On symmetric indivisibility of countable structures
Assaf Hasson, Menachem Kojman, and Alf Onshuus

ABSTRACT. A structure M < N is symmetrically embedded in A if any
o € Aut(M) extends to an automorphism of N. A countable structure M is
symmetrically indivisible if for any coloring of M by two colors there exists
a monochromatic M’ < M such that M’ =2 M and M’ is symmetrically
embedded in M.

We give a model-theoretic proof of the symmetric indivisibility of Rado’s
countable random graph [9] and use these new techniques to prove that Q and
the generic countable triangle-free graph I'n are symmetrically indivisible.
Symmetric indivisibility of @ follows from a stronger result, that symmetri-
cally embedded elementary submodels of (Q, <) are dense. As shown by an
anonymous referee, the symmetrically embedded submodels of the random
graph are not dense.

1. Introduction

Indivisibility of countable structures is a broad phenomenon. The ordered
rationals (Q, <), Rado’s countable random graph, T, and the generic countable K-
free graph, I';,, for n > 3, known also as Henson graphs, are examples of countable
structures which are indivisible under finite partitions: when partitioned to finitely
many parts, one of the parts contains an isomorphic copy of the whole structure.

Indivisibility of (@, <) is a triviality. That of T' is well known, easy to prove
and in fact true in a stronger form: whenever I' is partitioned into finitely many
parts, one of the parts itself is isomorphic to I' [I]. Indivisibility of the generic
triangle-free graph is somewhat harder and was proved in [10]. Indivisibility of all
Henson graphs was proved in [4].

In this paper we investigate indivisibility with respect to a stronger condition on
the desired copy of the whole structure, which we now define. A substructure M of a
structure N is symmetrically embedded in N if every automorphism of M extends
to an automorphism of N. Let us call a countable structure N symmetrically
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indivisible if for every partition of N into finitely many parts, one of the parts
contains an isomorphic copy of N which is symmetrically embedded in N.

The symmetric indivisibility of Rado’s random graph was established recently
in [9]. In this paper we investigate symmetric indivisibility in the ordered rationals
and in Henson’s generic triangle-free graphs. The main results are:

THEOREM (Theorem below). The symmetrically embedded copies of Q
are dense in all copies of Q in Q, that is, for every P < Q which is isomorphic to
Q there exists Q < P isomorphic to @ and symmetrically embedded in Q.

This of course implies the symmetric indivisibility of Q.

THEOREM (Theorem below). The generic triangle-free graph is symmet-
rically indivisible.

The next major open problem (addressed in a sequel paper) concerning sym-
metric indivisibility in countable structures is, then:

PROBLEM. Does symmetric indivisibility hold in all Henson graphs?

The symmetric indivisibility of Rado’s graph I" was established in [9] along the
following scheme. (1) The composition of I with itself, denoted I'[I'] is symmetri-
cally embedded in T'. (2) For every partition of I'[I'] to two parts, one of the parts
contains a symmetrically embedded copy of T'.

In Section 2 we investigate further the scheme of using composition of struc-
tures, use it to prove the symmetric indivisibility of (Q, <), and indicate its limita-
tions.

In Section 3 we develop a different strategy for proving symmetric indivisibility,
by proving the density of symmetrically embedded copies of an indivisible structure.
This suffices for a second proof of the symmetric indivisibility of @, and of Q-trees,
which are handled in Section 4.

However, this method too has limitations: most notably, density of symmetri-
cally embedded copies is false in Rado’s graph, as proved by an anonymous referee
of this paper (see Theorem below).

Finally, to obtain the symmetric indivisibility of the generic triangle-free graph,
a combination of both approaches with a new ingredient is employed in Section
5. The new ingredient is the notion of a stably embedded sub-structure. A sub-
structure M < A is stably embedded in N if every subset A C M which is
definable with parameters in A is also definable in M with parameters in M.
We prove that (1) the stably embedded copies of T'a are indestructible by finite
partitions, and, (2) the symmetrically indivisible copies of the I'a are dense in the
stably embedded copies.

Symmetric indivisibility of all Henson graphs can be proved along similar lines,
but the proof of indestructibility of stably embedded copies, which follows the proof
in [4], is quite involved, and will be presented elsewhere. We conclude the paper
with the discussion of elementary symmetric indivisibility in Section 6.

Thus, the main progress on the methods of [9] is the improved understanding
of the distribution of symmetrically embedded copies of a structure. The common
feature to both density of symmetric copies of @ and the existence of symmetrically
embedded copies of, say, I' in stably embedded ones, is the following: it is possible to
decrease the space of types realized over an infinite subset of a structure by thinning
out the set. Since thinning out a set puts more elements in its complement — which
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may realize more types over the set — this phenomenon runs somewhat agains one’s
intuition.

In the case of the rationals a copy of Q can be thinned out so that up to
conjugation only two types are realized over the remaining set. In the case of the
random graph a stably embedded copy can be thinned out so that every vertex
outside the remaining copy has only a finite set of neighbors inside it.

The main results in this paper are combinatorial, with the model-theoretic
methods serving to obtain them. We did, though, include some results which are
model-theoretic. Such are Proposition [2.14] Theorem [3.12] which looks ahead to
Section 5, and is not needed in the sequel, and all of Section 6. These results are
not needed for the rest of the paper and may be skipped without any harm to the
comprehension of the main combinatorial results.

We tried to minimize the model theoretic jargon in the parts needed for the
combinatorics. The concepts of definability and of stable embedding in the particu-
lar context of the random graph and of the generic triangle-free graphs are simpler
than in their most general form, so (at least in our sincere opinion) a reader who
is interested in symmetric indivisibility but is less interested in model theory can
still follow all proofs without learning model theory thoroughly.

Acknowledgment. The authors are grateful to two anonymous referees for many
valuable comments that improved this paper. We are especially grateful to one of
the referees for proving Theorem [5.3] below and allowing us to include it here.

2. The composition of two structures

In [9] the symmetric indivisibility of the countable random graph, T, is proved
in three steps:

(1) It is observed that the compositionﬂ T[T of T with itself embeds symmet-
rically into T'.

(2) Any fibre and any section of T'[T'] are isomorphic to I' and symmetrically
embedded in T'[I'].

(3) Any coloring ¢ : I'[l'] — {0, 1} contains either a monochromatic section or
a monochromatic fibre.

This argument translates readily to show that (Q, <) is symmetrically indivisi-
ble, with a significant strengthening of (1): Q[Q] does not only embed symmetrically
into @, it is actually isomorphic to Q. This stronger form of (1) is false for the
random graph. As we shall see below, this difference between I' and Q runs deeper,
as in Q the symmetrically embedded submodels are dense (Theorem below),
while in I" they are not dense (Theorem below by an anonymous referee).

We give a now more general treatment of composition:

DEFINITION 2.1. Let £ be a relational first order language and M a structure
for M. The composition M[M)], of M with itself is the L-structure whose universe

1Kojrnan and Geschke refer to the composition of two graphs as the wreath product. At the
suggestion of one of the referees we replaced the terminology to one which seems somewhat more
accurate.
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is M x M and such that for R(x1,...,zx) € L we set
R(M[M]) :=
{((a,a1),...,(a,a)) :a € M, M | R(ay,...,a;)}U

{((a11,012), s (ak1,ax2) = N\ (ain #ajn), M E R(aig, .. a51)}
i#]

Recall that:

DEFINITION 2.2. A structure M is transitive if Aut(M) acts transitively on
M.

As we will see, transitivity is a natural condition when studying (symmetric)
indivisibility. We need the following technical definition:

DEFINITION 2.3. Call a theory (or a structure) in a relational language A-free
if every relation is either binary or does not intersect any diagonal.

Note that the notion of A-freeness is a harmless technicality, since any n-ary
relation, R, can be written as the union of an n-ary A-free relation with A-free
relations of smaller arities (interpreted as the intersection of R with the various
diagonals). At all events, the following is now obvious:

LEMMA 2.4. If M is a transitive structure in a A-free relational language then
every section and every fibre of M[M)] are isomorphic, with the induced structure,

to M.

Where, naturally, a fibre of the composition M[M] is a set of the form {(a,b) :
b € M} for some fixed a € M and a section is a set of the form {(a, f(a)) :a € M}
for some function f: M — M.

Observe also that if ¢ : M[M] — {0,1} is any coloring then there exists
either a 0-monochromatic fibre or a l-monochromatic section. For if there is no
0-monochromatic fibre, we can always find a function f : M — M such that
c(a, f(a)) = 1. Thus we get:

LEMMA 2.5. Let M be a transitive structure in a A-free relational language L.
Let W C M be isomorphic to M|M]. Then M is indivisible. Moreover, under any
coloring ¢ : M — {0,1} the monochromatic sub-structure of M isomorphic to M
can be chosen either a section or a fibre of W.

The above suggests the following definition:

DEFINITION 2.6. Let M be a structure in a A-free relational first order lan-
guage. Say that M is (symmetrically) self similar if M[M)] embeds (symmetrically)
into M.

EXAMPLE 2.7. The structure M := (Q, <) is symmetrically self-similar. The
structure M[M] is simply (Q?, <jex), which is a countable dense linear order with
no endpoints. Since all such structures are isomorphic to each other we get that

MIM] 2= M.

The importance of the composition M[M] to the study of symmetric indivisi-
bility is that it has many copies of M which are symmetrically embedded:
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LEMMA 2.8. Let M be a transitive structure in a relational language and My <
M[M] a fibre or a section. Then My is symmetrically embedded in M.

PROOF. Let o € Aut(My). Assume, first, that M is a fibre. Define 7 : M[M]
by
r(a) = {a g Mo,
o(a) if a € M.
Then, by the definition of M[M] it follows that 7 preserves all relations, and being
bijective, we are done. So it remains to treat the case where Mg is a section.
In that case, let f : M — M be the function defining the section. We define
6: M — Mbyd(a) =m(o(a, f(a))), where m is the projection onto the first co-
ordinate. Let (a, f(a)) € My, then — by transitivity — there exists o, € Aut(M)
such that o,(f(a)) = m(o(a, f(a)), where 7o is the projection onto the second
coordinate. Now we define:

7(a,b) = (6(a),0a(b)).
We claim that 7 satisfies the requirements. First, by definition, for (a, f(a)) €
My we have m17(a, f(a)) = 6(a) = m1(o(a, f(a))) and ma7(a, f(a)) = 0o(f(a)) =
ma(o(a, f(a))), so T extends o. To see that 7 € Aut(M[M]) let R be an n-ary
relation and a; := (a;,b;), 1 <4 < n such that M[M] | R(ay,...,d,). Observe
that either a; = a; := a or a; # a; for all i # j < n (and by transitivity n > 1). In
the former case 7(a;) = (6(a),o4(b;))), and as o, € Aut(M) the definition of the
composition gives M[M] = R(7(@1,...,a,)). In the latter case, m17(a;) # m17(a;)
for all i # j and, again — since & € Aut(M) the definition of the composition
implies M[M] & R(7(a1),...,7(a2)). O

Summing up all of the above we get:

COROLLARY 2.9. Let M be a transitive symmetrically self similar structure,
then M is symmetrically indivisible.

PrROOF. Apply Lemmawith a symmetrically embedded copy W of M| M].
Then apply the last lemma and the transitivity of the property of being symmetri-
cally embedded. O

As an application we get, using Example 2.7}
COROLLARY 2.10. The structure (Q, <) is symmetrically self-similar.
The same argument can be used to show that:

COROLLARY 2.11. The countable universal n-uniform hypergraph, G,, is sym-
metrically indivisible for all n > 2.

The case n = 2 is done in [9] and the general case follows the same lines. Since
any countable n-hypergraph embeds in G, we readily get that G, is self-similar. It
will suffice, therefore, to show:

LEMMA 2.12. Any countable n-uniform hypergraph embeds symmetrically into
Gn-

PROOF. For a set A let us denote Fj(A) := [A]*. Let GY be any countable
n-hypergraph and G™*1 the n-hypergraph obtained by adjoining to G™ vertices
{ar : I € [F—1(G™)]<“} such that G(by,...,b,—_1,b,) holds if and only if one of
the two following options hold:
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(1) b; e G for all 1 < i <mn and G(by,...,by_1,by) is satisfied in GI*, or

(2) b, ¢ G, in which case b = ay for some I € [F,,_1(G7)]<¥ and {b1,...,b,_1} €
1.

