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ON THE OpTIMALITY OF A CLASS OF LP-BASED ALGORITHMS *
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Abstract

In this paper we will be concerned with a class of packing amgedng problems which includese¥rex
Cover and koepenpent Ser. Typically, one can write an LP relaxation and then round gbkition. For
instance, for ¥rrex Cover oOne can obtain a 2-approximation via this approach. On therdiand, Khot
and RegevKRO0g] proved that, assuming the Unique Games Conjecture (UG@)NP-hard to approximate
VEerTex Cover to within a factor better than 2 & for any constantg > 0. From their, and subsequent proofs of
this result, it was not clear why this LP relaxation shouldp&mal.

The situation was akin to Mkmmum Cur, where a natural SDP relaxation for it was proved by Kéal.
[KKMOQ7] to be optimal assuming the UGC. A beautiful result of Ragimadra Rag08 explains why the
SDP is optimal (assuming the UGC). Moreover, his result gaizes to a large class of constraint satisfaction
problems (CSPs). Unfortunately, we do not know how to exta@edramework so that it applies for problems
such as ¥rtex Cover Where the constraints asgrict.

In this paper, we explain why the simple LP-based roundiggrithm for the \trtex Cover problem is
optimal assuming the UGC. Complementing Raghavendralstresur result generalizes to a classsifict,
coveringpacking type CSPs. We first write down a natural LP relaxdioithis class of problems and present
a simple rounding algorithm for it. The key ingredient, thesna dictatorship test, which is parametrized by a
rounding-gapexample for this LP, whose completeness and soundnesseatr®thalue and the rounded value
respectively.

To the best of our knowledge, ours is the first result whichvesothe optimality of LP-based rounding
algorithms systematically.
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1 Introduction

In this paper we will be interested in a class of packing anciing problems. The class of covering problems
we study (packing problems can be defined similarly) cost#ie set of problems characterized by the following
integer program: given non-negatives R™" b e R™ c € R", the goal is to find a vectax € {0,...,q - 1}" such

that Ax > b which minimizes}}; ¢ x. In addition, each row oA has at mosk non-zero entries anklandq are
assumed to be constants. We will show that, assuming thaididgmes Conjecture, a natural linear programming
relaxation (not the naive one) for such a problem, along wifimple rounding scheme, is the best one can hope
for algorithmically. We start with a classic covering prefl that falls in this class: the minimum vertex cover
problem (MértEx Cover ). The equivalent packing problem is the maximum indepenseiproblem @pepENDENT

SET).

Vertex Cover. Inthe Vertex Cover problem, one is given a gragh(V, E) with non-negative weightso, },cv for

the vertices and the goal is to find a subset of minimum weigti shat every edge has at least one end point in
this set. We may assume thai., w, = 1. This problem is NP-hard and there is a very simple 2-appration
algorithm known for it. One way to obtain this approximatievhich will be relevant to our work, is to solve the
following natural linear programmind_P) relaxation.

Ip\,C(G)d:‘Ef minimize Zw,,xv
veV

subjectto0 Ve—uere Xu+ X% =1
vveV Xy = 0

Figure 1:LP for Vertex Cover

Given an optimal solution to thisP, the rounding scheme selects vertices whose variablesviahve at least/2.
This makes sure that the picked set is a vertex cover and #tescoo more than twickp,.(G).

On the inapproximability side, Dinur and Safra proved thati¢x Cover is NP-hard to approximate to within
a factor of 136. Khot and Regevi{R08] gave some evidence that factor 2 might be the best posgibl®@xmation
for Vertex Cover by showing that if there is an algorithm forekrex Cover wWhich achieves a factor better than
2, then the Unigue Games ConjectutéqC ) is false. However, it is not clear from their hardness réidacwhy
this simple minded.P is the best one.

One can think of ¥rtex Cover as astrict version of a constraint satisfaction proble@Sf). While in aCSP,
the objective is to satisfy as many constraints as possibl¥ertex Cover , the objective is to find a solution
satisfyingall constraints while minimizing a ffierent objective. Although the fiierence seems superficial, the
algorithmic implications for the two class of problems arete different. Let us take the example ofakdmum
Cur, the simplest and one of the most interest@@P. Given a graplG(V, E), the Maxmmum Cur problem asks
for a partition §, S) of the vertices maximizing the number of edges going adtusgut. For the Mxmmum Cur
problem, the naturdlP relaxation is known to give a strictly weaker approximatitian a simple semidefinite
programming $DP) relaxation GW95. Further, the factor obtained by tl8DP is optimal assuming theGC
as was shown in Khatt al. [KKMOO7]. A beautiful result of Raghavendr&rpg08§ manages to generalize the
Maxmum Cur result of KKMOO7] to a very general class of constraint satisfaction probklemm particular, he
considers a generic way to writeSDP relaxation, and shows that the approximation ratio achiwethe SDP is
optimal assuming theGC .

