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Abstract

We show the existence of rigid combinatorial objects whickvipusly were not known to exist.
Specifically, for a wide range of the underlying paramet@esshow the existence of non-trivial orthog-
onal arrayst-designs, and-wise permutations. In all cases, the sizes of the objeet®ptimal up to
polynomial overhead. The proof of existence is probalilistWe show that a randomly chosen such
object has the required properties with positive yet tinghability. The main technical ingredient is a
special local central limit theorem for suitable latticadam walks with finitely many steps.

1 Introduction

We introduce a new framework for establishing the existesfcdgid combinatorial structures, such as
orthogonal arrays-designs and-wise permutations. LB be a finite set and &t be a vector space of
functions fromB to the rational number®. We study when there is a small sub$et B satisfying

f(t f b) forall finV. D
i PR 52 2,0

In probabilistic terminology, equation](1) means that i§ a uniformly random element ifi andb is a
uniformly random element iB then

E[f(t)] =E[f(b)] forall finV, 2

whereE denotes expectation. Of coursel, (1) holds trivially wies: B. Our goal is to find conditions on
B andV that yield a small subsét that satisfied (1), where in our situations, small will meatypomial in
the dimension of. (In many natural problems one might encounter a functi@cey overR or C instead.
However, sincel(1) is a rational equation, we can alwaysaeduo the case of rational vector spaces.)

Our main theorem, Theorein 2.1, gives sufficient conditiamsttie existence of a small subsetsat-
isfying (). We apply the theorem to establish results ie¢hinteresting cases of the general framework:
orthogonal arrayd-designs, anttwise permutations. These are detailed in the next sect@nsmethods
solve an open problem, whether there exist non-tritiadise permutations for every They strengthen
Teirlinck’s theorem|[Tei87], which was the first theorem how the existence dfdesigns for every. And
they improve existence results for orthogonal arrays, whensize of the alphabet is divisible by many
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distinct primes. Moreover, in all three cases consideregskow the existence of a structure whose size is
optimal up to polynomial overhead.

Our approach to the problem is via probabilistic argumelmtsssence, we prove that a random subset
of B satisfies equatior (1) with positive, albeit tiny, prob#il Thus our method is one of the few known
methods for showing existence of rare objects. This cladgdes such other methods as the Lovasz local
lemma [EL75] and Spencer’s “six deviations suffice” meth&p¢85]. However, our method does not
rely on these previous approaches. Instead, our techmigatdient is a special version of the (multi-
dimensional) local central limit theorem with only finitelgany available steps. Since only finitely many
steps are available, and since we can only gain access tosteg® by increasing the dimension of the
random walk, we cannot use any “off the shelf” local centialitt theorem, not even one enhanced by a
Berry-Esseen-type estimate of the rate of convergenceeddswe prove the local central limit theorem that
we need directly using Fourier analysis. Seclion 1.4 givesvarview of our approach.

We also mention that efficient randomized algorithm versiofithe Lovasz local lemma[Mos(09, MT10]
and Spencer’s method [Bari10] have recently been foundtiiReta these new algorithms, the objects that
they produce are no longer rare. Our method is the only ontewd&now that shows the existence of rare
combinatorial structures, which are still rare relativaty known, efficient, randomized algorithm.

1.1 Orthogonal arrays

A subsetT C [g|" is anorthogonal array of alphabet size g, length n and strengthittyields all strings
of lengtht with equal frequency if restricted to amycoordinates. In other words, for any distinct indices
i1,...,it € [n] and any (not necessarily distinct) valugs...,v € [q],

{xeT X, =vi,....% =W} =q'T|.

Equivalently, choosing = (xi,...,%n) € T uniformly, the distribution ok € [q]" is t-wise independent. For
an introduction to orthogonal arrays see [HSS99].

Orthogonal arrays fit into our general framework as folloWé takeB to be|[g]" andV to be the space
spanned by all functions of the form

1 x=vforalliel

o (X, %) = { ; 3)

0 Otherwise

with | C [n] a subset of size andv ¢ [g]'. With this choice, a subsét c B satisfying [[1) is precisely an
orthogonal array of alphabet sigelengthn and strength.

It is well known that if T C [g]" is t-wise independent theT| > (%‘)t/2 for some universal constant
c > 0 (see, e.g.[ [Rao73]). Matching constructions of $ize< (f”)th are known, however, as these rely
on finite field properties the constany generally tends to infinity with the number of prime factofsgo
Our technique provides the first upper bound on the size bbgdnal arrays in which the constant in the
exponent is independent qf

Theorem 1.1(Existence of orthogonal arraysfror all integers > 2, n> 1and1 <t < n there exists an
orthogonal array T of alphabet size g, length n and strengsiatisfying|T| < (qn)® for some universal
constant ¢ 0.

1.2 Designs

A (simple)t-(v,k,A ) designis a family of distinct subsets @¥], where each set is of sie such that each
elements belong to exactly sets. In other words, denoting B} the family of all subsets df/] of sizek, a
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setT C [}] is at-design if for any distinct elements, ... i; € [v],

H{seT:iy,... it € s} :@|T|:)\ (4)
O L P 1) (\t,) .

For an introduction to combinatorial designs see [CDO07].
Our general framework includésdesigns as follows. We talto be [‘ﬂ andV to be the space spanned

by all functions of the form
1 ach
fa(b) = { ()

0 Otherwise

witha e D’] . With this choice, a subsét C B satisfying [(1) is precisely a simpte- (v,k,A) design.

Althought-designs have been investigated for many years, the basgtign of existence of a design
for a given set of parametetsv,k and A remains mostly unanswered unlgss quite small. The case
t = 2 is known as a block design and much more is known about itfidvaargert. Explicit constructions
of t-designs fort > 3 are known for various specific constant settings of therpaters (e.g. 512 6,1)
design). The breakthrough result of Teirlinck [Tei87] whs first to establish the existence of non-trivial
t-designs fot > 7. In Teirlinck’s constructionk =t 4 1 andv satisfies congruences that grow very quickly
as a function of. Other sporadic and infinite examples have been found diere(see [CDQO7] of [Mag09]
and the references within), however, the set of parametkichwhey cover is still very sparse. Moreover,
it follows from @) that anyt — (v,k,A) designT has sizeT| = A (})/(¥) > (v/k). Even when existence
has been shown, the designs obtained are often inefficightisense that their size is far from this lower
bound. One of the main results of our work is to establish thstence of efficient-designs for a wide
range of parameters.