Finally set G := {J,,c., Gi. We claim that G = G,, and that GY is symmetrically
embedded in G. To show that G = G,, it suffices, of course to show that G = G,,,
since the latter is Ng-categorical. But Th(G,) is axiomatized by stating that it is
an n-hypergraph and that for all ki, ks and distinct ay,...a,, bi,...,bx, all in
F,_1(G,) there is an element d such that

k1 ko
(%) N\ G(ai,d) A\ ~G(b;, d).

i=1 i=1
So assume that ai,...ak,, bi,...,b, all in F,_1(T) are distinct elements. Let
m € IN be such that a;,b; C G for all 1 < ¢ < ky and 1 < j < Ky, Let
I ={a,...,a} and let d := a;y € G™*!. Then a; witnesses (). To see that

GY is symmetrically embedded in G it is enough to check that, in fact, given any
isomorphism 7 : G — G™, 7 can be extended to an automorphism of G™*1.
But this is obvious, since 7 induces an automorphism of (Fj,_1(GJ"), <) (which,
for simplicity of notation, we will also denote 7), and it is clear by definition that
extending 7 by ar — a,) for all I € F, 1(G}') we get an automorphism of
GmTt, 0

We conclude this section by pointing out that the composition of structures
allows us to construct new (symmetrically) indivisible structures from old ones.
First, we slightly generalize the notion of composition:

DEFINITION 2.13. Let M, N be structures in a relational language, £. The
composition of N with M, denoted M[N] is the L-structure whose universe is
M x N where for an n-ary relation R € £ we set

R(MIN]) :=
{((a,a1),...,(a,ax)) :a € M, M = R(as,...,a;)}U

{((aLl, CLLQ), ey (akJ, ak72)) . /\(am 7é aj71), N }: R(aiJ, - ,CLjJ)}
i#j

Let M[N]* be M[N] expanded by a new equivalence relation Ej interpreted as
{((a,b),(a,c)) : a € M,b,c € N}.We call E, the standard equivalence relation on
the composition.

The following is now easy:

PROPOSITION 2.14. Let N', M be countable structures in a A-free relational
language L. If N and M are both (symmetrically) indivisible (and the number of
symmetrically embedded copies of N in N is finite up to conjugacy in Aut(N)),
then M[N* is (symmetrically) indivisible.

We remark that in the next Section it will be shown that the number of sym-
metrically embedded copies of Q in @ is finite. Thus, by this theorem, I'[Q]* is
symmetrically indivisible, for example.
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PROOF. Let ¢ : M x N — {0,1} be any coloring. For each a € M denote
No = {(a,b) : b€ N} and ¢, : N — {0,1} the coloring induced by ¢ (i.e. cq(b) =
c(a,b)). Since N,, with the induced structure, is isomorphic to N (through the
natural projection (a,b) — b), we identify N, with A/. We define a coloring ¢ of
M as follows: For a € M define é(a) = (0,4) if there is a (symmetric) N, C N,
such that ¢,(N.) = {0} (and the conjugacy type of N/ is the i-th in the finite list
of conjugacy types of symmetrically embedded copies of N, in itself). N/ with
the induced structure is isomorphic to A/ (and symmetrically embedded in N,).
Otherwise, let ¢(s) = (1, 7), when there is a 1-monochromatic copy of N (with the
Jj-th conjugacy type in the finite list of types).

Because M is (symmetrically) indivisible we can find a é¢-monochromatic My C
M such that, with the induced structure, My = M (and M, is symmetrically
embedded in M). If é(My) = {(0,4)} then, by definition, for all a € My we can
find N/ C N, such that ¢(N,) = {0}, N, 2 N (and symmetrically embedded in
N, of conjugacy type 7). Otherwise, because N is (symmetrically) indivisible we
can find for each a some N/ C N, such that N, =2 N, ¢(N,) = {1} (and N, is
symmetrically embedded of conjugacy type j).

In any case we can define W¢ = (J{N, : a € Mp}. Obviously W€ is ¢
monochromatic, and by construction W¢ = My[N] =2 M|N]. So it remains only
to verify that if M and A are both symmetrically indivisible every automorphism
of W¢ extends to M[NT.

Let « € Aut(W*€). So « induces, through the projection on the first coordinate,
an automorphism a; on Mg, which by symmetry of My in M we can extend, call
the extension a1, to the whole of M. On the other hand, since « preserves the F
structure, each fibre N/ of W° maps through « to the fibre N&l(a). By construction,
there is an automorphism, a4 of A such that N/ = N&l(a). So we can finally define

(a1 x az) : MINTP® — MINT® by:

ai(a),b if a ¢ My,
(OZ1XC82)(CL,b)Z ( 1( ) )a . ¢ 0
(a1(a),ag(d)) if a € My.
Then (a1 X ag) € Aut(M[N]), and since a; X ag extends «, this is what we needed.
(]

Observe that in the last proof the definability of the standard equivalence re-
lation was only needed to prove the symmetric indivisibility of M[N]. It may be
worth pointing out that in many cases, the standard equivalence relation E is de-
finable (without parameters) in the composition. Observe, for example, that if we
expand M by a binary relation R(x,y) interpreted as equality then for the resulting
structure M— we have that M_[N] is M|N]°.

REMARK 2.15. Formally, we have only defined the composition M|N/] for struc-
tures in a common relational language. The general case (for relational languages)
can be obtained by interpreting every relation in £(N')\ £L(M) as the empty relation
in M, and the other way around.

Finally, we point out that the converse of Proposition is also true. Le.,
if M, N are structures in a relational language £ and M|N]* is symmetrically
indivisible then so are M and N.
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3. A new approach to symmetric indivisibility: density of
symmetrically embedded structures

As we have seen in the previous section, (Q,<) is symmetrically indivisible
because the composition of @ with itself is isomorphic to @. That proof, however,
does not reveal the full nature of the situation. In fact, we will show that in (Q, <)
symmetry and indivisibility can be viewed as independent phenomena.

The main result of this section is the density of symmetrically embedded copies
of Q in Q. Symmetric indivisibility follows directly from indivisibility and density
of symmetrically embedded copies.

DEFINITION 3.1. Let M be a (countable) structure. Say that the symmetrically
embedded copies of M in itself are dense if for any N < M which is isomorphic to
M there exists N7 < N such that A/’ is isomorphic to M and N is symmetrically
embedded in M.

In fact we obtain a stronger density result: we prove that there are 36 types
of symmetrically embedded copies of (Q, <) in Q and that four of these types are
dense.

We conclude this section with a study of the theory of pairs (Q, P), where P
is a symmetrically embedded submodel of @ of a certain type.

Our proof of the density of the symmetrically embedded copies of @ is a con-
struction. In order to get a picture of the direction our construction has to take we
begin by analyzing the possible symmetrically embedded copies of @ up to conju-
gacy with respect to Aut(Q, <). The first important structural result is Corollary
[377 This part of the work culminates in Theorem [3.9] giving the full list of all 36
possible types of symmetrically embedded copies of @ in Q.

We start with some terminology. Suppose N' < Q is a copy of Q. Every real
number r € R\ N satisfies over N one of the following types:

(1) The lower bound LB(z) ={z < q:q€ N}.

(2) The upper bound UB(z) = {g <z :q € N.

(3) The left infinitesimal of a point ¢ € N, L(q,z) = {g <z} U{¢d <z :q¢ €
MAg<{'}.

(4) The right infinitesimal of a point ¢ € N, R(¢,z) = {g < 2} U{z < ¢ :
g eEMNg<}

(5) The cut (L,R,z) = {¢ < z Az <p:q¢€ Lp € R} over N, where
LUR=N,LNR=0,L#0#Randp<gqforallpe L, q€ R.

If o € Aut(N) and t is a type, o(t) is gotten from ¢ by replacing every parameter
p in the type by o(p). Two types t and ¢’ over N are conjugate if there is o € Aut(N)
such that o(t) = ¢'.

CLAIM 3.2. Suppose N < Q is a copy of Q. Two types over N are conjugate
if and only if they are of the same kind in the list (1)-(5) above.

PROOF. Direct inspection shows that two types of different kinds are not con-
jugate. If p,q € N then any automorphism of N which takes p to ¢ takes L(p, )
to L(q,z) and R(p,x) to R(q,x). Given two cuts (L, R,x) and (L', R’, x), since the
order types of all four sets is Q, there is an automorphism of A/ carrying L to L’
and R to R'. a



ON SYMMETRIC INDIVISIBILITY OF COUNTABLE STRUCTURES 9

A type t(z) is realized by a real r € R iff r satisfies all formulas in ¢ when
substituted for . For a copy N < Q of @ it is possible for each of the types to be
realized by a member of Q. The type LB(z) may be realized by a greatest rational
number or there may not exist a greatest rational realization of it, and similarly for
UB(x).

COROLLARY 3.3. If M < Q is symmetrically embedded in Q and a type t over
M is realized by some element of Q, then all types of the same kind of t are realized

n Q.
ProoF. If t,t are types of the same kind over a symmetrically embedded copy

M < Q and g € Q \ M realizes t, fix 0 € Aut(M) which carries ¢t to t’ and an
extension o C ¢ € Aut(Q). Now &(q) satisfies ¢'. O

A cut (L, R) over a copy N' < Q may be realized by a single real number.
If r realizes a cut over N and is the unique real number which realizes this cut,
we call it a two-sided limit of A/. So r is a two-sided limit of A" if r ¢ N and
r=inf{ge N:q>r}=sup{ge N:q<r}.

CLAM 3.4. Suppose N < Q is a copy of Q. If U C R is an open interval and

INNU| > 1, there are continuum many irrationals r € U which are two-sided limits
of N.

PrROOF. Since N NU contains a copy of Q there are continuum many cuts over
NNU. If a cut over N NU is realized by more than one real number, it is realized
by a rational. Therefore, except for a countable set of cuts, every cut over N N U
is realized by a single irrational number. O

By this, almost all cuts over any copy M < Q are not realized in Q. Since
realizing one cut over a symmetrically embedded copy M < @Q implies, by Claim
3.3 realizing all, we conclude:

COROLLARY 3.5. If N < Q is a symmetrically embedded copy of Q then no
cuts over M are realized in Q.

Except for cuts, however, types over N which are realized by reals, are also
realized by rational numbers. A convex subset of the rationals is a subset A that
contains Q N (¢, p) whenever ¢ < p belong to A.

CrLaM 3.6. Suppose N < Q is a copy of Q.

(1) If the left [right] infinitesimal type L(q,x) [R(q,z)] of some ¢ € N s
realized by some real, then the set of rational numbers which realize it is
a convex copy of Q.

(2) If the type LB(x) is realized by some real, then the set of rationals which
realize it is either a convex copy of Q, in case this set has no maximal
element, or a convex copy of Q N (—o0,0], in case this set contains a
mazimal element. Similarly for UB(x).

PRrROOF. Obvious. O

COROLLARY 3.7. A copy M < Q is symmetrically embedded if an only if no
cuts over M are realized in Q and exactly one of the following conditions holds:
e For all ¢ € M neither L(q) nor R(q) are realized in Q (in which case M
is an interval in Q).
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e For all ¢ € M both L(q) and R(q) are realized in Q.
e For all g € M the type L(q) is realized in Q but R(q) is not realized in Q.
e [or all g € M the type L(q) is not realized in Q but R(q) is realized in Q.

In particular, a copy M < Q of Q is symmetrically embedded if and only if for
every a < b in M the interval (a,b) N M is symmetrically embedded in Q.

PRrROOF. The fact that no cuts are realized over a symmetrically embedded copy
has been proved above. Suppose M < Q is a copy with no cuts realized in Q and
one of the four possibilities in the claim holds. In the first case, any automorphism
of M can be extended as the identity on Q \ M. In the other three, if o € Aut(M)
and o(q) = p the set of left [right] infinitesimals of ¢ can be carried to the set of
left [right] infinitesimals of p by an order isomorphism. O

Let us remark that something stronger holds for symmetrically embedded copies
M < Q. We can find a homomorphism ¢ : Aut(M) — Aut(Q) so that o C ¢(0)
for all 0 € Aut(M). Extend via the identity above sup M and below inf M. If
right rational infinitesimals exist for members of M, fix some ¢y € M and fix
an automorphisms ¢ from the set right rational infinitesimals of ¢ to the set of
right rational infinitesimal of p for each p € M (with ¢ = id) and extend each
o by moving the right infinitesimals of p to the right infinitesimals of o(p) via
Py © (¢p)~". Similarly for left rational infinitesimals. It is easy to check that
p(ooT1)=p(c)op(r) for o,7 € Aut(M).