However, Raghavendra’s result does not seem to apply ferey Cover even though it is possible to think
of Vertex Cover as aCSP in the following way: consider an instan& = (V, E) of Vertex Cover . We have



boolean variables, for eachv € V. For each vertex, we have a constrainb,(x,) which is 1 if x, is 1 (which
corresponds to vertex being picked in the vertex cover), and O otherwise. For ealdee = uw, we have a
constraintWe(xy, X,) which is 0 if at least one ok, or X, is 1, and 1 otherwise. The goal is to minimize the
weighted sund, w,@,(X,) + 2 - Yecwee(wu + wy) - Pe(Xu, X%,). It is easy to argue that any optimal solutigh to

this CSP must satisfy¥e(X;, X¥) = 0 for all edgeaw € E. Hence, any optimal solution to th@SP also yields an
optimal vertex cover solution. Given this reduction fromrvtx Cover to a weightedCSP, one can imagine using
the techniques of Raghavendigg0g to come up with a similar hardness result foervex Cover . However,
such an argument fails to work for the following reason: @&P corresponding to Wktex Cover has a very
special relation between the edge constraints and thexaotestraints — the weight of each edge constraint is more
than the sum of the weights of the corresponding vertex caings. The reduction froldGC to such aCSP
(which has vertex and edge constraints as defined aboveganmditruct hard instances of suClsPs which may

not preserve the required relationship between the weifhisrtex and edge constraints. This problem seems to
remain whenever we hav@SPs where some constraints astict, i.e., they cannot be violated. This leaves the
understanding of problems with strict constraints as therkk Cover problem somewhat unsettled.

1.1 Our Work

In this paper, assumingGC , we present an optimalP-based algorithm for a class of packing and covering
problems. First, we describe the class of covering problemsvill study. This description contains the problems
arising from the integer programming formulation desalibefore. Here we describe the= 2 casel

Strict Monotone Constraint Satisfaction Problem. A problemII is said to be &-strict and monoton€SP
(k-sm-CSP) if it consists of a set of verticeg with non-negative weightu, },cv on them, a set of hyperedges of
size at mosk and for every hyperedgee E, a constraintA.. These constraints have the following two properties
natural for{0, 1}-covering problems.

1. The constraints argrict: the constraint corresponding to every hyperedge has tatisfisd.

2. The constraints ammonotone given a feasible solution (a subset of vertices), addingenvertices to the
solution keeps it feasible.

The objective is to find a boolean assignment to the verticeassto satisfy all the hyperedge constraints and

.....

.....

to observe that ¥rtex Cover is a special Zm-CSP.

An LP for a k-sm-CSP problem. One can define the followingP relaxation for any problem in the clags
sm-CSP. As written, it may not be immediately clear that it is BR. We will prove this in Sectior2.1 and for
the benefit of the reader, we also show in the appendix ($e6t) how the standard sktex Cover LP can be
equivalently written in this form. This relaxation is ingpil by the Sherali-AdamsSA9Q relaxation and plays a
crucial role in our result.

Here, for a hyperedge = {v1,...,v}, ConvexHull(Ac) denotes the convex hull of all assignmentse {0, 1}'
which satisfy the constraire. For an instancd, let Ip(Z) denote the optimum of thieP of Figure2 for 7. Also,
let opt(Z) denote the value of the optimal integral solution for

1We note that for th¢0, 1) case, HrercraPH VERTEX Covir are all the problems one gets in this class. Thougluthey case, fog > 2,
is more general, all important ideas in this paper are eguall captured by the binary case. Given this, for improveadability of this
paper, the presentation for most of this paper is chosen tortike {0, 1} case. In SectioB, we outline our results in the general setting of
theg-ary alphabets.



(@) € minimize Zw”x" @)
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Figure 2:LP for k-sm-CSP

Main Result. The main contribution of this paper is to integrate a classayering and packing problems in
the same conceptual framework as done by Raghavend@Sies [Rag08. We give a rounding algorithm called
ROUND (see Figures) for the LP of Figure2. For an instance of IT we first computex*, the optimalLP-solution
for 7. For a parametes > 0, which should be ignored for this discussion, letind(Z, x*, £) denote the value
of ROUND. We then show how to start with an instanfef IT and give a Wioue Games-based reduction forl
whose soundness and completeness are royggtily andround(Z, x*, £) respectively. We also show theaDUND
(unconditonally) achieves an approximation ratio equahtintegrality gap, up to an arbitrarily small additive
constant, of the&_P relaxation. This can be seen as an analogue of the resultgifa®andra and SteurdR§09.
We assume throughout thiat= O(1) as our reductions are polynomial-sized wikés a constant.

