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ABSTRACT

The classical Okamura-Seymour theorem states that for an
edge-capacitated, multi-commodity flow instance in which
all terminals lie on a single face of a planar graph, there
exists a feasible concurrent flow if and only if the cut con-
ditions are satisfied. Simple examples show that a similar
theorem is impossible in the node-capacitated setting. Nev-
ertheless, we prove that an approximate flow/cut theorem
does hold: For some universal € > 0, if the node cut condi-
tions are satisfied, then one can simultaneously route an e-
fraction of all the demands. This answers an open question
of Chekuri and Kawarabayashi. More generally, we show
that this holds in the setting of multi-commodity polyma-
troid networks introduced by Chekuri, et. al. Our approach
employs a new type of random metric embedding in order
to round the convex programs corresponding to these more
general flow problems.

Categories and Subject Descriptors

G.2.2 [Mathematics of Computing]: Discrete Mathe-
matics—Graph Thoery

General Terms
Theory
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1. INTRODUCTION

The relationship between flows and cuts in graphs has
played a fundamental role in combinatorial optimization. A
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seminal result in the study of multi-commodity flows is the
classical Okamura-Seymour theorem [23] which we now re-
call.

An undirected flow network is an undirected graph G =
(V, E) together with a capacity function on edges cap : £ —
[0,00). A set of demands is specified by a symmetric map-
ping dem : V x V — [0,00). For w,v € V, denote by
Yuv : E = [0,00) the undirected u-v flow. The (edge) capac-
ity constrains require that for every e € E, Zu,vev puv(e) <
cap(e). Given such an instance, let mcfg(cap, dem) be the
largest value £ such that one can simultaneous route ¢ -
dem(u, v) units of flow between u and v for every u,v € V
while not violating any of the edge capacities. This opti-
mization describes the mazimum concurrent flow problem.

For two subsets S,T C V, let cap(S,T) denote the total
capacity of all edges with one endpoint in S and one in T
Similarly, let dem(S,T) = >, cq > cr dem(u,v). To give
an upper bound on mcf, we can consider cuts in GG, described
by subsets S C V. To every such subset we assign a value
called the sparsity of the cut:

cap(8, 5)
®g(S;cap,dem) = == .
a(Sscap,dem) = 40 S S
It is straightforward to see that for any S C V, we have
mcfq(cap,dem) < ®;(S;cap,dem). The sparsest cut is the
one which gives the best upper bound on mcf. In this vein,
we define

®(cap,dem) = gnclg ®(S;cap,dem).

Thus we have the relationship mcfg(cap,dem)<®¢(cap,dem)
and the flow/cut gap question asks how close this upper
bound is to the truth.

To state the Okamura-Seymour theorem, we need one fi-
nal piece of notation. We say that the demand function
dem is supported on a subset D C V if dem(u,v) > 0 only
when u,v € D. The classical Max-flow Min-cut Theorem
[10] implies that if the demand dem is supported on a two-
element subset {s,t} C V, then for any capacities cap, we
have mcfg(cap,dem) = ®¢(cap,dem). An extension of Hu
[14] shows that if dem is supported on a 4-element subset
D C V, the same equality holds. The Okamura-Seymour
theorem states that whenever G is a planar graph and the
demand is supported on a single face, there is likewise no
flow/cut gap.



THEOREM 1.1  ([23]). Let G = (V, E) be a planar graph,
and let FF C V be any face of G. Then for any capacities
cap : E — [0,00) and any demands dem : V x V — [0, c0)
supported on F, we have

mcfq(cap,dem) = ®¢(cap, dem).

We remark that this theorem has applications beyond
flow/cut gaps. For instance, in [7] the authors use it as
a fundamental step in solving the edge-disjoint paths prob-
lem in planar graphs with constant congestion. A significant
motivation of the present paper is to serve as a step in ex-
tending their work to the more difficult vertex-disjoint paths
problem.

Indeed, one can consider generalizations of edge-capacitated
networks. A prominent example is to consider capacities on
vertices (one motivation is that this a more relevant type of
constraint in wireless networks [6]). While one can simulate
edge capacities by introducing a new vertex in the middle
of an edge, it does not seem that any reduction is known by
which one can simulate vertex capacities with edge capaci-
ties.

Vertex-capacitated flows. Formally, we define a vertez-
capacitated flow network by considering a capacity function
cap : V. — [0,00) assigning capacities to vertices instead
of edges. It seems that the most elegant way to think about
capacities in this setting is as follows: If a flow of value «
is sent along a path P from s to t, then it consumes /2
capacity at s and ¢ and « capacity at each of the intermedi-
ate nodes of P.' Formally, in the multi-commodity setting,
the vertex capacity constrains require that for every w € V,
> esw 2uwey Puv(€) < 2cap(w). The corresponding defini-
tion of the maximum concurrent flow follows immediately;
we use the notation mcfg for the vertex-capacitated ver-
sion. For the definition of ®¢, we have to be slightly more

careful. For a subset S C V of the vertices, denote by
G[S] the induces subgraph of G on S. We define a func-
tion ps : V x V. — {0,%,1} by

% {u,v} NS =1

1 w,vesS
ps(u,v) =<1 w,v €S and u,v are in distinct connected

components of G[S]
0 otherwise.

In other words, we are only given half-credit for separating
u and v if exactly one of them is in the separator. Then we
define

Z’UES cap(v)
Zu,vev dem(u7 U)ps(u7 U) ’

®&(S; cap,dem) =

and ®¢(cap,dem) = mingcy P (S; cap, dem). It is straight-
forward to verify that mcfg (cap, dem) < ®¢(cap, dem).
These precise definitions ensure that a classical Max-flow
Min-cut theorem holds when the demand is supported on a
single pair (this follows from Menger’s theorem [22]). They
also allow other natural properties in the multi-
commodity setting; it is an exercise to show that for any tree
T, we have mcfi(cap,dem) = ®%.(cap,dem) for any choice

!This particular choice does not materially affect any the-
orem in the paper which deals with approximate flow/cut

gaps.

