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Abstract

Letg : {—1,1}* — {—1,1} be any Boolean function ang, ..., be any degree-2 polyno-
mials over{—1,1}". We give adeterministicalgorithm which, given as input explicit descriptions of
9,41, - - -,q, and an accuracy parameter 0, approximates

Proi-11y-[9(sign(q1(2)), . .., sign(gr(2))) = 1]

to within an additive+e. For any constané > 0 andk > 1 the running time of our algorithm is
a fixed polynomial inn (in fact this is true even for some not-too-smal= o,,(1) and not-too-large
k = w,(1)). This is the first fixed polynomial-time algorithm that cagterministically approximately
count satisfying assignments of a natural class of deptheddé&n circuits.

Our algorithm extends a recent resuilt [DDS13] which gave terdenistic approximate count-
ing algorithm for a single degree-2 polynomial thresholddiion sign(g(x)), corresponding to the
k = 1 case of our result. Note that even in the= 1 case it is NP-hard to determine whether
Pr, ¢_11}»[sign(q(z)) = 1] is nonzero, so any sort of multiplicative approximation li;ast cer-
tainly impossible even for efficient randomized algorithms

Our algorithm and analysis requires several novel techirigaedients that go significantly beyond
the tools required to handle tiie= 1 case in[[DDS13]. One of these is a new multidimensional eéntr
limit theorem for degree-2 polynomials in Gaussian randanmbles which builds on recent Malliavin-
calculus-based results from probability theory. We use @IiT as the basis of a new decomposition
technique fork-tuples of degree-2 Gaussian polynomials and thus obtaéffaient deterministic ap-
proximate counting algorithm for the Gaussian distribaitice., an algorithm for estimating

Pr.no-l9(sign(qi(z)), .. ., sign(gr (2))) = 1].

Finally, a third new ingredient is a “regularity lemma” fértuplesof degreed polynomial threshold
functions. This generalizes both the regularity lemma®©&TWI0HKMO09] (which apply to a single
degreed polynomial threshold function) and the regularity lemmaGafpalan et al[GOWZ10] (which
applies to &-tuples oflinear threshold functions, i.e., the cage= 1). Our new regularity lemma lets
us extend our deterministic approximate counting resuttsi1the Gaussian to the Boolean domain.
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1 Introduction

Unconditional derandomization has been an important resesrea in computational complexity theory
over the past two decades [AW85, Nis91, Nis92, NW94]. A magsearch goal in this area is to obtain
efficient deterministic approximate counting algorithras‘fow-level” complexity classes such as constant
depth circuits, small space branching programs, polyniaimiashold functions, and othefs [[VW93, [\V/96,
Tre04 ] GMR13] Vio09, GKM 11,[DDS13]. Under the widely-believed hypotheBis= BPP, there must
be a polynomial time deterministic algorithm that can appmate the fraction of satisfying assignments
to any polynomial—size circuit. Since finding such an algyon seems to be out of reach of present day
complexity theory([KI02], research efforts have been daddo the aforementioned low-level classes.

A natural class of Boolean functions to consider in this emnts the class of polynomial threshold
functions (PTFs). Recall that a degréd*TF,d > 1, is a Boolean functiory : {—1,1}" — {-1,1}
defined byf(z) = sign(p(z)) wherep : {—1,1}" — R is a degreet polynomial over the reals and
sign : R — {—1,1} is defined asign(z) = 1iff z > 0. In the special case whetk= 1, degreed PTFs
are often referred to dmear threshold functiongLTFs). Understanding the structure of these functions
has been a topic of extensive investigation for decadese(seelMK61,[MTT61, MP68, Mur71, GHR92,
[Orp92/Has94, Pod09] and many other works) due to their itapoe in fields such as concrete complexity
theory [She08, Shedd, DHKLO,[Kan10[ Kan12H, Kan12a, KRS12], learning theory [KKMSS8SS1I1,
[DOSW11/DDES12], voting theory [APLO7, DDS12], and others.

In the context of approximate counting, there is a significgap in our understanding of low-degree
PTFs. An outstanding open problem is to design a deternur@kjorithm that approximates the fraction of
satisfying assignments to a constant degree PTF{evér1}™ to an additivete and runs in timeoly (n/e).
Even for the class of degreePTFs, until recently no deterministic algorithm was knowithwunning time
poly(n) for any sub-constant value of the ereoin previous work[[DDS13] we obtained such an algorithm.
In the present paper we make further progress on this probjedeveloping the first efficient deterministic
counting algorithm for the class @intas of (any constant number of) deg2@-TFs

1.1 Our main result. As our main result, we give a polynomial-time determinisipproximate counting
algorithm for any Boolean function of constantly many deg2epolynomial threshold functions.

Theorem 1. [Deterministic approximate counting of functions of deg@PTFs ove—1,1}"] There is
an algorithm with the following properties: given an arlaity functiong : {—1,1}* — {-1,1} andk
degree-2 polynomialg, (z1,...,zy),-..,qx(x1,...,2,) and an accuracy parameter> 0, the algorithm

O(k)
runs (deterministically) in timeoly(n) - 20/9° " and outputs a value € [0, 1] such that

Proci—11n[g(sign(qi()), ... sign(qk(@))) = 1] —v| < e

Our result may be (somewhat informally) restated in termBadlean circuits as aoly(n)-time de-
terministic approximate counting algorithm for the cl&#8°-Thr-AND, of depth3 circuits that have an
arbitraryNC? gate (i.e., junta) at the top level, arbitrary weighted shadd gates at the middle level, and
fanin-2 AND gates at the bottom level. Theor€in 1 is a broad generalizafithe main result of [DDS13],
which establishes the specfal= 1 case of the current result.

As noted in [DDS1B], the problem of determining whett®er,c(_; ;3»[p(x) > 0] is nonzero for
a degree2 polynomial p is well known to be NP-hard, and hence no efficient algoritiewen allowing
randomness, can give a multiplicative approximatiorP,(_; 1y»[p(z) > 0] unless NPC RP. Given
this, it is natural to work towards an additive approximatiahich is what we achieve.

Previous work. Fork = 1 andd = 1 Gopalanet al.in [GKM™11] obtained a multiplicatively(1 =+ ¢)-
accurate deterministipoly(n, 1/€) time approximate counting algorithm. Fdr> 2, however, as noted
above additive approximation is the best one can hope for. tHespecial case of = 1, in separate



work [DDS13], the authors have given a deterministic apjpnate counting algorithm that runs in time
poly(n, 2P°¥(1/€)) - As we explain in detail in the rest of this introduction, maophisticated ideas and
techniques are required to obtain the results of the cupaper for generat. These include a new central
limit theorem based on Malliavin calculus and Stein’s mdttamd a new decomposition procedure that goes
well beyond the decomposition approach employed in [DDS13]

We remark that the only previous deterministic approxintaenting algorithm fork-juntas of degree-
2 PTFs follows from thepseudorandom generatokPRGs) of [DKN10] (which are based on bounded
independence). The running time of the resulting algorithmP°y(1/¢) even fork = 1.

1.2 Techniques.Our high-level approach to establishing Theotém 1 follovay maow standard approach
in this area. We first (i) establish the result for generalypomials over Gaussian inputs; then (ii) use a
“regularity lemma” to show that every polynomial over Baateinputs can be decomposed into a “small”
number of regular polynomials over Boolean inputs; and fin@i) use an invariance principle to reduce
the problem for “regular” polynomials over Boolean inpubsthe problem for regular polynomials over
Gaussian inputs. This general approach has been used ink@nofrprevious works, including construc-
tions of unconditional PRG5 [DGJ10,[MZ10,GOWZ10, DKN10, Kanl1, KanIRb], learning and priype
testing [MORS10, OS11], and other works. However, we enmipbabat significant novel conceptual and
technical work is required to make this approach work in @ttirsy. More specifically, to achieve step (i),
we require (i.a) a new multidimensional CLT for degz&aussian polynomials with small eigenvalues and
(i.b) a new decomposition procedure that transformisdamensional vector of Gaussian polynomials into a
tractable form for the purpose of approximate counting. gtep (ii) we establish a novel regularity lemma
for k-vectors of low-degree polynomials. Finally, Step (iii)léovs by an application of the invariance prin-
ciple of Mossel[[Mos10] combined with appropriate mollificea arguments [DKN10]. In the rest of this
section we discuss our new approaches to Steps (i) and (ii).

Step (i): The counting problem over Gaussian inputs. The current paper goes significantly beyond the
techniques of [DDS13]. To explain our new contributionsueffirst briefly recall the [DDS13] approach.

The main observation enabling the result[in [DDS13] is tiB&cause of rotational symmetry of the
Gaussian distribution, a degredsaussian polynomial can be “diagonalized” so that therstex “cross-
terms” in its representation. In a little more detailpifz) = >, ; a;;ziz; (we ignore the linear term for
simplicity), wherex ~ N(0,1)", thenp can be rewritten in the form(y) = >°. \;y?, wherey ~ N (0,1)"
and the);’s are the eigenvalues of the corresponding matrix. Rougpbaking, once such a represen-
tation has been (approximately) constructed, the courghoplem can be solved efficiently by dynamic
programming. To construct such a decomposition, [DDS13})leys a “critical-index” based analysis on
the eigenvalues of the corresponding matrix. For the aisabfshe [DDS13] algorithm,[[DDS13] proves
a CLT for a single degre2-Gaussian polynomial with small eigenvalues (this CLT iscolasn a result of
Chaterjee[[Cha09]). (We note that this informal descripsoppresses several non-trivial technical issues,
see[DDS1B] for details.)

At a high level, the approach of the current paper builds @nabproach of [DDS13]. To solve the
Gaussian counting problem we use a combination of (i.a) a meNtidimensional CLT fork-tuples of
degree2 Gaussian polynomials with small eigenvalues, and (i.b)\ehdecomposition result fot-tuples
of degree-2 Gaussian polynomials. We now elaborate on 8ieps.

(i.a) As our first contribution, we prove a new multidimemsb central limit theorem fok-tuples of
degree2 Gaussian polynomials (Theordrh 8). Roughly speaking, our §&htes that if each poly-
nomial in thek-tuple has small eigenvalues, then the joint distributiérthe %-tuple is close to a
k-dimensional Gaussian random variable with matching medrcavariance matrix. The closeness
here is with respect to thie-dimensional Kolmogorov distance ov&F (a natural generalization of
Kolmogorov distance to vector-valued random variablesclvive denotelix and which is useful for



(i.b)

analyzing PTFs). To establish our new CLT, we proceed in tepss In the first (main) step, we make
essential use of a recent multidimensional CLT due to Nouadid Peccati [NP09] (Theorem]11)
which is proved using a combination of Malliavin calculusig®tein’s method. To use this theorem
in our setting, we perform a linear-algebraic analysis Whatlows us to obtain precise bounds on
the Malliavin derivatives of degre®-Gaussian polynomials with small eigenvalues. An applicati
of [NPQ9] then gives us a version of our desired CLT with respe “test functions” with bounded
second derivatives (Theordml12). In the second step, weoote from mollification [DKN10] to
translate this notion of closeness into closeness withedp k£-dimensional Kolmogorov distance,
thus obtaining our intended CLT. (As a side note, we belibagthis work is the first to use Malliavin-
calculus-based tools in the context of derandomization.)

As our second contribution, we give an efficient pragedhat transforms &-tuple of degree Gaus-
sian polynomial® = (p1,. .., pr) into ak-tuple of degree Gaussian polynomials = (ry,...,r)
such that: (1p andr aredk-close, and (2) thé-tupler has a “nice structure” that allows for efficient
deterministic approximate counting. In particular, theze “small” set of variables such that for
each restrictiorp fixing this set, the restricteg-tuple of polynomials-|, is well-approximated by a
k-dimensional Gaussian random variable (with the apprtgmn@ean and covariance matrix). Once
such an- has been obtained, deterministic approximate countingaghtforward via an appropriate
discretization of thé-dimensional Gaussian distribution (see Sedtion 5).

We now elaborate on Item (1) above. At a high level, the maap sf our transformation procedure
performs a “change of basis” to convert= (py(z),...,pr(z)) into an essentially equivalent (for
the purpose of approximate counting) vecjor (q1(y), - .., qr(y)) of polynomials. The high-level
approach to achieve this is reminiscent of (and inspiredtiyXdecomposition procedure for vectors
of k linear forms in[GOWZ1D]. However, there are significant @hications that arise in our setting.
In particular, in the[[GOWZ10] approach, a vector fofinear forms is simplified by “collecting”
variables in a greedy fashion as follows: Each of thknear forms has a “budget” of at mo#t,
meaning that at mod® variables will be collected on its behalf. Thus, the ovemalinber of variables
that are collected is at most3. At each stage some variable is collected which has largeeinfie

in the remaining (uncollected) portion of some linear forfihe [GOWZ10] analysis shows that
after at mostB variables have been collected on behalf of each linear feaah of thek linear
forms will either be regular or its remaining portion (castsig of the uncollected variables) will have
small variance. In our current setting, we are dealing Wwittegree2 Gaussian polynomials instead
of k linear forms. Recall that every degregolynomial can be expressed as a linear combination
of squares of linear forms (i.e., it can be diagonalized)tuitively, since Gaussians are invariant
under change of basis, we can attempt to use an approach livieereforms will play the role that
variables had if [GOWZ10]. Mimicking the [GOWZ10] strategach quadratic polynomial will have
at mostB linear forms collected on its behalf, and at mbst linear forms will be collected overall.
Unfortunately, this vanilla strategy does not work evenkfce 2, as it requires a single orthonormal
basis in which all the degrekpolynomials are simultaneously diagonalized.

Instead, we resort to a more refined strategy. Starting etk tquadratic polynomials, we use the
following iterative algorithm: If the largest magnitudegenvalue of each quadratic form is small,
we are already in theegular case (and we can appeal to our multidimensional CLT). Otiserw
there exists at least one polynomial with a large magnitigensalue. We proceed to collect the
corresponding linear form and “reduce” every polynomiatimg linear form. (The exact description
of this reduction is somewhat involved to describe, butiiiviely, it uses the fact that Gaussians are
invariant under orthogonal transformations.) This steggeated iteratively; an argument similar to
[GOWZ10] shows that for every quadratic polynomial, we callect at mostB linear forms. At the



end of this procedure, each of thejuadratic polynomials will either be “regular” (have smaligest
magnitude eigenvalue compared to the variance of the rémggoortion), or else the variance of the
remaining portion will be small. This completes the infofrdascription of our transformation.