Theorem 1.1. LetIT be a ksm-CSP, ¢ > 0 for k = O(1), and I be an instance ofl. Then for everys > 0,
assuming th&GC , it is NP-hard to distinguish instances Qfwith optimal less thatp(Z) + ¢ + ¢ from those with
optimal more thammound(Z, x*, &) — 6. Here X is the optimalLP solution for 7.

As a corollary we can deduce the following: we 86" ¢ and note that for any instande round(Z, x*, ¢) is at
mostopt(Z).

Corollary 1.2. LetII be in the class lsm-CSP and I be an instance dfl. Then for everys > 0, assuming the
UGC, it is NP-hard to distinguish instances Ofwith optimal less tharp(Z) + 26 from those with optimal more
thanopt(Z) — 6.

The clask-sm-CSP falls under the class aovering problemsOne can also define a similar class of problems
for packing problemsnamelyPacking-k-sm-CSP. The only diferences would be (1) we would be interested
in maximizing the total weight of vertices set to 1, and (& ttlonstraints would bdownwardmonotone, i.e.,
removing some vertices from the solution would still keefe#sible. All our results translate to the setting of
packing problems in the natural manner and we omit the detail

1.2 Overview and Techniques

In this section we outline the proof of Theorelrl. We explain the main ideas with the canonical example of
VEertex Cover . Unlike previous work, we will be interested in instancessWdROUND falils i.e., where the value
round(Z, x*, £) is much larger thaip(Z). Note that this is a weaker condition than the instancegoamintegrality
gap instance (as considered previouslyG&Ps), where the valuept(Z) is much larger thaip(7).

In particular, for \ErTEx Cover , ROUND performs poorly on a graph with a single edge, which is not an
integrality gap instance because the integer optimum a@mtlRhoptimum are both equal to 1. One optimazd
solution is to set a value @f2 for both the end points, and thus, satisfying the const@mnmesponding to this edge.
ROUND would then end up choosing both the end points in the coves, theing & by a factor 2 in the objective.
We show a reduction fromtdoue Games that uses this instance to obtain a facter 2hardness for ¥rtex Cover
. The reduction produces the Khot-Regev graph althoughmalysis is conceptually simpler and uses the, by now
standard, Invariance Principle. Note that the inapprokiiitg obtained is at least as good as the integrality gap of
theLP because the optimal solution is at least as good as the opetdytROUND.
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Given an instance of drtex Cover along with anLP solution, we prove that the best rounding scheme,
assuming th&JGC, is one which sets the variables to 1 or 0 by solely lookinchatvalue of the variables. We
do so by picking a Wique Games instance and replacing each vertex of the unique game witraeblocks of
vertices, one for every distinct value the solution takes (one can think of having one block for evenyalde in
theLP, but we will later need to identify variables taking the samkie). We then introduce constraints across the
blocks inspired by th&P solution such that if the dqoue Games instance has a good labeling, then there is a way
to choose a fraction of each of the blocks such that all thegdge covered. Further, the fraction selected in each
block has measure exactly equal to the total value of theespanding variables in theP solution.

Next, we show that if the Mque Games instance has no good solution, then any solution can be deavi
a solution that either completely chooses a block or igniiresmpletely while losing only a small additive error
in the objective. We use the Invariance Principle and gansstiability estimates to prove that if a particular block
is partially selected, then, there are a bunch of consgdirdt are completely contained in the unselected part.
Thus, given that the solution satisfies every constraintdiall edges), the partially selected blocks might as well
have been completely unselected without violating any traimt. If we think of selecting a block as setting the
corresponding variable to 1 and not selecting as settirg(t this naturally corresponds to a rounding of Lire
solution solely based on the value of each variable: ex#éotyspace of solutionrROUND searches over.

As it is, this does not say much since ke value could assign completely distinct values to all thealdes.
However, we can always convert such lg® solution to one that takes only a constar{sf number of distinct
values while losing a small additive errat)(in the objective. This naturally gives a rounding schemkictv as
the first stepdiscretizeghe LP solution to have a small number of distinct values beforagrput every possible
rounding of the values. The rounding scheme remains exdatlsame for the general version: solve the linear
program, fix the solution to one with a small number of didgtiaues and then exhaustively search over all possible
roundings of the values.