496

of capacities and demands. In some sense, this property will
be crucial for our approach later.

Unfortunately, there is no exact vertex-capacitated analog
of the Okamura-Seymour Theorem. The planar graph in
Figure 1 has all vertices on the outer face. The capacities
are specified on the vertices and the demands are given by
dotted edges in the figure; all demands have value 1. It is
straightforward to check that one has ®¢(cap,dem) = 1 and
yet mcf¢(cap,dem) = 5/7. The shaded nodes form a vertex
cut of sparsity 1.

M)
A3 \3
P S 7 S 7 »
/ N s ~ s \
/ Soo7 Soe7 \
4 >\ >\ \
’ PR PRGN \
~ N
’ 7 ~ Pie ~ \

’ k b a \
! (O \
1 A 7 \
\ 3/2 S< ~ 2 P - 3/2 1
\ ~o - - /

~ ~a _§—~'——, ————— . -
Figure 1: A counterexample to an exact node-

capacitated Okamura-Seymour Theorem.

However, a main result of the present paper is that an ap-
proximate version does hold in the node-capacitated setting,
answering a question posed by Chekuri and Kawarabayashi.

THEOREM 1.2  (APPROXIMATE O-S THEOREM). There
ezists a constant € > 0 such that the following holds. Let
G = (V,E) be a planar graph and let F C'V be any face of
G. Then for any vertex capacities cap : V. — [0,00) and any
demands dem : V x V — [0, 00) supported on F, we have

mcf¢(cap, dem) > e - & (cap, dem) .

In fact, our result holds in the more general setting of
undirected polymatroid networks which we discuss next.

1.1 Polymatroid networks

Motivated by applications to information flow in wireless
networks, Chekuri et. al. [6] introduced a generalization of
vertex capacities by putting a submodular capacity func-
tion at every vertex. Recall that a function f : 2° — R
over a finite set S is called submodular if f(A) + f(B) >
f(ANB) + f(AUB) for all A,B C S. Let G = (V,E)
be a graph and suppose that for a multi-commodity flow
¢ = {pst}s,tev in G, we use ¢(e) = >, psi(e) to denote
the total flow through the edge e. For a vertex v € V,
we use F(v) to denote the edges incident to v. Let p =
{po : 2E®) = [0, 00)}uev be a collection of monotone, sub-
modular functions called polymatroid capacities. A flow ¢ is
feasible with respect to g if for every v € V' and every subset
S C E(v), we have Y ¢ p(e) < pu(S).

Given a demand function dem : V x V — [0, 00), we can
define the mazimum concurrent flow value of a polymatroid
network by mcfg(p, dem) as the maximum ¢ > 0 such that
one can route an e-fraction of all demands simultaneously
using a flow that is feasible with respect to p.

The corresponding notion of a sparse cut is now a little
trickier. For every subset of edges S C E, we can define the



cut semi-metric o5 : V. x V — {0,1} on V by os(z,y) =0
if and only if there exists a path from z to y in the graph
G(V,E\ S). Following [6], we call a map g : S — V wvalid
if it maps every edge in S to one of its two endpoints in V.
We can then define the capacity of a set S C E by

min

ey Z pv(g_l(v))'

valid vEV

v5(S)

Finally, we define the sparsity of S by
v5(S5)

(b - =
c(S; p, dem) Zu,UEV dem(u,v)os(u,v)’

and define ®¢(p,dem) = mingcy ®¢(S; p,dem). It is not
too difficult to see that, again,

mcfg (7, dem) < ®g(p, dem) .

In [6], it is proved that when dem is supported on a single
pair, we have

D (p,dem) < 2 mcfg(p, dem) .

Unfortunately, the factor 2 is necessary, and owes itself to
a slight defect in the notion of undirected polymatroid net-
works. If one were to say that a flow only consumes half the
capacity of an edge if it originates at an endpoint (as in the
vertex-capacitated case described above), then we would ob-
tain an exact single-commodity max-flow/min-cut theorem
in this setting. Indeed, for directed polymatroid networks,
such a result is classical [13, 17]. Since we are concerned here
with approximate flow/cut gaps, this will not be an issue,
and we follow [6]. We obtain an Okamura-Seymour theo-
rem for polymatroid networks as well, answering a question
posed to us by Chandra Chekuri.

THEOREM 1.3  (POLYMATROID O-S THEOREM). There
ezists a constant € > 0 such that the following holds. Let
G = (V, E) be a planar graph and let F CV be any face of
G. Then for any polymatroid capacities p and any demands
dem : V X V — [0,00) supported on F, we have

mcfg (g, dem) > & - ®(p, dem) .

Theorem 1.2 is a special case of Theorem 1.3. Indeed, ver-
tex capacity cap : V — [0,00), is (up to a factor of 2) equiv-
alent to vertex polymatroid capacity p,(0) = 0 and g, (S) =
cap(v) for § # S C E(v). With this definition of p, it is
immediate to check that mcfa (g, dem) < mcfg (cap,dem) <

2mcfe(p, dem) and @ (7, dem) <P (cap, dem)<2Pq (7, dem).

1.2 Embeddings and flow/cut gaps

Our main tools in proving Theorems 1.2 and 1.3 are vari-
ous embeddings of metric spaces. To this end, we first recall
known results in the edge and vertex-capacitated settings.
In the next section, we discuss the new types of embeddings
we need to handle vertex-capacitated and polymatroid net-
works.

A metric graph G = (V, E,len) is an undirected graph
equipped with a non-negative length function on edges len :
E — [0,00). We extend the length function to paths P C E
by setting len(P) = Y . len(e). Associated to every such
length is the shortest-path pseudo-metric on G defined by
dien(u,v) = minp len(P) where the minimum is over all u-
v paths P in G. We say that a pseudo-metric d on V is
supported on the graph G if d = djen for some length function

497

on F. In many situations we will only be considering a single
length function on G at a time, and then we write d¢ instead
Of d|en .