We get, then:

COROLLARY 3.8. A copy M < @ is symmetrically embedded in Q if an only
if there is a homomorphism ¢ : Aut(M) — Aut(Q) satisfying o C (o) for all
o € Aut(M).

We now get:

THEOREM 3.9. Up to conjugacy in Aut(Q, <) there are exactly 36 symmetri-
cally embedded copies of Q.

PROOF. There are 3 possibilities concerning LB(x) over a copy M < Q: not
realized, realized with a rational greatest realization and realized with no greatest
rational realization, and similarly 3 independent possibilities for U B(z). There are
4 independent possibilities concerning the realization of left and right infinitesimals.
Any two symmetrically embedded copies are conjugate if and only if they satisfy
the same possibility out of the potential 36 described.

In fact, all 36 possibilities do occur. @ itself is a copy of Q in Q with no upper
or lower bounds and with neither left nor right rational infinitesimals. Upper and
lower bounds can be realized with or without least upper,/ greatest lower one.

So it only remains to check that only left, only right and both sides of rational
infinitesimals can occur over symmetrically embedded copies. Let Q@ be presented
as Q[Q] and let No = {(¢,0) : ¢ € Q}, N1 = {(¢;p) : p € QAp > 0} and
Ny ={(q,p) : p € QA p <0}. These copies of Q are symmetrically embedded in Q
and of the three required conjugacy types. ([l

We proceed to proving the density result claimed at the beginning of this sec-
tion. Our main technical tool is:



ON SYMMETRIC INDIVISIBILITY OF COUNTABLE STRUCTURES 11

THEOREM 3.10. For every substructure N < Q isomorphic to Q there is an
isomorphism ¢ : conv(N) — Q[Q] such that ¢ NN {(q,p) : p € Q} = Q for
every q € Q.

PROOF. Suppose that A/ C Q is order isomorphic to Q. By replacing Q with
the convex hull conv(A) we may assume that conv(N) = @, for simplicity of
notation.

Abusing notation, let us write I < J for disjoint nonempty intervals of R if
every point in [ is smaller than any point in J, that is, we shall use < for both the
real ordering and the interval ordering. Let us fix an enumeration {¢, : n € N} of
Q.

It will suffice to present Q as a disjoint union of intervals | J,, I,, such that:

(i) The mapping ¢, — I,, is an order isomorphism between the rational order
and the interval order on {I,, : n € w};

(i3) I, NN is isomorphic to @ for each n.

We define I,, by induction so that:

(1) I, = (an,byn), an < by, are irrational numbers each of which is a two-sided
limit of N, hence N N (ay, b,,) is isomorphic to Q.

(2) m < n implies I,, N I,,, = 0.

(3) The type of I, 41 over {I,, : m < n} with respect to the interval ordering
is equal to the type of g,+1 over {¢,, : m < n} with respect to the rational
ordering.

(4) If g is the first rational number (in some fixed enumeration of Q) outside
U< Im with the type of {q} over {I,, : m < n} equal to the type of
Gn+1 over {¢m :m < n} then q € Ip,41.

To carry the induction let Iy = (ag,by) be an arbitrary interval which satisfies
(1). At step n+ 1 let g be the least rational in the enumeration which satisfies the
hypothesis in (4). Find a < any1 < ¢ < bpt1 < b, such that both a,,41 and b, 41
are two-sided limits of N satisfying the same type as q over {I,, : m < n}.

To prove that (J,, I, = Q suppose this is not so and let ¢ be the least in the
enumeration of Q which is outside this union. At some stage mg it holds that ¢
is the least in the enumeration outside of Um<n0 I,,. For some n > mg the type
of {¢} over {I,, : m < n} coincides with that of g,;1 over {g, : m < n} hence
q € I,4+1 contrary to our assumption. [l

THEOREM 3.11. For every copy M < Q of Q there exists a copy N < M of Q
which is symmetrically embedded in Q, bounded from both sides and with both right
and left rational infinitesimals for every ¢ € N'. The existence of a greatest upper
bound and of least upper bound of N in Q can be chosen at will.

ProOF. Given M < Q fix, by Theorem a presentation conv(M) = |J I,
where I, < I, <= p <1 and I, N M is isomorphic to Q. Choose p(q) € I, " M
for each q and let N = {p(q) : ¢ € Q}.

N can be intersected with an open, closed or half-closed half-open interval with
end-points in @ to arrange the existence of a greatest lower bound and of a least
upper bound. O

Recalling Definition the previous theorem can be described as the fact
that the symmetrically embedded copies of @ of 4 of the 36 types of symmetrically
embedded copies are dense.
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For the next Theorem see below Definition [5.5] of a “stably embedded sub-
structure” and Corollary [5.6] immediately following it.

THEOREM 3.12. For any coloring ¢ : Q — {0,1} there exists a monochromatic
submodel P < Q such that the pair (Q, P) is Rg-categorical and P is stably embedded

n Q.

PROOF. Let ¢: Q — {0,1} be any coloring. Since @ is indivisible, we can find
Po < Q monochromatic and bounded from both sides. By Theorem we can
find P < Py symmetrically embedded in @Q and a family of disjoint open intervals
{I,}per whose union is convP, and such that I, " P = {p} for all p € P. By
Corollary [5.6] P is stably embedded in Q.

It remains to check that (Q, P) is Rg-categorical. Let @) denote the convex hull
of Pin Q.

Claim The structure (Q, P) is Ro-categorical.

PROOF. To define an isomorphism between any two countable models (Q,S)
and (Q’',8’) first choose an isomorphism of Q with Q’. Since the conjugacy class
of S'in Q is given (and equals that of S’ in Q'), we can now find an automorphism
of @’ taking the image of S to S’, which is all we need. Oetaim

Now to construct an isomorphism between any two models of (Q, ) first use
the claim to construct an isomorphism between the convex hull of the smaller model.
Then observe that each of the types at £oo (over the predicate) is realized in one
model if and only if it is realized in all models. Moreover, the set of realizations of
each such type is isomorphic to @, if it is non-empty. So the partial isomorphism
can be extended. O

4. A symmetrically indivisible Q-tree

Traditionally, induced Ramsey theory is concerned with relational languages.
But structures in non-relational languages can still be indivisible. In this section
we give a new example of such a structure. The main point of this new example
is that once the proof of indivisibility is obtained, symmetric indivisibility can be
inferred from the “density” results which concluded the previous section.

Consider the language £ := {<, A} and the theory T (see Remark below)
stating that:

e < is a partial order whose lower cones are linear (i.e. the universe is a
tree).

e < is dense with no endpoints.

e A is a binary function such that z = z Ay implies z < z,z < y and if
z <w <z then w L y.

e For any element z there are infinitely many elements {z;} pairwise <-
incomparable such that z = x; A x; for all i # j.

We will sometimes refer to the relation a > b as “a is over b” or “a is above b”.
We will denote a L, ¢ if a is incomparable to ¢ and b = a A ¢, we will say that a,c
are orthogonal over b. We will also call a branch over b a maximal chain of elements
lying over b. The following observation will be useful:
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REMARK 4.1. For any natural number n > 0 let ¢, (z,zo,...,z,) be the £-
formula stating that if 2; L, x; for all ¢ # j then there exists y > z such that
yAx; =z forall i <n. Then T | (VzVaq,...z,)0, for all n.

PrOOF. Let M =T be any model. Let {z1,...,2,} and z, be elements in M
as in the statement. Let {y; ?:Jrol in M be such that y; Ay; =z foralli <n+1
(use the last axiom). Observe that for all 0 < ¢ < n there exists at most one
0 < j <n+1such that z; Ay; > z. But then there exists j < n 4 1 such that
y; Nx; = z for all 0 < i < n, as required. (I

REMARK 4.2. Let {a;}ics be a set of elements pairwise orthogonal over b and
let {c;}icr be such that ¢; > a; for all ¢ € I. Then {c¢;};cr is a set of pairwise
orthogonal elements over b.

REMARK 4.3. The theory T is consistent.

PROOF. We will construct a model for T in Q®. For a function f € Q® and
q € Q denote f19:= f|(—00,q]. Let F := {f!'9: f € Q¥ ¢ € Q}. Let < be the
natural partial order on F given by f < g if there exists ¢ € Q such that f = glq.
Then (F, <) is a dense tree (or, rather, forest). Let Fo := {f € F : (3¢)0% < f},
where 0 is the constant function. Then (Fp, <) is a sub-tree. Say that f € Fy
is locally constant, if for all » € R there exist rational numbers a < r < b such
that f|(a,b] is constant. Let Fy := {f € Fy : f is locally constant}. The structure
(F1, <) will be our model (because the function A is definable in T from <, this
suffices to determine the L-structure). We will now verify that A is well defined in
(F1,<). Let f,g € Fy and let ¢(f,g) :==sup{q € Q: f(q) = g(q)}. Note, first, that
since f,g € Fo we know that ¢(f,g) € R (i.e. is not —c0). Because f, g are locally
constant, it follows that ¢(f,g) € Q. So we define f A g = f19/:9), Verifying that
(F1,<,A) =T is now a triviality. O

REMARK 4.4. The theory T is Ng-categorical and has quantifier elimination in
the language L.

PRrROOF. To see this, observe first that if M =T and A C M is finite then (A)
— the substructure generated by A is finite. The proof is by induction on (n,m)
— the number and length of the longest anti-chain in A. For let A be a set with n
anti-chains of maximal length m. Let a be any member of an anti-chain of maximal
length, and a1 < a be maximal in (the linearly ordered set) {a Ab:b € A\ {a}}.
Observe that (A) = (A1) U {a} where A; = AU {a1}\ {a}. But A4; has fewer
anti-chains of length m than A did. So the conclusion follows from the inductive
hypothesis.

Now, let M1, M5 |= T be countable models and f : Ay — Ay a partial iso-
morphism between finite substructures of M; and My respectively. Let a € M,
be any element. We will show that f can be extended to a. If a; > a for some
a1 € Ap let ¢, be the cut of a in the branch below a;. Observe that if d € A;
and d Aa; < a then dANa =dAay and if d Na; > a then d Aa = a. In any
case, if b € M realizes f(c,) then {(a,b)} U f is the desired extension of f (note
that such b exists because the branch below f(a;) is dense with no minimum). If
a > aq for some a; € Ay, a; is maximal such and a is not bounded above in A, let
Ag:={b€ A:aAb=ar}. A similar argument as before will show that if we can
find b € My such that b L4, f(ag) for all ag € Ag then (A;,a) = Ay U {a} and
fU{(a,b)} is an extension of f. But such an element b exists in My by the last
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claim. So it remains to extend the function f in the case where a is incomparable
to A. In that case, let o’ := max{a A a; : a1 € A}. Extend the function first to a’
and then to a using the two previous cases. O

Let M = T, a countable model. We will first show that M is indivisible. We
split the proof in to several claims:

LEMMA 4.5. Let M =T and ¢ : M — {0,1} any coloring. Assume that for
some point a € M there is no densely linearly ordered set {a;};c., above a such that
c(a;) =1 for all i, then for all b > a there is a dense set {b;}ic, above b such that
c(b;) =0 for all .

PROOF. The above is true for (Q, <) and is therefore true for M using the fact
that it is a dense tree. g

LEMMA 4.6. Let M |=T. For any by > by, b; € M let
Gy = J{b €M : (Fe)(br < ¢ <by and b > c)}.

Then Gy, b, is a submodel of M (and by quantifier elimination and No-categoricity
isomorphic to M).

Proor. It is obvious that Gy, p, is a dense tree. Moreover, for all b € Gy, ,
if ¢ > b then ¢ € Gy, p,. So every b € Gy, », has infinite sets {¢;}72, pairwise
orthogonal over b. So, by quantifier elimination, it remains to check that Gy, 4, is a
substructure: if a,b € Gy, p, there are ¢4, ¢ € (b1, b2) such that ¢, < a and ¢, < b.
Then a Ab > min{c,, ¢, }. And since the right hand side is in Gy, p, so is the left
hand side. O

The next lemma provides, given a countable model M |= T and a coloring of M
in two colors, sufficient conditions for the existence of a monochromatic elementary
substructure of M:

LEMMA 4.7. Let M =T and ¢ : M — {0,1} any coloring. Assume that for
every a € M there are {a;};cw such that:

(1) {a;}icw is a dense linearly ordered set above a.
(2) c(a;) =1 for alli.
Then there exists N < M such that ¢(N) = {1}.