1.3 Further Discussion and Related Work

LP inspired hardness results. There are several problems for which the best known inapmpability results
have been obtained as follows: first construct integralép fstances for the standat@ relaxations for these
problems and then use these instances as guides for cdimgroardness reductions based on standard complexity
theoretic assumptions. These reductions yield inapprakility ratios quite close to the actual integrality gaps.
Examples include AvmmMeTric k-center [CGH'04], Grour Stemer Tree [HKO3] and AvErRAGE FLOW-TIME ON PAR-
ALLEL M acHINEs [GKO7]. AssumingUGC , our result proves hardness of a large class of problemsimikasspirit.
However, instead of explicitly constructing integralitgigexamples for such problems, we give a more direct and
intuitive proof that the integrality gap is close to the attiiardness of such problems. We note that the only other
result forLPs similar in flavor as ours, though unrelated, is thatdNRS0§ for M urri-Way Cur.

Unique Games Conjecture. Since its inception, th&/GC of Khot [Kho0Z] has been used to obtain a host of
inapproximability resultskho02, KV05, CKK*06, KKMOO07, KR08, MNRS0§ GMR08 Rag08 CGM09 and,

it implies optimal hardness of approximation results faskgems such as Mamum Cur [KKMOO7] and VerTEx
Cover [KRO8, BK09].

Very recently, for the problem of Mrex Cover , a similar analysis using the Invariance Principle was also
proved by Austrin, Khot and Safr&AKS09]. They were motivated by the problem of proving hardnesspprax-
imating Vertex Cover 0N bounded degree graphs where as the goal of this paperdsatdish the optimality of
LP-based algorithms for problems similar t@Rfex Cover .



1.4 Rest of the paper.

In Section2, we give a detailed outline of the proof of Theordmi. In Section2.1 we formally define the class
of problems we shall be interested in. In Sect®bB we outline the properties of the dictatorship test whicdke
to the proof of Theoreml.1L We describe the rounding algorithm and prove its optimailitSection3. We give
all the details of the construction and the properties ofdiiceatorship test in Sectiof This requires us to prove
some properties of a feasible solution to L which we describe in Sectichl The actual reduction frordGC
to a problem in the cladssm-CSP builds on the construction of the dictatorship function istandard manner —
we describe this in the appendix (Secti®B). We describe the setting of tlye> 2 case in Sectiob.

2 Proof of Theorem1.1

In this section we will reduce the task of proving Theorérhto constructing a dictatorship test. Once we have
stated the claim for the dictatorship test, it would be staddo convert it into &JGC -based hardness result and
deduce Theorerti.1. The soundness of this dictatorship test, in turn, relietherrounding algorithrfROUND of
Figure3 which is described in Sectid® We start with some necessary preliminaries to describpriblelems and
the LP we will consider for them.

2.1 Preliminiaries

Given distinctx, y € {0, 1)K, we sayy > x, if for everyi € [K], yi > %. Further, a subsek C {0, 1} is said to be
upward monotond for every x € A, and everyy such thayy > X, it follows thaty € A.

Definition 2.1 (The clask-sm-CSP). Letk be a positive integer. An instance of typesm-CSP is given by

I = (V, E, {Acheck), {wylrev) Where :

-V = {v,0p,...,0n} denotes a set of variabjesrtices taking values ovef, 1} along with non-negative
weights such thaf,.y w, = 1.

— E denotes a collection of hyperedges, each on at kosgtrtices. For each hyperedgee E, there is a
constraintA¢ which is an upward monotone set denoting the set of accept@tarations of the vertices in
e

The objective is to find an assignment V — {0, 1} for the vertices iV that minimizesy, ., w,A(v) such that for
eache = (vy,02,...,0), (A(v1),...,A(n)) € Ae. A k-sm-CSP TT is given by upward monotone sy, ..., A.
Every instance ofI is supposed to have its constraints for the hyperedges tadefdA, . .., A;}. For simplicity,

we will assume that the size of each hyperedge is ex#ctl@ur proofs also hold when hyperedges have size at
mostk.

Definition 2.2. For a setA C {0, 1}¥, defineConvexHull(A) as the convex hull of elements & Note that any
elementx € ConvexHull(A) can be expressed 35,. A, - 0, Whered,. can be thought of as giving a probability
distribution over elements .

The LP relaxation fork-sm-CSP appears in Figur@. On an instancd and a feasible solutiox to LP(7), we
will let val(Z, X) to denote the objective dfP(Z7). We now show that this indeed is & by explicitly writing
the constraints?) as linear constraints. Consider an edge (up,...,Us) € E. We define variablegS, where



o € {0, 1} and it varies over all elements 8f. The constraintd) can now be written as

(s X+ X)) = ) AS0r

o€che
>ag=1
g€ehe

In the appendix (Sectio6.1), we show that for the ¥ktex Cover and HvpErGraPH VERTEX CovER problems,
this LP is at least as strong as the standadrelaxations for these problems.