Theorem 1.2(Existence of-designs) For all integers v> 1,1 <t <vand t< k < v there exists atv,k,A)
design whose size is at mo$t for some universal constante0.
1.3 Permutations

A family of permutationsT C S, is called at-wise permutationf its action on anyt-tuple of elements is
uniform. In other words, for any distinct elemeis. .. ,i; € [n] and distinct elementg, ..., j; € [n],

1
n—1)---(n—t+1)

|{rreT:n(il):jl,...,n(it):jt}|:n( IT|. (6)
Our general framework includeswvise permutations as follows. We taBe= S, andV to be the space
spanned by all functions of the form

£ (0) = {1 blix) = j1.....bli) = i

0 Otherwise

wherei = (iq,...,it) and j = (j1,..., jt) aret-tuples of distinct elements im|. With this choice, a subset
T C Bsatisfying [(1) is precisely awise permutation.

Constructions of families dfwise permutations are known only foe= 1, 2, 3: the group of cyclic shifts
X— X+amodulonis a 1-wise permutation; the group of invertible affine tfanmationsx — ax-+ b over
a finite fieldF yields a 2-wise permutation; and the group of Mobius tramefitionsx — (ax+ b)/(cx+d)
with ad—bc= 1 over the projective lin& U{w} yields a 3-wise permutation. Fop 4 (andn large enough),
however, nd-wise permutation is known, other then the full symmetriougrS, and the alternating group
A, [KNRO5,[AL11]. In fact, it is known (c.f., e.g.[ [Cam95], Theem 5.2) that fon > 25 andt > 4 there
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are no othersubgroupsof S, which form at-wise permutation. (On other words, there are no other
transitive subgroups &, fort > 4 andn > 25.) One of our main results is to show existence of straike
permutations for al.

Theorem 1.3(Existence ot-wise permutations)For all integers n> 1 and1 <t < n there exists a t-wise
permutation TC S, satisfying|T| < exp(t®)n° for some universal constante0.

It is clear from the definitior{ (6) above that anyise permutatio must satisfyyT| >n(n—1)--- (n—
t+ 1) = n®Y. Thus, for fixedt, thet-wise permutations we exhibit are of optimal size up to poiyial
overhead. For growing withn theset-wise permutations may be larger, but still no larger thadior some
universal constart > O.

1.4 Proof overview

The idea of our approach is as follows. Lete a random multiset d of some fixed sizéN chosen by
samplingB uniformly and independentlil times (with replacement). Ldip,)aca be a spanning set of
integer-valued functions far (whereA is some finite index set). Observe tiasatisfies[(l) if and only if

T g 3

Thus defining an integer-valued random variable

Xa :zt; a(t)

andX := (Xa)aca € ZA we see that existence of a subset of $izeatisfying [1) will follow if we can show
thatP[X = E[X]] > 0. To this end we examine more closely the distributioX oEetty, ...ty be the random
elements chosen in formirf. The spanning séip,)aca defines a mapping : B — ZA by the trivial

@(b)a := gu(b).

Observe that our choice of random model implies that theove¢(ti) )icn) are independent and identically
distributed. Hence,

=E t forall ain A. 7
t;cpa()] orall ain 7)

X=Y o) ®)

may be viewed as the end position ofdrstep random walk in the latticg”. Thus we may hope that M

is sufficiently large, theX has an approximately (multi-dimensional) Gaussian digtibn by the central
limit theorem. If the relevant local central limit theoreroltts as well, then the probabilif§[X = x| also
satisfies a Gaussian approximation. In particular, sincgoa-flegenerate) Gaussian always has positive
density at its expectation, we could conclude thig¢ = E[X]] > 0 as desired.

The above description is the essence of our approach. Theaobatacle is, of course, pointed out in
the last step. We must control the rate of convergence ofdite kentral limit theorem well enough that
the convergence error does not outweigh the probabilitgitienf the Gaussian distribution B{X]. Recall
that the order of magnitude of such a density is typicaliy?l for some constant > 1, and recall that
|A| is at least the dimension &f, which is the main parameter of our problem. So we indeed kiave
small probabilities. For this reason, and because we wamntecgence whell is only polynomial in the
dimension oV, we were unable to use any standard local central limit #r@oinstead, we develop an ad
hoc version using direct Fourier analysis.

In our proof of the main theorem, we modify the above desiotipin one respect. It is technically
more convenient to work with a slightly different probatyilmodel. Instead of choosing as above, we set
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p:=N/|B| and defin€l by taking each element & into T independently with probability. This has the
benefit of guaranteeing that is a proper set instead of a multiset. However, it has alsaidedvantage
that it does not guarantee that = N. To remedy this, we assume that the spdosontains the constant
functionh(b) = 1; or if not, we can add it t¥ at the minor cost of increasing the dimensiofvdfy 1. With
this assumption, we note that

Zrh E[T]] =

Thus [7), or equivalentlX = E[X], also implies thatT| = N as required. Another disadvantage is that in
this new probability model, the vectdf is no longer a sum of identically distributed variables. Hdwer,
since the summands ial(8) are still independent, we canramntio use Fourier analysis methods in our
proof.

We cannot expect there to always be a small subskeat satisfied (1). For instance, Alon and Vu [AV97]
found a regular hypergraph withvertices and~ n/2 edges, with no regular sub-hypergraph. Here, the
degree of a vertex is the number of hyperedges incident tadittaregular hypergraph is one in which the
degrees of all vertices are equal. We may describe their gbeaim our language by letting be the set of
edges of this hypergrapl4 be its vertex set, and defing: B — {0,1}* by letting ¢(b) be the indicator
function of the set of vertices incident b The result of [AVI7] implies that while the vectgt, g @(b)
is constant, this property is not shared Pyt ¢(t) for any non-empty, proper subsétC B. Thus, we
need to impose certain conditions BrandV, or equivalently on the magp. We start by requiring certain
divisibility, boundedness and symmetry assumptions.

Divisibility: N is such than‘ Sbes @(b) is an integer vector. This property is clearly necessary(fpto
hold and is typically a mild restriction oN.

Boundedness:The entries ofp must be small. More precisely, max neg |@(b)a| is bounded by a poly-
nomial in dimV, since our method requird$to be at least some polynomial in this maximum.

Symmetry: A symmetry ofp is a pair consisting of a permutatiamec Sz and a linear transformation
T € GL(V) which satisfiegp(ri(b)) = 1(¢@(b)) for all b € B. The set of symmetrie§t, 7) of g is a
subgroup ofSs x GL(V). We require that the projection ®of the group of symmetries is transitive.
In other words, that for any;, b, € B there exists a symmetifyt, 7) of ¢ satisfyingri(b;) = by.

It is not hard to verify that the third condition is intrinsic the structure oY and does not depend on the
specific choice of spanning sg@g,). In our applications it follows easily from the overall syratry of the
setup.