Our main result for the Gaussian setting is the followingtieen:

Theorem 2. [Deterministic approximate counting of functions of deg?ePTFs over Gaussians] There is
an algorithm with the following properties: It takes as inmxplicit descriptions ofi-variable degree2

polynomialsgi, . . ., gz, an explicit description of &-bit Boolean functiory : {—1,1}* — {—1,1}, and a
valuee > 0. It runs (deterministically) in tim@oly(n) - 2P°%¥(2*/<) and outputs a valué € [0, 1] such that
|Prg 1) [9(Q1(G), ..., Qr(G) =1] — 9| <, 1)

whereQ;(x) = sign(g;(z)) fori =1,... k.

We note that in the case = 1, the algorithm of the current work is not the same as the dlgorof
[DDS13] (indeed, observe the above algorithm runs in tinoeential inl /e even fork = 1, whereas the
algorithm of [DDS13] runs in timeoly(n/¢) for a single Gaussian polynomial).

Step (ii): The regularity lemma. Recall that theinfluenceof variablei on a multilinear polynomial
p = 2 s P(S) [1;es zi over{—1,1}" (under the uniform distribution) ifuf; (p) def > g5 P(S)? and
that thevarianceof p is Var[p] = E,c(_1,13»[(p(z) — E[p])?] = >2y.5 *(S). Forp a degreet polynomial
we haveVar[p] < > | Inf;(p) < d - Var[p], so for small constani the variance and the total influence
> i, Inf;(d) are equal up to a small constant factor. A polynorpied said to ber-regularif for all i € [n]
we havelnf;(p) < 7 - Var[p].

As noted earlier, by adapting known invariance principlesf the literature[[Mos08] it is possible
to show that an algorithm for approximately counting sgirgf assignments of a junta of degree-2 PTFs
over N(0,1)™ will in fact also succeed for approximately counting saiisj assignments of a junta of
sufficiently regular degree-2 PTFs over1,1}". Since Theoreri]2 gives us an algorithm for the Gaussian
problem, to complete the chain we need a reduction from tbbl@m of counting satisfying assignments
of a junta ofarbitrary degree-2 PTFs ovegr-1,1}", to the problem of counting satisfying assignments of a
junta ofregular degree-2 PTFs ovdr1, 1}".

We accomplish this by giving a novetgularity lemmafor k-tuples of degree-2 (or more generally,
degreed) polynomials. Informally speaking, this is an efficient efeninistic algorithm with the following
property: given as input &-tuple of arbitrary degree-2 polynomialg, ..., px) over{—1,1}", it con-
structs a decision tree of restrictions such that for alregsty root-to-leaf path (i.e., restrictigs) in the
decision treeall £ restricted polynomial$p:),,. .., (px), are “easy to handle” for deterministic approxi-
mate counting, in the following sense: edgh), is either highly regular, or else is highkewedin the
sense that its constant term is so large compared to itswearidnat the corresponding PEign((p;),) is
guaranteed to be very close to a constant function. Suckdeme “easy to handle” because we can set the
PTFs corresponding to “skewed” polynomials to constarid {acur only small error); then we are left with
a junta of regular degree-2 PTFs, which can be handled usen@aussian algorithm as sketched above.

A range of related “regularity lemmas” have been given inlfRE/PTF literature [DSTW10, HKMQ9,
BELY09, [GOWZ10], but none with all the properties that weuieg. [SerQ7] implicitly gave a regularity
lemma for a single LTF, and [DSTW110, HKM09, BELYI09] each gé&si@htly different flavors of) regularity
lemmas for a single degreEPTF. Subsequently [GOWZ110] gave a regularity lemmakfouples of LTFs;
as noted earlier our decomposition fbituples of degree-2 polynomials over Gaussian inputs gimen
Sectior b uses ideas from their work. However, as we desariBectior[ ¥, their approach does not seem
to extend to degrees > 1, so we must use a different approach to prove our regulaityma.
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1.3 Organization. After giving some useful background in Sectidn 2, we provermw multidimensional
CLT in SectiorB. We give the transformation procedure thatithe heart of our decomposition approach
in Section[ 4, and present the actual deterministic courdlggrithm for the Gaussian case that uses this
transformation in Sectidnl 5. Sectibh 6 shows how the newlaggylemma fork-tuples of Boolean PTFs
gives the main Boolean counting result, and finally the ragiyl lemma is proved in Sectidén 7.

2 Definitions, Notation and Useful Background

Polynomials and PTFs. Throughout the paper we use lower-case lettets etc. to denote low-degree
multivariate polynomials. We use capital letters to dettlogecorresponding polynomial threshold functions
that map to{ —1, 1}, so typically P(z) = sign(p(z)), Q(x) = sign(q(x)), etc.

We consider multivariate polynomials over the domaik¥s(endowed with the standard normal distri-
bution N (0,1)") and{—1,1}" (endowed with the uniform distribution). Sineé = 1 for z € {—1,1}, in
dealing with polynomials over the domajr-1, 1}™ we may without loss of generality restrict our attention
to multilinear polynomials.

Kolmogorov distance betweerR*-valued random variables. It will be convenient for us to use a natural

k-dimensional generalization of the Kolmogorov distancevieen two real-valued random variables which
we now describe. LeK = (X1,...,X;) andY = (Y1,...,Y};) be twoR¥-valued random variables. We

define thek-dimensional Kolmogorov distantetweenX andY” to be

dg(X,Y)= sup |Pr[Vie[k]X;<6;]—PrVielk]Y; <0 .
(91,...,9k)€Rk

This will be useful to us when we are analyzikguntas of degree-2 PTFs over Gaussian random variables;
we will typically have X = (q1(x),...,qx(x)) wherex ~ N(0,1)" andg; is a degree-2 polynomial, and
haveY = (Y1,...,Y%) be ak-dimensional Gaussian random variable whose mean andiaogarmatrix
match those o¥X'.

Notation and terminology for degree-2 polynomials. Letq = (qi1(z),...,qr(x)) be a vector of polyno-
mials overR™. We endowR™ with the N (0, 1)™ distribution, and hence we may vienas ak-dimensional
random variable. We sometimes refer to ¢hie asGaussian polynomials

For A arealn x n matrix we write|| Al to denote the operator norjial||; = maxoz,crn ”m!?

Given a degree-polynomialg : R" — R defined asj(z) = ;< <, @ijTiTj + 31 <i<p, bizi + C,
we define the (symmetric) matrig corresponding to its quadratic part ad;; = a;;(1/2 + ¢;;/2). Note
that with this definition we have that" - A - =Y ., aijjz;z; for the vectorr = (w1,.. ., xp).

Throughout the paper we adopt the convention that the eidiges )\, ..., \, of a real symmetric
matrix A satisfy|[A;| > --- > |\, |. We sometimes writé\,.x(A) to denote\;, and we sometimes write
Ai(q) to refer to thei-th eigenvalue of the matriX defined based opas described above.

Degree-2 polynomials and their heads and tails. The following notation will be useful for us, especially
in SeCtiori]'- Letz(yly cee >yn) = zl<i<j<n Ai5YiY5 + Zl<i<n bzyz +c be a d69ree-2 pOlynomial. For
0 <t < n we say the-head ofz(y), denoteddead,(z(y)), is the polynomial

Headt(z(y)) d:ef Z ai5Y:Y; + Z biyi (2)

1<i<t,j>i 1<i<t

and thet-tail of z(y), denotedrlail;(z(y)), is the polynomial



Tail; (2 Z @i Yy + Z biyi + c, 3)

t<i<j<n t<i<n

so clearly we have(y) = Head;(z(y)) + Tail;(z(y)). (Intuitively, Tail;(z(y)) is the part ofz(y) which
does not “touch” any of the firgtvariablesy, . ..,y andHead,(z(y)) is the part which does “touch” those
variables.)

Remark 3. Note that ifp = (p1,...,p;) € R is arestriction fixing variableg, . . ., v, then the restricted

polynomialz|,(y) def 2(p1y -y Pts Yitl, - - - Yn) IS Of the formTaily (2(y)) + L(yi+1, - - -, yn) WhereL is
an affine form.

We further defin€QuadTail,(z(y)), the “quadratic portion of thetalil,” to be
QuadTail,(z Z i Yilj- (4)
t<i<j<n

Setting aside heads and tails, it will sometimes be useful$do consider the sum of squares of all the
(non-constant) coefficients of a degree-2 polynomial. Tdwahat end we have the following definition:

Definition 4. Givenp : R" — R defined byp(z) = 3 ;< <, aijrizj + > 1<, bizi + C, defineSS(p)
The following straightforward claim is established [in [DID#:

Claim 5. [Claim 20 of [DDS13]] Giverp : R™ — R, we have tha2 SS(p) > Var(p) > SS(p).

Tail bounds and anti-concentration bounds on low-degree ggnomials in Gaussian variables. We
will need the following standard concentration bound favddegree polynomials over independent Gaus-
sians.

Theorem 6 (“degreed Chernoff bound”, [[Jan97])Letp : R™ — R be a degreet polynomial. For any

t > e, we have N
PrmwN(Ol Hp( ) | >t \/Var < de 9 Q) .

We will also use the following anti-concentration bound degreed polynomials over Gaussians:

Theorem 7 (JCWOI1]). Letp : R™ — R be a degreet polynomial that is not identically 0. Then for all
e > 0andallf € R, we have

Pr, .y |Ip(z) — 6] <€ Val"(p)] < O(de/?).

The model. Throughout this paper, our algorithms will repeatedly begrening basic linear algebraic
operations, in particular SVD computation and Gram-Schrarthogonalization. In the bit complexity
model, it is well-known that these linear algebraic operagican be performed (by deterministic algorithms)
up to additive errok in time poly(n,1/¢). For example, led € R™*™ haveb-bit rational entries. It is
known (see[[GL96] for details) that in timeoly(n,m, b, 1/¢), it is possible to compute a valug and

vectorsu; € R"™, v; € R™, such thatz; = Hzllmzil\ and|s; — 01| < €, whereo; is the largest singular
value of A. Likewise, givem Iinearly independent vectors?, ..., v(™ e R™ with b-bit rational entries,
it is possible to compute vectofé), ... (™ in time poly(n, m ,b) such that ifu™, ... u(™ is a Gram-
Schmidt orthogonalization afV), . .. v then we haveu® - w0 — 4 . g0 < 2~ poly (®) for all i)j.

6



In this paper, we work in a unit-cost real number model of comafon. This allows us to assume
that given a real matrid € R™*™ with b-bit rational entries, we can compute the SVDAfexactly in
time poly(n,m,b). Likewise, givenn vectors oveiR™, each of whose entries abebit rational numbers,
we can perform an exact Gram-Schmidt orthogonalizationinte poly(n, m,b). Using high-accuracy
approximations of the sort described above throughout tgarithms, it is straightforward to translate
our unit-cost real-number algorithms into the bit comgiesetting, at the cost of some additional error in
the resulting bound.

Using these two observations, it can be shown that by makiffggiently accurate approximations at
each stage where a numerical computation is performed byidealized” algorithm, the cumulative er-
ror resulting from all of the approximations can be absorinéal the finalO(¢€) error bound. Since inverse
polynomial levels of error can be achieved in polynomialdifor all of the approximate numerical computa-
tions that our algorithm performs, and since only gelymany such approximation steps are performed by
poly(n)-time algorithms, the resulting approximate implementagiof our algorithms in a bit-complexity
model also achieve the guarantee of our main results, abtteo€a fixedpoly(n) overhead in the running
time. For the sake of completeness, such a detailed nurharielysis was performed in our previous pa-
per [DDS13]. Since working through the details of such aryamis tedious and detracts from the clarity
of the presentation, we content ourselves with this bris€¢ussion in this work.

3 A multidimensional CLT for degree-2 Gaussian polynomials

In this section we prove a central limit theorem which plagsuial role in the decomposition result which
we establish in the following sections. Let= (qi,...,qx) Where eachy; is a degree-2 polynomial in
Gaussian random variablé¢s,...,z,) ~ N(0,1)". Our CLT states that under suitable conditions on
q,--.,qr — all of them have only small-magnitude eigenvaluesVag[¢;] is too large and at least one
Var[g;] is not too small — the distribution of is close (ink-dimensional Kolmogorov distance) to the
distribution of thek-dimensional Gaussian random variable whose mean andi@ogarmatrix matcly.

Theorem 8. Letq = (¢1(z),...,qx(z)) where eachy; is a degree-2 Gaussian polynomial that satisfies
Var[g;] < 1 and |Anax(qi)| < e forall i € [k]. Suppose thatax;c,) Var(qg;)) > A. LetC denote the
covariance matrix ofy and letN = N((p1,...,ur), C) be ak-dimensional Gaussian random variable
with covariance matrixC and mean(p1, . . ., ui) whereu; = E|[g;]. Then

1:2/31/6
dK(%N)SO W .

Looking ahead to motivate this result for our ultimate pwg® Theoreml8 is useful for deterministic
approximate counting becauseg;it= (q1, . . ., qx) satisfies the conditions of the theorem, then the theorem
ensures thdPr,, .y o,1)» [V/ € [k], q(z) < 0]is close tdPr [V¢ € [k], N; < 0]. Note that the latter quantity
can be efficiently estimated by a deterministic algorithm.

A key ingredient in the proof of Theorelnh 8 is a CLT due to Nonrdind Peccat| [NP09] which gives a
bound that involves the Malliavin derivative of the functsay, . . ., g,. In Sectiorf 3.lwe give the necessary
background from Malliavin calculus and build on the [NP08%ult to prove a result which is similar to
Theoreni8 but gives a bound & (q)] — E[h(NV)] rather thanik (¢, N) for a broad class of “test func-
tions” h (see Theorern 12 below). In Section]3.2we show how ThebréranlBe combined with standard
“mollification” techniques to yield Theorefj 8.

3.1 Malliavin calculus and test functions with bounded seaad derivative. We need some notation and
conceptual background before we can state the NourdinaRexalti-dimensional CLT from [NP09]. Their
CLT is proved using Stein’s method; while there is a rich tigaanderlying their result we give only the
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absolute basics that suffice for our purposes. (Seele.g.9NWL12] for detailed treatments of Malliavin
calculus and its interaction with Stein’s Method.)

