : Rs,reg + Rs,neg7 (25)

i=1 j=1

(recall thatM (i) = n% log(1/€)), where for eac € [k],

1. Var[R, neg) < €=,
2. eachug req - R reg IS mi1-€IgENIrEQUIArR, 1oy has variance, and

3. For eacts, i, j, the polynomialsP; ; ; andQs ; ; are both inW! and are defined over disjoint sets of
variables and hawWar (P ; ;] = Var[Q;; ;] = 1. MOreoverR; ne and Ry ;. both lie iny2.

We now describe the polynomiala(p; 2) andOut(ps 2), whose existence is claimed in Theoren 43,
for eachs € [k]. For eachs € [k], the polynomialdn(ps ), include all of the polynomials®s ; ;, Qs ;
from (28). FurthermoreR; .., belongs toln(p,2), if and only if a, e # 0. The polynomialp, »(z) is
Ps,2 — Rs neg, and we have

t M)

ﬁs,?( ) OUt(ps 2)({111(175 2 Z} Z Z Qs j* s,z,] Qs,z,] + as ,reg Rs,reg- (26)

=1 j=1
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Further, by the guarantee from Theorem 41, we get that forsany, P, ; ; andQ,; ; are on disjoint sets
of variables. The degree-1 and degree-0 portions are engnesi for eachs € [k] we have

Ps1(x) = Out(ps)(Ps,1) =psp - and Py o(x) = Out(pso)(ps,0) = Ps,0-

It is clear from this description that property (1) holdsr(éachs, ¢, the polynomialp, , indeed belongs to
Whi).

Next, we show that Condition 2 holds. This is immediatedoct 0,1 since the polynomialg, o and
ps,1 are identical top, o andp, 1 respectively. For = 2 given anys € [k], we have thap, s — ps2 =
R, ncg, and hence by the upper bound Var|R; ..., (see Item (1) above) we have tiéar([p, » — ps 2] =
Var|R; n| < 7 as required by Condition (2).

For Condition (3), the multilinearity of eadbut(p; ,) is easily seen to hold as a consequence of Theo-
rem[4]. To check the remaining part of Condition (3), note thag = 0, 1 the polynomialp, , is simply
the identity polynomialr — x. Forq = 2, Equation[(26) immediately gives that

num(pso) < 2t-M(t)+1 <2K-M(t)+1

Observe that sinc®ut(ps o)(-) andOut(ps,1)(-) is simply the identity map: +— x. Thus,

2
Z num(ps 4) < 2K - M(t) + 3.
q=0

As s € [k],

2
Num = Z Znum(p&q) <2K -k-M(t) + 3k.
s€lk] ¢=0

Note that we can chooge to be a sufficiently large constant (independent)afo that

K2 51 1

Num < 2K -k-M(t)+3k <C-—log” - - —. (27)
€ €

We next upper bound the sum of the absolute values of the cieet appearing iQut(ps,). We
begin by observing tha&ut(p, 1) andOut(ps,o) are just the identity function and hence the absolute values
of the coefficients is just. ForOut(ps2), note that Item (4) of Theorem#1, gives that

t M(i) , b\ AM@H-1) A
Yy ausx(3) =y

>4(M(t)—1)
i=1 j=1

Thus, summing over all € [k], we get

t M(i) A
)PP IENEIRA

>4(M(t)—1)
selk] i=1 j=1

Recalling thatzse[,ﬂ Eﬁzl M(i) < 2K - k- M(t) + 3k and applying Cauchy-Schwarz, we get

t 40\ A1 (0)-1)
D asigl < <t- <E> ) (2K - k- M(t) + 3k)

selk] i=1
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Thus, we can choose a sufficiently large cons@ntindependent of) such that

t
4
Coeff = Z Z lasi;| <O K- (E

> C’~%~log(1/e)
s€lk] i=1

(28)

Using [28) and[(27), the recursive definitionigffrom (24) andt < K, there existsV = N3(k,d, 7) and
M = Mg(k,d, ) such thalNum < N andCoeff < M.

It remains only to bound the eigenregularity of in¢p; ), polynomials. Each such polynomial is either
a degree-0 polynomial, o, a degree-1 polynomial, ; or P ; ; or Q,; j (from (28)), or a degree-2 polyno-
mial R, ;. for which a, .., # 0. Since degree-0 and degree-1 polynomials(aeggenregular, it remains
only to bound the eigenregularity of eaély ..,. Since eachR, ., is 1;41-€igenregular, our choice of the
sequencé =1y > --- > nk (seel(24)) implies that eadR; ,., is indeed3(Num+ Coeff)-eigenregular as
required by Condition (4). This concludes the proof of thgrde-2 base case of the induction for Theorem
43. O

Inductive step: Proof of[43. Fix a valued > 3; with the base case in hand from above, we may assume
that Theoreni 43 holds for degre®s .., d — 1. Similar to the degree-2 base case, the first main step of the
algorithm is to use thultiRegularize-One-Wiener procedure on the vector of polynomials; ;) sc(x;

we now specify how to set the parametersMifltiRegularize-One-Wiener. Fix e = 7/8 and letK =
O(k/e -1og(1/e€)) as in the statement of Theorém 41. We define the parametergy > 7y -+ > nx >
nig+1 = 0 as follows: fort =0,..., K — 1, we have

2 2
T T L L
— 8Ny (Lyyd—1, — ) My (Lyyd—1, ———— | - LE ok Ll |,
= Bt<t 16.Lt.Lft> Bt<t 16-Lt-LtLt> t t
(29)
k*d 1
where L, £'¢r. 22, — - (log 1/€)?,
€

andC’ > 0 is an absolute constant defined below @jids defined in[(3lL). The reader can verify that the
sequencd, } is defined consistently. As before, intuitively, the firgitein the argument t@ corresponds
to an upper bound oNum whereas the second term corresponds to an upper boufid«sh (Note that
from the recursive definitio (29), for all= 1, ..., K we have thaty = r;(k, 7, d) for some functions;
this will be useful later.) When called with these parametn the vector of polynomial§:; q)ex), by
Theoren{ 4lIMultiRegularize-One-Wiener outputs an index with 0 < ¢ < K and a decomposition of
eachp, 4 as
t M)
Ps,da = Z Z as,i,sz,i,j : Qs,i,j + Qs reg Rs,rog + Rs,noga (30)
i=1 j=1