However, we also have a fourth assumption which is more teahthan the others. First, we require
that (¢ )aca forms a basis o . This implies that for anya € A, we may express,, the unit vector with 1 at
its a'th coordinate, as a linear combination of the fopim.g co@(b). We call any such linear combination an
isolating combination for aWe assume that for eaale A, there are many isolating combinations supported
on disjoint subsets d8. Moreover, we require the coefficients of these combinatiimnhave small norm
and to be rational with a small common denominator. Thisesntost difficult assumption to verify in our
applications. Sectidn 2 gives more details about all ofé¢lesumptions.

Our main theorem shows that these four conditions yield ximtance of a small solution dfi(1).

Theorem (Main theorem - informal statement).et B be a finite set and letV be a vector space of functions
from B toQ which contains the constant functions. If there exists &sh@s)aca Of V, consisting of integer-
valued functions, which satisfies the boundedness, symararisolation conditions above. Then there is
a small subset T_ B such that
f(t f(b)
Mg M,



forall finV.

We note that the siz = |T| of the subset obtained must satisfy the divisibility coieditabove. The
existence theorems for orthogonal arraydesigns and-wise permutations follow by showing that for the
choice ofB andV detailed in Sections 1.1 through 11.3 there exists a choidmsi{@,} and smallN for
which all four conditions above hold.

1.5 Related work

In the probabilistic formulation{2) of our problem we seekraall subsefl C B such that the uniform
distribution overT simulates the uniform distribution ov@& with regards to certain tests. There are two
ways to relax the problem to make its solution easier, arsgnagw questions regarding explicit solutions.

One relaxation is to allow a sat with a non-uniform distributioru. For many practical applications
of t-designs and-wise permutations in statistics and computer sciencendiuguite every application, this
relaxation is as good as the uniform question. The existehaesolution with small support is guaranteed
by Carathéodory’s theorem, using the fact that the comssranu are all linear equalities and inequalities.
Moreover, such a solution can be found efficiently, as wasvahoy Karp and Papadimitrioll [KP82] and
in more general settings by Koller and Megiddo [KM94]. AlamdalLovett [AL11] give a strongly explicit
analog of this in the case biwise permutations and more generally in the case of grotiprec

A different relaxation is to require the uniform distribati onT to only approximately satisfy equation
(2). Then it is trivial that a sufficiently large random sub3ecC B satisfies the requirement with high
probability, and the question is to find an explicit solutiéior instance, we can relax the problent-afise
permutations t@lmost twise permutations. For this variant an optimal solutiop i@ polynomial factors)
was achieved by Kaplan, Naor and Reingold [KNRO5], who gaeersstruction of such an almotstvise
permutation of size"®"). Alternatively, one can start with the constant size expandet ofS, given by
Kassabov/[Kas(07] and take a random walk on it of ler@thlogn).

1.6 Paper organization

We give a precise description of the general framework amdrain theorem in Sectidd 2. We apply it to
show the existence of orthogonal arrays &igiésigns in Section 3. The caset afiise permutations requires
a detour to the representation theory of the symmetric grand we defer it to the full version of this
paper. The proof of our main theorem is given in Sedtibn 4. Wemarize and give some open problems
in Sectior{’b.

2 Main Theorem

Let B be a finite set and l&f be a vector space of functions froBito Q. We ask for conditions for the
existence of a small s&t C B for which (1) holds. Our theorem uses the following notation

For a basig @ )aca (WhereA is some finite index set) &f we definep: B — ZA by @(b)a = @ (b). This
definition is extended linearly tp : ZB — ZA by settingg(y) = Sbe W @(b). In the same manner, a set
T C Bis identified with its indicator vector so thg(T) = St @(t). Finally, we recall from Section 1.4
that a symmetry ofp is a pairrme Ss andt € GL(V) such thatp(ri(b)) = 7(¢(b)) for all b in B. We now
state formally our main theorem.

Theorem 2.1(Main Theorem) Let B be a finite set and V be a vector space of functions from@vitnich
contains the constant functions. Suppose that there exesigérs mcy > 1, real numbers ¢ ¢cp,c3 > 0 and
a basis(@)aca 0of V consisting of integer-valued functions such that:



Divisibility: |—%"(p(B) is an integer vector.

Boundedness:||@(b)|2 < ¢ for all b € B.

Symmetry: For each I, b, € B there exists a symmet(yr, 7) of @ such thatrr(b;) = by.
Isolation: For any ac A there exist vectorg, ...,y € Z8 for r > |B|/c, such that

e ¢o(y)=m-egyforalli er].

e The vectorsy, ...,y have disjoint supports, where the support of a vegter ZB is the set of
coordinates on which it is nonzero.

o |yll2<csforallie]r].

Then there exists a subsetcTB with | T| < poly(|A|, m, o, €1,C2, C3) Ssuch that

f(t b) forall finV.
|T|Z |B|beB”

We prove Theorerh 211 in Sectidh 4. A careful examination ef phoof shows that we can choose
|T| =N for anyN > 1 which satisfies the following constraints:

o comdividesN;
e N> Q(1)-max(m?,|A|2m?log?(|AlmacicaCs), |AlBcScScs log® (|AImeeiCacs) );

e N <O(/B).

Of course, if the parameters are so large so that the secahtiath conditions contradict each other, then
our theorem remains trivially true by takifg=

3 Applications

In this section we apply our main theorem, Theofen 2.1, tugotbe existence results for orthogonal arrays
andt-designs, Theorenis 1.1 and11.2. The existence result\iise permutations, Theorem 1.3, is more
complicated because it requires a discussion of the repeds®n theory of the symmetric group. We defer
it to the full version of this paper.

3.1 Orthogonal arrays

We use the choice d@ andV described in Sectidn 1.1 and recall the definitidn (3) of thectionsf; ,, of
that section. We note that for every sublsete havey g f1v) =1. ThusV contains the constant functions
as Theorerh 211 requires. We start by choosing a convenisit tmaV of integer-valued functions. Recall
that the alphabet ig] = {1,...,q} and letjq— 1] = {1,...,g— 1} be all symbols other thaq Extend the
definition [3) of f;, ) to apply to all subsets with |I| <t andv ¢ [g)'. Here, we mean that g ¢) is the
constant function 1. Finally, let

A={1v:l|<tve[g—1"}

and fora= (I,v) € Asetg, := f( ).

Claim 3.1. The span of the functiongp }acais V.