We will use X to denote the spade™ endowed with the standa@ (0, 1)” normal measure ang to
denote the family of all polynomials ove¥'. For integerd > 0 we let#, denote the d-th Wiener chaos”
of X', namely the space of all homogeneous degrétermite polynomials ovei’. We define the operator
1y : P — Hg as follows :1; mapsp € P to the degreet part of its Hermite expansion, sojfhas degreée
thenp = Io(p) + -~ + La(p)-

We next define the generator of the Ornstein-Uhlenbeck seoqg This is the operatok which is
defined orP via -

Lp= 3 —q-1q(p).
q=0
It is easy to see that fgr € P we have the inverse operator

1)

18

L_lp =
1

q

Next we introduce the notion of thdalliavin derivative The Malliavin derivative operatab maps a
real-valued random variable (defined overby a differentiable real-valued functioh : R™ — R) to an
n-dimensional vector of random variables in the followingywkor f : R” — R,

b (2,20,

Ox1’ 7 Oz,

The following key identity provides the fundamental cortr@tbetween Malliavin Calculus and Stein’s
method, which is used to prove Theoreni 11 below:

Claim 9 (see e.g. Equation (2.22) 6f [NP09)eth : R — R be a continuous function with a bounded first
derivative. Lep andg be polynomials ovet with E[g] = 0. ThenE[qh(p)] = E[I/(p)- (Dp, —DL™1g)].

Specializing to the case(x) = z, we have
Corollary 10. Letp andg be finite degree polynomials ov&rwith E[¢] = 0. ThenE[qp] = E[(Dp, —DL™1q)].
We now recall the following CLT due to Nourdin and Peccati:

Theorem 11. [[NPQ9], see also[[Noul2], Theorem 6.1] Lgt= (p1,...,px) Where eaclp; is a Gaussian
polynomial WithE[p;] = 0. LetC be a symmetric PSD matrix iR“** and letN be a mean-@-dimensional
Gaussian random variable with covariance matfix Then for anyh : R¥ — R,h € C? such that
|h || < o0, we have

k k
IE[h(p)]—E[h(N)]I<%Ilh”lloo- YD ElCG ) — Y (i j)]

i=1 j=1
whereY (i, 7) = (Dp; ,—DL_lpj>-

We now use Theorem1L1 to prove our main result of this sulmsgatihich is the following CLT for mul-
tidimensional degree-2 Gaussian polynomials with smaltnitude eigenvalues. Our CLT says that such
multidimensional random variables must in fact be close tttidimensional Gaussian distributions, where
“closeness” here is measured using test functions with dedirsecond derivative. (In the next subsec-
tion we extend this result using mollification techniqueslbtain Theorerl8, which uses multidimensional
Kolmogorov distance.)



Theorem 12. Letq = (¢1, . - ., qx) Where eachy; is a degree2 mean-0 Gaussian polynomial witfar[g;] <
1 and [Amax(gi)] < e. LetC denote the covariance matrix @f so C(i,j) = Cov(qi,q;) = Elgig;].
Let N be a mean-zeré-dimensional Gaussian random variable with covariancerimat’. Then for any
h:RF — R, h € C? such that| A" |« < oo, we have

[E[1(q)] — E[R(N)]] < O(k?€) - || co-
Proof. As in Theoreni Ill, we writ& (a, b) to denote(Dq,, —DL~'q,). For anyl < a,b < k, we have

C(a,b) = Cov(qa, @) = Elgaqs] = E[Y (a,b)], (5)

where the second equality is becaysendg, have mean 0 and the third equality is by Corollary 10. Since
C'is a covariance matrix and every covariance matrix is PSDyag apply Theorer 11, and we get that

k2 " "
[Blh(q)] ~ BIRNV)]| < 511"l max, B{C(a,b)-¥ ()] = T max BV (a.5)-B[Y (a.5)]].
where we used(5) for the equality. By Jensen’s inequalithaweE[|Y (a,b)—E[Y (a,b)]|] < \/Var[Y (a,b)].
Lemmd& 13 below gives us th&kr[Y (a, b)] < O(€?), and the theorem is proved. O

It remains to establish the following lemma:
Lemma 13. For eachl < a,b < k, we have thaWVar[Y (a, b)] = O(¢?).

Proof. Fix 1 < a,b < k, sOqu(x1,...,z,) andgy(x1,...,z,) are degree-2 Gaussian polynomials with
mean 0. Recalling the spherical symmetry of k€0, 1) distribution, by a suitable choice of basis that
diagonalizes), we may write

qa(x) = z )‘Z‘Tzz + Z /Bzwz + and Qb( ) Z 6’ij Zj + Z KiZ; + p,
=1 i=1 ij=1 i=1
where we take;; = 0;; forall 1 <i,j < k.

Recalling that (a,b) = (Dq,, —DL™g,), we start by observing thd®q, = (2\sz¢+ B¢)¢=1... n- FOr
—DL™ g, we have thal.71q, = —I1(q) — (1/2)I2(gp). We havel;(q,) = >_"_, k;x;. Recalling that the
first two normalized Hermite polynomials alig(x) = = andhs(z) = (2® — 1)/v/2, itis straightforward to
verify that I»(q;) (the homogeneous degree-2 part of the Hermite expansigy) isf

Lig)= Y dihi(z)hi(z;) + 3 V2 - 6iiha(x;).
1<iZj<k i=1

Hence

3= dula? ~ 1),

l\')lr—t

L7tqy =— z KiT; — > dijxiry —

2 1<i#5<k
SO

—DL_lqb = <Hz + Z 5Z-gac,-> .
=1,...,

i=1

We thus can writ& (a, b) as a degree-2 polynomial in the variables. . . , z,, as

Y (a,b) (Ao + By) - (Hz - i 5%1'@')

1=1

M= T

> 2Ndieximy + E 2keM e + Z (Z 5@&@) x; + E ke

(=1 (=1 i=1 \U=

@
Il
—



By Claim[8, we know tha¥ar[Y (a,b)] < SS(Y (a,b)). Using the inequalityr + s)? < 2r? + 252 for the
degree-1 coefficients, to prove the lemma it suffices to sheaiy t

n n n n n 2

52 S 0uda? + Stan? + (£ ) <06, ©
i=10=1 =1 i=1 \/=1

We bound each term of](6) in turn. For the first, we recall treathe\, is an eigenvalue of, and hence
satisfies\? < €2; hence we have

z(éif)z < 627
i=1/4=

M=

ST (Mebie)? < €2
1=1/=1

—_

where we have used Claimh 5 again to get tht,_, (d;,)* < SS(g,) < Var[gy] < 1. For the second term,
we have

> (kehe)® < €23k <€ 58(q) < €
/=1 /=1

Finally, for the third term, let us writd/ = (J;,) for thek x k& matrix corresponding to the quadratic part of
q» and3 for the column vector whoséth entry is/3,. Then we have that

n n 2 - ) i
> <e_1ﬁ”5”> = [MBI3 < | Amax(M)B|3 < [1Bll2 < ¢,

where the second inequality is because each eigenvalpg ltdis magnitude at most 1 and the third is
becausd 3|3 < SS(p.) < Var[p,] < 1. This concludes the proof of Lemrha]13. O

3.2 From test functions with bounded second derivative to mitidimensional Kolmogorov distance.

In this subsection we show how “mollification” arguments t@nused to extend Theordml 12 to Theorem
[B. The main idea is to approximate the (discontinuous) atdicfunction of an appropriate region by an
appropriately “mollified” function (that is continuous Witbounded second derivative) so that the corre-
sponding expectations are approximately preserved. Tdrerseveral different mollification constructions
in the literature that could potentially by used for thispase. We use the following theore from [DKN10].

Theorem 14. [[DKN10], Theorem 4.8 and Theorem 4.10] LEt R* — {0, 1} be the indicator of a region
RinRF andc > 0 be arbitrary. Then there exists a functidn: R* — [0, 1] satisfying:

o ||0°1,./02"| s < (2¢)1Pl for any 8 € N, and
o [I(z) = Io(x)| < min{1,0((;gagm)?)} for all z € RY,
whered(x, dR) is the Euclidean distance of the pointo the closest point itk.

We use this to prove the following lemma, which says that A~dimensional GaussiaX “mimics”
the joint distributionY” of a vector ofk degree-2 Gaussian polynomials (in the sense of “foolinfytesit
functionsh with bounded second derivative), th&hmust have smakt-dimensional Kolmogorov distance
fromY:

Lemma 15. Letp(z),...,pr(z) : R — R be degree-2 polynomials withax;c; Var(p;) > A, and let
Y be their joint distribution when: is drawn fromN (0, 1)". LetX € R* be a jointly normal distribution
such thatmax; Var(X;) > \. Suppose that for all functions: R* — R,k € C2, it holds that|E[h(X)] —
E[A(Y)]| < ||h"||oc - n. Then we have

J1/351/6
dk(X,Y) <O | =y
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Proof. Fix anyf € R™ and define the functioh : R* — {0, 1} to be the indicator of the regioR oef {zx €
R” : z; < 6;}. Choose: > 0. We have

|PrVie [k] X; <6;] —Pr[Viec[k]Y; <6
[E[1(X)] - E[1(V)]
[BI(X)] ~ BIL(Y)]| + [EL()] — EIY)]| + [EIL(X)] - E[(X)]

IA

IN

4c*n + [E[L(Y)] - BI(Y)]| + [BIL(X)] - E[[(X)]

)

where we used the first item of Theorém 14 to bound the first.téfe proceed to bound the other two
terms. For the first one, choode> 0 and now note that

[E[L.(Y)] -EIY)]| < EyylL(y) -1y

2
< Prywyld(y,0R) <]+ O <W>

Vo k2
The second inequality above used I, I, < 1 and the second item of Theoréml 14. The final inequality
used the Carbery-Wright anti-concentration bound (Thedrg together with the observation that in order

for y ~ Y to be within distancé of 0 R, it must be the case thai;(y) — 0;| < § wherei is the element of
[k] that hasVar(p;) > A. Similar reasoning gives that

~ 2
|E[I.(X)] - EI(X)]| <O (Tﬁ) + O(C%)

(in fact here theAl—*//g4 can be strengthened t@‘s/—Q because nowX; is a degree-1 rather than degrze-
polynomial in N(0, 1) Gaussians, but this will not help the overall bound). Optimg for 6 by setting
§ = EYPAV10/64/5 we get that

‘ ‘ k‘2/5
|PriVie[k] X; <6;] —Pr[Vie[k]Y; < 6] < 4c¢*n+ 0 (W) .
Now optimizing forc by choosing: = k1/6 /(1°/1241/12) we get that

‘ ‘ 1/31/6
‘Pr[Vz €kl X; <6;]—PrVie[klY; < QZH <0 i |

which concludes the proof of Lemrhal15. O

With Lemmd 15 and Theorem 12 in hand we are ready to prove €h#8r

Proof of Theorerl8For i € [k] let ¢;(z) = g¢i(x) — E[q;], s0¢; has mean zero. Applying Theorém| 12 to
q=(G1,---,qx) we getthatany with [|"|| < oo satisfie§ E[1()]—E[A(N(0,C))]| < O(k%€)-|h" |-
Applying LemmdI5b, takingX to be N (0, C) and itsy parameter to b&(k%¢), we get that

~ k2/361/6

which gives the theorem as claimed. O
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4 Transforming a k-tuple of degree-2 Gaussian polynomials

In this section we present a deterministic procedure, @dltansform, which transforms an arbitrark-
tuple of degree-2 polynomial&y, ..., gx) into an “essentially equivalent” (for the purpose of approx
mately counting PTF satisfying assignments under the Gaudsstribution)k-tuple of degree-2 polynomi-
als(rq,...,r) that have a “nice structure”. This structure enables anieffideterministic decomposition
of the joint distribution. In the following section we willige an efficient algorithm to do deterministic
approximate counting for vectors of polynomials with thigce structure.”

In more detail, the main theorem of this section, Theokeinsa§s the following: Anyk-tuple ¢ =
(q1,--.,qr) Of degree-2 Gaussian polynomials can be efficiently detestically transformed into &-
tupler = (rq,...,r;) of degree-2 Gaussian polynomials such thatig)r, q) < O(e), and (ii) for every
restriction fixing the first = poly(k/e) variables, the-tupler|, = (r1],,...,7%|,) Of restricted poly-
nomials haskt-dimensional Kolmogorov distana@(e) from the k-dimensional Normal distribution with
matching mean and covariance matrix. More formally,

Theorem 16. There is an algorithnTransform with the following properties: It takes as inputiatuple
q = (q1,---,q) of degree-2 polynomials ovéR™ with Var, o 1)»[¢i(z)] = 1 for all i € [k], and a
parametere > 0. It runs in deterministic timeoly(n, k, 1/¢) and outputs &-tupler = (rqy,...,rg) of
degree-2 polynomials ov@&™ and a valued < t < O(k1In(1/e)/€?) such that both of the following hold:

(i) dx(q,7) < O(e), whereq is the random variabley = (q1(z),...,qx(x)) with z ~ N(0,1)™ and
r=(r1(y),...,rx(y)) withy ~ N(0,1)"; and

(i) For every restrictionp = (p1,...,p:), We have

dic (7] ps N(pa(r]p), 2(rp))) < €.
Here “r,” denotes the random variabléri|,(y), ..., rx|,(y)) wherey ~ N(0,1)" andr;|,(y) def
Ti(P1s s Pty Ytt1s - - - Yn); p(r|,) denotes the vector of meaqs: |, ..., uxl,) € R* wherey;|, =
E, (0,1 [7ilo(y)]; and X(r,) denotes the covariance matrix ™ whose(i, j) entry is

COVyNN(O,l)" (74 ’p(y)a Ty !p(y)).