We will consider embeddings of such graph metrics into
various other spaces. Given two metric spaces (X,dx) and
(Y,dy) and a function f : X — Y, we define the Lipschitz
constant of f by

dy (@), f(5)

ip = Su
||fHLp o p dx(z,9)

yeX
If || fllLip < L, we say that f is L-Lipschitz.

We define the distortion of the map f by dist(f) = || f||Lip -
Ilf~lLip- The L1 distortion of a metric space (X, dx), writ-
ten ¢1(X,dx), denotes the infimum of dist(f) over all maps
f X — Li. The next theorem gives a tight relationship
between flow/cut gaps in graphs and L; embeddings of the
metric supported on them. It follows from [20] and [12].

THEOREM 1.4. Consider any graph G = (V, E) and any
subset D C V. Let

Ki(G,D) = sup ®(cap, dem)

cap,dem Mcfg(cap, dem)’

where the supremum is over all capacity functions cap : E —
[0,00) and all demand functions supported on D. Let

K>(G,D) =su inf

(G D)=sw | ol
where the supremum is over all metrics d supported on G and
the infimum is over all 1-Lipschitz mappings f : V — Lj.
Then K1(G, D) = K2(G, D).

In particular, the Okamura-Seymour Theorem (Thm. 1.1)
can be restated as the following fact about embeddings of
planar graphs: For any metric planar graph G = (V, E)
and any face F' C V, there exists a 1-Lipschitz mapping
f:V — Ly such that dist(f|r) = 1.

Vertex-capacitated flows and ¢{°™ embeddings. Un-
fortunately, Li; embeddings are not sufficient for the study
of vertex-capacitated flow/cut gaps; we refer to [9] for some
examples. Instead, [9] uses a stronger notion of embedding.
For simplicity, we discuss such embeddings only for finite
metric spaces. An £$°™ embedding of a finite pseudometric
space (X,d) is a random 1-Lipschitz mapping A : X — R.
One then defines

 dist(flo)|

ElA@) -~ AW)
eyeX d(zy)

and writes ¢{°™(X,d) for the infimum of dist(A) over all
such random mappings A : X — R. It is straightforward
to verify that ¢1(X,d) < ¢°™(X) and there are many inter-
esting cases when this inequality is strict (see [9, 3]). Such
embeddings were initially studied by Matousek and Rabi-
novich [21]. It was shown in [9] that they can be used to
bound vertex-capacitated flow/cut caps, and [6] extended
this to undirected polymatroid networks.

THEOREM 1.5 ([6]). Consider a graph G = (V, E) and
a subset D C V. Suppose there is a constant K > 1 such that
for every metric d supported on G, we have cilom(D, d) <K.
Then for every set of polymatroid capacities p on G and
every dem : V x V — [0, 00) supported on D, we have

dist(A)

1
> —®g(p,dem).

mcfq (g, dem) 5



Despite the power of the preceding theorem, it is insuf-
ficient for proving our main results. Since ¢{°™(X,d) is at
least the Euclidean distortion of (X,d), Bourgain’s lower
bound on the Euclidean distortion of trees [2] implies that
there are n-point tree metrics (In,d,) with c(liom(Tn,dn) =
Q(vloglogn). In the next section, we introduce a new

notion of embedding that is sufficient for proving vertex-

capacitiated and polymatroid versions of the Okamura-Seymour

theorem.

1.3 Length functions, star-shaped embeddings,
and single-scale gradients

We first setup a polymatroid embedding problem which
follows from the duality theorem of [6]. Fix a finite ground
set S. Given a function p : {0,1}% — {0,1}, we define its
Lovdsz extension p : [0,00) — [0,00) by

o= | (o,

where 2 € {0,1} has (2); = 1 whenever z; > 0. Observe
that for a constant @ > 0, we have p(a - z) = a - p(z).
We will associate 2° and {0,1}° via the mapping which
sends a subset A C S to its characteristic function 14 €
{0,1}%. Likewise, we will associate functions S — [0, 00)
with elements of [0, 00).

In the rest of this section, we will consider families of
functions F = {{, : E(v) — [0,00)}vev associated to a
graph G = (V, E). Given a length function len : E — [0, 00),
we say that F is adapted to len if for every edge e = {u,v} €
E, we have

len(e) < Ly(e) + Ly(e) .

The next result is from [6].

THEOREM 1.6 (DUALITY THEOREM). For any graph
G = (V, E) the following holds. For any polymatroid capac-
ities p = {pv : v € V} and any demands dem : V x V —
[0, 00),

Z’UEV ﬁ” (Zv)
Zu,’uEV dem(u, v)djen(u, v)
where the minimum is over all length functions len : E —

[0,00) on G and all families {€, : E(v) — [0,00)}vev adapted
to len.

mcfq (7, dem) = IerEn{iln )

(1)

The preceding theorem shows that to prove flow/cut gaps,
it suffices to find for every given length function len and any
{ls}vev adapted to len, a set S C E for which

> uwey dem(u, v)dien(u,v)

for some constant C' > 0. This gives rise to an embedding
problem with differs from the classical one in a way which
we now describe informally.

In the case of edge-capacitated flows and L; embeddings,
to satisfy the Lipschitz property, it suffices to consider the
stretch of each edge separately. For vertex-capacitated flows,
and more generally polymatroid networks, we must coordi-
nate the stretch of the edges adjacent to a vertex. In essence,
a vertex has to “pay” in the corresponding “Lipschitz con-
stant” if any of its adjacent edges is stretched. Thus we
should try as much as possible to stretch the edges adjacent
to a vertex simultaneously.