2.2 Dictatorship Function

We now describe the properties of the dictatorship testadt we prefer to refer to it as a dictatorshimctionas
it takes some inputs and has an output rather than an accepteedicate.

Our dictatorship function [de,I’X’m(r,(S) takes as input an instandeof a problemIl, a solutionx to the LP
relaxation (Figure?) for this instance, and parametensr andé. r would be the label set size of thevidue Games
instance we combine this dictatorship function with to ¢etactual reduction for Theoreinl and can be ignored
for now. mis an upper bound on the number of distinct values the eritritee vectorx are allowed to take. We
will often refer toe asl/m-1. § is asmootheningarameter, essential for the application of the Invaridfigeciple,
and can be ignored for now. The dictatorship function o jamother instanc® of I1. The vertex seV (D) of this
instance would benfi] x {0, 1}" and we defer the precise description of the output instaoc€éction4.2. Recall
thatround(Z, x, €) denotes the value of the rounding algoritR@UND(Z, X, ). Even though we will describe the
algorithm in the next section, for now, it isfigcient to know that the algorithm produces an integral sotufor 7
from a feasible solutiorx to LP(J) after it has perturbed and made sure that its variables take at nmosistinct
values. In particularound(Z, X, &) < opt(Z). Now, we can state the main claim regarding our dictatorsimgtion.

Lemma 2.3. (Informal Version) The dictatorship functic[hm? ij(r, 6) has the following properties:

1. Completeness: There are r “dictator” assignments to (D) each of which satisfy all the constraints Of
and each costs at mogal(Z, X) + 6.

2. Soundness: Every assignment which is “far from being a dictator” assigent and satisfies all the con-
straints inD must have cost at leagtund(Z, X, &) — 6.

We leave the precise definition of “dictator” and “far fromitga dictator” for Sectiod.2 The proof of this lemma
also appears in Sectigh2 For a fixed instancg, to maximize the gap betweesal(Z, X) andround(Z, x, &) one
should use = x*, the optimal solution t&.P(Z7). The problem is that, then, we are not guaranteed that thables

in xX* takes at mosin distinct values. But this is easy: since the variables talteevbetween 0 and 1, one can just
bucketthem into bins of widthe and lose only an additionalin the completeness in the lemma above. Hence, we
can obtain the following corollary.

Corollary 2.4. The dictatorship fUﬂCtiOIDICTH’X*’m(r, 0) has the following properties:

1. Completeness: There are rdictatorassignments to §) each of which satisfy all the constraints ©fand
each costs at mo§i(Z) + € + 6.

2. Soundness: Every assignment which is “far from being a dictator” assmgent and satisfies all the con-
straints in®D must have cost at leastund(Z, x*, &) — 6.

Here X is the optimalLP solution for7.



The corollary above can be converted to sidde Games-based hardness result fo. The following is just a
reformulation of Theorem.1and will be proved formally in Sectio6.5.

Theorem 2.5. LetTI be a ksm-CSP, ¢ > 0 for k = O(1), and 7 be an instance dfl. Then for every > 0, given
an input instancey of I1, assuming th&JGC , it is NP-hard to distinguish between the following:

1. Completeness: opt(J) < Ip(Z) + & + 6.
2. Soundness: opt(J) > round(Z, X*, &) — 6.

Here X is the optimalLP solution forZ.

3 The Rounding Algorithm and its Optimality

In this section we describe our rounding algoritR@UND and prove that it achieves the integrality gap uncon-
ditionally. Theoreml.1implies that it is not possible to beat this integrality gagwming theJGC . Hence, this
algorithm is optimal.

The algorithm. The algorithm will use a parameter We assume without loss of generality thatis an integer.
We first define a way of perturbing a solutiorto LP(Z) (Figure 2) such that the number of distinct values the
variables ofx take is at most/s + 1.

Definition 3.1. Given anx such that (< x, < 1 for allu € V, and a parameter > 0, definex® as follows — for each

ueV, letk, be the integer satisfying,e < x, < (ky + 1)e, thenx;, def (ky + 1)e (if x4 = 0, we definex]; to be 0 as

well).

In other words x® is obtained fromx by rounding up each coordinate to the nearest integral pheiltif ¢ (note that
this value will not exceed 1 becau$eis an integer). First we observe the following simple fact.

Fact 3.2. Let x be a feasible solution td?(7). Then
1. ¥ isfeasible forLP(J).
2. val(Z, x®) < val(Z, x) + ¢.