At a high level, theTransform procedure first performs a “change of basis” using the pnaeed
Change-Basigo converty = (¢1(z), ..., gx(z)) into an “almost equivalent” vectar = (p1(y), . .., pk(y))
of polynomials. (Conceptually the distribution ¢b;(v),...,pxr(y)) is identical to the distribution of
(q1(x),...,qr(x)), butin reality some approximations need to be made becaesamwonly approximately
compute eigenvalues, etc.; hence the two vector-valuedorarvariables are only “almost equivalent.”)
Next, theTransform procedure run®rocess-Polyn (py, ..., px); this further changes eagh slightly,
and yields polynomialsy, . .., 7, which are the final output dfransform (¢, ..., qx). A detailed descrip-
tion of theTransform procedure follows:

Transform

Input: vectorq = (qu, ..., qx) of degree-2 polynomialg(x1, ..., z,) such thaEzNN(oJ)n[qg(x)Q] =
1forall¢=1,..., k; parametee > 0

Output: A vectorr = (r1(y),...,rx(y)) of degree-2 polynomials ovékR™, and a value) < t <
O(kIn(1/€)/€?).

1. Setn = (¢/k)*/(log(k/¢))? ande’ = '2n? /K8,

12



2. RunChange-Basi$(q1, - .., qx),€,n) and let(py, ..., p), t be its output.
3. RunProcess-Poly§(p1, ... ,px),t,n) and let(rq, ..., rg), k' be its output.

4. Output(ry,...,rg),t.

Subsection 4]1 below gives a detailed description and sisabf Change-Basis Subsection 4]2 does
the same foProcess-Polysand Subsection 4.3 proves Theoler 16.

4.1 The Change-Basis procedure.

Intuition.  The high-level approach of tiéghange-Basigrocedure is similar to the decomposition proce-
dure for vectors of: linear forms that was given ih [GOWZ10], but there are sigaifit additional compli-
cations that arise in our setting. Briefly, in the [GOWZ10pegach, a vector of linear forms is simplified
by “collecting” variables in a greedy fashion. Each of thinear forms has a budget of at mdsf meaning
that at mostB variables will be collected on its behalf; thus the overalinber of variables that are collected
is at mostt B. Intuitively, at each stage some variable is collected Wwhias large influence in the remaining
(uncollected) portion of some linear form. The [GOWZ10] lgses shows that after at mo#t variables
have been collected on behalf of each linear form, each ok tleear forms will either be regular or its
remaining portion (consisting of the uncollected variabhill have small variance. (See Sectfon]7.3 for a
more detailed overview of the [GOWZ10] decomposition pchoe).

In our current setting, we are dealing withdegree2 Gaussian polynomials instead lofinear forms,
and linear forms will play a role for us which is analogous le trole that single variables played in
[GOWZ10Q]. Thus each quadratic polynomial will have at mBslinear forms collected on its behalf and
at mostkB linear forms will be collected overall. Of coursepriori there are uncountably many pos-
sible linear forms to contend with, so it is not clear how ttesea single linear form to collect in each
stage. We do this by (approximately) computing the largegralues of each quadratic form; in each
stage we collect some linear form, corresponding to an e@mgar for some quadratic polynomial, whose
corresponding eigenvalue is large compared to the variahttee remaining (“uncollected”) portion of the
guadratic polynomial. An argument similar to that lof [GOWH hows that after at mog® linear forms
have been collected on behalf of each quadratic polynorsal of thek quadratic polynomials will either
be “regular” (have small largest eigenvalue compared to/étnnce of the remaining portion), or else the
variance of the remaining portion will be small.

Remark 17. In this section we describe an “idealized” version of theaithm which assumes that we can
do certain operations (construct an orthonormal basis, pata eigenvalues and eigenvectors) exactly with
no error. In fact these operations can only be carried outragpnately, but the errors can in all cases be
made extremely small so that running the algorithm with “Jemwor” implementations of the idealized steps
still gives a successful implementation overall. Howekegping track of the errors and approximations is
quite cumbersome, so in order to highlight the main ideas @ggrbby describing the “idealized” version.

We will try to clearly state all of the idealized assumptiasshey come up in the idealized algorithm be-
low. We will state Lemn{a 26, the main lemma abou@hange-Basisalgorithm, in versions corresponding
both to the “idealized” algorithm and to the “real” algoritim.

4.1.1 Setup for the Change-Basis proceduré/le start with a few definitions. We say that a skt=

{L1(z), ..., Ly(2)} of r < nlinear formsL;(z) = vV-z overzy, ..., z, isorthonormalif E,.. 1) [Li(z)L;(z)] =
6;j for 1 <i,j < r (equivalentlyy™, ... v(") are orthonormal vectors).
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Definition 18. Letq : R™ — R be a degree& polynomial

q(z) = Z QijTiT; + Z bizi + ¢, (7)
1<i<j<n 1<i<n
and let{L;(z) = v® - x};—;__, be a full orthonormal set of linear forms. Let = {L,,...,L,} and
B = {Ly41,...,L,} for someo < r < n. We defineProj(q, A, B), the projection ofg onto A, and
Res(q, A, B), theresidue ofg w.r.t. A, as follows. Rewritg using the linear formd.;(x), i.e.
1<i<j<n 1<i<n
Define
Res(q, A, B) L S ayLi(@)Li(@)+ S BiLi(x) +c )
r<i<j<n r<i<n
and

Proj(q, A, B) d:efq — Res(q, A, B).

Note that the residue (resp. projection)aforresponds to the tail (resp. head)oh the basis of the linear
forms L;.

Idealized Assumption #1:There is aoly(n) time deterministic procedur@éomplete-Basiswhich, given
asetd = {L;(x)}i=1,.., of orthonormal linear forms, outputs a $&t= {L;(x)};—r+1,...» Such thatdu B
is a full orthonormal set of linear forms.

Claim 19. There is an efficient algorithRewrite which, given as inpug (in the form [T)and setsl =
{Li(x)}i=1,..r, B={Lr41(x),...,Ly(z)} such thatAuB is a full orthonormal basis, outputs coefficients
a;j, Bi, ¢ such that[(8) holds.

Proof sketch: Given A and 5 by performing a matrix inversion it is possible to efficigndompute co-
efficientsu;; such that fori € [n] we havex; = > %, u;;Lj(x). Substitutingd"_, u;;L;(z) for each
occurrence of; in (8) we may rewritey in the form [8) and obtain the desired coefﬁuents O

Next we observe that the largest eigenvalue can never seras we consider the residue gofvith
respect to larger and larger orthonormal sets of linear $orm

Lemma 20. Fix any degree-2 polynomigland any full orthonormal se{tLZ( ) = v(® -x}i=1,.n Of linear
forms. Letd = {L;(z) = v@ - z}imy _,andB = {Li(z) = v - 2};—,41. .. Then we have that
|>\max(ReS(Q>~Av B))| é |/\max(Q)|-

Proof. Let M be then x n symmetric matrix corresponding to the quadratic parg,odind let)’ be the
n X n symmetric matrix corresponding to the quadratic paikef(q, .4, B). Let M be the symmetric matrix
obtained fromM by a change of basis to the new coordinate system defined by ¢imhonormal linear
formsLy,..., L,, and likewise letV” be the matrix obtained from/’ by the same change of basis. Note
that M’ is obtalned fromM by zeroing out all entrlesMZ] that have eithei ¢ Aorj € A, i.e. M’
corresponds to the principal mmcMBB of M. Since eigenvalues are unaffected by a change of basis, it
suffices to Show that\ax (M)] > |Amax (M)

We may suppose without loss of generality that. (M) is positive. By the variational characterization
of eigenvalues we have tha;nax(]\?[’) = MAaX| =1 2T M'z. SinceM’ corresponds to the principal minor
M55 of M, a vectorz’ that achieves the maximum must have nonzero coordinatgsroB, and thus

Amax(M') = (2T Mz’ = (2\TMz' < lanaxl 2T Mz < |Amax(M)].
z||=
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4.1.2 The Change-Basis procedureWe now describe th€hange-Basisprocedure. This procedure
takes as input avectqr= (q1, . . ., qx) of k degree-2 polynomials, where eaghs specified explicitly by its
coefficientsas if{7), and two parametéts) > 0. It outputs a vector of polynomia}s (P1(y),s .- ok(y))
where eachy,(y1, . .., y,) is also specified explicitly by coefﬁmen&é ﬁ(z %) that definep,(y) as

)= ¥ alyyi+ X B+, (10)
1<i<j<n 1<i<n
and an integed < t < kIn(1/n)/¢?. As its name suggests, ti@ghange-Basisprocedure essentially
performs a change of basis ®i* and rewrites the polynomialg(x) in the new basis ag,(y). It is
helpful to think ofy; as playing the role of;(z) where{L;(z)};— L . is a set of orthonormal linear forms

computed by the algorithm, and to think of the coefﬁmem@ B , c(’Z definingp,(y) as being obtained
from gy(x) by rewriting ¢,(z) using the linear formd;(z) as in [8).

The Change-Basisprocedure has two key properties. The first is that the twaove@lued random
variables(qi(x), ..., qx(x)) (Wherex ~ N(0,1)") and(p1(y), .., px(y)) (Wherey ~ N(0,1)™) are very
close in Kolmogorov distance. (In the “idealized” versitvey are identically distributed, and in the “real”
version they are close #rdimensional Kolmogorov distance.) The second is that eétiirep, polynomials
is “nice” in a sense which we make precise in Lenimia 26 belowu(Rly speakingp, either almost entirely
depends only on a few variables, or else has a small-magnitak eigenvalue.)

Change-Basis

Input: vectorq = (q1, . - -, qi) of degree-2 polynomialg (1, . . . , x,) such that, (o, 1) [qe(w )?] =
1forall¢=1,...,k; parameters’,n > 0

Output: A vectorp = (p1(y), ..., px(y)) of degree-2 polynomials (described explicitly via theiet:o
ficients as in[(ID)) satisfying the guarantees of Lerhma 26 aaninteger > 0.

1. Initialize the set of linear formsgl to be(). Letg,(z) = qo(x) forall ¢ =1,... k.

2. Ifeach?/ =1,..., kis such thag, satisfies either

5))2
(a) Var[g] <, or (b) gl <o,

then useComplete-Basisto compute a seB of linear formsB = {L| 4+1(z), ..., Ln(z)} such
that A U B is a full orthonormal basis, and go to Step 5. Otherwise,geddo Step 3.

3. Let ¢ € [k] be such thagj,» does not satisfy either (a) or (b) above. Letc R™ be a unit
eigenvector corresponding to the maximum magnitude e&@eew,,.x(Gy). Let L(z) = v - x.
Add L(z) to A.

that AU B is a fuII orthonormal basis. For afl= 1,...,k useRewrite(q, A, B) to compute

coefﬁuentSaU ,ﬁ ) as in [8)). Setiy(x) = Res(q, A, B) andProj(q, A, B) = qo(z) —
Ge(x). Go to Step 2.

4. UseComplete-Basig.A) to compute a set of linear form8 = {L| 4+1(z),..., Ln(z)} such
)
)

5. We haved = {Li(z),...,Lj4/(z)} andB = {L\A\H( x),...,Ly(x)}. For each? € [k] use
Rewrite on g, to compute coefﬁment& ﬁ( ©) such that

w@)= ¥ el L@l + ¥ BOLi(x)+ Y.

1<i<j<n 1<i<n
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Output the polynomial; (y), ..., px(y) defined by these coefficients as [n](10), and the value
t=|Al.

Idealized assumption #2:There is goly(n) time deterministic procedure which, givgnas input,
e exactly computes the maximum eigenvalyg.«(g¢), and

e exactly computes a unit eigenvector corresponding,to. (q).

Before we proceed with the proof, we recall some basic facts:

Definition 21 (Rotational invariance of polynomialsziven two polynomialg(x) = Z1gz’§jgn @i T+
Doi<icn Ui + Candq(z) = 37 iy, @15 + Do <4< bizi + C with the same constant term, we
say that they areotationally equivalenif there is an orthogonal matrix) such thatQ” - A - Q = A’ and
QT -b="V. If the matrixA’ is diagonal then the polynomialis said to be thelecoupled equivalent of.

In this case, the eigenvalues 4f(or equivalentlyA’) are said to be the eigenvalues of the quadratic ferm

Claim 22. For any degree2 polynomialsp(x) and¢(z) which are rotationally equivalent, the distributions
of p(x) andq(x) are identical wher{z1, ..., x,) ~ N(0,1)".

Forz ~ N(0,1)"), sinceLy,..., L, is an orthonormal basis, we have thdt; (z),..., L,(z)) is dis-
tributed identically to(ys,...,y,) ~ N(0,1)". By construction, we have that the matrix corresponding
to p, is an orthogonal transformation of the matrix correspoading,. That is,p, andq, are rotationally
equivalent.

Recalling theTail,(-) andHead,(-) notation from Sectiofil2, we see that the polynoriail; (p,(y))
corresponds precisely to the polynomiaés(qs, .4, B) and thatHead;(p,(y)) corresponds precisely to
Proj(qs, A, B). As a consequence, the eigenvalueSai; (p,) are identical to the eigenvalues @f

Claim 23. Letg(x) be a degree-2 Gaussian polynomial add= {L,(x),..., L,(x)} be an orthonormal
set of linear forms. Lef,(z) = Res(qs,.A,B) and letv be a unit eigenvector of (the symmetric matrix

corresponding to)j,. Then the linear fornl/(x) o zis orthogonal to all ofLy, ..., L., i.e.,,E[L/(z) -
Li(z)]=0forall ¢=1,...,r

Proof. The claim follows from the fact thatlies in the span oB (as follows by the definition of the residue)
and that the sets of vectarsand5 are orthonormal. O

The above claim immediately implies that throughout thecakien of Change-Basis A is always an
orthonormal set of linear forms:

Corollary 24. At every stage in the execution@hange-Basisthe setA is orthonormal.

(As a side note we observe that sindeu B is a full orthonormal set, it is indeed straightforward
to computeVar[g,] in Step 2; the first time Step 2 is reached this is simply theesasVar|q,|, and in
subsequent iterations we can do this in a straightforwand siace we have computed the coefficients

af.?, Bff) in Step 4 immediately before reaching Step 2.)
Next we bound the value d@fthat the algorithm outputs:

Claim 25. The number of times th&hange-Basisvisits Step 2 is at mostin(1/7) /2. Hence the value
that the algorithm returns is at mostin(1/7) /.
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Proof. It is easy to see that after the end of any iteration, for arsdfixc [k], the variance ofj, does not
increase. This follows by the definition of the residue areleéRkpression of the variance as a function of
the coefficients. At the start of the algorithm eagthasVar(g,) = 1. We claim that each time Step 3 is
reached, the polynomial, i’ € [k], that is identified in that step has its variariéer(¢;;) multiplied by a
value which is at mostl — 2(¢'?)) in the corresponding iteration. The claim follows from thetfthat the
maximum magnitude eigenvalue @f is at least’ - \/Var[g;/] and the definition of the residue. Thus each
specificj € [k] can be chosen as tliein Step 3 at mosO(In(1/7)/€?) times (after this many iterations it
will be the case thaVar([g;] < 7). This proves the claim. O

Thus we have proved the following:

Lemma 26. (Idealized lemma abow@hange-Basig) Given as input a vectog = (g1, ..., q;) of degree-2
polynomials such tthxNN(OJ)n[qi(m)z] = 1 and parameters’, > 0, the algorithmChange-Basi$(q1, - . ., qx), €, 1))
runs in timepoly(n,t,1/€") and outputs polynomialg; (y), ..., px(y) (described via their coefficients as

in (I0)) and a valué < ¢ < k1In(1/n)/e? such that items (1) and (2) below both hold.