O (S; p,dem) < C -
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This makes some standard techniques (e.g. random em-
beddings into trees as in [12]) inappropriate for our study
(although some of the principles in [12] will prove invalu-
able). Certainly £$°™ embeddings achieve this coordination
because they are (by definition) Lipschitz in every coordi-
nate, but as we mentioned earlier, they are insufficient for
proving our main theorems.

To satisfy this goal, we must pay careful attention to the
image of the edges in our embeddings. On the other hand, to
overcome the limitations of £8°™, we will increase our target
spaces to include general metric trees.

Star-shaped mappings. Say that a graph H is star-shaped
if H is the subdivision of some star graph. Suppose that
G = (V,E) is a graph, T is a tree, and A : V — V(T) is
an arbitrary map. For every uw,v € V(T), let Py, C V(T)
be the unique simple path between v and v in 7. We say
that A is a star-shaped mapping if, for every u € V(T), the
induced graph on

{Puy :v € V(T), EQN""(u), A" (v)) # 0}

is star-shaped. In other words, if we consider the paths
in 7" which correspond to edges in G, then all such paths
emanating from the same vertex in T should form a star-
shaped subgraph.

In addition to controlling the shape of a mapping, we need
to control the lengths of the “arms” of the star simulta-
neously. Fortunately (and this property will be crucial to
the approach of Section 4), we will only need to bound the
stretch over single scales.

Single-scale /., gradients. If we are given a metric graph
G = (V,E,len) and a mapping f : V — (X,dx) into a
metric space (X, dx ), we make the following definition: For
any 7 > 0,

dx (f(u), f(v))

len(u, v) {u,v} € E

IV f(w)]oo = sup{

and len(u,v) € [, 27']} .

In Section 2, we prove the following theorem which shows
how such mappings can be used for polymatroid flow/cut

gaps.

THEOREM 1.7  (MAIN ROUNDING THEOREM). Let G =
(V, E,len) be a metric graph and suppose there exists a ran-
dom metric tree T and a random star-shaped mapping F' :
V — V(T) such that for some K > 1,

(2)

maxsupE |V, F(v)|e < K.
veV >0

Then for any family of functions {£, : E(v) = [0,00)}, .y
adapted to len, and for any polymatroid capacities p={pv}vev
and demands dem : V x V — [0, 00), we have

64K Y, oy pu(ly)
Zu,vEV dem(u,v) - E[dr(F(u), F(v))]

1.4 The embedding theorem

In light of Theorem 1.7, we are able to prove Theorem 1.3
by constructing appropriate random embeddings into trees.
In the present section we state our main embedding theorem
and give an outline of its proof.

D (p,dem) <

3)



THEOREM 1.8. There exist constants K,L > 1 such that
the following holds. If G = (V, E) is a metric planar graph,
and F CV is any face of G, then there exists a random tree
T and random star-shaped mapping A : V — V(T') such that
the following conditions hold.

i) For every u € V and 7 > 0, we have E|V:A(u)|eo <
K.

ii) For every u,v € F,

de(u,v) .

E[dr(A(uw), A@®)] 2 %

(4)

Combined with the rounding theorem (Theorem 1.7) and
duality (Theorem 1.6), this immediately yields Theorem 1.3
and, in particular, a vertex-capacitated Okamura-Seymour
theorem (Theorem 1.2).

PROOF OF THEOREM 1.3. Fix a planar graph G= (V, E),
aface FF C V of G, demands dem : VxV — [0, co) supported
on F'; and polymatroid capacities p. By Theorem 1.7, there
exists a length function len : £ — [0, 00) and a family {¢, :
E(v) — [0,00)}vev adapted to len such that

2 vey Po(lo)
> ey dem(u, v)dien(u, v) |

Consider the metric planar graph G = (V, E, len). By The-
orem 1.8 there exist a random tree 7' and a random star-
shaped embedding A : V' — T satisfying (2) with K = 1,
and (4) with some universal constant L > 0. Applying The-
orem 1.7 with A, we conclude

mcfg (g, dem) =

B)A(@) 6AKLY, oy p(ly)
Zu,vev dem(u7 U)dG (U, U)

64K L - mcf(p, dem).

®c(p, dem)

(

N2

O

We now give a brief outline of the proof of Theorem 1.8.

First step: Outerplanar graphs into random trees.
Theorem 1.8 is proved in two main steps. First, in Section
3, we prove it for the special case of outerplanar graphs; this
is precisely the situation where the face F' satisfies F' =V
in Theorem 1.8. It is known that outerplanar graph metrics
embed into distributions over dominating trees [12], but this
is not sufficient for our purposes; these maps are not star-
shaped and do not satisfy the gradient conditions. Instead
our proof is inspired by the result of Charikar and Sahai
[5] stating that every outerplanar graph metric can be em-
bedded into the product of two trees with O(1) distortion.
In particular, each of these two embeddings must be O(1)-
Lipschitz, so one hopes that the star-shaped and gradient
properties might be achievable with their techniques.

Indeed, by following their basic induction and using a
heavily modified variant of their embedding, we are able
to obtain the desired result. Unfortunately, for this purpose
we are not able to obtain a product of two trees; instead
we need an entire distribution, but this suffices in light of
Theorem 1.7.

Second step: Retracting onto a face. The second step
follows the approach of [8] for proving that face metrics (i.e.
those metrics arising from taking the shortest-path metric on
a planar graph restricted to a face) embed into distributions
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over dominating trees; this result was originally proved in
[19] via a different method. In [8], the authors randomly
retract a planar graph G = (V, E) onto a prescribed face
F C V in such a way that edges are not stretched too much
in expectation.