Proof. Clearlycpa eV forallac A. To see thaf ¢, }aca spansv, we will show that anyf, ) with [I| <t
andv ¢ [q]' is spanned b){q)a}aeA We do this by induction on the number of elements which are equal
to g. First, ifve [q—1]' thenf (1v) = Py Otherwise, let = {iy,... i} withr <t,ve [g)' and assume
WLOG thatvi, = q. Then

2o Vir ) Zf (MVig 5o sVir )

and by induction, the right hand side belongs to the lineansg{ @ }aca. O

fov = ffizeich(u

Recall thatp : B — Z” is defined agp(b)y = @ (b). We now choose integers, co > 1 and real numbers
C1,C2,C3 > 0 such that the conditions of divisibility, boundednesssns;etry and isolation required by Theo-
rem[2.]1 are satisfied. First, lat= (I,v) € A. Note thatE @(B)a=q "l Thus we sety = d so that% ®(B)
is an integer vector. Second, we clearly have for aryB that||@(b)||2 = 3!_ (7) < (n+1).. Hence we
setc; = (n+1)V/2,

Third, to witness the symmetry condition, fixc [g]" and consider the permutatione Sg given by
r(b) = b+x (modq). We need to show that there exists a linear maeting onV such thatp(r(b)) =

7(¢@(b)) for all b € B. This holds since foa= (I,v) € Awe have

q)(n(b))a = fl.v(b+x(mOdQ)) = fI7v—x (modq)(b)

andfy y_y modg) €V is in the linear span of @, }aca by Claim[3.1.
The fourth condition we need to verify is the existence of yndisjoint isolation vectors for eache A.
Note that this condition also implies thgy }aca is a basis foW . This is established in the following lemma.

Lemma 3.2. Let ac A. There exist disjoint vectong, ..., y € ZB with r > |B|/(¢'n?) and || ;|| < 23%/2n'
such thatp(y) = e,.

We prove Lemm&3]2 in two steps. First we fix some notations.KLe [n] be of size|lK| <'t, and let
K¢ = [n]\ K. Forx € [q]" letx|x € [g]¥ be the restriction ok to the coordinates df. Abusing notation, we
also think ofx|x € [g]" by setting coordinates outsideto zero. Note that in this notatiotfi, y(X) = 1{x|| =
v}. We define the vectad, k € ZB as

d(.K = J;(_l)‘KliljleXbuKm
C

where we recall that fds € B, &, € {0,1}B is the corresponding unit vector. Note thakKif= 0 thend, p = e
Claim 3.3. Leta=(l,v) € A. Then
0 ifKZI
P(Oxk)a= { 0 ifalk 7 Xk
if a]K = X‘K
Proof. We compute the value @#(dx ) in coordinatea = (I,v) € A. We have

P(SK)a= J;(-D'KHJ‘ H{(X|auke) 1 = v}

C

Suppose first thaK Z |. Then there exist§ € K\ I. Flipping the j-th element inJ doesn’t change the
expressiorl{(x|suke)|i = v} and hence the alternating sign sum cancels. We thus assama&éw on that
K C |. We thus have

1{(X’JU|<C)‘| = V} = 1{X’J = V‘K andx\Kcm = V’Kc}.

This expression evaluates to 1 onldif= K andx|; = v. O
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We next prove Lemma 3.2, showing that we can build many disjeolation vectors for ang € A. The
proof uses the vectog k we just analyzed.

Proof of Lemma3]2Fix a= (I,v). Letx € [q" be such thak|, = v. We will construct a vectoy such
that () = ea. We will do so by backward induction dh| <t. If ||| =t we take

Yl = O,

and if|I| < t we construct recursively

Yl i= O — Z YK -

K2, |K|<tx €[g—1]¥

It is easy to verify using Clairh 3.3 that indeerlyy ) = e, as claimed. We further claim thdi || <
21/2(2n)t-I1l. This clearly holds ifl | =t. If ||| <t we bound by induction

t
illz <18l > > Ikl

k=TTT+1K IR =k

t
/2 (1 n—|l 2 t—k)
< ( *k_.ZHl(k—m)( "

t
< 2t/2nt—“| <1+ Z (2)t—k> — 2t/2(2n)t—||‘.
k=|I+1

To conclude, we need to show that by choosing different wafoex such thatx|, = v we can achieve
many disjoint vectors which isolate The key observation is tha is supported on elementsc B
whose hamming distance froris at mostt. Thus, if we chooseqy, ..., X € [g]" such that(x)|, = v and
such that the hamming distance between eachxpadf is at least 2+ 1, we get thaty, i,..., )% have
disjoint supports. We can achieve> g"~'/n? by a simple greedy process: choose...,x; iteratively;
after choosingg delete all elements ifg]" whose hamming distance fromis at most 2 Since the number
of these elements is bounded P§ , (7) < n? the claim follows. O

We now have all the conditions to apply Theofferd 2.1. We faye: 51, (7)(q—1)' < (q(n+1))',co=
o,c = (n+1)Y2, ¢, = d'n®, c3 = 2%/?nt andm = 1. Hence we obtain that there exists an orthogonal array
T C [g]" of strengtht and sizedT| < (qn)° for some universal constaot> 0.

3.2 Designs

In this section, we prove Theordm 11.2. It suffices to provetti@e®rem fork > 2t, since ifk < 2t then the
complete design (the design containing all subsets oflgiestablishes the theorem. We use the choice of
B andV described in Section 1.2 and recall the definitibh (5) of timecfions f, of that section. We set
A= [/] and note tha ,-a fa = [€] and thusv contains the constant functions as Theofem 2.1 requires. As
a convenient basis fof of integer-valued functions, we takey }aca with @, = fa. By definition, { @ }aca
spansV and the fact tha{ @ }aca is @ basis folV will be implied by showing the isolation condition of
Theoreni 2.1.

We choose integemn, ¢y > 1 and real numbers;,c,¢3 > 0 to satisfy the conditions of divisibility,
boundedness, symmetry and isolation in Thedremh 2.1. Fgt(B) = ®)/())-(1,...,1) and hence we set
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co= () so that ¢(B) is an integer vector. Secontip(b) |3 < |A] <. Hence we set; = /2. Third, the
symmetry condition also follows simply: let € S, be a permutation ofv]. It acts naturally o8B andA (by
permuting subsets ¢¥]) and gives two permutations € Sg and T € S that satisfyp(71(b))a = @(b)7-1(4)-
The linear transformatiom € GL(V) then corresponds to the permutatian’.

Finally, we need to show that for eaale A there exist many disjoint vectors which isolate it. This is
accomplished in the following lemma.

Lemma 3.4. Assume k> 2t. For any ac A there exist vectorg, ..., y € ZB with r > |B|/(vk)? such that
K!

@(¥) = &gy - €a- Moreovery, ..., ¢ have disjoint supports anf|> < (2k)3/2 for i € [r].
We will need the following technical claim for the proof of inenal3.4. In the following we consider
binomial coefficients)) = 0 wheneven < m.