1. The vector-valued random variables= (¢1(x), ..., qx(z)) (Wherex ~ N(0,1)")andp = (p1(y), ..., px(v))
(wherey ~ N(0,1)™) are identically distributed.

2. For each? € [k], at least one of the following holds:
. : ai 2
(@) Vary.no,1)[Taili(pe(y))] < n, or (b) % <é€.

(Non-idealized lemma abo@hange-Basis) This is the same as the idealized lemma except that (1)
above is replaced by

dk (p,q) < O(€). (11)

4.2 The Process-Polys procedureln this subsection we describe and analyzeRhecess-Polygproce-
dure. Our main result about this procedure is the following:

Lemma 27. There is a deterministic proceduférocess-Polyswvhich runs in timepoly(n, k,t,1/€',1/n)
and has the following performance guarantee: Given as injggree-2 polynomialg; (y), ..., pr(y) sat-
isfying item (2) of Lemma®6, an integér< ¢ < n, and a parameter,, Process-Polysoutputs a vector
r = (rq,...,rg) of degree-2 polynomials ovék™, and a valued < k' < k, such thatr, ¢, k¥’ satisfy the
following properties:

1. (r is as good a9 for the purpose of approximate counting:)

|Pryn(0,1) [V € [k],7e(y) < 0] = Pryno)n [V € [K], pe(y) < 0]] < O(e);

2. For any restrictionp = (p1,...,p:) € R*and all1 < ¢ < £/, the polynomial|, has degree at most
1

)\max(Tailt(Tl))2 < /.

3. Forall ¥ < ¢ < k, the polynomial,(y) has VTl (]~ < €5

4. For all k' < ¢ <k, the polynomial,(y) hasVar[QuadTail,(r,)] > n/2.

(Looking ahead, in Sectidn 4.3 Items (2)—(4) of Lenimh 27 belused to show that for most restrictions
p = (p1,--.,pt), the distribution of(r1|p, ..., rk|p) is close to the distribution of a multivariate Gaussian
with the right mean and covariance. Item (2) handles polyatsm,, ..., and Items (3) and (4) will let
us use Theorem 8 for the remaining polynomials.)
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Process-Polys

Input: k-tuple p = (p1,...,pr) Of degree-2 polynomialsps(yi,...,y,) such that
Vary o,y [pe(y)] = 1; integert > 0; parameter; > 0.

Output: k-tupler = (rq,...,r;) of degree-2 polynomialg,(y1, . ..,y,) and integed < k' < k.

%

1. Reorder the polynomialg(y),...,pk(y) so that pi,...,pr, are the ones that have
Var[Tails(pe)] < n. For eacll € [k], definery(y) = Head;(pe(y)) + E[Tail;(ps)]-

2. Reorder the polynomialgy,+1(y),...,px(y) so thatpg,+1(y),...,pk,(y) are the ones that
have Var[QuadTail,(ps(y))] < n/2. For each? € [k1 + 1,..., ko], definer,(y) = pe(y) —
QuadTail; (pe(y))-

3. Foreacll € [ko + 1,..., k| definer,(y) = pe(y). Setk’ = ko and output(ry, ..., 7x), k.

Recall that forl < ¢ < k each polynomiap, is of the form

pey)= > agf)y,-yﬁr > By + 0.

1<i<j<n 1<i<n

Because of Step 2 é¢frocess-Polysfor 1 < ¢ < k; we have that each polynomig/ is of the form

rey) = > oy + Y By + e,

1<i<t, j>i 1<i<t

which gives part (2) of the lemma fdr< ¢ < k;. Because of Step 3, fdr, + 1 < ¢ < ky we have that
each polynomiat, is of the form

re) = Y oy + > By + O,

1<i<t,j>i 1<i<n

which gives part (2) of the lemmafds + 1 < ¢ < ky = k’. Forks + 1 < ¢ < k each polynomiat,(y) is
of the form

ro(y) = Z ag)yiyj + Z ﬁi(z)yi + with Var[QuadTail,(p/(vy))] > n/2,

1<i<j<n 1<i<n

which gives part (4) of the lemma.

Part (3) of the lemma follows immediately from item (2) of Lea[26. Thus the only part which
remains to be shown is part (1).

We first deal with the polynomials;, . . ., 7, using the following simple claim:

Claim 28. For each? € [k;] we have that the,(x) defined in Step 1 dfrocess-Polysatisfies
Pr,..n (o) [sign(re(z) # sign(pe(x))] < O(+/log(1/n) - n'/*).

Proof. Recall that for? € [k;] we haver, = Head;(p,) + E[Tail;(p,)] while p, = Head(p¢) + Tail;(py).
Hencesign(r,(x) # sign(pe(x)) only if for somes > 0 we have both

|Heady(p(z)) + Taily(pe(z))| < sy/n and |Taily(pe(x)) — E[Taili(pe(x))]| > s/n.
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To bound the probability of the first event, recalling that p;, ¢/) < O(€') (by part (1) of Lemm&26)
and thatVar[g,| = 1, it easily follows thatVar[p,] = ©(1).Hence the Carbery-Wright inequality (Theorem
[7) implies that

Pr, [[Head: (ps(x)) + Taily(pe(2))][] < s/ < O(s'/*n'/%). (12)

For the second event, we recall thatr[Tail;(py)] < 7, and hence fos > e we may apply Theorefn 88
to conclude that

Pr, || Taily (pe(x)) — E[Taily (pe(2))]] > s/7] < O(e™). (13)

Choosings = O(log(1/n)) we get that the RHS of(12) and{13) are béih,/log(1/7) - n'/*), and the

claim is proved. O
It remains to handle the polynomiatg, .1, ..., 7x,. For this we use the following claim:

Claim 29. For each? € [k; + 1,.. ., ko] we have that the,(x) defined in Step 2 d?rocess-Polysatisfies

Pr,.no.1) [sign(re(x) # sign(pe(x))] < O(y/log(1/n) - n'/*).

Proof. The proof is similar to Claifi 8. Recall that fére [k + 1, k2] we haver, = py — QuadTail, (py).
Hencesign(r¢(x)) # sign(pe(z)) only if for somes > 0 we have both

Ipe(x) + E[QuadTail,(pe)]| < sy/n and |QuadTail,(p,(z)) — E[QuadTail,(p,)]| > s/7.

For the first inequality, as above we have thatr[p,] = O(1) so as above we get th&r,[|p,(z) +
E[QuadTail,(p,)]| < sy/7] < O(s/2n'/*). For the second inequality we haVer[QuadTail, (ps)] < 7/2
so as above we get th#tr,[|QuadTail,(p,) — E[QuadTail,(p)]| > s,/ < O(e™*). Choosings =
©(log(1/n)) as before the claim is proved.

U

Recalling that) = O((¢/k)*/(log(k/¢))?), Claimd28 anf 29, together with a union bound, give Lemma
23. O

4.3 Proof of Theorem[16.Given what we have done so far in this section with @feange-Basisand
Process-Polyprocedures, the proof of Theoréni 16 is simple. Item (1) of @6 and Item (1) of Lemma
immediately give part (i) of Theorem]16. For part (ii), saer any restrictiop = (p1,...,p:) € R
fixing variablesy, .. ., y; of the polynomials-, ..., rs.

We begin by observing that if the valééreturned byProcess-Polysqualsk, then ltem (2) of Lemma
ensures that for all < ¢ < k the restricted polynomiat|,(y) has degree at most 1. In this case the
distribution of (r1|,(y), ..., rk|,(y)) for y ~ N(0,1)" is precisely that of a multivariate Gaussian over
R*. Since such a multivariate Gaussian is completely detesthiny its mean and covariance matrix, in this
case we actually get thali (r|,, N (u(r],),>(r,))) = 0. So for the rest of the argument we may assume
that ¥’ < k, and consequently that there is at least one polynomidhat has%hlf((;’j))})2 < ¢ and
Var[QuadTail,(rg)] > n/2.

First suppose that no restricted polynomigl, hasVar[r|,] > 1. Item (2) of Lemm& 27 ensures that
for 1 < ¢ < k' the restricted polynomial|,(y) has degree 1 (note that in terms of Theoftém 8, this means
that the maximum magnitude of any eigenvalue 0f is zero). Now consider anfe [k’ + 1, k]. Recalling
Remark 3B, we have that the polynomia|, equalsTail,(r,) + L for some affine form. Hence

Amax (7] p)| = [Amax(Taily(r¢))| < v/Var[Taily(r,)] - € < O(V¢).

where the first inequality is by Item (3). The second inedydiolds because fof € [k’ + 1,k], the
polynomialr, output byProcess-Polyss simply p;, so we havéVar|Tail;(r;)] < Var[p,] < E[p?]. Asin
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the proof of Clain{2B we have th&[p7] = O(1), giving the second inequality above. Item (4) ensures
that that for¢ € [k’ + 1, k] we haveVar[r|,(y)] = Var[Tail;(r¢) + L] > Var[QuadTail,(r¢(y))] > n/2.
Thus we may apply Theorelm 8 and conclude that the distribwticr |p, . . . , 7 |p) is O(k?/3€'V/12 /n1/6)-
close (i.e.O(¢)-close) indk to the distribution of the appropriate multivariate Gaassias claimed in the
theorem.

Finally, consider the case that some restricted polynomjglhasVar([r¢|,] > 1. In this case rescale
each such restricted polynomiad|, to reduce its variance down to 1; I&f|,, ..., 7|, be the restricted
polynomials after this rescaling. As above flo ¢ < k£’ we have that each restricted polynomigl, has
Amax (7¢],) = 0, S0 consider any € [k’ + 1, k]. The rescaled polynomialg satisfy7|, = Tail,(7,) + L,
and we have

Amax (Taile(70))?  Amax(Taily(r¢))?
Var|Tail,(7¢)] ~ Var[Tail;(ry)]

<,
so we get

Amax (7e] )| = [Amax (Taily(7|,))| < v/Var[Tail,(7)] - € < v/Var[Tail;(r¢)] - € < O(Ve),

where for the penultimate inequality we recall thats obtained by scaling, down. By assumption we
have that somé hasVar|[r|,] = 1, so we can apply Theorelh 8 and conclude that

dk (7¢p, N(ﬂ(ﬂp% E(f‘p)) < O(k2/35/1/12)-
Un-rescaling to return te, from 7,, we get that
dic(relp, N(p(rlp), £(r],)) < O(K*/3V12) = o(e),
and Theorerf 16 is proved. O

5 Proof of Theorem[2: Efficient deterministic approximate cainting using
transformed degree-2 Gaussian polynomials

Throughout this section we focus on counting intersectioindegree2 PTFs. The proof for an arbitrary
k-junta follows by expressing it as a disjunctionND,, functions and a union bound.

Given Theoren 16, there is a natural approach for the cagiatjorithmCount-Gauss corresponding
to the following steps:

Count-Gauss

Input: k-tuple p = (pi,...,pr) Of degree-2 polynomial®y(yi,...,yn), ¢ € [k], such that
Var, o,y [pe(y)] = 1; parametee > 0.
Output: An £0(e) additive approximation to the probabili®r .. xo,1)»[V¢ € [k], pe(x) > 0].

1. RunTransform (p, €) to obtain ak-tuple of polynomials- = (r,...,r;) each of unit variance
and avalue < t < O(kIn(1/¢)/e?).

2. Deterministically construct a product distributié® = ®!_, D; supported on a sef C R of
cardinality (kt/€)°®) such that a-tupler = (r1,...,7;) € R drawn fromD" is “close” to a
draw of p = (py,...,p:) from N(0,1)%. In particular,D; = D for all i € [t], whereD is a
sufficiently accurate discrete approximationNd0, 1). (See the proof of LemmiaBO for a precige
description of the construction and guarantee.)
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3. For eachr € S, simplify the polynomialsry,...,r, by applying the restriction to obtair
(r1lr,...,7rk|r), and compute the vector of megmg-,) and matrix of covariances(r, ).

4. Finally, for eachr € S, deterministically compute ae-accurate additive approximation to th
probability Pryn () 5. ) [Vi € K], yi > 0]; let p, be the value of the approximation that
computed. Average all the valuesof obtained for each value € S', and return the average.

n O

Recall that the:-vector of polynomials: = (r;. ..., r) constructed in Step 1 satisfies the statement of
TheoreniIB. In particular, for every restriction of the firsfriables, the restricted polynomials arelose
in Kolmogorov distance to a Gaussian with the correspondiegn and covariance matrix. Hence, for each
possible restrictiorp of theset variables, the probability that the restricted intersecidf polynomials is
satisfied is-close to the quantit¥r, . n (), s(r,)) [Vi € [k], y; > 0]. Hence, if we could take “all” pos-
sible restrictions of theskevariables, compute the corresponding probabilities andrage” the outcomes,
we would end up with am-approximation to the desired probability. To achieve #fftciently, in Step 2,
we construct a sufficiently accurate discrete approximaticthe normal distributiodV (0, 1)¢.

We have the following lemma:

Lemma 30. Letr, : R® — R, ¢ € [k], bek unit variance degree-polynomials. There exists a discrete
distribution D! = ®!_, D; supported on(kt/¢)°® points that can be constructed explicitly in output
polynomial time such that

|Prx~Nt(O7l)7y~N”*t(O,1) (Ve € [k],re(w,y) > 0] = Prapt yonn-t(0,1) [V € [k], me(Z,y) > 0| < O(e).