Their embedding has the rather convenient property (not
shared by previous random retractions) that stars are mapped
to stars, satisfying our star-shaped ambitions. Thus we are
left to wrestle with the ¢ gradient issue. By using stronger
properties of known random partitioning schemes for planar
graphs [15]—specifically the fact that such partitions are
“padded” in the language of [11, 16]—we are able to show
that all single-scale £, gradients are O(1) in expectation
under the random retraction. We remark that this mapping
does not preserve global ¢, gradients in expectation, and
this is the main reason we have introduced the single-scale
definition. This pushes some non-trivial work to the round-
ing theorem in Section 2 which must now show that all the
scales can be rounded simultaneously.

1.5 Preliminaries

Here we review some additional definitions before diving
into the proofs. We deal exclusively with finite graphs G =
(V, E) which are free of loops and parallel edges. We will
also write V(G) and E(G) for the vertex and edge sets of
G, respectively. A metric graph is a graph G equipped with
a non-negative length function on edges len : E — [0, 00).
We will denote the pseudometric space associated with a
metric graph G as (V,dg), where d¢ is the shortest path
metric according to the edge lengths. Note that dg(z,y) =
0 may occur even when = # y, and if G is disconnected,
there will be pairs z,y € V with dg(z,y) = co. We allow
both possibilities throughout the paper. An important point
is that all length functions in the paper are assumed to be
reduced, i.e. they satisfy the property that for every e
(u,v) € E, len(e) = dg(u,v). For v € V and R > 0, we
write Bg(v,R) = {u € V : dg(u,v) < R}.

In the present paper, paths in graphs are always sim-
ple, i.e., no vertex appears twice. Given a metric graph
G, we extend the length function to paths P C E by setting
len(P) = > ..plen(e). We recall that for a subset S C V,
G|[S] represents the induced graph on S. For a pair of sub-
sets S,T C V, we use the notations E(S,T) = {(u,v) € E :
u € S,v €T} and E(S) = E(S,S), and if v € V, we write
B() = E({v},V \ {v})’

Given a set X, a random map F : X — Y is shorthand
for some probability space (€2, ) and a distribution over
mappings {F., : X — Y,}weq. Note that both F and YV
are random variables. In all our constructions, X and Y,
are finite sets. When no confusion arises, probabilistic ex-
pressions containing F' and Y should be understood as been
taken over the probability space (2, ). When we refer to
a property of Y or F, it should be understood that this
property holds for all Y, and F,, : X — Y, w € Q.

2. POLYMATROID NETWORKS AND EM-
BEDDINGS

Our primary goal in the present section is to prove The-
orem 1.7 which shows that random tree embeddings can be
used to bound flow/cut gaps in polymatroid networks. We
start in Section 2.1 by showing that a fixed “thin” mapping
into a tree can be use for rounding. In Section 2.2, we prove



the crucial property that every star-shaped mapping into a
tree can be converted to a random thin map. Finally in Sec-
tion 2.3, we combine these results with a multi-scale analysis
to show that a suitable distribution over star-shaped map-
pings into random trees suffices for rounding.

2.1 Thin-star tree rounding

Consider a graph G, a connected tree T', and a map f :
V(G) — V(T). For every pair u,v € V, let P,, denote the
unique simple path from f(u) to f(v) in T. We say that
f is A-thin if, for every u € V(G), the induced graph on
Uv:{u,v}EE(G) P, can be covered by A simple paths in T
emanating from f(u). The next lemma gives a generaliza-
tion of line-embedding rounding [9, 6] to arbitrary thin maps
into trees.

LEMMA 2.1. Let G = (V, E) be a graph, T a connected
metric tree, and let f : V — V(T) be a A-thin map. Sup-
pose that the set of functions {{, : E(v) = [0,00)},cy is
such that dr(f(u), f(v)) < Lu(e) + Ly(e) for every edge e =
{u,v} € E.

Then for any polymatroid capacities p= {ps}vev and de-
mands dem : V X V — [0,00), there exists a subset of edges
S C FE such that

A ey pu(ly)
> uwey dem(u,v) - dr(f(u), f(v))
PROOF. For every edge {u,v} € E, let P,, denote the

unique simple path between f(u) and f(v) in T. For every
a € E(T), we define the subset S(a) C E by

D (S; p,dem) <

S(a) = {{u,v} €EFE:ac E(Puv)} .

Observe that if a € E(P.y) for some z,y €V, then og(q)(z, y)=
1. Thus we have, for any z,y € V,

> lenr(a) - os(a)(@,y) > dr(f(z), f(y)) .-

acE(T)

()

Next, we give an upper bound on vz(S(a)) for every a €
E(T). First, arbitrarily orient the edges of E(T). Fix a =
(z,y) € E(T) according to this orientation. Consider any
A € [0,lent(a)]. For an edge e € S(a), choose the orientation
e = (u,v) such that P, traverses a in the order (z,y). We
will assign the edge e to the vertex u if

dr(f(u),z) + X < Lu(e), (6)

and otherwise assign e to the vertex v. This gives, for ev-
ery A € [0,lent(a)], a valid assignment g, » : S(a) — V.
Integrating yields

lent (a)
lenz(a) - vp(S(a) < [ (Zm(gmi(v») ax. (1)

veV

Our next goal is to show that, for every v € V, we have

lenp (a)
/0 PGk (@) dA < Apu(L).  (8)

acE(T)

To this end, fix v € V. Since f is A-thin, there are k <
A paths P, P, ..., Py in T emanating from f(v) € V(T)
such that the following holds: If S(a) contains an edge with
endpoint v, then a € E(P;) for some i € {1,2,...,k}. Thus
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we can write

lent (a) .
[ etahenan
acE(T) 0

—1

pu(ga (@) dr, (9)

and it suffices to bound each term of the latter sum sepa-
rately.
To this end, fix i € {1,2,...,k}. For 6 € [0, len(P;)], let

Sy (0) = {{u,v} € E: f(u) € V() and £,({u,v}) > 0} .
By the assignment rule (6), the fact that dr(f(u), f(v)) <

Ly ({u,v}) + £, ({u,v}) for every {u,v} € E, and monotonic-
ity of p,, we have

IN

lenp (a) L oo
/0 pu(ga A (v)) dA /Opvwv(e))de

/ pu(£2) do
0

1511(4'0) ’

where in the final line we have used the definition of the
Lovész extension p, and the notation: £%({u,v}) = 1 if
L,({u,v}) > 6 and £9({u,v}) = 0 otherwise. Combining
this with (9) yields (8).