The proof this fact appears in the appendix (Sec@@).

The algorithmROUND is described in Figur8. This algorithm takes as input an instarnGea feasible solution
x to LP(Z) and a parametes > 0. We denotaound(Z, X, &) as the value of the integral solution returned by
ROUND(Z, x, ). First, the algorithm perturbsto x° to make sure that the number of distinct values taken by the
variables inx® is at mostm = O(Y/s), which is to be thought of as a (large) constant. Thus, thelkbas fall intom
buckets and now, the rounding algorithm goes over all ptsssissignments to these constantly many buckets and
outputs the assignment with the least cost.

The optimality of the rounding algorithm. We quickly observe tha®OUND achieves the integrality gap.

Lemma 3.3. Lety*(IT) be the worst-case approximation ratio (integrality gaphewved by the P relaxation for

the problentl, i.e.,y*(IT) def supy(opt(Z)/Ip(Z)), where the supremum is taken over all instanfes I1. Then, for
any given instancgf, optimalLP solution x ance > 0, round(7, X, &) < y*(I1) - (opt(T) + &).



Proof. Consider an input{, x, €) to the algorithmROUND. We define a new instancg’ of IT as follows: the set

of variablesV’ = {0, ..., s+ 1} and hyperedge s& = {(i1,...,ix) | (v1,...,0x) € E andxfJj =ij-eforallj € [K]}.

We take the weight) of i € V' to be’._i, w, and take constraimde for an edgeg’ € E’ to be the same a&, for

the corresponding edge &< E. Then, sinccROUND(7, X, €) searches over all feasible assignments to variables
in J7’, we get thatound(7, X, ) = opt(J’). Hence, we get

act3.2-
round(7. x.£) = opt(T”) < y'(I)-Ip(T") £ Y- (p(T) + &) < y'(I)- (opt(T) + ).

Ineut: Aninstancel = (V, E, {Ad}ecE, {wy}ev) Of @ problem ink-sm-CSP, a feasible solutiorx to LP(Z) and
a parametet > 0. Letm := /s

Ourrut: A labelingA @V — {0, 1}.
1. Construct the solutior®.
2. Foreveryz € {0, 1}, construct a 0-1 solution? as follows :  Af def zjif X = Je.

3. Output the solutiom\? which has the smallest objective value among all feasibletisas in {A%z €
{0, M},

Figure 3: AlgorithmROUND

Deducing the Khot-Regev result. As an application of Theorerh.1, we prove the result of Khot and Regev
[KRO8] which states that assumitdfsC , it is NP-hard to get{—&)-approximation algorithm for thie- HyPERGRAPH
VEerTEX Cover problem for any constant> 0. Consider the following instancgof k-HyperGraPH VERTEX COVER

— we are given a séf of sizek, and there is only one hyperedgeknh namely, the set of all vertices M. The
weight of every vertex i$/k. Consider the solutiom which assigns valu&k to all variablesx,. It is easy to check
that it is feasible to outP relaxation. The value of the solutianis 1/k. . Let us now see how the algorithm
ROUND(Z, x, €), wheree < 1/k, rounds the solutiorx. All entries inx® will still be same. Hence, the rounding
algorithm will consider only two options — either pick allrtiees inV, or do not pick any vertex. Since the
latter case yields an infeasible solution, it will outpug #etV, which has value 1. Theorefinl now implies that
assumingJGC , it is NP-hard to distinguish between instance&-tfyrercraru VErRTEX CovER Where the optimal
value is at most/k— 2¢ from those where the optimal value is more tharel Note that the integrality gap o (1)

is 1. Still we are able to argue hardnesskéfiyrerGrarH VERTEX Cover problem starting from such an instance
because the algorithiROUND performs poorly on this instance. In this sense, the statewfeTheoreml.1is
stronger than that of Corollard.2

4 Dictatorship Function

In this section we give details of the dictatorship functiorhe dictatorship function takes as input an instance
I of the problem, a feasible solutionto Ip(Z) and parameters), § andr. The entries in the solutior take at
mostm distinct values. The parameteis related to the label size in thexidue Games instance that is used for
the reduction, and can be assumed to be an arbitrary quémtitizis discussion. The output of the dictatorship
function is another instanc® of the same problem. The vertex set of this instancensq {0, 1}", which we can



think of asm blocks The hyperedges i are constructed roughly as follows — for every hypereelgethe input
instance’, we pickr hyperedges from the st by a randomized process. We use thekgperedges to construct
one hyperedge iD which spans acrods suitably chosen blocks iD. The set of hyperedges i consist of
hyperedges which can be obtained in this manner with strmikitive probability. Note that even though these
probabilities are not explicitly required for the desdaptof D, they are still useful for the soundness analysis of
the dictatorship function.