Proof. Before we proceed with the formal proof, we provide someiiimio. The main technical point is
how “fine” a discretization we need to guaranteetamapproximation to the desired probability

Pr. nno,1) [V € [k],me(2) > 0].

Each componend;, j € [t], of the product distributiorD* will be a discrete approximation to the stan-
dard Gaussian distributiotV (0,1). Consider a sample = (z1,...,2;) ~ N'(0,1) drawn from the
standard Gaussian and its coordinate-wise closest deedletaluez = (z1,...,2;). The main idea is
to construct eactD; in such a way so that with probability at leakt— O(e/k) over z, the absolute
difference max;¢y [z; — 7| is at mosts (whered is a sufficiently small quantity). Conditioning on
this event, the difference between the two probabiliPes .y (o,1),y~n»—(0,1) [V€ € [k], r¢(x,y) > 0] and
Pr; ptyonnt(0,1) [V € [K],7¢(Z,y) > 0] can be bounded from above by the probability of the following
event: there existé € [k] such that the polynomial,(x,y) is “close” to0 or the difference between the
two restricted polynomials,(z,y) — r¢(Z,y) is “large”. Each of these events can in turn be bounded by
a combination of anti-concentration and concentratiordégree2 polynomials which completes the proof
by a union bound.

Construction of the discrete distribution D*. The distributionD* = ®_, D; is a product distribution,
whose individual marginal®;, j € [t], are identical, i.e.D; = D. The distributionD is a discrete
approximation taV (0, 1). Intuitively, to constructD we proceed as follows. After truncating the “tails” of
the Gaussian distribution, we partition the domain intoteo$subintervalsl;. The distributionD will be
supported on the leftmost points of thés and the probability mass of each such point will be apprately
equal to the mass the Gaussian distribution assigns to thesponding interval. More specifically, let us
denotee’ = ¢/(kt) andM = O(4/log(1/€')). ThenD is supported on the grid of points = i - §, where
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iis an integer and is chosen (with foresight) to be%' @ (€2/(k*log(k/e))). The range of the indekis

such thati| - 0 < M, i.e.i € [—s, s|, wheres € Z, with s = O((1/0) - M).

The probability mass thdD assigns to the point; = i - § is approximately equal to the probability that
a standard Gaussian random variable assigns to the intgrval(s;, s;+1). In particular, if®(I) denotes
the probability that a standard Gaussian puts in intefyale will guarantee that

To achieve this we make the error in each interval to be at miavided by the number of intervals. It is
clear thatD can be constructed explicitly in timeoly(¢k/€). Note that, as a consequence[ofl (14) we have
thatdk (D, N(0,1)) < €.

Properties of D. We define the natural coupling betweaf{0,1) andD;, j € [t|: a sampler; ~ N(0,1)
such thatr; € I; is coupled to the poing; that corresponds to the left endpoint of the interfjal If
x; is such thatz;| > M we mapz; to an arbitrary point. This defines a coupling between thelypcb
distributions D! and N*(0, 1). The main property of this coupling is the following:

Fact 31. With probability at leastt — O(e/k) over a sample: ~ N*(0, 1) its “coupled” versionz satisfies
Inane[t”SL'j - i’j| < 0.

Proof. For each coordinatg¢ € [t], it follows from Condition [(1#) and the concentration of tstandard
Gaussian random variable that with probability at Idaste’ we havejz; — z;| < 4. The fact then follows
by a union bound. O

We henceforth condition on this event. For technical ressae will further condition on the event that
¢ < |z;| < M forall j € [t]. This event will happen with probability at least- O(¢/k), by Gaussian
concentration and anti-concentration followed by a unioarid. Note that the complementary event affects
the desired probabilities by at mast

Fixanz = (z1,...,z;) with ¢ < |z;| < M forall j € [t] and a valuet = (zy,...,%;) such that
maxjer |z; — 74| < 0. Foré € [k], consider the difference,(z, &, y) = re(x,y) — r¢(Z,y) as a random
variable iny ~ N (0,1)"~*. We have the following claim:

Claim 32. We have thaVar, [e,] = O(5?).

Proof. Letry(xy,...,2,) = Zi,j ajjxiz;+ ., bix;+C. By our assumption thafar(r,] = 1 and Clainib,
it follows that the sum of the squares of the coefficients,a in [1/2,1]. A simple calculation yields that
the difference betweery(z1, xo, ..., z,) andry(Zy,. .., Ty, Ti41, . - ., Ty) IS @t Most

> ey — Eily) + 2 ag(@ — T)wg 4 30 bi(w — )
1<i<j<t i<t j>t+1 i<t

Taking into consideration our assumption that the sum ofstipgared coefficients of; is at mostl and
that|z; — ;| < ¢ for all j € [t], the variance of the above quantity term can be bounded ftmweaby
O(8%). O

Given a value ofy > 0, the two desired probabilities differ only if there exigts [k such that
Pl‘x@,y[’ﬁg(x, ja y)’ Z 7] (15)

or
Prm7y[|rg(:n,y)| <l (16)
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We will select the parameterappropriately so that for a givehe [k], both probabilities above are at most
O(e/k). The proof of the lemma will then follow by a union bound over

For fixedz, z, an application of the Chernoff bound (Theorenh 38) in codiiam with Claim[32 implies
thatPr,[|eq(x, Z,y)| > ~] is at most = ¢/k as long asy = Q(log(1/€)d). By Fac{31 it thus follows that
(38) is at mosO(¢/k). Similarly, sinceVar|r,] = 1, by choosingy = ©(¢?), Carbery—Wright (Theorefd 7)
implies that[(I6) is at mog?(¢). By our choice ofj, it follows that for this choice ofy we indeed have that
v = Q(log(1/€)d), which completes the proof. O

For Step 4 we note that the corresponding problem is thatwftarg an intersection df halfspaces with
respect to a Gaussian distribution o®. We recall that, by Theorem 1.5 6f [GOWZ1Q]= O(k/€?)-
wise independencefools such functions. Since we are dealing with-dimensional problem, any explicit
construction of a-wise independent distribution yields a determinist@pproximate counting algorithm
that runs in time:“(*), completing the proof of Theorem 2.

6 Deterministic approximate counting for g(sign(qi(x)), . .., sign(qx(x))) over
{=1,1}"

In this section we extend the deterministic approximatentiog result that we established for the Gaussian
distribution onRR™ to the uniform distribution ovef—1,1}", and prove Theoreml 1. As discussed in the
introduction, there are three main ingredients in the poddtheoreni L. The first, of course, is the Gaussian
counting result, Theoref 2, established earlier. The ska deterministic algorithmic regularity lemma
for k-tuples of low-degree polynomials:

Lemma 33. [algorithmic regularity lemma, generat, generald] There is an algorithnConstructTree
with the following property:

Letpy,...,pr be degreed multilinear polynomials withb-bit integer coefficients ovef—1,1}". Fix
0 < 7,¢,6 < 1/4. AlgorithmConstructTree (which is deterministic) runs in timgoly (n, b, 2Pd.x(7:¢9))
and outputs a decision trég of depth at most

1 1

1 (2d)@ (k)
D j(,€,6) == (; - log E) -log 5

Each internal node of the tree is labeled with a variable aadteleafp is labeled with &-tuple of polyno-
mials ((p1),, - - -, (pk),) and with ak-tuple of labels(label; (p), ..., label,(p)). For each leafp and each
i € [k] the polynomial(p;), is the polynomial obtained by applying restrictipnto polynomialp;, and
label;(p) belongs to the sdt+1, —1,“fail”, “regular” }. The tre€l” has the following properties:

1. For each leafp and indexi € [k], if label;(p) € {+1,—1}, thenPr,c;_; ;yn[sign((pi),(x)) #
label;(p)] < €

2. For each leap and indexi € [k], if label;(p) ="regular” then (p;), is T-regular; and

3. With probability at least —d, a random path from the root reaches a lpafuch thatabel;(p) #£“fail”
forall : € [k].

The third ingredient is the following version of the multigiénsional invariance principle, which lets us
move from the Gaussian to the Boolean domain:
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Theorem 34. Let pi(z),...,px(z) be degreed multilinear polynomials ovef—1,1}", and letP;(z) =
sign(p;(z)) fori = 1,..., k. Suppose that eagh is 7-regular. Then for any : {—1,1}* — {—1,1}, we
have that

‘PrZ’N{—l,l}n [g(Pl((L'), v ,Pk(fl’)) - 1] - PrgNN(O,l)n [g(Pl(g)a s 7Pk(g)) = 1” < g(dﬂ T, k)a
wheree(d, 7, k) := 20(k) . 20(d) . 71/(8d)

The regularity lemma fok-tuples of polynomials, Lemnfa B3, requires significant técél work; we
prove it in Sectiorl 7. In contrast, Theoréml| 34 is a fairly direonsequence of the multidimensional in-
variance principle of Mossel [MosD8] . We explain how Theot@4 follows from [Mos08] in Sectioh 6.1.
Before establishing the regularity lemma and the invaggorinciple that we will use, though, we first show
how Theoreni 1 follows from these results.

Proof of Theorem[ using Theoren 2, Lemm& 33 and Theorerin_84The algorithm for approximating
Pr, (—1132[9(Q1(x), ..., Qx(x)) = 1] to within an additivet-e works as follows. It first runs algorithm
ConstructTree from Lemmd3B with parameters k, 7, €9, anddy, wherer, satisfies

widetildee(d, 79, k) < €/4, €y equalse/(4k), andd, equalse/4, to construct the decision trde It initial-
izes the value to be 0, and then iterates over all leayesf the treel’, adding a contributiow, to v at each
leaf p according to the following rules: for a given leatt depthd,,,

e Ifany: € [k| haslabel;(p) = “fail” then the contributions, from that leaf is 0. Otherwise,

e Letx(p) be the restriction of variables, . . . , yx corresponding to the strindabel; (p), . . ., labelx(p)) €
{+1, -1, “regular’}, sox(p) fixes variabley; tob € {+1,—1} if label;(p) = b andk(p) leaves vari-
able y; unfixed if label;(p) =“regular.” Run the algorithm of Theoref 2, providing as e
k-tuple of polynomials((p1),,- - -, (px),), the Boolean functiory,,) (i.e. g with restrictionx(p)
applied to it), and the accuracy parametgt; let w, be the value thus obtained. The contribution
from this leaf isi, := w, - 27%.

Theoren{ 2 and Lemnia B3 imply that the running time is as cldime now prove correctness. Let
denote the true value &r,.( 1 1}2[9(Q1(2), ..., Qx(z)) = 1]. We may writev as} _ v, where the sum
is over all leavey of T'andv, = w, - 2~% where

wp = Pro 1132 [9((Q1), (), - (Qr)p(2)) = 1].

We show thatv — 9| < e by showing thab | [0, — v,[ < €. To do this, let us partition the set of all leaves
p of T into two disjoint subsetsl and B, where a leap belongs toA if some: € [k]| haslabel;(p) ="fail”.
Part (3) of Lemm&33 implies that . , 2=% < §y = €/4, so we have that

Sy —vpl=> v, <> 27% < e/a

peA peEA peA

We bound}_  ; [0, — vp| < 3¢/4 by showing that each leaf € B satisfiesjw, — w,| < 3¢/4; this is
sufficient since

Z |0p = vp| = Z 2_dp’wp —wp| < <max\wp - wp’) : Z 2% < max [w, — w,| < 3e/4.
peEB peEB peB peEB peB
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Sofix any leafp € B. Let Sy, C [k] be the subset of those indicesuch thafabel;(p) = “regular”. By
part (2) of Lemm&33 we have th@i;),, is To-regular for eachi € S,(,y. Hence we may apply Theordm|34

to the Boolean function,,, : {1, 1}9() — {—1,1}, and we get that

1Pry (1130 90 (Q1)p(2), -, (Q1)p(2)) = 1] = Prgonio,1)n [9k(p) (Q1)(9), - - -, (Qk),(G)) = 1]
< €d, 10, k) < e/4. a7

By Theoreni2 we have that

@y — Prgn(0,1)7[9n(p) (Q1)p(G): - - - (Qr)p(G)) = 1]| < €/4. (18)

Finally, part (1) of Lemm&33 and a union bound give that

|wp = Proi—1,13n[0x(0) (Q1)p(2), - -, (Qi)p(x)) = 1]] < > Proo1130[(Qi)o(x) # labeli(p)]
1€ ([K\Sk(p))
< k-e=c¢€/4. (19)

Combining [17),[(IB) and(19) with the triangle inequalitg wet thajw, — w,| < 3¢/4, which concludes
the proof of Theorernl1. O

6.1 Proof of Theorem[34. We start by proving the theorem for the case thatithenta g is the AND,
function. In fact, in this particular case the dependencih@ferror on the parametéris polynomial. The
generalization to an arbitrafjunta follows using a union bound and the fact that Afjynta can be written
as an OR of at mos¥* AND,, functions, each of which is satisfied by a different poin{inl, 1}*.

The proof has two steps: In the first step we prove the theooefsmooth” functions; in the second step
we use FT-mollification to reduce the theorem to the smoatk.c@he first step is an immediate application
of Theorem 4.1 in[[Mos10]. In particular, the following statent is a corollary of his statement to our
setting:

Theorem 35([Mos10], Corollary of Theorem 4.1)Let py(z),p2(x),...,pr(x) be degreed multilinear
polynomials (where either € {—1,1}" or z € R") such thatVar[p;] = 1 and max; Inf;(p;) < 7 for
alli=1,...,k Let¥ : R¥ — R be aC? function with|| W |, < B for every vectoi € (Zx()™ with
|i]l; < 3, wherew ) denotes thé-th iterated partial derivative ofr. Then,

ooty [¥ (o), pe(@)] = Egonioyn [¥ (p1(G), -, pr(G))]| < €= 2BE2(8v2)" - dy/T.

Remark 36. We now briefly explain how the above is obtained from Theoreho#[Mos10]. Theorem 4.1
considers a-dimensional multi-linear polynomiaj = (¢1,...,qx). The variance of thé-vector g is
defined to be the sum of the variances of the individual coreptmi.e. Var[q] = 3~ ¢, Var(g;]. Similarly,
the influence of the-th variable ony is defined as the sum of the influences of the componentdyifglg| =
Zje[k} Inf;[g;]. The degree of is the maximum of the degree of the components. Note that wiesapply
Theorem 4.1 to our setting, the correspondindimensional multi-linear polynomial = (p4, ..., px) has
variance equal t&. Similarly, the influence of each variable jns at mostkr. Finally, the valuex in the
notation of [Mos10] is by definition equal ty/2. (See the derivation on top of p. 21 of the ArXiV version

of [Mos10].)