(recall thatM (i) = ;12 log(1/€)), where for eacls € [k],
o Var[R; heg] < e=7/8,
o eacha, req - R reg IS 1m11-€IgENIEgUlary; ., has variance, and

e For eachs, 1, j, the polynomialP; ; ; belongs toVesiit and @, ; ; belongs toW?i.i.2 where0 <
Qs,ij,159s,i,5,21 9syi,j,1 + Qsij2 = d, andPs,i,j, Qs,i,j are defined over diSjOint sets of variables and
haveVar[P; ; ;] = Var[Qs,; ;] = 1. MOreoverR; ne, and R; e, both lie inWe.
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Define the functiors; : [1,00) — (0,1), Bf(z) < 1/z, as
Bi(x) =B k-LF 4+ k+ L. (31)

The second main step of the algorithm is to run the proceNuiéiRegularize-Many-Wieners,_1 g:
with its inputs set in the following way:

e There arek lists of d multilinear polynomialsp, o, . .., ps 4—1 ass ranges froml to k. Additionally,
for each of theP; ; ; andQ, ; ; polynomials that are obtained from {30), there is a list afultilinear
polynomials inW?, ..., W?=1 In each such list all the polynomials are 0 except for ihe ; or
Qs,;,; polynomial. (Note that each of these polynomials indeedrigs to a single specific lay&y?
of the Wiener chaos for some< ¢ < d — 1, as required bjultiRegularize-Many-Wieners,_; s:;
note further that since the variance of ed¢h ; and@, ; ; polynomial is 1, the variance condition in
the first bullet of Theorern 43 is satisfied. Finally, we emjteashat theR; .., polynomial, which
lies in W, is not used here.) Thus, note that we can chad@se be a sufficiently large constant so
that the total number of input polynomials that are giverhmprocedure is at most

| def k*d 1

C' = = (log1/e)* (32)
€

Note thatL; = k4 (k, 7, d) for some functiorx,; this will be useful later. Another thing that will be
useful is the following. Define
M (i)

Ag= Z Z Z |as,2,J| (33)

s€lk] i=1 j=1

Note that mimicking the calculations preceding](28), it t@nshown that"’ can be chosen so that
Ag < LEt.

e The “r” parameter of the procedure is set%.
Lt Liyg

By the inductive hypothesis, when invoked this way, the pdareMultiRegularize-Many-Wieners ;1 g:
returns the following:

e For eachP;; ; andQ,; ; from (30), outer polynomial®ut(P;; ;) and Out(QS”) and likewise
for eachp,, (1 < s < k,0 < ¢ < d — 1) an outer polynomiaDut(p, ,)~Y; the “(d — 1)
superscript here is to emphasize that this polynomial iaiobd from the call thuItiReguIarize-
Many-Wieners,_1 g .

e For eachP; ; ; andQ; ; ; from (30), a collection of “inner polynomials”

{In(Ps,i,j)5}[:1,...,num(Psyi’j) and {In(Qs,i,j)Z}Z:l,...,num(Qs’iJ) (34)

and likewise for each, , (1 < s < k,0 < ¢ < d — 1) acollection of inner polynomials

d—1
{In(ps,q)é )}Zzl,...,num(ps’q); (35)

similar to above, the(d — 1)” superscript here is to emphasize that these polynomial®hbtained
from a call toMultiRegularize-Many-Wieners;_ g .
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For eachp, o with1 <s <k,0<¢g<d-1,letus writep( . Yto denoteOut(ps )@ ({In(p&q)(d 1)}).

The pieces are now in place for us to describe the polynorfiatgps ;) and{In(psq)e}e=1,... num(ps.q)
whose existence is asserted by Thedrei 43.

Fix anys € [k]. We begin with the easy case@k d; so fix any0 < ¢ < d. The polynomialOut(ps )
is simply Out(p ,)~"), and the polynomial§In(ps ,),} are simply the polynomial§In (ps, q)(d Y

Now we turn to the more involved case@#= d. Fix anys € [k|. Recall the decomposition of ; given
by (30). Fix anyi € [t],j € [M(i)] and consider first the polynomid® ; ; from (30). By the inductive
hypothesis, the call tMultiRegularize-Many-Wieners,_ s: yields a polynomialﬁs,i,j which is defined
via (23) in terms of th®ut(Ps ; ;) andIn(Ps; ;), polynomials, namely

Ps g,j — Out( 5,0 J)(IH(PSJJ)l, e 7IH(PS7i7j)num(Ps_¢,j))' (36)
Similarly, considering the polynomié); ; ; from (30), the call taMultiRegularize-Many-Wieners;_; g:

also yields a polynomial); ; ; which is defined vial(23) in terms of ti@ut(Qs ; ;) andIn(Qs ; ;)¢ polyno-
mials, namely

Qs,ij = Out(Qsi /) (I(Qsi )15 - - I(Qsi ) mum(Qu.is))- (37

The polynomials{In(ps 4),} are the elements of

t M%)
(U U ({In(Ps,i,j)Z’}Z’:l,...,num(PS’iyj) U {In(Qs,i,j)Z”}Z”1,...,num(sti’J))) U {Rs,rcg * Qs reg ?é 0} (38)

i=1 j=1

and the polynomiaDut(ps 4) is given by

t M(i)
OUt(ps d)({In(ps d)f} Z Z as,z,] ERN Qs,z,j + Qs ,reg Rs,reg- (39)
=1 j=1
Recalling [23), IBB) and (37), we may write this more exglijcas
t M
Pod = Z asij - (Out(Ps ) ({In(Ps;j)e})) - (Out(Qsij) ({In(Qsij)er})) + as reg - R reg- (40)
i=1 j=1

This concludes the specification of theit(p; 4), {In(psq4)¢} andps , polynomials; it remains to show
that these polynomials satisfy all of the claimed Cond&i¢h)-(4).