Claim 3.5. Leta>b>0and c> 0. Then

()=

Proof. Let f(ab,c) = 32o(—1) (3)(%). If b,c >0 we have (%) = () + (547" and hence
f(ab,c) = f(ab,c—1)+ f(ab—1,c—1). So, itis enough to verify the claim wheneues 0 orc = 0.
If b=0 thenf(a,0,c) = 32 ,(—1)'(¥) =0 sincea> 1. If c=0 thenf(a,b,0) = 32, (-1)'(%)(}) =
() 3fn(~1) () =0. N

Proof of Lemm&3l4Letac A= []] be a coordinate we wish to isolate. bet [,] be a set disjoint frona
and let 0< j <t. Defined, 5 j € Z" to be the indicator vector for all subsdts B = ] such thab c aux
and|anb| = j, thatis
Oxa,j = Z €.
bcaux,|bj=k,|anb|=]

We define vectorgs x € ZP as

o
hai= 3 (U b

We will shortly show that y
P(Ya) = mea-

First we bound the norm ok, and show the existence of many disjoint vectors. It is easshexk that
| ¥all2 < (2k)/2. Also, the vectony , is supported on coordinatgsc B such thatynx| > k—t. Thus, if
we choosexy, ..., % € B such thaix Nx;| < k—2t — 1 we get that the vectong, a,..., % a have disjoint
support. We can choose> |B|/(vk)? by a simple greedy argument: choose. .., X iteratively, where in
each step after choosing we remove all subsetgc B whose intersection witly; is at leastk — 2t. The
number of subsets eliminated in each step is at st hence we will get > |B|/(vk)2.

To conclude the proof, we need to compgigia). Leta € A. Clearly ifa’ € aUuxthen@(ya)a = 0.
We thus assume that C aux. Let/ = |ana| where 0< ¢ <t. We have thatp(daj)x =0if j < ¢, and
that

@(Saj)a =|{beB:d cbcauxanb| = j}|
B (t—€> <k—t+€>
t—] i)
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Hence we have that (t Z) (k M)
k=D! & gl U
P(Wa)a = 7 ——m7 » (D —m— (9)
(k—t—1)! jZZ ( J_ )
If & =athen@(ya)a=Kk!/(k—t)!as claimed. To conclude we need to prove that i atheng(ya)a = 0.
We havel/ = |anad| <tandlets=t—/¢> 0. Thus

k-t &6
a)a = (1) —F— -1)! —
Phale = (V' Gy 3 V' e
e ke (OG5
I I S

Si=Tris P A U G
e s O

We now apply Claini 3J5 witth=s,b=s—1,c=k—¢—1—sand conclude thap(yya)a = 0. O

We are now ready to apply Theoréml2.1. We h@e= (;),co = (}),c1 = W2, ¢ = (VK)2, c5 = (2k)*/2
andm=k!/(k—1)!. Thus the theorem implies the existence ofa(v,k,A) designT C Bwith |T| < v* for
some universal constaot> 0.

4 Proof of Main Theorem

We prove Theorer 2.1 in this section. We recall the settif)& a finite set and/ is a vector space of
functions fromB to Q. We assume the spabkis spanned by integer valued functiof@, : B — Z}aca,
whereA is a finite index set. We also assume that the constant furschielong to/.

The proof strategy is conceptually simple: chodseandomly and show that this choice is successful
with positive probability. LeN be the target size of, to be chosen later. Let eable B be chosen to be
in T independently with probability := N/|B|. Identifying T with its indicator vector in{0,1}B, we have
thatT, € {0,1} with P[T, = 1] = p. DefineX = ¢(T) € Z" and note thak[X] = p- @(B). In order to prove
Theoreni 2.1l we need to show that

PX =E[X]] > 0. (20)

We make two notes: first, since we assume that constant éunschielong t&/ we have that itX = E[X]
then in particulartX| = p|B| = N. Second, in order fof (10) to hold we must have tB&] is an integer
vector. Thus, we must chooskto be divisible byco.

The difficulty with establishing[{10) comes from the facttte requireA different events to occur
simultaneously: for alh € A we require thalX, = E[Xy]. To better explain the challenge, consider momen-
tarily for simplicity the case where@(b) € {0,1}* for all b € B and that for each € A, Ppeg[@(b)a=1] =q
(that is, all columns of haveqBones). Then each individu}, is binomially distributedX, ~ Bin(|B|, pg),
and it is not hard to see that

However, we need the everXg = E[X;] to occur simultaneously for al € A. The problem arises because
these events are dependent, and general technigues fdingasuwth dependencies (for example, the Lovasz
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local lemma) only work when each event depends only on a feeravents (which is not the case here)
and where each event holds with sufficiently high probab(lithich is also not the case here). What we
show is that, under the conditions of Theoirlen 2.1, if we chdbkrge enough (but only polynomially large
in |Al,m, co, 1, Cz,C3) then all the eventX, = E[X;] become essentially independent, and we show that

PIX=E[X]] = [ PXa = EDX]] = (\/%)l/y

The actual expression we get is somewhat more complicatiedlas involves pairwise correlations between
the different eventX,, but conceptually it is of a similar flavor.

Our main technique to study the distribution of the randomakde X € Z” is Fourier analysis. We
recall some basic facts about Fourier analysiZ6n

Fact 4.1 (Fourier analysis oZ”). Let X € Z” be a random variable. The Fourier coefficients of X live in
the A-dimensional torus. L& = [-1/2,1/2) denote the torus. The Fourier coefficiettsd) for 6 € TA
are given by

X(6) = Ex[e"*0],

where(X, 8) = 5 5cao Xaba. The probability that X= A for A € 7ZA is given by the Fourier inversion formula

~

PX=Al= [ X(§)e2i*9qg,
OcTA

Recall that our goal is to understand the probability tdat E[X]. Applying the Fourier inversion
formula forA = E[X] gives

~

P[X = E[X]] = /BGTAX(Q)e’ZmE[X]’de. (11)

Thus, our goal from now on is to understand the Fourier coeffis ofX. We first give an explicit formula
for the Fourier coefficients.

Claim 4.2. We have R _
X(6) = [1(1— p-+ pe™(e)9)).
beB
Proof. By definitionX = ¢(T) = S pg To@(b), whereT, € {0,1} are independent with[T, = 1] = p. Thus

X(8) = Ex[€1%0)] = By, pepy (€77 2o To(0(0).0))
— [ Ex [ 008 = [(1— p+ pedTiob10)),

O

Clearly all Fourier coefficients ok have absolute value at most 1. The first step is to understand t
maximal Fourier coefficients of, that is6 for which |X(0)| = 1.