PROOF. We construct A inductively as follows. Fix f : N — IN such that
f~1(n) is infinite for all n € IN. This function will serve us in keeping track, at each
stage of the construction, which element should be attended to. The requirement
that f~!(n) is infinite for all n will assure that every element will be taken care of
infinitely many times. Having said that, and in order to keep the notation cleaner,
the function f will be suppressed from our notation. Fix ag € M such that ¢(ag) =1
and such that there is a dense linear order of elements b < a¢ with ¢(b) = 1. Now
assume that we have constructed a finite substructure N; such that:

(1) For a; < ag € N; the points b € M such that a1 < b < ag and ¢(b) = 1
form a dense linear order.
(2) e(N;) = {1}.

We will now construct N;y;. Let d be the first element of N; (with respect
to some fixed enumeration of M) which needs to be attended to (according to the
function f) We proceed in two steps:
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First, we fix some a < d with ¢(a) = 1 as follows: if d = min{x : x € N;} we
set a' = —o0, otherwise let a’ < d be maximal in {x € N, : z < d}. It follows from
(1) of the hypothesis that we can choose a € (@, d). so that ¢(a) = 1 and such that
(1) remains true when extending N; with a. Observe that if y is any element in N;
such that yAd < a, then yAa =y Adand if y Ad > d then y A a = a. So setting
NP, = N; U{a} we satisfy the inductive hypothesis.

Second, fix some b € M such that b > d. By Remark [£.1] we can choose b such
that bAz < d for all z € N?,; (and in particular b A a = a). Moreover, if bAz < d
for some x € NZ-OJr1 then b A x = bAd. By Lemma and our assumption, we
can choose b in such a way that, in addition, ¢(b) = 1. Observe that if y € N; is
an immediate successor (in N;) of a (i.e., N; N (a,y) = 0) then y 1, b. So setting
Niiq = Nio+1 U {b}, the inductive hypothesis is preserved for N; 1.

Now let N := (J,c,, Ni- Then N (N with the induced structure) is an elemen-
tary substructure. To see this note, first, that A/ is indeed a substructure because
all the N; are, and it is obviously a tree. We have to show that it is a dense tree
with no end points, and that the last axiom of 7" holds in N.

That A is dense is easy. For let a < b € N and let i be such that a,b € N;.
By the choice of the function f there will be some i’ > ¢ such that b is the first
element of Ny to be attended to. Therefore, in Ny 11 there exists some a < b’ < b,
as provided by the first step of our construction. That N has no end points follows
in a similar way.

To see that for all @ € N there are {a;};c. pairwise orthogonal over a we
use the second step in the construction, combined with the fact that, as the NV; are
substructures of M, if a; L, as in the sense of N; (some 7) then they are orthogonal
in M, and therefore also in N; for all j > i. ([

The following is an immediate corollary of the lemma.
THEOREM 4.8. Let M =T be countable, then M is indivisible.

PROOF. Let ¢: M — {0,1} be any coloring. Because T is Rp-categorical it will
suffice to show that there exists a monochromatic N' < M. By the last lemma, if
for all @ € M there exists a dense linear order of points greater than a colored 1,
then we are done. So we may assume that there is a point a € M for which this
is not the case. So by Lemma for all b > a there exists a dense linear order of
points greater than b all colored 0. Using Lemma [.6] with by > by > a the desired
conclusion follows, again, using the previous lemma. ([

We will now start the analysis showing that M |= T countable is symmetrically
indivisible. It will turn out that, in fact, the symmetric substructures of M are
dense. The following claim is our main technical tool. It will provide criteria
under which we can extend isomorphisms from sub-trees of M all the way to an
automorphism of M.

LEMMA 4.9. Let N1,No < M. And assume that the following hold:
(1) For every a; € N; there are ¢ < a; < d such that N; N (¢, d) = {a;}.
(2) For every a < b € N; the interval (a,b) N N; is symmetrically embedded in
(a,b).
(3) There arer; € M (i =1,2) which are upper lower bounds for N; (so that
r; < N; and given any x < N; we have x < r;).
(4) All branches in N; are bounded in M.
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(5) If C € M is a maximal set of elements pairwise orthogonal over some
¢ € N; then C'\ N; is infinite.

Then any isomorphism o : N1 — Na extends to an automorphism of M.

PRrROOF. Assume N7, N, satisfy the assumptions. Observe that ry < Np as
provided in the assumptions is unique, so given o : ;7 — N> a partial isomorphism,
we first extend o by r1 — ro. This is clearly a partial isomorphism, since x Ar; = 1,
for all z € N;.

Cram 4.10. Let G; == {x € M : r; < x} and assume that we can find & :
G1 — (s, a partial isomorphism extending o. Then we can extend o to Aut(M).

PrOOF. Since (M,ry) = (M,ry) there is an isomorphism 7 : (M,r;) —
(M, re) with 7(r1) = re. Let M, denote the induced structure on M \ G; ex-
panded by a unary predicate P interpreted as L; := {z € M : & < r;}, so that
T|m, is an isomorphism from M; to M.

Now, notice that if « € G; and b € M, then a,b are <-comparable if and only if
b < aandb e L;, so clearly 7| o, UG preserves the order, which implies it must be a
homomorphism since the join operator is definable from it. So 7|y, UG € Aut(M),
as required. O

Thus, it will suffice to extend o to G; (as above). We will show that given
d € Gy we can find d’ € Go such that (N, d) = (Na, d’) and both structures satisfy
the assumptions satisfied by ;. This will suffice, as a standard back and forth will
then complete the argument.

So let d € G; be any element. We now distinguish some cases:

Case I: d is bounded above and below in N;. Let a,b € N; be such that
a < d < b. Since (a,b) N Ny is symmetric in (a,b) it follows, by Remark that
d realizes a non-cut over (a,b) N Ny. So there exists (a unique element) ¢(d) €
(a,b) N Ny such that either d = ¢(d)™ or d = ¢(d)™; we will assume without loss
of generality that d |= ¢(d)™. By the assumption (1) on N3 we can find d* € No
such that d* = o(c(d))™ (recall the notation used in Remark . By definition,
extending o by sending d to d™ is an order preserving map from N;U{d} to NoU{d}.

Now, let = # ¢(d) in Ny, and consider zAb. If zAb < ¢(d) < d then xAd = zAb;
otherwise x > d and z A d = d. In either case we have (Ny,d) = N U{d}, so we are
done.

Case II: d is bounded from below but not bounded from above in N;. In
this case By := (r1,d) N Ny is a branch in N7 which implies that so is o(Bg) in Na.
Since no branch in N is unbounded in M we can find d’ such that d’ > o(By).

Now, given any x € N; either z < d and x A d = x or (since d is unbounded
from above in Nj) there is some 2’ € (ry,d) incomparable with z. In that case
d Az = a2’ ANx. Thus, once again, (Ny,d) = Ny U {d} and setting extending o by
sending d to d’ is an extension of our isomorphism.

Case III: d is bounded from above but not bounded from below in N;.
We will prove that under our hypothesis this case is impossible. Let b > d. Since
the elements under b form a linear order, it follows that either d > r1 or d < ry.
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The latter case implies that d ¢ G; contradicting our hypothesis. In the former
case, because r1 is an upper lower bound there is some a € Nj such that a £ d.
In this case the a A b is an element in N; comparable to d (both are smaller than
b) which by transitivity cannot be greater than d so it must be smaller than d,
contradicting the non lower boundedness of d in Nj.

Case IV: d is not bounded from below or above in N;. Let C C Nj be a
maximal set of elements pairwise independent (over r1). Since o(C) is such a set
in Ny and o(C) is not maximal in M, we can find d’ € Ny such that d' ¢ o(C)
and o(C) U {d'} is pairwise independent in Ny. It is easy to check that in this case
extending o by d — d’ is an isomorphism.

In all of the above cases, it follows easily that (N, d) satisfies all assumptions
that A7 satisfied. So the proof is complete. O

So we are now ready to prove:

PROPOSITION 4.11. Let M =T be countable. Then the symmetric submodels
of M are dense.

ProoF. It will suffice to show that if N' < M there exists N/ < N such that
the pair (N’, M) satisfies the assumptions of Lemma (with M7 = Ny = N7).
Notice that except for (3), all the assumptions of Lemma are hereditary under
the passage to sub-trees and given any N’ < N satisfying (1), (2), (4), and (5), the
set {x € N’ | z > a} is an elementary sub-tree of N/’ satisfying all the conditions
of Lemma for any a € N/'. Therefore, it will suffice to show that for any given
N < M and one of the assumptions (1), (2), (4), or (5), of Lemma[£.9] there exists
N’ < N satisfying that specific assumption.

To make notation easier, we will refer to the assumptions of Lemma by
their number without making explicit the lemma every time.

By the remark above we will assume that (3) holds for every tree that we refer
to.

Our first goal is to find, for any given tree, a tree satisfying condition (5). Let
{a;}icw be an enumeration of N. Let Cy = {ap} and by > ap be any element.
Let Fy := {& € N : 2 > bg}. Observe that N \ Fy = N. Assume that we have
constructed

e A set C; isomorphic to an initial segment of N (with respect to the above
enumeration).
o A set F; of forbidden elements such that C; N F; = ) and N'\ F; < N.
Let p;11 := tp(ag, ..., a;+1). Since C; € N\ F; 2 N we can find ¢,11 € N\ F;
such that tp(Cy,ci11) = piy1 and set Cip1 = (C; U {ci11}). Since N\ F; is a
substructure, C;11 N F; = (. If ¢;y1 = minC; 41 we set F; 1 = F;. Otherwise, let
¢ € Ciy1 be such that ¢ < ¢;41 and (¢, ¢;01) N Cipqg = 0 (ice., ¢ is the immediate
predecessor in C; of ¢;11). Let b;y1 € N\ F; be any element such that b;y1 L. ¢j41
and b;y1 Ad < c for every d € Cijpq1. Let Fipq = F; U Gep In any case
Fi+1 N Ci+1 = @ and N\Fi+1 SN
Let N7 :={J,¢,, Ci- By construction NV < N. Let ¢ € N7 be any element, and
C C N’ a maximal set of elements pairwise orthogonal over c¢. Let i € w be such
that ¢ € C; and such that ¢ < ¢;41 and (¢,¢;41) NC; = 0. Then b;q L. ¢ for
any ¢ € C. For assume that ¢ < d = ¢/ A b4 for some ¢/ € C. Then d € Gy

i+1°

i1



18 ASSAF HASSON, MENACHEM KOJMAN, AND ALF ONSHUUS

implying that ¢ € F;11, a contradiction. Since for every ¢ € N’ there are infinitely
many ¢ with the above property, it follows that N’ satisfies (5).

To find a sub-tree which satisfies (4) we pursue a similar (though slightly sim-
pler) construction. We only modify the construction of the sets F; at stage ¢ as
follows: for every maximal ¢ € C;, we choose some b(c) € N \ F;_; with b(c) > ¢
and set

Fi:=F,_1U{z: (3c € max{C;})(x > b(c))}
and the rest is precisely as above.

So it remains to take care of (1) and (2). We proceed as follows. Fix some
bo € N and consider the interval (r,bg) NN (where r < N is the upper lower bound
of N). By Theorem we can find an elementary substructure of (r,by) N N
symmetric in M. Moreover, the construction in the proof of Theorem [3.11] assures
that this can be done so that (1) is satisfied. So we may assume that (r,bo) N N
is symmetrically embedded in M. For every b € (r,bp) N N let {c¢}}ic € N an
infinite set of elements pairwise orthogonal over b. Repeat the process for every
interval of the form (b,c}). Proceeding inductively in this way and using the “in
particular” clause of Corollary [3.7} we get the desired conclusion. O

Summing up all of the above we get:

THEOREM 4.12. Let M =T be a countable model. Then M is symmetrically
indivisible.

5. Symmetric indivisibility of the generic triangle-free graph

As we have seen, the symmetric indivisibility of (@, <) can be viewed as the
result of two separate phenomena — indivisibility and the density of symmetric
substructures. This proof turned out to be more revealing than the one using
composition construction. Moreover, the latter version is harder to generalize, and
would not — for example — give any information on the symmetric indivisibility
of the Q-tree considered in the previous section.

In a similar way, the proof using the composition construction to show that
Rado’s random graph is symmetric does not give us any information, on, say, the
situation with Henson graphs I';,, where the Henson graph for n > 3 is the generic
countable K,,-free graphs (see [5] for the construction and basic properties of the
Henson graphs).