Now interchanging sums and integrals in (8) and summing
(7) over a € E(T) yields

S lenr(a) - vp(S(@) < A S pulty).

acE(T) veV

a€E(P;)

IN

Using this in conjunction with (5), we have
gg% D(S; p, dem)
- vp(S(a)
T acB(T) 32, ey dem(u, v)os(a) (u, v)
< ZaeE(T) lenz(a) - v5(S(a))
- ZaEE(T) lent(a) ZH,UEV dem(u, v)o5(a) (u, v)
3 A ey polte)
= Yuwev dem(u,v)dr(f(u), f(v))
O

completing the proof.

2.2 Random thinning

Next we show how an arbitrary star-shaped map into a
tree can be converted into a random 4-thin map. Due to
lack of space, the proof is deferred to the full version.

LEMMA 2.2. Let G = (V,E) be a graph, T a connected
metric tree, and let f : V. — V(T) be a 1-Lipschitz star-
shaped map. Then there exists a random connected metric
tree T' and a random j-thin map F : V — V(T') satisfying
the following conditions:

1) F is 1-Lipschitz with probability one.

i1) For every u,v € V, we have

EdT/ (F(U), F('U)) > %dT(f(u)nf(’U)) .



The next result follows from Lemma 2.2 and Lemma 2.1.

COROLLARY 2.3. Let G = (V,E) be a graph, T a con-
nected metric tree, and f : V. — V(T) a star-shaped map-
ping. Suppose that the set of functions {£,: E(v)—[0,00)}, o
s such that dr(f(u), f(v)) < Ly(e) + Ly(e) for every edge
e={u,v} € E.

Then for any polymatroid capacities p= {py}vev and de-
mands dem : V x V — [0, 00), there exists a subset of edges
S C FE such that

85 ey polls)
ey dem(u,v) - dr(f(w), /()

2.3 Rounding random star-shaped embeddings

Finally, we are ready prove the main result of this section
connecting embeddings to polymatroid flow/cut gaps. We
restate Theorem 1.7 here for the sake of the reader

Da(S; p,dem) <

THEOREM 2.4. Let G = (V, E,len) be a metric graph and
suppose there exists a random connected metric tree T and
a random star-shaped mapping F : V — V(T) such that for
some K > 1,

maxsupE |V, F(v)|e < K.

veV >0
Then for any set of functions {£, : E(v) = [0,00)}, oy that
is adapted to len, and for any polymatroid capacities p =
{pv}vev and demands dem : V x V — [0,00), there ezists a
subset of edges S C E such that

BK 5,y o (0)
2w wey dem(u, v) - Eldr (F(u), F(v))]

Proor. Using the fact that g, is monotone, we may first
scale {ly(e) : v € V,e € E(v)} down and assume that for
{u,v} € E, we have len({u,v}) = lu({u,v}) + £, ({u, v}).
Next, by rounding all the length functions up, we may as-
sume that {{,(e) :v €V ,e € E(v)} are dyadic:

P .dem (S) <

{tu(e):veVie€ E(v)} C{2":heZ}, (10)

and that for {u,v} € E, we have
1
len({u,0}) > 3 (o)) + &(fu,oh)) . (11)
Now define the random functions {£, : E(v) — [0, 00) }vev

by
~ _Jo if £, ({u, v})<lu({u, v})
o{uv}) = {26 ({u, v})- W otherwise.

Then, by definition, we have dr (F(u), F'(v)) < Ou({u,v}) +
£y ({u,v}) for every {u,v} € E since {{,} is adapted to len.

We define a new family {f,} by Z,(e) = sup{l,(e') :
lo(¢') < €y(e)}. Observe that £, > £, pointwise, thus
by monotonicity, pﬂ,(fv) > /31,(571,). Additionally, we have
y(e) < £,(e') if and only if £,(e) < £,(e'). Thus the collec-
tions of edge sets {5 : 0 € [0,00)} and {¢9 : 0 € [0,00)} are
identical.

Enumerate the set of values {¢,(e) : e € E(v)} U {0} by

O0=10< 71 <72 <-++ <7 so that
k—1 1 -
pv(gv) = ZO(TH-l — T pv £T7 5 ZO 1+1pv ’ (12)
1= =
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where the latter inequality holds since 7,41 > 27 by (10
(e) :
72

For i = 1,2,...,k, we can likewise set 7; = max{
L,(e) = 7;}. By construction, we have 0 = 79 < 71 <
- < 7%, and

(1
Ly
<

k—1
E Tz+1 — T pv [r) .
=0

Finally, define 7; = max{Z,(e) : £,(e) = 7;}. Observe that if
Ti+1 # Tit1, then 7,41 = 75, thus we can write

k-1
po(ls) <D Fir1pu(€l). (13)
i=0
Using the definition of 7,, we have
# = max ({0} U {Zv(e) (€)= i and Ly () > %| (e)}) .
Furthermore, by (11), if £,(e) = 7, then len(e) > 1.

Thus,
E[7] < (E|V+,2F(V)|oo + E|Vr, F(v)|oo) Ti < 2KT;.
Using (13) and (12), this implies

<ym

Tz+1 pv )
=0
k-1
2K igpo (7)) < AK (L)
=0

Applying Corollary 2.3 completes the proof. []

3. STAR-SHAPED EMBEDDINGS OF OUT-
ERPLANAR GRAPHS INTO TREES

Our goal is now to prove that every metric outerplanar
graph admits a random Lipschitz, star-shaped embedding
into a random tree.