Given a hyperedge in the instancel, the probabilities with which we selectedges fromAg are obtained
by using the fact thak is a feasible solution tép(Z). This allows us to express as a convex combination of
elements inA¢ and the cofficients in this convex combination give us the requisite philities. The analysis of
the dictatorship function uses the Invariance Principlkictv requires that the minimum non-zero probability of
an element inA is not too small, and a suitably defined “correlation graghtonnected. We achieve these two
properties by using the parameteto “smoothen” the probabilties obtained from the solutionWe now define
these probability distributions and their smootheningseariormally below.

4.1 Probability Distribution from the LP solution

We define the notion of smoothening the distribution obthibg restrictedk to a hyperedge.

Definition 4.1. Let x be a feasible solution tioP (7). For a hyperedge, let x| be the vector obtained by restricting
x to only those vertices which belong & PZ shall denote the probability distribution over the vector$0, 1K
corresponding to elements Af that arises from the fact thaf, € ConvexHull(Ae). For a parametef > 0, define

a random functior®R’ : {0, 1}k — {0, 1} which satisfies the following property independently foctea:

def | X with probability 1- ¢
RO = { 1 with probabilitys

Now define a distributiorMs(PZ) over {0, 1K where
def
Ms(P@ = P [R(2) =7,
7R
whereZ is drawn according to distributioRX andR’ from the space of function fron®, 11K to {0, 1}¥ as described

above.

Remark 4.2. Note that for a hyperedge the support oPy is a subset ofe. SinceA is upward monotone, the
same fact holds foM;(P%) as well.

Definition 4.3. Let P be a distribution or{0, 1}*. Define margin(P),1 < i < k as the following distribution on
{0, 1}:

. def
margin(P)(0) S > P(by,..., b1, bbb,
b1,...0i-1,bi41,.... bk

The following fact, whose proof is easy to check, shows thatharginals of the distributior2s andM;s(PZ%) on a
single coordinate can be easily expressed in terms of

Fact4.4. Lete= (uy,...,Ux) by a hyperedge in an instande Then,Emargin(px)(0) = Xy, @nd Emargin(m,(px)(0) =
(1-0)xy +0.

Fact 4.5. For a hyperedge e, let denotemin, {P5(w) : P3(w) > 0}. Thenmin,{Ms(Pi(w)) : Ms(P3(w)) > 0O} is at
leastsX - .



A feasible solutionx satisfies the property thax, ..., X, ) can be expressed a convex combination of vectors in
A for everye = (up,...,u) € E. The following lemma shows that under some conditionsxpthe non-zero
codficients of this convex combination are large enough. Thi#l bleauseful in our application of the Invariance
Principle. We defer the proof to appendix (Sect®8).

Lemma 4.6. Let A be a upward monotone subset{@f1}* and let(xa, %o, . .., X)) € ConvexHull(A) such that
each x is an integral multiple ot (assume that/c is an integer). Then, there is a distribution P over A suctt tha
the minimum probability of any atom in P is at leat.

4.2 Description and Properties of the Dictatorship Functio

In this section, we first describe the parameters of thetdicthip function and the output instance that it produces.
Then we give a more formal statement of Lemghain Lemma4.9 and Theoren#.10 We then prove these and
hence, complete the proof of Lemr2a88 and Corollary2.4. For 0< ¢ < 1, let z—u, denote a string drawn from
the ¢-biased distribution of0, 1}".

Parameters of Dt} (r,0).
1. Starting Instance. An instancel = (V = {U1, ..., Un}, E, {Ac}ecE, {wuluev) Of IL
2. Solution to LP(Z). A vectorx = (Xy,, - - -, X,) Which is a feasible solution toP(7).

3. Multiplicity Parameter. mdenotes the number of distinct values in the vegtand letps, .. ., pm denote these
distinct values. LeB : V - {1,2,..., m} such thaB(u) := b wheneverx, = p, for someb € {1,..., m}.

4. Smoothening Parameter. § > 0. For a feasible solutiox to LP(Z) and for every edge € E, we use this

parameter to define the distributid;(PZ). The solutionx shall satisfy the conditions of Lemn#a6, and,
hence, Fact.5implies that the minimum probability of an atom Ms(P%) is at Ieast‘%.

5. Repetition Parameter. A positive integer. (r would be the size of the label set of theiQue Games instance
to be used in the hardness reduction.)