First we consider Condition (1), that for eaghy the polynomialp, , belongs to the-th Wiener chaos
W12 and each polynomialn(p; ), hasVar[In(ps4)] = 1. Forg < d this follows from the inductive
hypothesis. Foy = d, consider [(3D) and (39). Part (2) of Theorém 41 ensures Rhat, and each
P Qs allliein W and thatP, 4,; and Qs ; ; are on disjoint sets of variables. Using the inductive
hypothesis applled to eadh,; ; and Qs ; ; and the factP, ; ; andQ,; ; are on disjoint sets of variables,
each producPs i QS 4i,j also must lie iMV?. SinceR, reg lies in Wd andW9 is a subspace, we get that
Psa € Wiforall s € [k]. To see that each polynomial {in(Ps; ;). } and{In(Qs; ;)¢ } has variance,
we use the induction hypothesis. Also, note that by Thedr@inVar (R, ..;) = 1. This shows that all
elements of In(p; 4),} have variance as claimed.

Next let us consider Condition (2), i.e. we must upper bouath®&ar|p; , — ps |- Fixanys € [k] and
first consider somé < ¢ < d — 1. In this case we have that

Psg = Out(psg) (I(ps,)1(x), -, In(Ds ) num(pa ) (7))
= Out(ps q)( 2 <In(ps,q)(d 1)( )soen ,In(ps7q)£i;l(237q)(m))
= ﬁg(,iq &
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so we get the desired bound ®ar[p; , — ps 4] from the inductive hypothesis, recalling that the param-
eter that was provided tdultiRegularize-Many-Wieners;_; g: was set tar /(16 - L; - Ly <.
Next, consider the case= d. In this case,

t M(i)

psvd o ﬁsvd S neg + : : : : a's:ZJ 577'7] QS,Z,] 877'7] QSJ’J)

=1 j=1
We will record the following fact which will be used a coupletiones.
Fact44. Var[X; + ...+ X,,,] <>, m- Var[X,].
First, applying Fadi 44, we can say that

Var[-psyd - ﬁsvd] S 2 Var[Rs7an] + 2 Var Z Z as7lv.7 87747.] QS,Z,] S7Z7.7 QS7Z7.7)
i=1 j=1

We recall thatVar[R; ,..;] < 7/8. To bound the second term, define
Rmax = maXVar( 5,47 QS,Z,] S,Z,] QS,Z,])

Then, we have that

s,ij(Psij * Qs,ij — Psij - @s,ing)

5
-

M(i

~

>

).

aZ; ;Var(Py ;- Qsij— Poij - Qsij)

AN
—
|‘Mw

S
i

—_

t t M(i)
< (Z M(Z) CL?Z-J ° ﬁmax
=1 i=1 j=1
t t M(3) ?
< (Z M(Z)> |as,i,j| * Kmax
i=1 i=1 j=1

< Lt'Ad'ﬁmaXSLt'Ltt'ﬁmax

In the above, the first inequality uses Hadt 44, the fourthuaéty uses[(32) an@ (83) and the fifth inequality
uses the bound oA,. It remains to bouna,,, . However, note that for any < i < ¢t andl < j < M (i),
we have that

Var( 8,1,7 Qs,z,] s,z,j Qs,z,]) 2 Var(Qs 2,] ( ERN Ps,i,j)) +2- Var( 8,1,7 (Qs,z,] Qs,i,j))

2Var(Qs,;) - Var(Ps;; — Ps;j) +2- Var(Py; ;) - Var(Qsij — Qs.ij))
~ ~ 3-7
2V&I‘Psi'—P5i' + 4 Var EX EX P
(Psij i) (Qs,ij — Qs,ij)) < S L, L

In the above, the first inequality uses Fact 44 and the secwglality uses thab; ; andQ; ; ; are on
disjoint sets of variables. The third inequality uses tMai'(Q;; ;) = 1 and thatVar(P; ;) < 2 and the
fourth one follows from the choice of the™ parameter in the recursive procedure. Hence, we get that

VANVAN

IN

37
Var Z Z as7lv.7 XN QS,Z,] PS,i,j ’ Qs7i7j) S :

8
i=1 j=1
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As a consequence, we get

¢ MG)

Var(psa — psa) < 2Var(Roneg) +2Var | D> agj(Poij- Quij— Poij- Qsig) | <7
i=1 j—1

For Condition (3), the multilinearity of eadbut(p; ) follows easily from the inductive hypothesis and
from (39), using the fact that eadg .., is multilinear and that for eacs, i, j) triple the two multilinear
polynomialsP; ; ; andQ ; ; are defined over disjoint sets of variables.

To finish establishing condition (3), we now bound the overamber of inner polynomials produced in
these decompositions. We start by bounding the total numibi@ener polynomials thakMultiRegularize-
Many-Wieners; g produces. Recall first that the number of polynomials that iaput to the call to
MultiRegularize-Many-Wieners,_ g is Ly = #¢(k, 7, d) (sed3R). From the specification of thie(ps )¢}
polynomials given earlier, all but precisely of these inner polynomials returned bjultiRegularize-
Many-Wieners; g are simply the inner polynomials that are returned from thié to MultiRegularize-
Many-Wieners;_; g:, and the other: polynomials areR; ,cg, ..., Rk reg. Since theMultiRegularize-
Many-Wieners,_ g:, procedure is called ofi; many polynomials, by the inductive hypothesis the total
number of inner polynomials returned by this procedureisabme value

.
Ngs | Lyyd — 1, ————— | = Opra(1). 41
5 ( t 16-Lt-Lft> kor,a(l) (41)

Consequently the total number of all inner polynomiglls(p; ).} returned byMultiRegularize-Many-

16-L¢-LF
number of inner polynomials returned MultiRegularize-Many-Wieners, g is bounded by

T
No (Lpd—1,— T )4k

which we define to b&Vg(k, d, 7).
The next task is to upper bourd,, , Coeff(ps4). The main step is to bound the contribution from
q = d. Recalling [(4D), we have