THEOREM 3.1. There is a constant K > 1 such that the
following holds. Let G = (V,E) be a metric outerplanar
graph. Then there is a random metric tree T' and a random
1-Lipschitz, star-shaped mapping F : V. — V(T) such that
for every u,v € V, E[dr(F(u), F(v))] > da(u,v)/K.

We begin by setting up the notations and definitions needed
to prove Theorem 3.1.

3.1 Notation and definitions

For a graph G = (V, E), and v € V, we use the notation
Ng(v) = {u : (u,v) € E} to denote the set neighbors of v
in the graph G. For a path P, we define the cycle C(P,¥)
as the cycle obtained by connecting the endpoints of P with
an edge of length ¢. The length of the cycle C, is given by
len(C) = len(P) + £. In this section, it is helpful to think of
cycles as continuous cycles and V(P) C C as points on the
cycle.

For a cycle C and a point p on the cycle we define flat(C, p)
to be the path where p is one end point and z € C is
mapped to the point at distance dc(p,z) from p on the
path. Moreover for points z,y € C we use dgay(c,p)(2,y) =
|de(z,p) —de(y, p)| to denote the distance between z and y
on the path flat(C, p). See Figure 2 for an example.
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Figure 2: The flattening of the cycle C.

For two paths P = (u1,...,um) and Q = (v1,...,v,) with
the same length, we define the glueing of P and Q as follows.
We first identifying the end points u1 with v1, and u,, with
vn, to specify the end points of the resulting path. Then
we map each point z € V(P) U V(Q) so that the distance
between x and the end points of the path is preserved.

Finally, for two given trees, 77 and T5, and pairs of vertices
ui,v1 € V(T1) and u2,v2 € V(T2) such that dr, (u1,v1) =
dr, (uz,v2), we define glue(T1,T2;u1,v1;u2,v2) as the tree
resulting from gluing the trees 77 and 75 on the unique path
between u; and vy in 77 and us and vy in T5. See Figure 3.

3.2 Framework

Our approach to Theorem 3.1 employs the framework of
Charikar and Sahai (see Theorem 4 in [5]). Any outerplanar
graph can be constructed by considering a sequence of paths
P;, and then doing the following: Start with G1 = P1. At
step 4, we consider some edge e; = (u;,v;) on the outer face
of GGi, and obtain G;41 by either attaching the endpoints of
P; to u; and v;, or by attaching only one endpoint of P; to
either u; or v;.

In this section we only consider biconnected outerplanar
graphs (so the endpoints of P; are always attached to u; and
v;), since we can simply take the embedding of biconnected
components of a graph that are connected by a single vertex
into trees, and glue the trees on the image of the common
vertex to obtain an embedding for the whole graph.

We also use the concept of a slack structure [12]. We
say that an outerplanar graph has an a-slack structure if
it can be built out of paths P; such that the length of any
path P; which attaches to both endpoints of an edge e; is
at least a times the length of e;. The following lemma is a
straightforward generalization of a fact from [12], where it
is proved for oo = 2.

LEMMA 3.2 ([12]). Consider any a > 1. Given an out-
erplanar metric graph G = (V, E,leng), there is an outer-
planar metric graph H = (V, E’,leng) with E' C E, and
such that H has an a-slack structure. Furthermore, dg >
du > (1/a)da, and for every (u,v) € E’,

du(u,v) = leng (u,v). (14)

Thus, by incurring distortion at most «, we may assume
that the outerplanar graph G has an a-slack structure. We
will build our embedding inductively based on the sequence
of the paths P;...., Py, provided by Lemma 3.2.

Random extension. Given an embedding of a metric
graph G into a random metric tree T, F : V(G) — V(T)
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glue(Ty, To;uy, vi; ug, v2)

T

Figure 3: Gluing of the trees 77 and T>.

and a new path P attached to the points u,v € V(G), we
extend the embedding of G to an embedding for G=GuUP
into a random tree 7', using the following operation. Let
C = C(P,dr(F(u), F(v))). To extend the tree T, we choose
two anchor points p,q € C, and map the vertices of C onto
two paths L = flat(C,p) and R = flat(C, q).

We put 7' = glue(T, L; F(u), F(v); u,v) with probability
1/2 and T = glue(T, R; F(u), F(v);u,v) with probability
1/2. This specifies a random mapping F' : V(G) — V(7).
Since it will be clear from context which vertices we are glu-
ing onto, we will use the notations glue(7T', L) and glue(T, R)
without specifying the vertices. Note that the gluing can
be done if and only if dp(u,v) = dr(u,v) = dc(u,v) =
dr(F(u), F(v)). Moreover, If the map F : V(G) — V(T) is
1-Lipschitz, then so is the extension F.

A significant difference between our construction and that
of [5] is in the way we choose the anchor points. For our pur-
poses, it is not enough to simply look at the a-slack graph;
we need to use the structure of the original graph when
we choose the anchor points in order to maintain the star-
shaped property. The algorithm of [5] is able to construct an
embedding using only two trees, while we embed the graph
into a distribution over trees. In the next section, we present
a distortion bound for this embedding based on the distance
between the anchor points in the cycle.

3.3 Bounding the distortion

Before we can state the main lemma of this section, we
need the following definition. For a cycle C, and points



u,v € C' we say that a pair of points p,q € C' is (o, 8)-apart
with respect to another pair {u,v} if dc(p, q¢) = alen(C) and
for a € {u,v} and b € {p, ¢}:

Blen(C) < de(a,b) < (% - 5) len(C).

‘We now state a lemma capturing our main inductive step.
Due to lack of space, we defer its proof to the full version.