Claim 4.3. LetL:= {6 € T*: X(8) = 1}. Then
e If 6 ¢Lthen|X(0)| < 1.
e IfBcL,0 e TAthenX(6+6') = X(0). In particular, L is a subgroup oA,

Proof. Both claims follow immediately from the observation titat L iff (¢(b),0) € Zforallbe B. O

12



In fact, the isolation conditions in Theorém 2.1 imply th&s a discrete subgroup @™ (i.e. a lattice).
Let M := (1/m-Z)” be the lattice irl* of all elements whose coordinates are integer multiplie®/af.
We show that is a sublattice oM.

Claim4.4. LC M.

Proof. Let 6 € L. We need to show thaf, € Z for all a € A. By the isolation condition of Theorem 2.1,
there existy € ZB such thatp(y) = me,. Sinced € L we have that@(b),8) € Z for all b € B. Hence also
(@(y),0) € Z,i.e.mb, € Z as claimed. O

The first step we take is to approximate the Fourier coeffisioehX near the latticd.. This will assume
very little aboutg, essentially only boundedness. The second (and more cegilp will be to show
that all other Fourier coefficients are negligible, and ict flne contribution to[(111) all come from Fourier
coefficients neat. The second part will heavily utilize the symmetry of the m@and the existence of
many disjoint isolation vectors. Theorém]2.1 then followsabcareful setting of parameters and a routine
calculation.

Formally, we will use/, distance oriT®. Forx € T define its absolute valug| = |x (mod 1)| to be
the minimal absolute value ofmodulo 1 (that is, we take (mod 1) € [-1/2,1/2]). Define the distance

betweend’, 8" € TA by
d@',9") = 6, — 072,
a;\ a a

The distance betweehc T andL c T is given by
d(o,L) = Znelrcd(e,a).
The following three lemmas are the main technical ingredi@f the proof. The first lemma gives a
good approximation for the Fourier coefficientsXohear zero (and by Clain 4.3, near any point)n

Lemma 4.5 (Estimating Fourier coefficients near zerdssume the conditions of Theorém] 2.1 and fix
£ <0O(1/(ciNY3)). Let8 € T be such that|8||> < €. Then

2(9) _ eZni(E[X].G)ef4n2p<9TR9(1_’_5)

where R is the A A pairwise-correlation matrix ofp given by R o = Speg @(b)a @(b)x, and where
18] = O(N?/|B| + NCGe3).

The second lemma bounds the Fourier coefficients fafr from the latticeM.

Lemma 4.6(Bounding Fourier coefficients far from MAssume the conditions of Theorem 2.1. @ etTA
be such that @@,M) > €. Then

X(8)| < —Ne2. .
(o) < exp et )

The third lemma bounds the remaining Fourier coefficientichvlare neaM but far fromL. In the
following let M \ L denote the set of elementsihbut not inL.

Lemma 4.7 (Bounding Fourier coefficients nelt but far fromL). Assume the conditions of Theorem| 2.1
and fixe < 1/(2cym). Let® € T be such that (6,M\ L) < €. Then

. o)
X(O)l < exp(‘N' A Iog<c1|A|>> |

We prove Lemmas 4.5, 4.6 and}.7 in Section$[4.1, 4.2 ahdegBectively. We combine them to prove
Theoreni 2.1l in Sectidn 4.4.
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4.1 Estimating Fourier coefficients near zero

Let 6 € TA be such thafi8||» < €. We may assume that< O(1/(c;N*/3)) otherwise the conclusion of the
lemma is trivial. We decompose

e 2(EXLE) K (g) = |—L (e—zm-p<w<b>7e> (1-p+ pe2m<<p<b>7e>)> , (12)
be

Let vp := (@(b),8) where the inner product is taken ovRr Since we assum@f|, < € we can bound
[Vb| < |l@(b)]|2]|6]|2 < c1€ < 1. Thus we can approximate the terms[inl (12) by their Tayldese The
following claim gives a cubic approximation.

Claim 4.8. Let f: R — C be given by x) := e 'PX(1— p+ peX). Then for|x| < 1 we have
f(x) =e P (1+9),
where|d| < O(p?x® + pxX).

Proof. We compute the cubic approximation féfx) as a polynomial inp,x. In the following we use
shorthand expression=y+ O(z) for |x—y| = O(z). We have

f(x) = (1— p)e”P*+ pd(1-P)
= (1—p)(1—ipx+0(p?®)) + p(1+i(1— p)x— X2+ O(pR +x°))
=1— p+0(p>C+ pxd)
= e P’ L O(pBE+ pRd). O

We next apply the approximation given in Claiml4.8 to eachthefterms appearing if(12). Summing
up the errors, and using the fact that each term is bounddokwlte value by 1, we get that

X(0) = e¥1(EX.0)g=4pSoce i (1 1 §) (13)
where|5| < O(p? Speg VE+ P bes VE). To conclude the proof, note that

S Vi =Y (p(b),6)* = 6"R,

beB beB

where we recall thaRy o = S peg @(b)2 @(b)o. To bound the error term, recall thiag| < c1€ < 1 hence
18] < O(P?|B| + p|B|(c1¢)®) = O(N?/|B| + NGe®).

4.2 Bounding Fourier coefficients far fromM

Let 8 € TA be such thatl(8,M) > €. Thus, there exists at least on coordin@ewhose distance from
multiples of /mis at least/+/|A|. Otherwise put, there exisésc A such that

Im6;, (mod 1)| > em/+/|A]. (14)

Recall that the Fourier coefficiedt(8) is given by

X(6) = |‘L(1— p+ pei(@b).6)y,
be
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Hence, to get a bound diX(6)| essentially we need to show thap(b),8) is far from integer for many
b € B. Note that we cannot longer assume, as in the proof of LemBahat(p(b), 6) is small in absolute
value, since we assume no upper bound|68f),. Thus, it may be the case thab(b), 8) is large but still
approximately integer. Lety := (@(b),0) (mod 1) where|vp| < 1/2. Our goal is to show thavp| is
noticeably large for many valudse B. This will then imply the required upper bound O%(B)\.

We will show this using the isolation vectors guaranteed hgdreni 211. Ley € ZB be an isolation
vector fora with modulusm; that is ¢(y) = m-e,. We first show that it cannot be thag ~ O for all

b € Supfy).
Claim 4.9. Lety < ZB be such thatp(y) = m-e,. Then

o &P
|Vb|* > ATV
beSupry) | | H V”z

Proof. Using the isolation property of we get that

W (mod = %  w(eb),6) (mod I
beSupy) beSupry)
— (@(y).8) (mod )=mé, (mod 1.