Wieners; 5 is bounded byVg- (Lt,d 7> + k. Noting thatL; < Lg, we have that the total

t M(i)
Boa =3 asiy (Out(Pei)({In(Peij)e})) - (Out(Qs i) ({In(Quif)er})) + aseg - R
i=1 j=1
and thus,
t M(®)
Coeff(ps,q) ZZ las,i ;| - Coeff(Ps; ;) - Coeff(Qs.i ;)

Note that) . St ZM(’ lasi ;| < LF* and|a, | < 1. Further, by induction hypothesis,

ZZZ Coeff (Ps ;. ;) + Coeff(Qs,,5)) +ZZCO€ffpsq ) < Mpg: (Lt,d ﬁ)
Ly L

s€lk] i=1 j=1 s€lk] ¢=1
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Hence,

d 2
Coeff (Out(ps)) < k+ Ll | Mge [ Lpd—1, ———— ) | .
ZZ oeff (Out(ps,q)) < t ( Bt<t 16-Lt-LtLt>>

sefk] ¢=1

By definition,

2 2
rho Mg (Lyd—1, —T—— V) <iEx (Mg (Lg,d—1,——T— ) .
t ( Bt<t 16'Lt'LtLt>> SE ( BK< " 16 Ly - LEX

As K = O(k/e)log(1/€), we can define the quantity on the right hand side tahgk, d, 7) which verifies
condition (3).

Our last task is to bound the eigenregularity of thép; ), polynomials. As noted above these polyno-
mials are of two types: the polynomialsR; ;cg, - . ., Rj ree @and the inner polynomialﬂn(pqu)gd_l)} that

were returned from the call telultiRegularize-Many-Wieners,_ g on its L; input polynomials.

We first tackle thE{In(p&q)gd_l)} polynomials. Defin&oeft, .. as

M (4) d—1

t
Coeft, .. = Z Z (Coeff(Py; ;) + Coeff (Qs4,5)) + Z Z Coeft(ps.q).

selk] i=1 j=1 selk] g=1

the sum of the absolute values of the coefficients of the quagmomials returned by the recursive call.
Likewise, defineNum,... as

t M%)
Numrec = { U In(ps,q) U U U ({In(Ps,i,j)é’}@’ZL...,num(PS’i,j) U {In(Qs,i,j)f”}Z”:l,...,num(sti,j)> } s
s€(k]

the total number of inner polynomials returned by the regarsall. Then, note thatoeff < Coeff? -LtLt+

k andNum = Num,.. + k. By inductive hypothesis, the polynomiaﬂin(pqu)gd_l)} are 5} (Numyc. +
Coeff,..)-eigenregular. However, note that

B (Numye. + Coeffree) = B((Numye + Coeffye)? - k- L 4+ k + LIt
< B(Coeft?,. - LF* + k + Num,. + k) < B(Num + Coeff).

—_ rec

Here the inequality uses the fact thgt is a non-increasing function. This shows that the polynésnia

{In(ps,q)f_l)} polynomials ares(Num + Coeff)-eigenregular.
Next, note thatR, ... IS 7:+1-eigenregular. We have

2 2
T T L L
= B|Ng | Liyd—1,———— | + Mg | Lyyd—1,————| Ll 42k + L
" 5( Bt<t 16.Lt.Lft> 5t<t 16-Lt.Lft> : t)

< B(Num2 + Coeff?

rec rec

CLF 2k + Lft) < B (Num + Coeff).

This implies thatR; ,, is f(Num + Coeff)-eigenregular for als € [k] verifying Condition (4). This
concludes the proof of the inductive degréease, and thus concludes the proof of Thedrem 43. [
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5.4 Proof of Theorem 31

With Theoreni 31l in hand it is straightforward to prove Theo&. As in the statement of Theoréni 43, let
us writep(z) aszjzo cqpq(x) wherep, € W for all g andVar[p,| = 1for 1 < ¢ < d. SinceVar[p] = 1,

by Fact 12 we have th@jzl cg = 1. The procedureRegularize-Poly; calls MultiRegularize-Many-
Wieners; 3 on thed + 1 polynomialspy, p1,. .. ,pq With the “7" parameter ofMultiRegularize-Many-
Wieners, 3 set to bel - (7/d)3?. This call to MultiRegularize-Many-Wieners s returns polynomials
Out(py), ..., Out(pg) (these are the polynomials, . . ., hg) and{In(po)e}e=1....mgs - - - » {I(Pa)e }e=1,...my
(these are the polynomialsi, ¢} g—o.....d,¢=1,....m,)-

Condition (1) of Theoreni_31 follows directly from Conditidd) of Theoreni43. Condition (2) of
Theorem 4B implies that each € {0,...,d} hasVar[p, — Out(p,)({In(p,)}¢)] < (1/d) - (1/d)>".

Observing thap, — Out(p,)({In(p,)}¢) lies inW,, using FacIR, we ha¥ar[p — p] < (7/d)*?. Using
Lemmd5, we get that

|Pr,no1)[p(z) > 0] = Pry no1y-[B(z) > 0]| < O(7).

This concludes the verification of Condition (2). Condito8) and (4) in Theorem 81 follow from the
respective conditions in Theordm]43.

6 Proof of Theorem[2: Deterministic approximate counting fo degree+
PTFs over N (0, 1)"

In this section we combine the tools developed in the previrctions to prove Theordrmh 2. We do this in
two main steps. First we use the CLT from Secfidn 4 and therdposition procedure from Sectigh 5 to
reduce the original problem (efapproximately counting satisfying assignments of a degrBTF under
N(0,1)") to the problem ot-approximating an expectatid;.. y o ) [9:(G)], whereN (07, %) is a mean-
0 r-dimensional Gaussian with covariance makixandg. : R" — [0, 1] is a particular explicitly specified
function. The key points here are that the value-pthe description length (bit complexity) @f., and
the bit complexity of each entry of the covariance makiare allO4 (1) (completely independent of).
Next, we describe how a@, (1)-time deterministic algorithm casrapproximate the desired expectation
Egn(or,5)[0c(G)]-

Theoreni® follows directly from Theorerhsl45 dnd 50, the masuits of Sectiorls 6.1 abd 6.2 respec-
tively.