Note that in Theorerh 35 the error parametetepends polynomially o and exponentially onl. As
we now show, when thé-junta g is the AND function, the second step (FT-mollifcation) afesults in a
polynomial dependence dn
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Let g be the AND function ork variables. We assume (wlog) that the range of {0, 1} as opposed
to {—1,1}. Letp = (p1,...,px) be ourk-vector of degreet multilinear polynomials satisfying the as-
sumptions of Theoreiin B5. Denote Byandp/ the constant and non-constant partppofespectively, for
i=1,...,k sop;(z) = pi(x) + 6, fori = 1,... k, wherep(x) is a degreet polynomial with constant
term0 and variancd.

Consider the regio® = {y; + 6; > 0,7 € [k]} C R*. We claim that, in order to prove Theorém 34
for g being the AND, function, it suffices to establish the existence of a smootiction ¥ such that the
following two bounds hold:

E:(:ND [\I’ (pll(w)7 s ,p%(m))] ~s E:(:ND [IR (p/l(fﬂ), s ,p;f(w))] ’ (20)

whereD is taken either to be the uniform distribution oer1, 1} or to be N (0, 1)", for an appropriately
small value ofd. Indeed, given these two versions of Equafioh 20, ThedrdriolBvs from Theoreni 35
and the triangle inequality with= 26 + e.

To establish the existence of a smooth approximaiiao I satisfying[20, we appeal to Theoréni 14.
In particular, the smooth functiod will be the functionI.. of that theorem, for an appropriately large value
of the parameter > 0. Note that there is a tradeoff between the relevant paramedn the one hand, the
higher the value of, the better an approximatiai will be to I, and hence the smaller the paramétaill
be. On the other hand, wherincreases, so does the upper bound on the magnitude of thaties ofI,
(see the first condition of Theordml14). This in turn placeswsel bound on the value @ (the maximum
value of the third derivative) in Theoreml35 — hence, the ipatare increases. As a consequence of this
tradeoff, one needs to select the parametarefully to minimize the total error Gf= O(d + ¢).

We will additionally need to use the fact that the random eegt = (p!, ..., p}) is sufficiently anti-
concentrated (so that the contribution to the error fromréggon whereliy and its FT-mollified version
differ by a lot is sufficiently small). For the case of the Ggiaa distribution, this follows immediately
from the Carbery-Wright inequality (Theordm 7). For theeca$ the uniform distribution over the cube,
this follows (as usual), by a combination of the “basic” ingace principle of[[MOOI0] combined with
TheorentiV.

We perform the calculation for the regular boolean casevbelbturns out that this is the bottleneck
guantitatively — and it subsumes the Gaussian case (sieamthesponding anti-concentration bound holds
for the Gaussian case as well). We start by recording theviiollg fact, which is a corollary of [MOQO10]
combined with Theoreinl 7:

Fact 37. Letq : {—1,1}" — R be ar-regular degreed polynomial withVar[¢] = 1 andp > 0. Then, for
all € R we have
Proc—11y [Ip(x) — 0] < p] < O(dr"/®D) + O(dp'/?).

Choice of Parameters:We setp &' O(7'/®) and choose the parametein Theoreni 14 equal to def k/p.

We proceed to bound from above the quantity
‘Ex~{—1,1}n Ik (P (), ..., pk(@))] = Bpugoraye [jc (r1(2), ... ,p%(m))} ‘ :

We start by observing that for anyc R¥, the Euclidean distandgy — dR|| is at leastmin; |y; + 6;].
Hence by a union bound combined with the above fact we obtain

k
Pr,[|p'(x) = OR|| < p] < Pro[min{|pj(z) + 6i[} < p] < 3 Pro[lpi(x) + 6i] < p] = O(kdr /D).
¢ i=1

Similarly, forw > p we have

Pr,[||p/(z) — OR| < w] = O(kdw'/?).
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Using these inequalities and Theoremh 14 we bound from athevddsired quantity as follows:

. [Ix (#(@)] ~ E. L. (¢/@))] |
E, ||[r(0/(2) - L0/ (@)

e, {|y/(@) ~ O] <+ 3 (

IN

2

2225 52

IN

) Pr, [/ (x) — OR| < 2°p)

< O(kdr"/®D) 4 O(kdp'/?) 3" 27252/ (by our choice of: = k/p)
s=0

= O(kdr/®d),

Hence we obtain Equatidn 20 fér= O(kdr'/(5%). It remains to determine the corresponding value of
in Theoren3b. Note that, by Theoréml 14, the value of the tthindvative of the FT-mollified functiod..
will be at most(2c)3 = O(k/p)3. This is the value of3, which determines the value ef The total errok

is roughly

e = B-poly(k) - 20D . /7 = poly(k) - 20D . \/7/p? = poly(k) - 20D . 71/8,

Therefore, the total error &= 26 + € which is at mospoly (k) - 20(@ . 71/(4) This completes the proof for
the case of the AND function. The general case follows viaiaruhound by viewing an arbitrark-junta
as a disjunction o* AND,, functions.

7 An algorithmic regularity lemma: Proof of Lemma

7.1 Useful definitions and toolsFor p(z1, ..., ) = > gc(n),151<aP(S) [ L e 5 #i @ multilinear degreer
polynomial over{—1, 1}", recall that -

Inf;(p) = > 5(S)* = Eyefor13[Varape(—1,1y0-1 [p(2)]]
S5

and that .
> B(S)? = Varlp] < Infi(p) < d - Varp]. (21)
i=1

04£S

We say thap is T-regular if for all i € [n] we have
Inf;(p) < 7 - Var[p|.

We will use the following standard tail bound on low-degredypomials ovef{ —1,1}", see e.g. The-
orem 2.12 of[[AH11] for a proof. (Here and throughout thisteetunless otherwise indicated, we write
Pr[-], E[-] andVar[-] to indicate probability, expectation, and variance witspect to a uniform draw of
from {—1,1}"))

Theorem 38(“degreed Chernoff bound”,[[AH11]) Letp : {—1,1}" — R be a degreet polynomial. For
anyt > e?, we have

Pr{|p(z) — Elp]| > t - /Var[p]] < de~ "),

As a corollary we have:
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Corollary 39. There is an absolute constafitsuch that the following holds:
Letp: {—1,1}" — R be a degreet multilinear polynomial that has

5(0)] = | E[p]| > (C'log(d/e))** - Var(p]. (22)
ThenPrlsign(p(z)) # sign(p(0))] < e. We say that a polynomial satisfying [2P) is-skewed
The following terminology will be convenient for us:

Definition 40. Fix 0 < e¢,7 < 1/4 and letq(z1, ..., x,) be a multilinear degreg-polynomial. We say that
q is (1, €)-goodif at least one of the following two conditions holds:

1. ¢ is T-regular; or
2. qis e-skewed.

Using this terminology we can give a concise statement ofd¢belarity lemma for a single degrele-
polynomial as follows:

Lemma 41. [regularity lemmak = 1] [DSTW10/Kan1B] There is a positive absolute constarguch that
the following holds:

Let p be a degreet multilinear polynomial oved{ —1,1}"™ and fix0 < 7,¢,6 < 1/4. Then there is a
decision tre€l” of depth at most

1

1 1. 1\
Dd71(7', €, 5) = ; <d10g ; log E> . log S,

fsuch that with probability at least — ¢, at a random leap the restricted polynomiab, is (7, €)-good.

(We note that [DSTW10] states the regularity lemma in a fornickvis slightly weaker than this because
it only claims that for almost every leaf the restricted PTRhat leaf isT-close tor-regular. However,
inspection of the[[DSTW10] proof shows that it actually givie above result: at almost every leaf the
restricted polynomial is either regular or skewed. Prapmsil5 of [Kan13] gives a statement equivalent to
Lemmd41 above, along with a streamlined proof. We furthée tieat [HKMQ9] independently established
a very similar regularity lemma, although with slightly féifent parameters, that could also be used in place
of Lemmd41.)

7.2 The structural result The main structural result we prove is the following extensdf Lemmd. 41l to
k-tuples of degree-polynomials:

Lemma 42. [regularity lemma, generak, generald] Let pq, ..., pr be degreed multilinear polynomials
over{—1,1}". Fix0 < 7,¢,0 < 1/4. Then there is a decision tr&e of depth at most

1 1\
de(77€75) < _'IOg_ 'IOg_
’ T € 1)
such that with probability at least — ¢, at a random leap all the restricted polynomialgp: ),, ..., (px),

are (7, ¢)-good.

Throughout the paper we writd? 1. (7, €, §)” to denote the depth bound of the decision tree given by aaeigulemma for
k-tuples of degree-polynomials in which the regularity parameterristhe skew parameter is and the “probability that a leaf is
not (r, €)-good” parameter is.

28



Remark 43. It is easy to verify (see Theorem 52 lof [DD$13]) that therensfiicient deterministic algo-
rithm that constructs the decision tree whose existencederéed by the originat = 1 regularity lemma
for degreed polynomials, Lemma41. Given this, inspection of the prodeonmd 4R shows that the same
is true for the decision tree whose existence is assertecebymd 4P. (The key observation, in both cases,
is that given a degreéd-polynomialg, it is easy to efficiently deterministically compute theuesl|q(0)],
Inf;(¢) and Var|g|, and thus to determine whether or npis 7-regular and whether or not it is-skewed.)
Thus in order to establish the algorithmic regularity lemrhammad 3B, it is sufficient to prove Lemima 42.

Remark 44. Suppose that we prove a result like Lenimh 42 but with a bounddof;, 7, €, §) on the RHS
upper boundingDg 1. (7, €, ). Then it is easy to see that we immediately get a bound@fk, 7,¢,1/2) -
O(log %), simply by repeating the constructimn% times on leaves that do not satisfy the desired)-
good condition. Thus to prove Lemia 42 it suffices to proveuadof the formy(d, k, 7, ¢, §) and indeed
this is what we do below, by showing that

11 (2)9
v(d, k,T,€,0) = <— -log — - log —>
T € 0

is an upper bound on the solution of the equatidns (24) EnpldR®n below; see Sectign V.7.

7.3 Previous results and our approach.As noted earlier, Gopalan et al. prove a regularity lemma for
k-tuples of linear forms i [GOWZ10]. While their lemma is peed somewhat differently (they prove it
in a more general setting of product probability spaces)igitls a result that is qualitatively similar to the
speciald = 1 case of Lemm&_42. Indeed, the quantitative bound (i.e. timebeu of variables that are
restricted) in the[[GOWZ10] lemma is better than the quatit& bounds we achieve in the case= 1.
However, there seem to be significant obstacles in extenttimdGOWZ10] approach from linear forms
to degreed polynomials; we discuss their approach, and contrast h witr approach, in the rest of this
subsection.

The [GOWZ10] regularity lemma works by “collecting variabf in a greedy fashion. Each of tle
linear forms has an initial “budget” of at most (the exact value oB is not important for us), meaning that
at mostB variables will be restricted “on its behalf”. The lemma #&vely builds a sef where each linear
form gets to contribute up t8 variables to the set. At each step in buildifigif some linear fornv; (a) has
not yet exceeded its budget Bfvariables and (b) is not yet regular, then a variable thathigts influence
in ¢; (relative to the total influence of all variablesdy) is put intoS and the “budget” of; is decreased by
one. If no such linear form exists then the process ends.clea that the process ends after at mast
variables have been added irffio At the end of the process, each linear fofjris either regular, or else
there have bee® occasions whe#; contributed a high-influence variable $o This ensures that jf is a
random restriction fixing the variables & then with high probability the restricted;), will be skewed.
(The argument for this goes back and employs a simple anti-concentration bound for
linear forms with super-increasing weights.)

While these arguments work well fdr= 1 (linear forms), it is not clear how to extend themdo- 1.
One issue is that in a linear form, any restriction of a Satf “head” variables leaves the same “tail”
linear form (changing only the constant term), while thiaas true for higher-degree polynomials. A more
significant obstacle is that fat > 1, restricted variables can interact with each other “in thadi of the
polynomial p;, and we do not have a degrédeanalogue of the simple anti-concentration bound for linear
forms with super-increasing weights that is at the hearhefdt = 1 argument. (This anti-concentration
bound uses independence between variables in a linear toanable a restriction argument saying that
regardless of the existence of other variables “betweenVémniables with super-increasing weights, a linear
form containing super-increasing weights must have goddcancentration. This no longer holds in the
higher degree setting.)
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Our approach. The idea behind our approach is extremely simple. Considgtrifie case of = 2 where
there are two polynomialg; andp,. For carefully chosen parameters< T ande’ < e we first use the
usual regularity lemma (for a single polynomial) pnto construct a decision tree such that at a random
leaf o/, the polynomial(p;),s is with high probability(7’, ¢’)-good. Then at each leaf, we use the usual
regularity lemma (for a single polynomial) @p.), to construct a decision tree such that at a random leaf
p2 of the tree, the polynomidl(p2 ), )., is with high probability(r, €)-good.

The only thing that can go wrong in the above scheme is(ihdt, is (7, €’)-good, but as a result of
subsequently applying the restrictipg, the resulting polynomial(p:),),, is not(r, €)-good. However, if
(p1), is 7'-regular, then exploiting the fact that < , it can be shown tha(p:),),, will at least ber-
regular — intuitively this is because restricting the (tietely few) variablesp, required to ensure thép,)
becomeg, €)-good, cannot “damage” the-regularity of(p;),, by too much. And similarly, if{p;), is
¢-skewed, then exploiting the fact thét< ¢) it can be shown thaf(p:),/),, Will at least bee-skewed, for
similar reasons. Thus, we can bound the overall failure gdvdity that either polynomial fails to bér, €)-
good aﬁs desired. The general argumentfor 2 is an inductive extension of the above simple argument for
k=2.

7.4 Proof of Lemmal42 In this section we prove Lemnial42. The argument is an indeictie using the
result for (k — 1)-tuples of degree-polynomials. As discussed in RemarK 44, to establish Lefmzhi 4
suffices to prove the following:

Lemma 45. [regularity lemma, generak, generald > 1] Let p1, ..., pr be multilinear degreet polyno-
mials over{—1,1}". Fix0 < 7,¢,d < 1/4. Then there is a decision trée of depth at most

11 1)\ @
Dgp(r,e,8) < | = -log - -log — (23)
’ T € 0
such that with probability at least — ¢, at a random leap all of (p1),, ..., (pk), are (7, €)-good.