Hence by[(I#) we get tha§ pesypny) Vb (Mod 1| > em//|A]. On the other hand, we can bound

Y v mod <[ Y wwl <l [ Y (w2
beSupry) beSupry) beSupry)

Combining the two bounds, we get B suppy |Vb|? > £2m?/|A|||y||3 as claimed. O

We now use the assumption of Theoreml 2.1 on the existence w§ rectors which isolat@ with
disjoint support. Recall that by assumption we have|B|/c, vectorsy, ..., € ZB such that: (1) each
isolatesa with modulusm; (2) The vectorsy, ..., % have disjoint supports; and (B)|| < cz for alli € [r].
Applying Claim[4.9 to each vectagf independently we derive that

me
S w2 > 28]

beB ‘A]CzC%'

(15)
To conclude the proof of the lemma, we apfilyl(15) to derive gwen bound orX(8)|. The following
claim is simple.
Claim 4.10. Let p< 1/2 and|x| < 1/2. Then
11— p+ pe™| < exp(—pX).

Applying Claim[4.10 we derive the bound

X(©)=[]1-p+ pezm“vwsexp(—pz |vb|2> < exp -2 c ).

be B |Ac2C3
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4.3 Bounding Fourier coefficients neaM but far from L

Let 6 € T be such thatl(6,M \ L) < &. That is, there exista € M\ L such thatl(8,a) < €. Sincea ¢ L
there must exisb* € B such that(g(b*),a) ¢ Z. We will show using the symmetry @ that in fact this
holds for manyb € B. Moreover, sincex € M we have that ifi@(b),a) ¢ Z is must be at least/In far
from the integers. This will allow us to give strong upper bds on the Fourier coefficierf((a) and by
continuity also orX(6).

Let . denote the lattice generated bg(b) : b € B}. In other words,¥ is the subgroup of”* whose
elements are all possible integer combinationgqib) : b € B}. We first show that any subset Bfwhich
generates the lattic&” must contairb for which (¢(b), ma) # 0.

Claim 4.11. Let K C B be a set which generates the lattié. Then there must existd K for which
(p(b),ma) # 0.

Proof. By assumption sinc& generates the lattic&’, we can expresg(b*) as an integer combination of
{@(b) : be K}. That is, there exist integer coefficiemj for b € K such that

p(b") = > ape(b).
bek

Thus, as(@(b*),ma) # 0, there must exidh € K for which (¢(b), ma) # 0 as well. O

We next claim that there must exist at least one smalKsetB which generates”. We will later use
symmetry to generate from it many such sets.

Claim 4.12. There exists K B of size K| < O(|A|log(c1|A|)) such that{ ¢(b) : b € K} generates the lattice
Z.

Proof. LetK be a minimal subset d@ such that{ ¢(b) : b € K} generates the lattic&”. We claim that the
minimality of K implies that all partial sumg(K’) for K’ C K must be distinct. Otherwise, assume that
there exist two distinct subseis, K, C K for which @(K1) = @(K2). We can assume w.l.0.g thiét, K, are
disjoint by removing common elements from both. Thus we have

S ob)~ 5 g(b)=0.

beKy beKs

In particular, we can express abye K; UK, as an integer combination gfp(b) : b € K\ {b'}}. Thus,
we can remové from K and maintain the property that the resulting set gener#te$his contradicts the
minimality of K.

We thus know that all sumép(K’) : K’ C K} are distinct. We now apply the assumption tigais
bounded. By the assumptions of Theoiflem 2.1 we know|téb)||. < ||@(b)|l2 < c;. Hence we conclude
that

{o(K") 1K' CK} C [-a1K, c1K]A,

which imply that
2K < (20K +1)A.

It is easy to verify that this gives the bouKd< O(|A|log(c1|A|)) as claimed. O
The next step is to use the symmetrygofo generate many small sets which span

Claim 4.13. Let K C B be a set such thdtp(b) : b € K} generates the latticeZ. Let(m,7) € Sg x GL(V)
be a symmetry ap. Let K;:= {r(b) : b € K} be a shift of K byr. Then{¢(b) : b € K5} also generates the
lattice ..
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Proof. Letb’ € B. We need to show that we can expreggb’) as integer combination dfp(m(b)) : b e K}.
Considerr1(b'). By assumption the image @f on elements oK generates the lattic&”, hence there
exist coefficientary € Z for b € K such that

—1 b/ z ab(P
beK

Applying the assumption th&tr, 7) is a symmetry ofp we get that

o(b) = p(r(r (1)) = T(p(mr (b)) bz - T(Q )zbz ap@(1(b)). O
cK cK

We combine Claimg4.1L, 4112 and4.13 to derive tigb), a) # 0 for manyb € B. LetB= {bc B:
(p(b),a) # 0}.

Corollary 4.14. |B| > Q (W)

Proof. LetK be the set guaranteed by Cldim 4.12 whi&te< O(|A|log(cs|A])). LetK; = {m(b) : b€ K}.
We know by Claini4.13 that for any symmetfy, 1) of ¢ we have
IK;NB| > 1.

Let H be the subgroup of permutations dh given by symmetries ofg. That is, H = {m:
(1, 7) symmetry ofg}. We know by the assumptions of Theorem] 2.1 tHaacts transitively orB. Thus,
for any fixedb € B, if we chooserr € H uniformly we have thatt(b) is uniformly distributed irB. Thus,

. ~ Ki||B
beK ’
We thus conclude that we must ha@é > [B|/|K]|. O

We conclude the proof of Lemnia 4.7 by establishing an uppendb@f)?(a). For anyb € B we have
that(¢@(b),a) (mod 1) # 0, hence sincer € (1/m-Z)" we have

[{¢p(b),a) (mod J| >1/m.

Recall that by assumptigfp(b)||2 < c; and|ja — 0]] < 1/(2cim). Thus|{(@(b),a — 8)| < 1/2mby Cauchy-
Schwarz and we get that
[(¢(b),8) (mod J| >1/2m.

We thus conclude with an upper bound|&{6)|. Applying Claim4.I0 we have

o - 7i(g(5),6) ~ 5 ~ .&)
yx(e)ygﬂﬁyl p+ pem P10 | < exp( p(1/2m)2!B\)§exp< N m2|A[log(c,[A]) )

4.4 Proof of Theorem 2.1 from Lemmas$ 44, 416 and 4.7
We now deduce Theorem 2.1 from Lemrhas B.5, 4.6(ard 4.7. Rbaailve have

P[X — E[X]] = /9 _ X(6)e X9 dg, (16)

Let N = poly(|A|,m,cp,C1,Cp,C3) large enough to be chosen later. We would assume throughatt tis
a multiple ofcom. If |B| = O(N?) then the seB is small to begin with, so assume tHBt > N2. We set
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£ ~ N~/ 50 that the conditions for Lemmas}.5 &nd 4.7 hold. More eitigli we sete := O(1/c;NY3) so
that the conditions for Lemnia4.5 hold wiii| < 1/2; and we assume thit> Q(m?) so thats < 1/(2c;m)
and the conditions for Lemnia 4.7 also hold.