Our approach is based on mollification (so that we can apptyGiT); we will need the following
definitions from [DKNZ10]. We first define the bump functibn R” — R as follows:

_ 2y <
by = { VO lelD) T el <1
0 if ||z]]2 > 1,

where the constantt, is chosen so thaf, _p, b (x)dr = 1. We leth denote the Fourier transform bfso

~ 1

) = Gy, V) explite o)

Forc > 0 we defineB,. : R" — R as R
Bu(z) =" - b(c-z)?.

Using Parseval’s identity, it is easy to see that) is non-negative and, B.(x) = 1, so B, is a density
function. We observe thalh||.. is upper bounded by,(1) and hence|B, || = Ocr(1). Finally, for
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g:R"—[0,1] andc > 0, g. : R” — [0, 1] is defined as
ale) = [ gle=v)-Bulw)iy “2)
yeRT

6.1 Reducing to anO,(1)-dimensional problem

In this subsection we prove the following. (The functidgn , (z) below outputs 1 iz > 0 and outputs O
otherwise.)

Theorem 45. There is an0g (1) - poly(n?)-time deterministic algorithm with the following perforne
guarantee: Given as input a degrdereal polynomialp(z1,...,x,) and a parametee > 0, it outputs
an integerr, a matrix of covariance& € R"*" (whose diagonal entries are all 1), and a description of a
functiong. : R" — [0, 1], such that

|Pr, v [P(z) > 0] = Egun(ors)[Gc(@)]] < O(e). (43)

Moreover,g. is of the form given in(42), whekg = sign, ;(¢) and¢ : R” — R is a degreed polynomial
whose coefficients are rational numbers with numerator agbdhinator that are each integers of magni-
tudeOy (1). Also,r is Oq (1), and hence the description lengthgefis O, (1) bits. Finally, each entry of
¥ is a rational number whose numerator and denominator aré lottegers of magnitud@, (1).

The following lemma will be useful for us.

Lemma 46. Leta : R — [0, 1] be ac-Lipschitz function. LeE, X' € R™*" be two psd matrices such that
1% = 3|l2 < 6. Then|Egn(or ) [a(G)] — Egran(or 2 [a(G)]] < er(d + 3/5][Z]]2).

Proof. Let Z ~ N(07,%) andZ’ ~ N(07, ). Itis shown in [DL82] that we have
dwo(Z, 2"V = Tr(S 4+ ¥ — 2(2Y250/51/23)12),

wheredyy (-, -) denotes the Wasserstein distance between two distrilsuiiothe/; metric. Further, it is
known [Bha00] that ifA and B are psd matrices, then

142 = B'2||; < /A = BJ)2.

Observe that botl + ¥’ and4X1/2%/%1/2 are psd. As a consequence,

HE Ny 2(21/22/21/2)1/2H2 < \/H(E + E/)z _ 421/22/21/2H2'

However, note that if we leh = %' — ¥ so that||A||; < §, then it is easy to see that

VIE +£)2 — 45125512, < 5 + 35S L.

Hence we havar (X 4% —2(S1/25/51/2)1/2) < r(54-31/8[Z]2)?, sodw2(Z, Z') < /F(6+3/3]|%]2).
Using Cauchy-Schwarz, we get

dwa(Z,Z") < r(6 4 3v/8]|22).
Using the fact that is c-Lipschitz and recalling the coupling interpretation o Wasserstein distance, we
get the stated result. O
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Now we turn to the proof of Theorem 5. We first recall that byeditenI# we may assume without
loss of generality that the polynomig{z, . .., x,) is multilinear. By rescaling we may further assume that
Var[p] = 1.

The algorithm begins by running the procedrecompose-Poly on p with its
and thes function set to be

“w__n

7" parameter set te

Blz) = <C-;-$>Cd2

whereC is a sufficiently large absolute constant (we discuss theetaf C' below; see[(53)). By Theorem
[31, Decompose-Polyutputs a polynomial

(44)

d
plx) =Y hi(Aj, s Ajn, (2))

Jj=0

that satisfieg Pr,.. (0,1 [p(¥) > 0] — Pry.y(0,1)»[P(x) > 0] < e. Furthermore, for each € [1,...,d]
andk € [1,...,m;] we have thaWar(A; ;) = 1, A;, € W1 for someg € [1,j], Y0_, mj < r =r(d,7),
and the sum of squared coefficients/gfis bounded byS = S(d,7). We moreover have thafar(p]
[1/2,3/2], that eacth; is a multilinear polynomial of degree at mektand thateach;(A; 1, ..., Ajm;(z))
lies in thej-th Wiener chaos (and hence has expectation zero). FurtimeyifiA;; andA;;, appearin a
monomial ofh; together, then they contain disjoint sets of variables.

Since eacth; has at most? coefficients, if we round each coefficient of edghto the nearest integer
multiple of \/(e/d)3?/(dr?) and call the resulting polynomial,.., ;, and subsequently define

d
Brew(®) EEBP] 4+ Y hnew j(Aj1(2), -, Ajm, (2),

J=1

then using Fadt 44 we have that

Var[pnew(z) — p(x)] < (dr?) - ((e/d)* /(dr?)) = (e/d)*".

Sincep andpy,.., have the same mean we may apply Lenitha 5 and we getBhat. (o, 1) [Prew () >
0] — Pryon(o,1)»[p(x) > 0]] < O(e). From now on, we will work with the polynomig,,.., -
At a high level, the plan is as follow®r,. y(0,1)» [Prew(r) > 0] is equal to

J=1

d
ExNN(O,l)” |:sign071 (E[ﬁ] + Z hnew,j(Aj,l(x)a PN 7Aj,mj (l‘))) ] . (45)

Since thesign,, ; function is discontinuous, we cannot apply our CLT from Redd to (45) directly (recall
that the CLT only applies to functions with bounded secondvdgves). To get around this we define a
“mollified” version (a version that is continuous and hasmmed second derivative) of the relevant function
and show that the expectatidn [45) is close to the correspgrkpectation of the mollified function. This
allows us to apply the CLT to the mollified function. A final gtis that we will round the covariance matrix
Y.’ obtained from the CLT t& so that all its entries have bounded bit complexity; Lenminlaviléensure
that we can do this and only incur an acceptable increasesiartior.