LEMMA 3.3. Let G be a graph, T be random metric tree,
and let F : V(G) — V(T) be a random 1-Lipschitz map such
that E[dr(F(x), F(y)] > da(z,y)/6 for every z,y € V(G).
Let G be a graph constructed by attaching a path P with

len(P) > 160 - dg (u, v) (15)

onto a pair of vertices u,v € V(G). Let C = C(P,dr(F(u),

F(v))), andp, q € C be any pair of points that are (1/6,1/16)-
apart with respect to {u,v} in C, and let T be the random
extension of T' by C' with respect to the anchor points p and
q. The embedding F : V(G) — V(T) is also 1-Lipschitz and

such that for allz,y € V(G), E[ds(F(x), F(y)] > dg(z,y)/6.

3.4 The star-shaped property

To prove Theorem 3.1, we need to choose the anchor
points such that the resulting map is star-shaped. Due to
lack of space, the argument is deferred to the full version.

4. CONNECTED RANDOM RETRACTIONS

Our goal now is to complete the proof of Theorem 1.8 by
showing that every planar graph can be randomly retracted
onto a specified face in such a way that the face can itself be
endowed with an outerplanar metric. Combining this with
our embedding of outerplanar graphs into random trees from
Section 3, we will be able to prove Theorem 1.8; this is done
in Section 4.3.

In the next section, we review the notion of “padded par-
titions” of metric spaces. The existence of such partitions
for planar graphs (due to [15]) will be one of our two cen-
tral ingredients here. The other ingredient is the method
of [8] for the construction of random connected retractions.
They work with a weaker notion of random partitions, so
their results (as stated in [8]) are not strong enough for us.
In Section 4.2, we follow their proof closely but use padded
partitions, allowing us to obtain the stronger conclusion we
require.

4.1 Padded partitions of graphs

Random partitions are a powerful tool in the theory of
embeddings of finite metric spaces; see, e.g., [1, 24, 16, 18]. A
particularly powerful notion is that of a “padded” partition.
We review the relevant definitions in the special setting of
finite metric spaces.

Consider a metric space (X,d). We will sometimes think
of a partition P of X as a map P : X — 2% sending each
x € X to the unique set in P containing it. We say that P
is 7-bounded if diam(S) < 7 for every S € P. We say that a
random partition P is 7-bounded if this holds almost surely.
A random partition P is (a, 7)-padded if it is T-bounded and,
additionally, for every x € X and R > 0, we have

PlBx (e, B) £ P@)] <o 2,

where Bx (z,R) = {y € X : d(z,y) < R}.
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The main random partitioning result we require is from
[15], though it first appeared in this form later (see [24, 16,
18]).

THEOREM 4.1  ([15]). There ezists a constant o > 0
such that if G = (V, E) is a metric planar graph, then for
every 7 > 0, (V,dg) admits an («, 7)-padded random par-
tition. Furthermore, the distribution of the partition can be
sampled from in polynomial-time in the size of G.

4.2 Random retractions

We now use random partitions to construct random re-
tractions. This was first done in [4] in the context of the
0-extension problem on graphs. Further work includes [18],
which concerns the Lipschitz extension problem, and [19],
where the authors are primarily concerned with randomly
simplifying the topology of metric graphs. The proof of the
next theorem follows from the techniques of [8] for construct-
ing a connected retraction. We are able to obtain a stronger
conclusion by using a stronger assumption about the random
partitions. The proof itself is deferred to the full version.

THEOREM 4.2. Let G = (V, E) be a metric graph and sup-
pose that for some a > 2 and every T > 0, (V,dg) admits an
(a0, 7)-padded random partition. Then for any subset S C 'V,
there exists a random mapping F : V — S such that the fol-
lowing properties hold.

i) For everyx € S, F(z) = x.
1) Foreveryx € V andt > 0, E|V.F(2)|ec < O(aloga).

i4) For every x € S, the set F~'(x) is a connected subset

of G.
4.3 Retracting to an outerplanar graph

Finally, we use the random retractions of the preceding
section to randomly embed every metric on the face of a
planar graph into an outerplanar graph in a suitable way.
This technique is also taken from [8], although again we
require some stronger properties of the embedding.

THEOREM 4.3. There is a constant K > 1 such that for
any metric planar graph G = (V, E) and face Vo CV, there
is a random outerplanar metric graph H and a random map-
ping F : V — V(H) satisfying the following:

i) For every edge {u,v} € E, either F(u)
{F(u),F(v)} € E(H).

it) For every u,v € Vo, du(F(u), F(v)) > da(u,v).

F(v) or

i11) For every w € V and 7 > 0, we have E |V, F(u)|o <
K.

PrOOF. By Theorem 4.1, we can apply Theorem 4.2 to
the metric graph G with S = V. Let F: V — Vj be the
random mapping guaranteed by Theorem 4.2.

We construct a metric graph H with vertex set Vp and
an edge {u,v} of length dg(u,v) whenever there is an edge
between the sets F~'(u) and F~'(v) in G. Since the sets
{F7(u) : u € Vp} are connected, the resulting graph H is
outerplanar. Also, property (i) is immediate.

Property (ii) follows because F is the identity on Vo and
the edges in H have length equal to the distance between
their endpoints in (Vp, dg). Property (iii) follows from The-
orem 4.2(i). O



We can now complete the proof of Theorem 1.8.

PROOF OF THEOREM 1.8. Let A1 : V. — V(H) be the
random mapping from V onto the vertices of an outerplanar
metric graph H guaranteed from Theorem 4.3. Let As :
V(H) — V(T) be the random mapping of H into trees from
Theorem 3.1. The mapping A = Ay o A1 : V — V(T) is
mapping guaranteed by the theorem. Combining the star-
shaped property of Theorem 3.1 with Theorem 4.3(i) implies
that A is star-shaped. Property (ii) of Theorem 1.8 is a
consequence of Theorem 4.3(ii) and Theorem 3.1. Finally,
property (i) follows from the Lipschitz condition of Theorem
3.1 and property (iii) of Theorem 4.3. []
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