In this section we give two alternative proofs of the symmetric indivisibility of
the random graph. As before, the more revealing proof will be the one showing
that symmetry and indivisibility seem not to be very closely related. It turns out
that this strategy will allow us to prove, in addition, the symmetric indivisibility
of the countable universal triangle free graph. In fact, the same methods give the
analogous result for all Henson graphs, but there are more technicalities, and the
details are deferred to a subsequent paper.

Before we embark on the proof, we set some standard terminology. A neigh-
borhood in a graph G is a set of the form R(a) := {b: G = R(b,a)} and for a set
X C V, the set of neighbors of ¢ in X is R(a,X) :={b:b € X and G = R(a,b)}.
Throughout this section all graphs considered will have quantifier elimination in the
pure language of graphs (i.e., the language containing a unique binary predicate).
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In that situation, a definable subset of such a graph G is a finite boolean combina-
tion of neighborhoods and of singelton sets. We will introduce more notation and
terminology as we proceed. We first return to Rado’s random graph.

5.1. The strategy. Recall that Rado’s random graph is the unique (up to
isomorphism) countable graph I' with the property that for any finite, disjoint
U,V C T there is a vertex v joined to every element in U and disjoint from every
element in V. As in the case of (Q, <) it is well known (and very easy to show)
that:

LEMMA 5.1. The random graph, T, is indivisible.

PRrROOF. It follows immediately from the axiomatisation of I' that if § C I' is
an infinite definable set then S = I'. Fix some ¢ : I' — {0,1}. Then by the last
remark we may assume that whenever S C I' is definable and infinite S is not
monochromatic. It follows that for every such S C I' we can find a point ag € S
such that c(ag) = 1. It is now obvious that the set

C:={ag: S5 CT,S infinite and definable} =T

For assume that aq,...,a,,b1,...b, € C are distinct. Let

n k
S:={ael: /\ R(a,a;) A /\ -R(a,b;)}.
i=1 i=1
Then S is definable, and therefore ag € C realizes S. Since aq,...,a,, and by,..., by
were arbitrary, this proves the claim. ([l

REMARK 5.2. An even simpler proof of a stronger version of the above lemma —
namely that when partitioning I" to two parts one of the parts is actually isomorphic
to ' — can be found in P. Cameron’s blog, [I]: If BUR is a partition of the random
graph, I', and neither B nor R are isomorphic to I', there are sets Uy, V7 C B and
Us, Vo C R witnessing this. But in I' there is some v connected to every vertex in
U, UU; and not joined by an edge to any vertex in V3 UV,;. However, our assumption
implies that v cannot lie in neither B nor in R — a contradiction.

We chose to keep the proof of the weaker property, as the ideas appearing in it
will serve us later on.

To prove that the random graph is symmetrically indivisible, one could now
hope to show, as in the case of (Q, <), that the symmetrically embedded copies of
I" are dense. We were unable to prove this, apparently for a good reason. .. The fol-
lowing Theorem was proved and communicated to us by one of the two anonymous
referees:

THEOREM 5.3 (Anonymous Referee). Let T denote the countable random graph.
Then the symmetrically embedded copies of T' are not dense.

PRrROOF. Let I'g 2 T'. Adjoin to I'g two sets of vertices,
I:={vp: F CTy finite}, J := {wp : F C T U finite}.

Extend the edge relation, R, from I'g to I := I'g U I U J, subject to the following
conditions:

(1) I is an independent set of vertices.



20 ASSAF HASSON, MENACHEM KOJMAN, AND ALF ONSHUUS

(2) Edges connecting vertices in 'y and I encode the membership relation,
ie, if v € Ty and vp € I then R(v,vp) if and only if v € F.
(3) Edges connecting vertices in I'g U I and J encode the non-membership
relation, i.e., if w € ToUT and wp € J then R(w,wr) if and only if
(4) Order T'o U I and let edges between vertices in J encode this ordering in
the following way: for a,b € ['oUI let R(wya}, w{q,py) if and only if a < b.
(5) T is the random graph, namely, whenever F' C T'g U T U J is finite and p
is a boolean combination of neighborhoods of elements in F, p is realized
in I
Conditions (1)—(4) are easily met. Starting with a minimal edge relation on T
satisfying these conditions, we can satisfy condition (5) as follows: let Jy := {wp €
J:|F| < 3}and J, == {wp € J: |F| = n+2} for n > 0. For every finite
F CToyUIulJ;,J, and q as in condition (5) fix a realization of ¢ in Jy,11.
We will show that no copy of I' inside I'y is symmetrically embedded in I". To
this end define, for an arbitrary infinite set X C I'g,

S(X):={vel'\ X :VF C X finite Ju(—-R(u,v) A F = R(u, X))}

We claim that S(X) = (I'o \ X) U I. Given wp € J let F := {R(u,X) : u € F}
and fix some finite F' C X with F’ ¢ F. Assume towards a contradiction that
wp € S(X). Then there would be some u such that -R(u,wr) and F’ = R(u, X).
Since F' ¢ F we know that v ¢ F. By condition (3) above, as I' = = R(u, wp)
it follows that v € J. But R(u,T) is co-finite, and therefore so is R(u, X), a
contradiction. On the other hand, if v € (I \ X)U I and F C X is any finite set
then taking u = vp we know (conditions (1) and (2) above) that T’ = = R(u,v) and
I'(u, X) = F, implying that v € S(X). This shows that, indeed, S(X) = (I'o\X)UI,
as claimed.

It follows that S(X)UX =Ty UI, and thus if 0 € Aut(T") preserves X setwise
it also preserves I'g U I, and J. In particular, if ' C I'g U I is finite, then o(wp) =
wy(ry. Taking a,b € I'g U I such that a < b (with respect to the ordering fixed in
condition (4) above) we see that

a<b <= R(wiy,wiapy) == R(o(wiey),0(wiapy)) <= o(a) < o(b).

So any automorphism of I" fixing an infinite subset of I'y setwise preserves the order
on 'y U I. In particular, such automorphisms can only have trivial finite orbits.
But the countable random graph does have automorphisms with non-trivial finite
orbits. Thus, if I'y C I'g is isomorphic to I' no automorphism of I'y with non-trivial
finite orbits can be extended to T'. (]

Thus, we have to modify the density argument in order for it to work in the
present context. In (Q, <) the density of the symmetric copies of @ allowed us to
give a proof where indivisibility and symmetry had nothing to do with each other.
It turns out that allowing a little more interaction between these two requirements,
essentially the same argument still works. Instead of proving the density of the
symmetric copies of the random graph, I', among all sub-models we will restrict
ourselves to a smaller class of sub-models, C. If we can show a stronger version of
indivisibility, namely one where the monochromatic sub-model can be found in C,
and then prove that the symmetric sub-models are dense in C, our work will be
done.
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So it remains to choose the class C. Looking under the lamppost is sometimes
a good idea: Given any necessary condition, P, for a sub-model to be symmetri-
cally embedded we may as well consider the density of symmetric indivisibility in
the class of models satisfying P. It turns out that the model theoretic notion of
stable embeddedness is a good such condition (though we do not know whether the
symmetric sub-models of the random graph are, indeed, dense in the class of stably
embedded sub-models, we do know it for the generic triangle free graph, I'a, and
in fact for all Henson graphs I',, but this latter fact is not proved in the present

paper).

5.2. Stable embeddedness. As we have seen, if S C I' is infinite and defin-
able then S = I'. However, such a set S cannot be symmetrically embedded in T'.
The main observation required in order to prove this is:

PROPOSITION 5.4. Let M be a countable Rg-categorical structure, D C M™.
Then the orbit of D under Aut(M) is countable if and only if D is definable.

To see how this proposition is related to the symmetric embedding of S in I
consider any point a € T'\ S. By the characterization of the random graph R(a, S)
is not an S-definable subset of S (i.e., R(a, S) cannot be obtained as a finite boolean
combination of neighborhoods of elements in S). By Proposition R(a, S) has
an uncountable orbit in S under the action of Aut(S). But given o € Aut(S) such
that o(R(a,S)) # R(a,S) and & € Aut(I') extending o it must be that 5(a) # a.
But a can only have a countable orbit in I' (under the action of Aut(T')), so it
cannot be that every o € Aut(S) extends to an automorphism of I, i.e., S is not
symmetrically embedded in T'.

In model theoretic terminology, we would say that the set S of the previous
paragraph is not stably embedded in T'. Thus Proposition [5.4] suggests that, at
least in the context of Ny-categorical structures, stable embeddedness is a necessary
condition for symmetric embeddedness (see Corollary . In this sub-section we
will develop what little we need of stable embeddedness. Our treatment will be
more general than necessary for the purposes of the present paper. Readers feeling
uncomfortable with model theoretic terminology are referred to Proposition [5.8] for
a proof of a special case of Proposition [5.4] sufficient for our purposes. A concrete
treatment of stable embeddedness in the case of the random graph or the Henson
graphs is given in the paragraphs concluding this sub-section, starting with Fact

In the proof that an infinite co-infinite definable set S is not symmetrically
embedded in I" the only special role the random graph had to play was in showing
that the neighborhood of some element in I', when intersected with S, was not
definable in S. In order to generalize this argument we need the model theoretic
notion of stable embeddedness:

DEFINITION 5.5. Let M, N be structures (not necessarily in a common lan-
guage) with A C M" for some n > 1. Then N is stably embedded in M if every
M-definable (with parameters from M) relation on A is N-definable (with param-
eters form N).

In this terminology, the argument showing that infinite definable subsets of the
random graph are not symmetrically embedded translates word for word to give:
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COROLLARY b5.6. Let M be an Rg-categorical structure symmetrically embedded
in a countable structure N'. Then M is stably embedded in N .

Before we proceed to discuss in more detail the notion of stable embeddedness,
we return to the proof of Proposition Since the proof is somewhat technical,
we first give a proof in a special case that covers all cases of interest for us in this
paper. Towards that end we recall the following:

DEFINITION 5.7. A countable structure M has the small index property (SIP)
if whenever a subgroup G < Aut(M) has a countable index in Aut(M) there exists
a finite set A such that Aut(M/A) < G.

Thus we have:

PROPOSITION 5.8. Let M be a countable Ng-categorical structure with SIP.
Then D C M™ has countable orbit under Aut(M) if and only if D is definable.

PRrROOF. Because M is Ng-categorical, a set D C M™ is definable if and only if
there exists a finite set A such that o(D) = D for all o € Aut(M/A). So assume
that G := {0 : 0(D) = D} has countable index in Aut(M). By SIP there is a finite
set A such that G > Aut(M/A), hence D is definable over A. O

By [7] the random graph and the Henson graphs (as well as many other Ng-
categorical structures) have the small index property.
We will now give an outline of the proof of Proposition

Proor or ProrosITION [5.4l Of course, we only have to prove that if D is
not definable its orbit is uncountable. The proof below, which we included for
completeness of presentation’s sake, is of a particular instance of Kueker-Reyes
Theorem, which holds in larger generality (see Theorem 4.2.4 in [6]).

Given a non-definable subset D of M", we construct a binary tree of elementary
maps, whose branches correspond to automorphism of M with distinct images of
D. For simplicity, we will assume that D C M (i.e., n = 1) — the general case
being similar, with just a little extra care in the bookkeeping. We assume also that
M is given in a language with quantifier elimination (i.e., that partial isomorphisms
between finite substructures extend to automorphisms of M).

Let o be a finite partial isomorphism with domain A. We will show how to find
o; for ¢ < 2, such that:

(1) o; D o is a finite partial isomorphisms.
(2) For every choice of &; such that o; C &; € Aut(M) it holds that 5o(D) #
a1(D).

Because D is not definable, there exists a type p over AUc(A) such that p has
infinitely many realizations in D and and infinitely many realizations outside D.

Fix ap € D\ A and a1 ¢ DU A both realizations of p and fix some b ¢ o(A) such
that b = o(p). Let o9 = 0 U{(ap,b)} and o1 = o U {(a1,b)}. Each oy, for i < 2, is
a finite partial automorphisms which extends o, and whenever o; C &; € Aut(M)
it holds that b € 6o(D) \ 61(D).

The rest is standard, so we will be brief: construct inductively for n € {0,1}"
partial isomorphisms o, such that:

(1) oy is the empty isomorphism, and the domain of o, is finite for all n.
(2) If n € {0,1}™ then, with respect to some fixed enumeration of M, both
the domain and range of 7 contain the first n elements of M.
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(3) op—~i 2 oy
(4) If 6,~0,0p~1 € Aut(M) are such that o, C &,~; then &,~o(D) #
Gn~1(D).
By the argument of the previous paragraph this induction can be achieved. By (2)
and (3) of the construction for any n € {0,1} the function o, := {U,c,, onjo..
is an automorphism of M, and by (4) of the constructing if n;,7n2 € {0,1}* are
distinct then o,), (D) # 0,,(D), as required. O

We can now go back to the discussion of stable embeddedness. We start with
a few examples:

EXAMPLE 5.9.