Proof. The proof is by induction ok. The base case= 1 is given by Lemm&41; we have thBY; 1 (7, €, §)
satisfies the claimed bourld {23). So we may supposé:tha? and that Lemm@a42 holds far 2, ..., k—1.

Here is a description of how the tree for, . . ., p; is constructed.

(a) Let
;o T®(d) ;o (6) _%2(dlog%log%)e(d)-(log%)2
T = € = pi .

(dlog % log % log %

Let 7" be the depthP, ;1 (7, €’,/2) decision tree obtained by inductively applying the ~ 1”
case of Lemmg45 to the polynomials(z), . .., pr_1 with parameters’, ¢, andd /2.

(b) For each leap’ in 7" such that all ofp; ), . .., (pk—1),s are(r’, )-good:

— Apply the “k = 1" case of Lemm@& 45 to the polynomigb),» with parameters, ¢, andé/2.
(We say that a leaf/restriction obtained in this second @hakich we denote,,, extends’.)

’As suggested by the sketch given above, we chedselative tor so that if (p1),/ is 7/-regular then((p1),/),, will be
7-regular with probability 1 (and similarly for’ ande). A natural idea is to weaken this requirement so {ifat),),., will be
T-regular only with high probability over a random choicepef It is possible to give an analysis following this approdut, the
details are significantly more involved and the resultingrall bound that we were able to obtain is not significantiydsehan the
bound we achieve with our simpler “probability-1" approad&fery roughly speaking the difficulties arise because itos-trivial
to give a strong tail bound over the choice of a random re&iricampled from a decision tree in which different setsasfables
may be queried on different paths.
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— Replace the lea#’ with the depthDg (7, ¢,6/2) tree (call itT,/) thus obtained.

(c) Output the resulting tre€.

It is clear that the decision tré@ has depth at most

Dan(r.6,0) B Dy 1(r'.¢',6/2) + Dys(7.¢,5/2). (25)

In Section 7.7 we shall show that the quantily, (7, ¢, ) that is defined by[(24) and_(R5) later indeed
satisfies[(ZB).

For a given leap of T', let p’ be the restriction corresponding to the variables fixedep $a), and let
pi. be the restriction that extendéin step (b), s = p/py.

In order for it not to be the case that all@f),, . .., (pr), are(r, €)-good at a leap = p’py,, one of the
following must occur:

(i) one of (p1),,- .., (Pk—1), is not (7', €)-good;
(i) allof (p1)ys.-., (pr—1), are(r’,€)-good but(py) v, is not(r, e)-good,;
(iiiy allof (p1)y,...,(pk—1), are(r’,€)-good but one ofp1),p. - - - s (Pr—1)ppy - IS NOL(T, €)-good.
By step (a), we hav®r|[(i)] < §/2. Given any fixedp’ such that all ofp1 ), . .., (pk—1), are(r’, €)-

good, by step (b) we havBr,, [(px),p, iS NOt (7, €)-good < §/2, and hencePr[(ii)] < §/2. So via a
union bound, the desired probability bound (that with ptolity 1 — 6, all of (p1),p,,-- -, (Pk)yp, are
(7,¢)-good at a random leaf = p’p;) follows from the following claim, which says that (iii) alze cannot
occur:

Claim 46. Fix anyi € {1,...,k — 1}. Fix p’ to be any leaf irl” such that(p;), is (7', ¢')-good. Then
(Pi) 'y, 18 (T, €)-good.

To prove Claini 4B, let us write(z) to denote(p;) v (), so the polynomiak is (7, ¢’)-good. There are
two cases depending on whetheis 7'-regular ore’-skewed.

Case l:a is 7'-regular. In this case the desired bound is given by the following lemvhich we prove in
Section Z.b. (Note that the setting ofgiven in Equation[(24) is compatible with the setting givarthe
lemma below.)

Lemma 47. Leta(z) be a degreet 7’-regular polynomial, where

2\ eD " 16D?2
LetT" be a depth® decision tree. Then for each leabf T', the polynomiak,, is 7-regular.

d—1
T/:l <d_1> L andD:Dd,l(77€>5/2)‘

Case IlI: a is ¢-skewed.In this case the desired bound is given by the following lemvhich we prove in
Section Z.b. (Note that the setting dfgiven in Equation[(24) is compatible with the setting givarthe
lemma below.)

Lemma 48. Leta(x) be a degreet ¢’-skewed polynomial, where

d
LetT" be a depthb decision tree. Then for each leabf 7', the polynomiak,, is e-skewed.

€ =

O((eD/d)?
! (6> (epra) andD = Dy (7,€,6/2).

. o . (k)
These lemmas, together with the argument (given in Selctifrsiowing thaD; 1, (7, €, ) = (% -log % -log 1)(2d)® '

)
satisfies equations_(R4) and{25), yield Clainh 46. O
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7.5 Proof of Lemmal4T The key to proving Lemmia47 is establishing the followingrala(Throughout

this subsection the expressio(n%)d_l” and its multiplicative inverse should both be interpretesi1
whend = 1.)

Claim 49. Letp(z1,...,z,) be a multilinear degree-polynomial which is”’-regular. LetS C [n] be a set
of at mosts variables and lep be a restriction fixing precisely the variables.$h Suppose that

L1 /d—1\"" | 1
7T < - -miny ——=,7 .
— 2\ es 1652’

Then we have that, is 7-regular.

Proof of Claim 9. Sincep is 7'-regular, for each € [n] we have thainf;(p) < 7’ - Var[p|. LetT denote
[n] \ S, the set of variables that “survive” the restriction. Thgthievel idea of the proof is to show that
both of the following events take place:

() No variablej € T haslnf;(p,) “too much larger” thar’ - Var[p], i.e. allj € T satisfyInf;(p,) <
at’ Var[p] for some “not too largex > 1; and

(i) The varianceVar[p,] is “not too much smaller” thavar|p], i.e. Var[p,] > (1 — ) Var[p| for some
“not too large”0 < B < 1.

Given (i) and (ii), the definition of regularity implies thay is (ﬁ : T’>-regular.

Event (i): Upper bounding influences in the restricted polyromial. We use the following simple claim,
which says that even in the worst case influences cannot grownuch under restrictions fixing “few”
variables in low-degree polynomials.

Claim 50. Letp(zy,...,z,) be a degreet polynomial andS C [n] a set of at most variables. Then for

d—1
anyj € [n]\ S and anyp € {—1,1}*, we havelnf;(p,) < (%) - Inf;(p).

Proof. Let T denote[n] \ S. Fixany;j € 7' and anyU C 7" such thatj € U. The Fourier coefficieng,(U)
equalsy g g P(S" U U) [[;cq pi- Recalling thapp has degreel, we see that in order for a subsgtto
make a nonzero contribution to the sum it must be the case$Hat d — |U| < d — 1, so we have that

d—1
p,(U) is a(+1)-weighted sum of at mo@?;é (5) < (%) Fourier coefficients op. It follows from
Cauchy-Schwarz that

2
d—1
A0 = (z ps'UY H) : (z mwz) ()"

S'Cs €S’ S'Cs

Summing this inequality over alf C 7" such thatj € U, we get that

() = 3 @<U>2<( > ﬁ(VV)'(d”l)dl(d“l)dlmfj<p>.

jeucT jeVCin]

d—1
In the context of event (i), sinckf;(p) < 7' - Var[p], we get thaflnf;(p,) < (%) - 7" Varp],
d-1

i.e. the ‘a” parameter of (i) is(%)
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Event (ii): Lower bounding the variance of the restricted pdynomial. The following simple claim
says that restricting a single variable in a regular polyiabeannot decrease the variance by too much:

Claim 51. For p(z1, ..., z,) any multilinear degreet x-regular polynomial angb any restriction that fixes
a single variable to avalue ifi—1,1}, the restricted polynomial, satisfiesVar(p,] > (1 — 2/k) Var[p).

Proof. Let x be a restriction that fixes; to either+1 or —1. For a setV C [n], 1 ¢ U we have that
the sets/ andU U {1} together contributgy(U/)* + (U U {1})* to Varp] = >y p(V)*. In p,, we

havep,(U U {1}) = 0 andp,(U) = p(U) £ p(U U {1}), so the setd/ andU U {1} together contribute
(p(U)£p(UU{1}))? to Var[p,]. Hence the difference between the contributions Wersus inp, is at most
2[p(U)p(U U {1})| in magnitude. Summing over dll C [n],1 ¢ U we get that

Varlp] — Var[p,] < 2 > [pU)p(U U{1})]

1¢UC|n]
< > B > pUu{1})?
1¢UC|n] 1¢UC|[n]
< 2./ Var[p] - \/Inf1 (p)
< 2-+/Var[p] - \/k- Var[p] (because is s-regular)

2v/k - Var[p).

0

To establish part (i), we consider the restrictjofixing all variables inS as being built up by restricting
one variable at a time. We must be careful in doing this, beedhbe variance lower bound of Claim]51
depends on the regularity of the current polynomial, ansl tbgularity changes as we successively restrict
variables (indeed this regularity is what we are trying tard). Therefore, fob < ¢ < s, let us defineeg,
as the “worst-case” (largest possible) regularity of thi/pomial p aftert variables have been restricted
(so we haveeg, = 7’ since by assumptiop is initially 7’-regular); our goal is to upper boundg,. For
0 <t < s, letp; denote a restriction that fixes exactlyf the s variables inS (sop,, is simplyp). By
repeated applications of Claiml51 we have

(1 —2/reg; ;) Var[p,, ,]
(1 —2/meg; 1) (1 - 2,/Teg,3) Var[p,, ,]

Var [ppt ]

AVAR VAR AVARV]

(1- 2,/reg;_ 1) (1= 2\/reg0)Var[p],

d-1
and by Clain[5D we have that evejysatisfiesInf;(p,,) < ( de_sl> - max;cp, Inf;(p). We shall set

parameters so that:_; ,/reg, < 1; since

s—1
(1—2yFeg ) - (1 — 2 /regg) = 1 -2 Vieg,,
r=0

this means that for all < ¢ < s we shall havéVar[p,,] > 3 Var[p]. We therefore have that evergatisfies

d—1
Infj (ppt) < <ﬂ) - MaXe[n] Inf; (p) .y < es >d—1 ,
Var[p,,] — % Var[p] = d—1 )
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d—1
and thereforeeg, < 2 (%) 7’. Finally, to confirm thagj;é Jreg, < i as required, we observe that

we have
Z Vreg, <s / Jnax reg, < 8\/ 1 7"

which is at mos% by the conditions that Claiin #9 puts eh So we indeed have that

es d—1
regsé2<d_1> T <7,

again by the conditions that Claiml49 putsdnThis concludes the proof of Claim}9. O
With Claim[49 in hand we are ready to prove Lenima 47. As statéldd lemma, let:(x) be a degree-
7’-regular polynomial, where

1 /d—1\"" 1
2 < eD ) 16D? nd 41(7:€,9/2)

(note that by the definition of th&, (-, -,-) function we have tha%g < 7). Claim[49 gives that at
every leafp of T' the polynomial,, is 7-regular, and Lemma 47 is proved. O

7.6 Proof of Lemmal48 We may suppose w.l.0.g. théltr[a] = 1. Sincea is €/-skewed, we may suppose
thatp(()) > (C'log(d/€'))¥/?.
Let p be any restriction fixing up td@ variables. The idea of the proof is to show thatfj}})) > 0 is

still “fairly large”, and (i) Var[p] is “not too large”; together these conditions imply thatis skewed. We
get both (i) and (ii) from the following claim which is quiténgilar to Claim[50:

Claim 52. Letp(z1,...,x,) be a degreet polynomial withVar[p] = 1 andp(0)) = 0. LetS C [n] be
a set of at most variables. Then for any € {—1,1}°, we have that (i)p,(0)| < (%S)d/z, and (ii)

Var[p,] < (%)d_l Var|[p].

Proof. Let T denote[n] \ S and let us writexs to denote the vector of variabl¢s;);cs and likewisexr
denotesz;);cr. We may writep(z) asp(zs, xr) = p'(xs) + q(xs, z7) wherep'(zg) is the truncation of
p comprising only the monomials all of whose variables ar8,ine. p'(zs) = > ;c ¢ D(U) [ ;ep -

For part (i), it is clear that fop € {—1, 1} we have thap, equalsp’(p). Since

Var[p'] = Y p(U)* < Y BU)? = Varlp] =

Ucs UC[n]

d/2
V UCS j= O

For (ii), as in the proof of Clairh 30 we get that any nonemigtyC 7" has

we have

S o) [ ri] <

UCS €U

|pp(®

2
d—1
AU = (z s D) H) < (z mw) ()"

S'CS €S’ S'CS
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Summing this inequality over all nonemplty C 7",we get that

Varlpl = 3 @<U>2<( 3 ﬁ(V)?)-(desl)dl(desl)dlw[py

PLUCT 0£V C[n]

This concludes the proof of Claim1b2. O

Proof of Lemmal48: Fix any leafp in the decision tred from the statement of Lemnial48. As noted at the
start of this subsection we may suppose w.l.0.g. ¥hafa] = 1 anda(()) > (C'log(d/e'))%/2. Claim[52
gives us thap, () > (C'log(4))¥? — (£2)4/2 and thatVar[p,] < (:£2)%1, sop, must bee-skewed as
long as the following inequality holds:

d/2 d/2 d—1 d/2
() () (2 ) e

Simplifying the above inequality we find that takiegas specified in Lemnia 48 satisfies the inequality,
and Lemma&48 is proved.

7.7 The solution to the equationsTo complete the proof of Lemnial4?2 it suffices to show that thantjty
D, (7, €,0) that is defined by[(24) an(R5) indeed satisfies (23). It iardiem Lemma 4l thaf(23) holds
whenk = 1. A tedious but straightforward induction usirig{24) and)(@3ws that{(23) gives a valid upper
bound. (To verify the inductive step it is helpful to notettiar ¥ > 1, equations[(24) and (R5) together
lmply thath’k(T, €, 5) < 2Dd,k—1(7'/, 6/, 5/2))
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