We now enter into the details. Let: R” — R be defined as

d
¢(l‘171, sy Tlmyy ey Ldly e >xd,md) = E[p] + Z hnew,j(wj,la s 7$j,mj)7

Jj=1
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and letg : R” — {0,1} be defined ag(x) = sign, ; (¢(z)). In the subsequent discussion, for any function
F:R" — R, wewrite F*) : R" — R™ (wherem = ("*7~")) to denote the function whose coordinates are
all k-th order partial derivatives df, so||F*)||, denotes the supremum of all values achieved bykatly
order partial derivative at any input iR". Intuitively, our goal is to construct a mollificatiofp : R — R

for g such thaﬂ\?y(?) llo < oo andg is a “good approximation” tg at most points ifR”. There are many
different mollification constructions that could potelitidbe used; we shall use the following theorem from

[DKNZ10]:
Theorem 47. [DKN10] For any regionR C R” and anyc > 0, the moIIificationffB,c : R" — [0, 1] of the
{0, 1}-valued function/r(z) d:QflxeR has the property that for every pointe R",

Ir(z) — fR,c(x)‘ < min {1’ 0 <02 - dis:(z,aRV) } ’

wheredist(z, 0R) denotes the Euclidean distance betweend the boundary oR. Moreover, this molli-
fication satisfieéryf(,é)c\\oo < 2cand ng,)cHoo < 4ck

Applying Theoreni 47 to the regioR def {x € R" : g(z) = 1}, we get that for any > 0 there is a
mollified functiong. : R" — [0, 1] such that] 5> [|oe < 4¢2, |55 [|o < 2¢, and

o(0) o) <min {10 ()L (46)

The following lemma ensures that for a suitable choice, tfie mollificationg. is indeed a useful proxy
for ¢ for our purposes:

Lemma 48. For ¢ as specified in(31) below, we have that the funcgipn R” — [0, 1] described above
satisfies

ExNN(O,l)” Hg(Alvl(x)a <o 7Ad,md(x)) - §C(A1,1(w), <o 7Ad,md(95))u < 0(6) (47)
Proof. We will use the following claim:

Claim 49. Letz,y € R" and ||z < B. If [z — y|j2 < § < B, then|p(x) — ¢(y)| < d(2B)4rd/2.\/S 4.

Proof. Recall thatp(z) is a multilinear degreé-polynomial inr variables for which the sum of squares of
coefficients is at most. Let us write¢ as

dx) = > cama
Ae(L))

wherez 4 represents the monomig],. , z; corresponding to the set, so we have}_ ,(c4)? < S. For

any fixedA € (!)), a simple application of the triangle inequality across (@temost)d elements o4
gives that -
x4 —yal <d-(2B)"-0.

Since the number of monomials éf{z) is at most-?, using Cauchy-Schwarz we get that

- \/Z<cA>2 ’ \/ Y (@a—ya)? <VS-r7?.d-(2B) -6,
A A

the claimed bound. O

[¢(z) — o(y)| =

> calza—ya)
A
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By Claim[49, we have that if € R” has||z||., < B and|¢(z)| > d(2B)%r%?./S -5, wheres < B,
then||dist(z, OR)||2 > §. By (d8), if dist(z, 0R) > d then|g(z) — g.(z)| < O(%). Hence provided that
we takes < B, we may upper bounB, . o,1y» [[9(A1,1(2), - -, Admy(T)) — Ge(A11(2), ..., Admy(2))]]
(the LHS of [4T) by

Tz oN(0,1) ie[l,...,d}rggﬁ,...7m(i)]| J(@)] > }

2
PE 0 [0 @) Ad (@) < B VE 40 (). @)

To bound the second summand above, we recalkthai i (z), ..., Agm,(x)) is a multilinear degree-
polynomial whose variance is at leds®. By the anti-concentration bound Theorem 4, we get that

Pr, o [0(A11 (), s Agmy (2))]| < d - (2B)r42 . /S . 6] < O(d-B-\/F-Sl/Qd-dl/d).

To bound the first summand, we observe that since daglis a mean-0 variance-1 degrégolynomial, by
the degreet Chernoff bound (Theorefd 3) and a union bound overrtpelynomialsA4; ;, for any B > e
we have that

Pr,. n max A; >B| <r-d-e” (B2/d). 49
MOD Leuv...,dwe[1,...7m<i>1| )] ] 49
Thus we get thaf (48) is at most
2
rod-e B 10 (d B\ S 51/d) +0 < - ) (50)
c22
Choosing
rd\¥? € d r
B:<Q() ln?> N 5:<dB\/FS1/2d> N and 025—\/E (51)
(note that these choices satisfy the requirementshat ¢? ands < B), we get that each of the three
summands constituting_(b0) 3(¢), and Lemm&48 is proved. O

Using Condition (4) of Theorein B1, we have that edgh is n-eigenregular wherg < §(r+.5). Now
sinceHgff) oo < 4¢* and eachd; x(z) is @ mean-0, degre@Gaussian polynomial witNVar[4, x(z)] = 1,
we may apply our CLT, Theorem119, and we get that

1B, 0,1y [Ge(A11(2), - -, Ag g ()] — Egron(or s [Ge(G)]| < 200008 D 02 /B(r + 5)-4c?, (52)

whereX’ € R"™*" is the covariance matrix corresponding to the,’s (note that the variance bound on each
A, ensures that the diagonal entries are indeed all 1 as claintésleasy to see that there exists a choice
of C' in our definition of the functiors (see[(44)) which has the property

2

€
Blr+s) < 90(dlogd)pdgd (53)