(1) Let IN* be an N;-saturated elementary extension of (IN,+,-,0,1). Then
IN is symmetrically embedded in IN* (because IN is rigid), but IN is not
stably embedded because by compactness and saturation for any set of
primes S C IN there exists in IN* an element ng divisible precisely by
those (finitary) primes in S. Thus S := {n € N : n|ng}. Cardinality
considerations now prevent IN from being stably embedded.

(2) On the other hand, by quantifier elimination, it is easy to check that
(N, <) is stably embedded in any elementary extension.

(3) If M is saturated, P C M is definable, then it is not hard to verify that
P (with all the M-induced structure) is stably embedded if and only if it
is symmetrically embedded (see the Appendix of [3] for the proof).

(4) Stable embeddedness with respect to subsets is weaker than stable em-
beddedness with respect to relations: consider the structure M with two
infinite disjoint predicates A, B and a unique generic ternary relation
R(z1,x2,y) holding only if z1, 25 are in A and y is in B. Then A is vacu-
ously stably embedded with respect to subsets, but not stably embedded
with respect to binary relations.

In the present paper, however, stable embeddedness will be needed only in
contexts where we have quantifier elimination in a language containing only binary
relations. In such circumstances the distinction between stable embeddedness for
subsets and stable embeddedness for relations does not exist. We will also need a
more convenient test for stable embeddedness, one that is easier to keep track of in
inductive constructions. For that purpose we recall:

DEFINITION 5.10. Let M be a structure and A C M any set. The type over A
of an element b € M is definable (over B C A) if for every formula ¢(z,g) (with
|| = n, some n € IN) the set p(b, A™) := {Ga € A" : M = ¢(b,a)} is definable (over
B).

It is now merely a question of unravelling the definitions to verify:

REMARK 5.11. Let M, N be structures with N C M. Then N is stably
embedded in M if and only if every type over NN is definable.

In the context of the random graph or the Henson graphs, the discussion of the
present sub-section can be given in more concrete terms for those not at ease with
the model theoretic terminology. From this point to the end of this subsection I"
will denote either the countable random graph or a Henson graph.
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REMARK 5.12. Let b € T'and A CT'. The type of b over A is the set of formulas
{R(z,a) : T = R(b,a),a € A} U{-R(x,a): T = -R(b,a),a € A}

REMARK 5.13.

(1) If the set A in the above definition is finite, then by quantifier elimination
(or Np-categoricity, if you prefer) the type of every element over A is
merely a definable set with parameters in A, i.e., it is a finite boolean
combination of neighborhoods of elements in A.

(2) If A is finite as above, it is convenient to identify the type of an element
b over A with the orbit of b under the action of Aut(M/A). Viewed from
this angle, Ng-categoricity implies that A C I" is definable if an only if it
is a finite union of types.

(3) In the present paper all types will be types of elements in I (over various
sets of parameters).

In this context we have

Fact 5.14. A set A C T is stably embedded if and only if for every b € T' there
is a finite set Ag C A and types p1, . ..,pn over Ay, such that {a € A: T |= R(a,b)}
is the union of all realizations of p1,...,p, in A.

We can now return to our main question, the symmetric indivisibility of the
random graph.

5.3. Extending partial isomorphisms. In this subsection we carry out one
part of the strategy outlined in Subsection [5.1] We introduce the machinery for
constructing, given S < I' — satisfying appropriate assumptions — symmetric sub-
models of T" inside S. As we will see (in the case of the generic triangle free graph)
stable embeddedness is an appropriate assumption for this machinery to work. For
the random graph we have a short cut. We need some technical definitions and a
lemma:

DEFINITION 5.15. (1) Let C;,C! C T (for i = 1,2,...,k). By (C;)r_, =
(C)k_| we mean that there exists a partial isomorphism o : Ule C; —
Ule C! such that o(C;) = C/ for all 4.

(2) Let A := {(A;, B;)}%_, be a sequence (of ordered pairs) of subsets of T,
and let A := Ui-czl A;. Say that A extends partial automorphisms if:

e A,NB; = (0 for all < kandi < j implies A; C Aj,BZ' - Bj

e R(b,A) C A; if b€ B; and 0 < i. For b € By, either R(b, A) C Ay or
R(b,A) = A.

o Let i < k, C,C" C B; UA; be such that (C N A4,,CNDB;) = (AN
C’', B;NC"), o a partial isomorphism witnessing this, and b € B; such
that R(b, A) C C. Then there exists b’ € B;11 such that o U (b,b’) is
a partial isomorphism.

As we will see below, the idea underlying the above definition is to allow an
inductive construction of an increasing sequence of finite graphs, culminating in a
pair of countable structures with the smaller symmetrically embedded in the larger.
The definition is tailor made to suite our requirements in dealing with the random
graph and, later on, with the Henson graphs, T',,.
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LEMMA 5.16. Assume that T is a graph in the language L = {R}, and A =
{{A;, Bi)}icw a sequence of pairs of subsets of T'. If {{A;, B;)}i<k extends partial
isomorphisms for each k € w and By = 0, then A := |, A; is symmetrically
embedded in T" := AU

PROOF. By astandard back and forth, it will suffice to show that if C;,Cy D A,
|C;\ A] < Rg and 0 : C1 — C% is a partial isomorphism extending an automorphism
of A then o can be extended to any ¢ € I Let n € w be such that ¢ € B,.
Without loss of generality (C; UC2) \ A C B,,. So R(c, A) C A,, (because By = {)
and therefore ¢ ¢ By). We may also assume (by increasing n if necessary) that
o(R(c, A)) C A,,. Denote Cy = R(c,A), Cy := o(R(c,A)), Cp := C1 \ A and
C% := Oy \ A. Then, (Ca,Cg) = (C'),C%), as witnessed by o. But (A;, B;)"}
extends partial isomorphisms and applying this property to C' := C4, UCp, C’ :=
C’y UC% and ¢ we can find ¢ € Byyq such that (o [ C) U (c,¢') is a partial
isomorphism.

It remains to show that o U {{c, ')} is a partial isomorphism. Indeed, we only
have to show that if b € C; then = R(c,b) if and only if = R(o(b), ). If b € C this
is obvious by the choice of ¢’. But, by assumption, if b € I\ C then = —R(c,b).
Since R(c¢/, A) C €Y and o(C4) = C' the conclusion follows. O

1EW

iGwBi‘

Observe that the above proof gives a little bit more: it shows that if A extends
partial isomorphisms then for any finite set C, if 0 : AUC — AU C’ is a par-
tial isomorphism extending an automorphism of A, then o can be extended to an
automorphism. This suffices to prove:

LEMMA 5.17. Let ' be the random graph or a Henson graph. Let D C T be a
finite set and S C T be such that for alln € N, by,...,b, € '\ D and any formula
©(x) with parameters in S, the formula p(z) A \]_, ~R(z,b;) has a solution in S
if and only if it has a solution in I'. Then there exists T'g C S such that T'g 2 T’
and Ty is symmetric in T.

PROOF. Recall that the theory of I is Ny-categorical and has quantifier elimi-
nation.

Let D :={dy,...,d,} C T be as in the statement of the lemma. Assume that
D is minimal with this property. Then for all d; € D there are a formula ¢;(z) and
some by,...by € '\ D such that

k k
pi(x) N =R(d;, S) N [ ~R(b;,8) =0, @i(x)n () ~R(b;,S) # 0.
j=1 j=1

Let S1 = ¢1(S) N ﬂle —R(b;,S). Observe, first, that S; C R([,d;) and that,
moreover, S7 satisfies the assumptions of the lemma (with respect to the same
finite set D). Hence, replacing S with S; we may assume that S C R(T',d;). By
induction we may now assume that S is such that S C R(T',d) for all d € D. For
simplicity we may also assume that SN D = (.

We can now proceed with the proof under the above assumptions. Let {¢; }ico

be some fixed enumeration of I" and denote C,, := {cop,...,cn—1}. Let ag € S be
any element, and set Ay = {ap}, By = D. Assume that we have constructed an
increasing sequence of sets A,,, B, such that:

(1) A, CS.

(2) (Ai, B)), extends partial isomorphisms.
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(3) A, NB, C By.

(4) ¢, € B, UA,.

(5) A, = C,,, where m = |A,|, witnessed by some partial isomorphism o,
such that o,y = 0, | A, for n’ < n.

We will now construct A, 41, B,41 such that the above inductive assumptions
remain valid. Let p = o,, 1 (tp(c,/Cp))U{=R(z,b) : b € B, \ By }. By Ro-categoricity
of ' and the finiteness of C, we know that p(z) is isolated, say by a formula
¢p(z). Notice that by universality of the graphs we are considering (and the fact
that in any of these graphs, given any consistent formula ¢(z) with parameters
in A the formula ¢(x) A “R(x,b) is consistent for b ¢ A) ¢p,(x) is realized in T'.
Hence, our assumptions on S assure that we can find some a € p(S5) \ A,,. We let
An+1 = An @] {a}

Now we construct Byy1. If ¢, ¢ A, we let Byi10 = B, U {c,}, otherwise
Bpn+1,0 = B,. Now, for all C,C’" C B, U A, partial isomorphism ¢ : C — C’ and
b€ B, asin Deﬁnition we let tcorp € T be such that o U (b, tccorp) is a partial
isomorphism. This is possible because, as B, and A,, are finite so are C' and C’
therefore, the type of tccr, over CC'D is isolated, hence realized in I'. Moreover, by
Ny-categoricity of I' the number of types to realize in this way is finite. Therefore,
setting By, 41 = Bp41,0 U {tcc : C,C’,b as above}, the set B4 is finite and the
inductive assumptions still hold of (A4;, B;)74.

Now let T'g := U,,c, An- Then 'y 2 T by (5) of the inductive hypothesis. So
we only have to check that 'y is symmetrically embedded in I'. If D = () then
by Lemma and (4) of the inductive assumptions, we are done. Otherwise,
by assumption S C R(T',d) for all d € D, so tp(D/I'y) = tp(D/o(T)) for all
o € Aut(T'y). So, given o € Aut(ly) we know that o’ := o Uid(D) is a partial
isomorphism. By the observation following Lemma we get that o’ can be
extended to an automorphism of M.

[

REMARK 5.18. The above proof would work, essentially as written, for the class
of Ny-categorical graphs with quantifier elimination in the pure language of graphs.
In this setting, however, we have to assume that in the theory any consistent formula
() is consistent with p(z) A =R(x,b) provided b is not a parameter in ¢(x).

COROLLARY 5.19. The random graph is symmetrically indivisible.

PrROOF. Let ¢ : T' — {0,1} and S; = {a € T : ¢(a) = 1}. If S; meets every
infinite definable set then set S = S;. If S; N p(I") = @ for some infinite definable

set p(z,d) set S = {a € I : ¢(a) = OA = p(a,d)}. Either way S satisfies the
assumptions of Lemma (with D = () in the former case and D = {dom(d)} in
the latter). So the conclusion follows. O

Combined with Corollary [5.6] this gives:

COROLLARY 5.20. The class of stably embedded submodels of the random graph
is indestructible by finite partitions, namely under any coloring of the (vertices of
the) random graph in two colors we can find a stably embedded monochromatic
submodel.

REMARK 5.21. We do not know whether every stably embedded submodel of
the random graph I' contains a submodel symmetrically embedded in I'. The proof
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of Corollary [5.19) can be viewed as a density result in a smaller class of stably
embedded sub-models: those sub-models I'y < I' such that for all but finitely many
b€ T\ T the set R,° is finite in Ty

5.4. The generic triangle free graph. The proof of Corollary [5.19] cannot
be generalized to prove that the Henson graphs, I',,, are symmetrically indivisible,
since it uses the fact that every infinite definable set contains an isomorphic copy
of the whole universe. This is, of course, not true in I',, since for every a € I';, the
set R(a,T;,) does not admit K,,_1. Of course, I',[T';,] is not a K,,-free graph, so we
cannot hope to use the composition construction either.

It turns out, however, that the ideas underlying our new proofs of the symmetric
indivisibility of (Q, <) and the random graph can be adapted to prove the symmetric
indivisibility of the generic triangle free graphs. Namely, once we show that I, is
indivisible in the stably embedded sub-models, we can prove that the symmetric
sub-models are dense in the stably embedded ones, to get the desired conclusion.