We decompose the integral in_{16) into three integrals: peénts which ares close toL; over points
which aree close toM \ L; and over points which arefar from M. Our choice of < 1/2malso guarantees
that balls of radiug around distinct points iV are disjoint. We thus have thBX = E[X]] =11+ 12+ 13
where

Iy = / X(6)e 2 (EX.6) g
! a%L 0eTAd(6,0)<e ( )

/ X(0)e 2 EX.0)gg.
aéM\L 0eTA:d(6,0)<e

/ X(0)e 2EX.0) g,
0eTAd(6,M)>¢

We first lower bound;.

Claim 4.15.

Q(1) A
12 M ()

Proof. We first use the assumption thdtdividescom to reduce computindy to an integral around 0. We
claim that the assumption thegm|N implies that(E[X],a) € Z for all a € L. This is since this choice
implies that all entries of[X] are divisible bym since

E[X] = %cp(B) = (N/eom)-m- 5 g(8) & iz

Moreover, sincex € L C M we have thatma € ZA, hence(E[X],a) € Z. Combining this with Claini 413
which states that the Fourier coefficientsXofre invariants to shifts by € L, we deduce that

=L [ X(6)e 2EX.0)gg.

0TA:||0]|2<¢

Recall that by Lemm@a 415 and our choice of parametefsg|it < ¢ then

X(68) =X(6)(1+5(6))
whereX () = 2 (EX|.0)g-4mp6TR6 and wherd5(0)| < 1/2. Hence

I =|L| e 4PeRE(1 | 5)d0.
0eTA:||0]2<¢

Consider

T
1} =|L| e 4TPeReGg.
0eTA:||6]2<¢

We claim thatl;| > |I1]/2, hence it suffices to lower bourid| in order to lower boundl,|. To see that, note
thatl] is an integral of a real positive function; that we can alwiayger bound|l;| by its real part Ré1);
and that R€L+ &) > 1/2 since|d| < 1/2. Thus

I > Re(l2) > Re(1}) /2= 1{/2.
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We next lower boundl;. Note first that we can bour@ R8 < BcZ||6||3. This is because

6TRE= S (8,0(b))2 < Y ||613]l¢(b)|I3 < BZ| 6|3
beB beB

Thus we get that

_ 2
1} > |L| e 4reiNleligg.
0eTA:||6]2<¢

We boundl] from below by the volume of the region in which the integrasdconstant. This occurs
whenever|8||. < & = O(1/(c1N¥?)). Recall that we chose = O(1/(c;NY?3)) > ¢'. Hence the ball of
radiuse’ is contained in the area over which we integrate, so we olthaifower bound

A A
1] >15/2>|L|-O(1) - Vol(Ball(0,&")) = L - (%) =L (ﬁh) .

The next steps are to bouhgandl; from above. We bound them by the maximal value ti8)| can
achieve in their integral domains. Lemfal4.7 gives a bounid,on

o] < max{|X ()| : d(8,M\ L) < £} < exp<—'\"m> ’

and Lemm&4]6 and our choice ©f= O(1/(c;N/?)) gives a bound oi,
) = exp(—O(N1/3) _m > .

|AlcZcacs

l3| < max{|X(6)|:d(6,M) > ¢ gexp(—st-
Ia] < max{|X(6)] :d(8.M) > €} Aol
We now need to chood¥ large enough so thét > |I5|,|l3|. This can be accomplished singedecays
polynomially withN, while |I2|,|I3| decay exponentially fast. It is not hard to verify that tliguaranteed
whenever
N > Q(1) - max A’m?log?(mAGC1CoC3), AScSc3c§ log® (MmAGCiCaca) ).

5 Summary and open problems

Our main theorem guarantees the existence of a small stibseB for which (1) holds. The conditions
we require are boundedness, divisibility, symmetry anthtgm. The first three conditions seem natural
for this type of problems, but the fourth seems artificialjtatepends on the specific basis we choose for
V. Thus, we wonder if this condition can be removed. In paldicuhe following question captures much
of the difficulty. LetG be a group that acts transitively on a et A subsetT C G is X-uniform (or an
X-design if it acts onX exactly asG does. That is, for any,y € X,
1 1 1

ml{geT 19(X) =y} = @ng G:g(x) =y} = X
In our language we may tak&= G andV to be the space spanned by all functiags,) : B — {0,1} of
the form ¢, ) (b) = Lip—yy for x,y € X. ThenT is X-uniform if and only if (1) holds. TakingA to be
some subset aK x X for which (¢4)aca forms a basis oV, the boundedness, divisibility and symmetry
conditions are clearly satisfied. However, it is not cleaethier the isolation condition is satisfied as well.
If indeed the isolation condition is redundant, one may ecmjre that:

Conjecture 5.1. Let G be a group that acts transitively on a set X. Then theigtsean X-uniform subset
T C G such thafT| < |X|® for some universal constante0.
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A second question is whether one can apply our techniquegttmigimal objects. Recall that the
size of the objects we achieve is only minimal up to polyndrfaators. For example, one of the main
open problems in design theory is whether there exists a&tsiystem (i.e. #&design withA = 1) for
anyt > 5. Another major open problem of a similar spirit is the extigte of Hadamard matrices of all
ordersn = 4m, or equivalently, 24m—1,2m—1,m— 1) designs. Empirical estimates for< 32 suggest
that there are eX®(n(logn))) Hadamard matrices of ordar=4m. Since are so many of them, and since
the logarithm of their number grows at a regular rate, we etisfhat they exist for some purely statistical
reason. However, the Gaussian local limit model seems talbe for Hadamard matrices interpreted as
t-designs; it does not accurately estimate how many there are

A third question is whether there exists an algorithmic wer®f our work, similar to the algorithmic
Moser [Mos09] and Moser-Tardds [MT10] versions of the Lewéocal lemmaEL75], and the algorithmic
Bansal([Ban10] version of the six standard deviations neeticpencer [Spe85]. If an efficient randomized
algorithm of our method were found, then we could no longelisiputably claim that we have a low-
probability version of the probabilistic method. On theesthand it would be strange, from the viewpoint
of computational complexity theory, if low-probability iskence can always be converted to high-probability
existence. Maybe our construction is fundamentally a loabgbility construction.
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