As a result, the triangle inequality applied Eo(52) and Leaf¥8 gives that

|Pr, n01) [B(x) > 0] — Egronor (3 (G)]] < O(e).
We are almost done; it remains only to pass frehto X, which we do using Lemmia #6. By Theorém 47
we have that|§7§1)\|oo < 2c¢ and hencgy. is 2¢-Lipschitz. Observing that each entry Bf is in [—1, 1], we
have that|X' || = Oq4.(1). Hence by takingz € R™*" to be a psd matrix that is sufficiently closeXowith
respect td| - ||2, we get that has all its coefficients rational numbers with numerator @dominator of
magnitudeO, (1), and from Lemma 46 we get theE .y o ) [9c(G)] — Earonor 519:(G")] < O(e).
Thus Theoreri 45 is proved. O
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6.2 Solving theO,(1)-dimensional problem inO, (1) time
The last step is to establish the following:

Theorem 50. There is a deterministi©, . (1)-time algorithm which, given as input the outpytZ, g. of
Theoreni 45 and the value of> 0, outputs a value such that

v —E@,,..anorn)lde(Gr, ..., G| < e

We only sketch the proof since the details of the argumenttetdimus and we are content with an
Og.(1) time bound. The first observation is that since each entrje@tobvariance matriX is at most 1 in
magnitude and. is everywhere bounded if, 1], it suffices to estimate the expected value conditioned on
(G1,...,Gy) ~ N(0",%) lying in an origin-centered culde-Z, Z]" for someZ = O, (1). Given this, itis
possible to simulate this conditional normal distributigith a discrete probability distributioX supported
on a finite set of points if—~, Z]". Recall that: has entries as specified in Theorenh 45 (rational numbers
of magnitudeO, ((1)). Sinceg. is 2c-Lipschitz as noted earlier, by using a sufficiently fine grfdD, (1)
points in[—Z, Z]|" and (deterministically) estimating the probability tha0", 3) assigns to each grid point
to a sufficiently smalll/O, (1) additive error, Theorein 50 reduces to the following claim:

Claim 51. Given any pointt € [—Z, Z|" and any accuracy parameteér > 0, the functiong.(z) can be
computed to within additive accuraey¢ in time Og ¢ ¢(1).

Proof. We only sketch the proof of Claifn b1 here as the argument ism®wand the details are tedious.
We first note that (as can be easily verified from the desonptf B. given earlier) there is an (easily
computed) valudV = Og (1) such thatifS = {z € R" : [|lz]lo > W}, then we have/,_, B.(z) < £/2.
As a consequence, singds everywhere bounded {f, 1], we get that

/ g(x —y) - Be(y)dy — / g(x —y) - Be(y)dy| < &/2, (54)
yER” ye(R™\S)

and hence it suffices to estimate

9(z —y) - Be(y)dy (55)
ye[-W,wlr

to within an additive+¢ /2. Now observe thal| B.||oc = Og.¢(1) andHBﬁl)Hoo = Og.(1). It follows that
given anyy € [-W,W]" and any accuracy paramejer- 0, we can compute3.(y) to additive accuracy
+p in time Oy ,(1). Recalling thaty(x) = sign, ;(¢(z)) where¢(x) is a degreet polynomial whose
coefficients ar&, . (1)-size rational numbers, it follows that by taking a suffitigrine grid of Og . ¢ w (1)
points in[—W, W]", we can use such a grid to estimdte] (55) to an additig¢2 in O, w(1) time as
desired. O

7 Deterministic approximate counting for degreed polynomials over{—1,1}"

In this section we use Theore 2 to prove Theofém 1. Sincertherents here are identical to those
used in[[DDS13a] (where an algorithm for deterministic @ppmate counting of degree-2 PTF satisfying
assignments ovel (0,1)"™ is used to obtain an algorithm for satisfying assignmener ¢v1,1}"), we
only sketch the argument here.

We recall the “regularity lemma for PTFs” df [DSTW(10]. Thisnhma says that every degrédRrTF
sign(p(z)) over{—1,1}" can be expressed as a shallow decision tree with variablee atternal nodes
and degreet PTFs at the leaves, such that a random path in the decisiefstrpiite likely to reach a leaf
that has a “close-to-regular” PTF. As explained[in [DDS13a¢ [DSTW10] proof actually provides an
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efficient deterministic procedure for constructing suckeeision tree givep as input, and thus we have the
following lemma (see Theorem 36 6f [DDS13a] for a detaileplamation of how Theorem 52 follows from
the results of [DSTW10]):

Theorem 52. Let p(x1,...,x,) be a multilinear degre@- PTF. Fix anyr > 0. There is an algorithm
AConstruct—Tree Which, on inputp and a parameter- > 0, runs inpoly(n, 24¢P*(@7)) time and outputs a
decision tre€/ of depth

1 1\ 2@
depth(d,7) :== — - (dlog —> ,
T T

where each internal node of the tree is labeled with a vagadohd each leap of the tree is labeled with a
pair (p,,label(p)) wherelabel(p) € {+1, —1,"fail” ,“regular” }. The tree7T has the following properties:

1. Every inputr € {—1,1}" to the tree reaches a leafsuch thatp(z) = p,(x);
2. Ifleafp haslabel(p) € {+1, =1} thenPr,c;_; 1y~ [sign(p,(z)) # label(p)] < T;
3. If leaf p haslabel(p) = “regular” then p,, is T-regular; and

4. With probability at most, a random path from the root reaches a lgesuch thatabel(p) = “fail” .

Proof of Theorem[d: The algorithm for approximatin®r,c(_1 1}~ [p(x) > 0] to £e works as follows. It
first ruUNSAconstruct—ree With its “7” parameter set t®((¢/d)*?*1) to construct the decision trée. It then
iterates over all leaves of the tree. For each leafat depthd,, that haslabel(p) = +1 it adds2~% to v
(which is initially zero), and for each leafat depthd,, that hadabel(p) = “regular” it runs the algorithm of
Theoreni® o, (with its “¢” parameter set t&((¢/d)*¢™!)) to obtain a valuey, € [0,1] and adds,, - 2~ %
to v. It outputs the value € [0, 1] thus obtained.