The proof that I, is indivisible is not as easy as in the previous cases. A simple
generalization of the proof of Claim gives only the following (see [5] for a proof
along similar lines):

Fact 5.22. Let ¢ : ', — {0,1} be any coloring. Then there exists i € {0,1}
such that for any K, -free graph G there exists o : G — Ty, such that c¢(o(G)) = {i}.

The indivisibility of I'a, the generic triangle-free graph is proved by Komjath
and Ro6dl [10]. The proof that T, is indivisible (for n > 3) is more technical,
[4]. Inspecting the proof of Komjath and Rodl we see that, in fact, we get a little
more than indivisibility of T'a. The proof assures that given ¢ : T'a — {0, 1} either
there exists a monochromatic sub-model colored 0, or there is a stably embedded
monochromatic sub-model colored 1. It turns out, however, that a natural modifica-
tion of the proof shows the indivisibility of I'a in the stably embedded sub-models.
The main part of the present subsection is dedicated to a self-contained proof of
this fact. We then deduce the symmetric indivisibility of I'a. Much of the work is
done in the somewhat greater generality of arbitrary Henson graphs, I';,, the proof
of whose symmetric indivisibility is postponed to a subsequent paper.

We start with some notation and conventions. We often enumerate the elements
of a countable model T',,. In this case, we will think of the enumeration as an
ordering of I',, and say that a < b if a appears before b in this enumeration.

We also need a few technical remarks:

DEFINITION 5.23. A definable set S C T',, is generic if it is of the form \/é.:1 Y(z,v;)

and at least one of the formulas v, is given by /\f:1 —R(z,v,,;) for some k € IN and
Vjly---5V5k € Iy

Observe that a non-generic set in I';, may not admit K, _1, so it is, in some
sense “small”. Generic sets, however, are nice:

REMARK 5.24. The intersection of finitely many generic sets in I';, is generic.
But more importantly:
REMARK 5.25. If S C T, is generic then S contains an isomorphic copy of T',,.

PRrROOF. It is enough to show that if S is of the form /\f:1 —R(x,v;) then, in
fact S\ {v1,...,vx} = Ta, which is a triviality. O
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But, in fact, we can show more:

LEMMA 5.26. Assume that S C I',, is generic. Then there exists T'g C S such
that Ty < T, and Ty is stably embedded. Even more, we may choose Iy such that
R(v,Ty) is finite for allv € T\, \ To.

PrOOF. We may assume without loss of generality that S is of the form
/\f:1 -R(z,v;). Let {v;}icw be an enumeration of I',,. For simplicity of nota-
tion we will write v < w if v = v;, w = v; and j < i. We will construct I'y by

induction. Let By = {v1,...,v;} and ag € S\ By the least such element (in our
enumeration). Assume we have constructed {ao,...,a,} and sets By,..., B, such
that:

a; € S for all i and (ag, ..., a,) is an increasing sequence.

(1)

(2) (ag,...,ar) = (voy...,vk).

(3) If j < i and v € B, then = —R(a;,v).

(4) Bi+1 = {'U ta; <v< ai+1}.
We claim that if we can continue the construction (keeping the inductive assump-
tions) then our lemma will be proved. Indeed, taking 'y := {a;}ic, we get (by
condition (2)) that I'g = T'y; by condition (4) I'o U |J,¢,, Bs = ',y and by (3) for
every b € T'y,, if b € B; then R(b,T) C {ao,...,a;}, so Ty is stably embedded.

Thus, it remains to verify that the construction can be carried out, but this

follows from the axiomatisation of I'j,, as at stage n we only have finitely many
conditions to realize, and these conditions can be expressed by a (single) formula

which is merely a specialization of the universal quantifier in an explicit axiom of
r,. O

We will not use the above lemma explicitly, but the ideas appearing in the
construction will play an important role in what follows. The following lemma is
key in the proof:

LEMMA 5.27. Assume that S < T'a and there exists a finite set D such that
R(v,S) is finite for allv € Ta\ (SUD). Then there exists Ty < S stably embedded
in Ca. Moreover, we can choose Ty such that R(v,Tg) is finite for all v ¢ T.

PRrROOF. By induction on |D], it suffices to prove the claim for D = {v}. First,
we show:

CLAIM 5.28. Up to finitely many points, So := S\ R(v, S) is a model, i.e., there
exists a finite set F' such that Sy \ F = T'a.

PROOF. If there exist wy,...,w; € S such that (Uf:1 R(wi,5)> \ R(v,S) is

a finite set {si,...s;}, we are done: given an independent set vy,...,v, € Sy and
any ui,...,uUn € Sp, all distinct from the w; we can realize
l k k m n

/\ T # s /\ T # w; /\ —R(x,w;) A /\ SRz, u;) A /\ R(x,v;)

i=1 i=1 i=1 i=1 i=1
in 'a, and since all parameters in the above formula are in S, also in S. Thus,
So\{w1,...,wk,$1,...,5} is amodel. So we may assume that this is not the case.
Let wq,...,w; be independent and uq,...,u, any elements, all distinct from the

w;. By our assumption we can find u € R(v, S) not connected to any of the w; and
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different from all the u;. In I'A there must be some u' such that u is connected to
u, to all the w; and to none of the u;. But v’ ¢ R(v,Ty), since otherwise u, v’ and
v would form a triangle. Since S < I'g such a ' can already be found in S. (]

We let By = {v} if there are no wy,...,wg,s1,...,5 € S such that RS C
Ule R(w;, S)U{s1,...,s1}and By := {wy, ..., Wk, $1,...,8}ifwy, ..., wk, $1,...,8
witness that this is not the case. We let So = S\ (R(v,S) U By). From the proof
of the last claim we get that Sy < I'a (and not only up to finitely many points).
We can now repeat the proof of Lemma [5.26] to obtain the desired conclusion. We
give the details, as they are slightly more delicate than above. We let ay € Sy \ By
be the first element in some (fixed) enumeration of T'a, {v;}icn. Assume we have
constructed {ao, ...,a,} and sets By, ..., B, such that:

(1) a; € Sp for all 4 and (ao, .. .,a,) is an increasing sequence.

(2) (a()a s 7an) = (UOa s avn)'

(3) If j < ¢ and w € Bj then |= =R(a;, w).

(4) Biy1 :={x:a; <x < aj41}-
As before, it will suffice to show that the construction can be continued. Since the
construction is given once we define a, 41, at each stage we have to realize in Sy a
formula of the following form:

1
p(@,a) A \ ~R(z,b)
i=0

where a C Sy, none of the b; are in Sy, and ¢(z,a) has infinitely many solutions.
By Claim So is a model so there is no problem realizing ¢(x,a) in Sy. We will
need to work a bit harder to find a realization satisfying also the formulas = R(z, b;).

Notice that o(z,a) A Ay, ecp, 7R(7,b;) has infinitely many solutions in S (if
v € By use Claim otherwise use the fact that S is a model), and obviously no
such solution can be in R(v, S). Setting

I={i:1<i<IAD,eTA\S}
recall that, by assumption, R(b;, Sp) is finite for all ¢ € I. Therefore, it will suffice
to check that
oz, a) A /\ —R(x,b;)
il
has infinitely many solutions in Sy. By definition i ¢ I implies that b; € RJ.
Assume without loss of generality, that
k

o(z,a) = /\ R(z,a;) A /\ -R(z,a;).
i=1 i=n+1

If there exists u € RS such that A}, =R(u,a;) then, as in the proof of Claim m
any v’ € S connected to u, to all the a; with 1 < ¢ < n and to none of the a; with
n+1<i<kisin Sy, and, as S < T'a, we are done. So we may assume that there
is no such u. But then

n k
N R@.a)n N\ —R(z,a;) A [\ —R(xz,b) A J\ ~R(z,b;)
i=1 i=n+1 b€ By il

is a formula in S, and it is clearly consistent. So it must have a solution in S, but
such a solution must be in Sy. (I
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We can now show:

PROPOSITION 5.29. Let ¢ : T'a — {0,1} be any coloring. Then there exists
T'g < T A which is monochromatic and stably embedded in T'A.

PRrROOF. This is a slight variation on the proof of [10] showing that I'a is in-
divisible. As already mentioned above, the proof in [10] assures that if there is no
monochromatic sub-model colored 0 then there is a stably embedded monochro-
matic sub-model colored 1. The idea of the proof in [10] is to try and construct
inductively a monochromatic sub-model colored 0. If the first attempt fails, this is
because we ran into a formula ¢g(x, ¢y) all of whose realizations are colored 1. We
fix such a realization, g, and retry the construction of the 0-colored sub-model,
starting above rg (with respect to some enumeration of I'a), collecting a new 1-
colored vertex, r1, if we fail again. We proceed with this construction until we
either manage to construct a 0-colored sub-model or until we constructed a se-
quence {r; };c., of 1-colored points. Collecting the vertices r; with enough ingenuity
we can assure that if all our attempts in constructing a 0-colored sub-model failed
then {r;}ic. is a (stably embedded) 1-colored sub-model. Our main observation
is that, essentially, the same proof works if instead of trying to construct any 0-
colored sub-model we apply the construction of Lemma [5.27] to try and construct a
stably embedded sub-model. Since the construction of the sequence {r;};c. in case
of failure is similar to that of [10], this assures that indeed T'a is indivisible in the
stably embedded sub-models. As the proof is not long we give the details.

Fix an enumeration {v;};c, of 'a, and again we refer to this enumeration as
inducing an ordering on the vertices of I'n. We try to construct a monochromatic
copy of I'a colored 0, as provided by Lemma the only difference with respect
to the construction there, is that — in addition — we require that all the elements
in the construction of I'y are colored 0. If we succeed, we are done. So we may
assume that we have failed, at some finite stage jo. Thus, at stage jo we have
constructed a set Yo = {yo0, ..., yO,jO} isomorphic to an initial segment of I'a and
a set By = (i, Bo,x such that

(1) Yo U By is an initial segment of I'a (not only isomorphic to one).

(2) For every b € By if j > k then = —R(b, yo ;).

(3) If 2 is such that tp(Yo, z) = tp(vo, . .., vjo+1) and | Aycp, 7R(b, ) then

c(z) =1

We fix some 2o as in (3) above and such that zy > By U Y and restart the con-
struction anew, above zg. That is, we do not give up after one failure, or indeed
after any finite number of failures. We keep trying over and over again, keeping
track of the information we gathered: each failure gives us a formula all of whose
realizations are colored 1. So each failure could, if we are careful enough, advance
us one more step towards the construction of a monochromatic sub-model colored
1. We will now give the technical details explaining how this is done. Assume
we have constructed for all i < n sets Y; isomorphic to an initial segment of I'a,
B; = i, Bix and elements z; satisfying conditions (1)-(3) above (for the index
i, rather than 0, of course), and such that, in addition:

(4) For all j <4, if b € B; then = —R(b,y; ) for all k < j;.

(5) Y; >Y;UB;U{z} foralli < j.
We now fix y, 0 > Y,,—1 U By—1 U{2,_1}, and start all over again: set B, o := {v:
v < Yno} and try to construct inductively a 0-colored sequence ¥y, 0 < Yn.1 ... With
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(Yn,05 -+ Yni) = (vo,...,v;) and a collection of sets By, ; = {v : Yn,ic1 < U < Yni}
for 0 < 7 satisfying (2) above. If we do not get stuck, i.e., if we manage to construct
{Yn,i}ticw as above, then setting 'y := {yn,;}icw the construction gives I'y < I'a
which is monochromatic 0, and such that for all v > y,,, if v ¢ Ty then R(v,T)
is finite. By the previous lemma we can find I'y < 'y which is stably embedded in
I'a, and we are done.

So we may assume that the construction fails at some stage j,. In that case
we choose z, satisfying the following conditions:

(1) If tp(vn/vo, ..., vn—1) is generic we choose z, such that tp(Y,,z,) =
tp(vo,...,v;,) and = /\ZL:_O1 = R(z, 2n)-
(2) If = R(vp,v;) for some i < n let ig + 1 be minimal such that this is true.
We choose z;, such that tp(Yi,, 2,) = tp(vo, ..., vj, ) and tp(20, ..., 2n) =
tp(vo, -« -y Un)-
By construction of the Y;, if z, exists then ¢(z,) = 1. Clearly, if case (1) holds, we
have no problem finding z,, satisfying the requirements. So we check what happens
in case (2). We will not be able to find such z; only if we are required to connect
zn to two vertices, wi,ws which are already connected. Obviously, wi,ws cannot
both be in Y;, or both in {zo,..., 2,-1}, since z, is required to satisfy a consistent
type over both sets. So w; € Y;, and wp = z; for some j. By minimality of
i+ 1, since |= R(z;,w1), it follows that = R(2;,41, 2;). Surely, we can find z, such
that tp(zo,...,2n) = tp(vo,...,vs). Then, z, = R(z, zi,+1) A R(x, z;), creating a
triangle in I'a, which is impossible.