Theorem$ 52 and 2 imply that the running time is as claimecestablish correctness of the algorithm
we will use the “invariance principle” of [MOO10] (see Thean 2.1):

Theorem 53([MOO10Q)). Letp(z) = Zsc[n},\5|<dp53«"s be a degreet multilinear polynomial ovef —1,1}"
with Var[p] = 1. Suppose each coordinatec [n] hasInf;(p) < 7. Then

sup | Pr,[p(z) <t] — PrgNN(OJ)n[p(g) <t < O(dTl/(4d+1)).
teR
By Theorem[ &R, the leaves ¢f that are marked+1, —1 or “fail” collectively contribute at most
O((e/d)**1) < ¢/2 to the error of the output value. Theoren 5B implies that each leafat depth
d, that is marked “regular” contributes at mast® - ¢ /2 to the error, so the total contribution from all such
leaves is at most/2. This concludes the proof of Theorémn 1. O

8 Application of Theorem[1: A fixed-parameter deterministicmultiplicative
approximation algorithm for absolute moments

Consider the following computational problem, which wel 2ZaBSOLUTE-MOMENT: Given a degree-
polynomialp(zy, ..., z,) and an integer parametér> 1, compute the valu®,c_1 1y [|p(x)|*] of the
k-th absolute momeruf p. It is clear that theaw momentE[p(x)*] can be computed in roughly” time
by expanding out the polynomialz)*, performing multilinear reduction, and outputting the stamt term.
Since thek-th raw moment equals theth absolute moment for even this gives am* time algorithm
for ABSOLUTE-MOMENT for evenk. However, as shown in [DDS13a], even fbr= 2 the ABSOLUTE-
MOMENT problem is #P-hard for any odd> 1, and thus it is natural to seek approximation algorithms.
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Using the hypercontractive inequalify [Bon70, Bec75] @t difficult to show that the obvious random-
ized algorithm (draw uniform points frof-1, 1}™ and use them to empirically estimaec_ 11 [|p(x)|*])
with high probability gives 1+¢)-accurate estimate of tiieth absolute moment @fin in poly(nd, 2% 198F 1 /¢)
time. In this section we observe that Theorfem 1 yieldetrministicfixed-parameter-tractabl@ + ¢)-
multiplicative approximation algorithm for BSOLUTE-M OMENT:

Theorem 54. There is a deterministic algorithm which, given any degiglynomialp(z1, ..., z,) over
{—1,1}", any integerk > 1, and anye > 0, runs inOg ;. (1) - poly(n?) time and outputs a value that
multiplicatively (1 £ €)-approximates thé-th absolute moment:

veE [(1—¢ Eme{—1,1}nﬂp(95)’k]7 (1+e) Exe{—1,1}nﬂp(95)‘k] :

Theoren{ 54 is a generaliation of thle= 2 special case which was proved in [DDSN13a] (using the
deterministic approximate counting result for degree-E&Which is the main result of that paper). The
proof is closely analogous to the degree-2 case so we ontgtskebelow; see[[DDS13a] for a detailed
argument.

The first step is the following easy observation:

Observation 55. Letp(x) be a degreet polynomial ove{—1,1}" that hasE,c(_1 13»[p(x)?] = 1. Then
for all £ > 1 we have that thé-th absolute momerExe{_lvl}an(x)V“] is at leastc, wherec; > 0 is some
universal constant (depending only @hn

Given an input degreé-polynomialp(z1, ..., x,), we may divide by||p|| to obtain a scaled version
q = p/||p||2 which has|q||» = 1. Observatiof 55 implies that an additive-approximation td&[|q(z)[*] is
also a multiplicative(1 + O,(¢))-approximation td&[|¢(x)|¥]. Multiplying the approximation byip|/5 we
obtain a multiplicative 1+0,(¢))-approximation td&|[|p(z)|¥]. Thus to prove Theorem b4 it suffices to give
a deterministic algorithm which finds an additi¥@-approximation td&[|q(z)|*] for degreed polynomials
with ||g||2 = 1. This follows from Theoreri 36 below:

Theorem 56. Let ¢(z) be an input degred-polynomial over{—1,1}" with E[¢(z)?] = 1. There is an
algorithm A,,oment that, on inputk € Z*, ¢, ande > 0, runs in timeOy, 4 (1) - poly(n?) and outputs a
valueji;, such that

fg — ExE{—l,l}HQ(w)’k] S e

The idea behind the proof of Theorén 56 is simple. By Thedienelkan estimat®r,, ;_; 1)»[q(x) >
t] to high accuracy for angof our choosing. Doing this repeatedly for different chsioét, we can get a de-
tailed picture of where the probability mass of the randonalée ¢(z) lies (for z uniform over{—1, 1}"),
and with this detailed picture it is straightforward to ssdte thek-th moment.

In a bit more detail, lety,(¢) denote the probability mass function @fr) whenz is distributed uni-
formly over{—1, 1}". We may write the:-th absolute moment af as

Em%mnm«mwr:/wuww@wt (56)

—00

Using standard tail bounds on polynomials oyerl, 1}", for a suitable choice o/ = Oy 4(1) we
have that

M M
Bucirapla@tle | [ it [ if(oar+ e/a].

and hence to approximat&, y (.1 [|¢(=)|*] to an additivete, it suffices to approximatg ™1 . |¢F~,(t)dt
to an additivet3e/4.
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We may write [ - [¢[¥~,(¢)dt as

M/A

> / ()
j=1-M/A
(here A should be viewed as a small positive value). Whgris small the summangféél)A |y, (t)dt

may be well-approximated by zero, and whghis not small the summangﬂ{ﬁl)A \t\kfyq(t)dt may be
well-approximated b)ij\’“qj,A, where

def . .
gi.a Z Proc g ynla(e) € [(j — DA, JA).

Using Theorerflll twice we may approximatex to high accuracy. With a suitable choicedf= Oy, 4.(1)

and the cutoff for; being “small,” it is possible to approximatﬁivfw [t|¥~,(t)dt to an additivet3e/4,
and thus obtain Theorem156, following this approach. Wedehe detailed setting of parameters to the
interested reader.
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