Thus, either at some stage we manage to construct our 0-colored copy of I'a,
and we can conclude using Lemma or Ty := {z;}icw = Ta is a l-colored
elementary substructure of I'. So it remains only to check that in the latter case I'g
is stably embedded. So let v € Ta \ Tg. If v ¢ JY; then R(v,Iy) is finite, because
v € B; for some i, and therefore R(v,Tg) C {zp...,2;}. So we may assume that
v € Y; for some i. In that case z; € RL° if one of two cases happen:

(1) j<iand T'a = R(zj,v) or

(2) i <jand /\kSi —R(z;, z) and tp(z;,vo, .. .,vj,) = tp(vj,+1,v0, - - -, Vj;)
Since each of the two conditions is clearly definable (given v) with parameters in
Ty, we are done. [l

Combining this with the earlier results of this section we get:

THEOREM 5.30. The generic countable triangle free graph is symmetrically in-
divisible.

PROOF. Let ¢:T'a — {0,1} be any coloring. Let S < T'a be a monochromatic
stably embedded sub-model, as provided by the last proposition. Then, if we can
show that S satisfies the assumptions of Lemma (with D = ), the conclusion
will follow. Indeed, let p(z) be any formula over S and by, ...,b, € I'a\S. Because
S is stably embedded the set B := A ~R(S,b;) is a definable subset of S. Observe
that the set \/ R(T'a, b;) does not contain a copy of I'a, so it is non-generic. There-
fore S\ B =\ R(S, b;) cannot contain a model, and is therefore non-generic. Thus,
since B is definable and its complement (in S) does not contain a model, B itself
must be generic. But the intersection of two definable sets, one of which is generic
is never empty, thus, p(B) # 0, as required. O
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6. Elementary Symmetric indivisibility

In the examples studied in the previous sections the structure of interest had
quantifier elimination in a natural language, suggesting a natural interpretation
of the notion of indivisibility. But in general, indivisibility would depend in a
significant way on our choice of language. For example, the structure (IN, <) is
trivially indivisible, but after adding a binary predicate S(x,y) interpreted as “y is
the immediate successor of x”, it is no longer indivisible. From the model theoretic
view point, in order to allow a more general discussion of indivisibility, one needs
to strengthen the definition:

DEFINITION 6.1. Let M be a (countable) structure. Say that M is elementarily
indivisible if for any coloring of M in two colors there exists a monochromatic
elementary substructure N' < M isomorphic to M.

This definition releases the analysis of indivisibility from the dependence on
the choice of language. As was pointed out to us by the referee, in most exam-
ples of interest indivisibility is studied in structures not only admitting quantifier
elimination in a natural language, but which are also Ry-categorical. In such cases
the isomorphism requirement in the definition of indivisibility is automatic. In
the abstract setting of elementary indivisibility, it may be of interest to study also
weak elementary indivisibility, where the isomorphism condition is dropped from
Definition

In this section we study the basic properties of elementary indivisibility. Un-
fortunately, the results of this study seem mostly negative in the sense that most
of our classification attempts ran into counter-examples constituting the main bulk
of this section. These examples suggest that our understanding of elementary in-
divisibility is still far from being satisfactory. Most annoyingly, we were unable to
settle the following:

QUESTION 6.2. Is there an elementarily indivisible structure that is not sym-
metrically indivisible?

Since the notions of elementary divisibility and weak elementary divisibility
coincide in the context of Ng-categorical structures, it is natural to ask whether
these notions coincide. To address this question we show, first, that Xg-categoricity
is not a necessary condition for elementary indivisibility:

EXAMPLE 6.3. Let C be the class of all complete finite graphs in w-many edge
colors (so every G € C is colored in finitely many colors, but there are infinitely
many non-isomorphic structures on two elements). Clearly, C has the amalgamation
property, but for any Gy < G; (i = 1,2), colored graphs in C there are countably
many possible amalgams of G with G5 over Gy whose universe is G llg, G2. Let
G be the Fraissé limit of C with respect to all such amalgams. More precisely, for
every finite G; < G and G4 € C, if Gg — G5 then for an amalgam G € C of G,
with G over G there is an embedding g : Go — G, such that g | Gg = id and
G = G1 U g(G3) (with the induced structure).

Observe that this last property implies that if G; < G and G; < G5 € C then
there is an embedding of G5 into G over GG;. Thus, every complete countable graph
on w colors embeds into G. In particular G[G] — G. So G is self similar and thus
indivisible, but clearly not Xg-categorical.
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In fact, using the same construction as in the proof of Corollary 2.11] we can
easily show that G is symmetrically self-similar and therefore symmetrically indi-
visible.

We get:
COROLLARY 6.4. Elementary indivisibility is stronger than weak elementary
indivistbility.

PROOF. Let Gy be the graph obtained in the previous example with the color

removed from one edge e := (v1,v3). Then Gy is weakly elementarily indivisible,
since Gy = G. It is not elementarily indivisible because we can separate v; from wvs
(and no other edges are colorless). O

REMARK 6.5. The example in the above corollary also shows that a theory T
may have two countable models, one elementarily indivisible and the other not.

Another corollary of the above example was supplied to us by the referee:

COROLLARY 6.6. There exists an elementarily indivisible structure in a finite
relational language which is not Rg-categorical.

PROOF. Let G be the colorful graph of Example Let x : [G]? - N
be the function taking an edge e to its color n € IN. For any binary relation
S on IN we define a 4-ary relation R® on G by setting R*(x1,y1,20,12) <=
S(x(x1,y1), x(x2,72)). We let G% be the structure with the same universe G, and
whose unique relation is R.

Let S be the standard order on IN. We claim that Aut(G°) = Aut(G). Obvi-
ously, Aut(G) C Aut(G¥). For the other inclusion, we note that if a € Aut(G?)
then « induces an automorphism of (IN,S). Indeed, if e1,es are any two edges
with x(e1) = x(e2) then G% = =(S(e1,e2) V S(ea,e1)), implying that x(a(e;)) =
x(a(ez2)) so « induces a bijection & : IN — IN, which is, by definition, an automor-
phism. Because (IN, 5) is rigid, & = id for all «, thus, a € Aut(G).

Since G is indivisible so is G°. Since they have the same automorphism groups
and G is not Ny-categorical neither is G°. O

We were also unable to find answers to either of:

QUESTION 6.7. Is there a rigid elementarily indivisible structure? Is an ele-
mentarily indivisible structure homogeneous?

The only result we have in this direction is the observation:

REMARK 6.8. If M is weakly elementarily indivisible then |S1(0)| = 1, ie.,
there are no formulas in one variable (with no parameters), except the formula
T =1

PRrROOF. If p1,ps € S1(0) choose ¢(x) € p; such that —¢p(z) € pe and color
©(M) red and —p(M) blue. Since M = (3z,y)(p(z) A —¢(y)), neither (M)
nor —p(M) can contain any elementary substructure of M (let alone one which is

isomorphic to M). O
Another restriction on elementarily indivisible structures is:

PROPOSITION 6.9. If M is elementarily indivisible, then for every A C M, if
|A| < Rg then |acl(A)] < No.
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ProOF. We will show that if | acl(A)| = Ny for some finite A C M then M is not
elementarily indivisible. So let A C M be as in the assumption. Let {A;};c,, enu-
merate realizations of tp(A/() (with respect to some enumeration of the elements
of A). To show that M is divisible it will suffice to show that there is a coloring of
M with the property that acl(A4;) is not monochromatic for all 4. This can be done
using a simple diagonalisation: Color Ay blue and choose a¢ € acl(Ag). Color ag
red. Assume that for all i < n we colored A; and a point a; € acl(A;) in such a way
that A; U a; is not monochromatic, we will now color A,. Let A =J,_, (4; Ua;).
Then A is finite. Choose a,, € acl(A,)\ A (this is possible because acl(A4,,) is infinite
and A is finite). Color A, Ua,, so that it is not monochromatic. Since UKW A, =m
this defines a coloring of M, and we are done. O

We do not know whether Proposition remains true for weakly elementarily
indivisible structures. Observe, however, that if A is a singleton, then by Propo-
sition [6.8] the same proof can be carried out for weakly elementarily indivisible
structures. The following is an immediate corollary, which remains true for weakly
indivisible structures:

COROLLARY 6.10. If M is weakly elementarily indivisible there are mo mon-
trivial 0-definable equivalence relations (on M) with finite classes.

We get

COROLLARY 6.11. If M is weakly elementarily indivisible then acl(a) = a for
every a € M. In particular, there are no (-definable non-trivial definable unary
functions.

PrOOF. Note that if = € acl(y) then y € acl(x), for acl(z) C acl(y). But

tp(z) = tp(y) (by Proposition [6.8)), so equality must hold. By Claim (see the
discussion preceding Corollary ﬁ for the weakly elementarily indivisible case), if
for some (equivalently, all) @ € M we would have acl(a) 2 a then z ~ y if and
only if z € acl(y) would be a non-trivial equivalence relation with finite classes,
contradicting [6.10] O

As we have seen in Section [4|it is not true that in an elementarily (symmetri-
cally) indivisible structure the algebraic closure operator is totally trivial. We give
some more examples:

EXAMPLE 6.12.

(1) Let A be an infinite affine space over Fo. Then A is symmetrically in-
divisible. This is an immediate corollary of Hindman’s theorem on finite
sums, [8]: Fix a coloring ¢ of A in two colors {0,1} and a point a € A.
Let V,, be the vector space obtained by localizing A in a. By Hindman'’s
theorem there exists an infinite set X C V, and ¢ € {0,1} such that for
all finite /" C X we have c(}__.p ) = 4. Since V, is a vector space over
Fo, this implies that X, a generate a monochromatic (except, possibly at
a), infinite dimensional sub-vector space U, C V,. Let B C A be any
infinite dimensional affine subspace of U, not containing a. Then B is
monochromatic and symmetric in A.

(2) It is apparently well known that the above is not true (in a strong sense)
for affine spaces over any other (finite) field, see Theorem 7 of [11].
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(3) The following was suggested to us by H. D. Macpherson: Let G = [IN]2.
Define a graph on G by setting F := {{a,b},{a,c} : ¢ # b}. Let ¢ be
any coloring of G in two colors. By Ramsey’s theorem there is an infinite
set I C IN such that c|[I]? is constant. Thus, the induced graph on [I]?
is monochromatic. Obviously, [I]? is isomorphic to G (with any bijection
f : N — I inducing an isomorphism). Note that every permutation
of IN induces an automorphism of G. But the other direction is also
true. Define, an equivalence relation ~ on E by (z,y) ~ (w,z) if the
graph induced on {x,y, w, z} is complete. Observe that if x = {n, m} and
y = {n,k} then ({n/,m'}, {n',k’'}) is equivalent to (z,y) if and only if
n = n'. This gives a bijection f : E/ ~— IN, and since E is a definable
equivalence relation, it follows that any automorphism o of G induces,
through f, a permutation f, on IN, which - in turn - induces o. So [I]?
is symmetric in G. It is not hard to check that Th(G) has quantifier
elimination, and thus [I]?> < G.

The following question remains open:

QUESTION 6.13. Let M be a symmetrically indivisible structure in a language
L. Let Lo C L. Is M | Ly symmetrically indivisible?

It is obvious, of course, that a reduct of an indivisible structure is indivisible,
but since a reduct of a symmetric sub-structure need not be symmetric (see the
example below), it is not clear what one should expect as an answer to this question.

EXAMPLE 6.14. Let I'y be a countable random graph in the language £ = { R}.
Expand the language by constants {c¢;};c. enumerating I'y. Let Ty < T be a
countable elementary extension. Assume that in I' there is some infinite co-infinite
S Cw and an element b € T" such that I' = R(b, ¢;) if and only if ¢ € S.

Because I’y is rigid, it is symmetric in I'. If the set {¢; : i« € S} is not T'p-
definable, then its orbit under Aut(T'g)|£ is uncountable (Proposition [5.4). So as
pure random graphs, I'y is not symmetric in I'.
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