The Output Instance. DICT? ij(r, 6) outputs the following instanc® of 11

1. Vertex Set. The vertex set oD is V(D) := [m] x {0, 1}".

2. Weights on Vertices. Let fj, def pp(l—-6) +sforbe{l, 2 ...,m. The weight of a vertexiq y) € D,
def
wp((0.9) S ) D, we
ueV|xy=pn

Note that sincey’ ey wu = 1, X ev(p) wp(v) = L.

3. Hyper-edges and Constraints. The set of constraints i is the union of every constraint output with
positive probability by the following procedure:

(a) Pick a random hyperedge= (ug, Uy, ..., Ux) from I and letA¢ denote the constraint corresponding to
it.

(b) Sampler independent copies)(, z,,.....2,)]_; from the distributionM;(PX).
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(c) Let the corresponding hyperedgeZinbe

(Bw). @,. %, . 2,)). (BW2). (2., . Z,)) - (B, (B B - - Z,)))

and the constraint corresponding to itAg
We now define the notions “dictator” and “far from being dtotd, and then give formal statements of Lem&a

Definition 4.7. A setS c [m] x {0, 1}" is said to be a dictator if there existsiaa[r] such thatS = {(b,2) : z = 1}.

ForasS ¢ [m]x{0, 1y", defineSy, €'Sn (b, (0, 1)"). Further, define function§S : {0, 1} - {0, 1} to be the indicator
function of thecomplemenbf S,. We refer to a subset of vertices 6f of the form , {0, 1}") as thehypercube
corresponding td. Giveni € [r],b € [m], the degread-influence of the-th coordinate offf, Inffd(ff) with
respect to the measurg, is defined in Sectios.4.1

Definition 4.8. Givenr,d > 0, a setS C [m] x {0, 1}" is said to be £, d)-pseudo-randonif for every b € [m] and
everyi € [r], Inf9(£5) < 7.

Now we state the completeness and soundness properties dittatorship function.

Lemma 4.9. (Completeness.) Supposecgm] x {0, 1}" is a dictator. Then S satisfies all the constraint&pand
wp(S) < val(Z, X) + 6.

Observe that if we take the optimal solutigmf Ip(Z) and use the corresponding perturbed solukdas input to
the dictatorship function, then Lemmz0 combined with FacB.2implies the first statement in Corolla/4.

Theorem 4.10.(Soundness.) For every small enough 0, there exists a g such that if SC [m] x {0, 1}" satisfies
all the constraints of> and is(r, d)-pseudo-random, then

wp(S) = round(Z, X, ) — 6.

The construction of the dictatorship function can be ex¢erid give a reduction fromfuoue Games to a problem in
the clask-sm-CSP. The completeness and soundness of the dictatorship dartctinslate to that for the reduction,
which allows us to prove Theoreih5. We describe this reduction in the appendix (Sec@ds).

Proofs of Completeness and Soundness PropertiesNow we give proofs of Lemma&.9and Theoren#.10

Proof of Lemma 4.9. Leti be such tha$ = {(b,2) : z = 1}. For any hyperedge € E, recall that the support of
Ms(P%) is a subset oRe. Hence, anyz,,, z,,. . .., z,) < Ms(P%) always satisfies the constraiig. Thus, the se$
satisfies every constraint of the instarfoe The total weight of the s& is

wp(S)= D, D ip@ D wu= D P ) wu—Zwuxu(l 6) +6 < val(Z.%) + 4.
be[m] Zz=1 ulXu=pp be[m]  ulxu=pp

O

We now prove the soundness of the dictatorship test. The afrtixe proof is to show that given a subsetc

[m] x {0,1)' satisfying all the constraints i, one can find a subset € [m] such thatT; €' Upes(b, {0, 1))
satisfies all the constraints # andwyp(T;) < wp(S) + 6.
Proof of Theorem4.1Q Define

d"'f{m E 5@ < 5}

11



Fix a particular hyperedge= (uz, U, ..., U) € E of the instance . Let

Re £ {ui € e[B(U) ¢ J}.

We will deduce the following fact from the Invariance Priplei of Mossel Mos0§. We give a detailed description
of the Invariance Principle in the appendix (Secttd.l). The proof of the following fact is also deferred to the
appendix (Sectios.4).

Fact 4.11.
E [Mucr, gy (@9)] > 0.

In the expectation above, the argumght of fBS(u) is chosen with thepg)-biased measure df, 1}" independently
for eachu € Re. Since fbS € {0,1} and, in particular non-negative, for edgtk [m], this fact implies that there is a
hyperedge irD that queries the hypercubes correspondingitolb, . . ., ug) atZ"), . .., Z%) respectively such that
for everyu € R, fgu (Z¥) = 1. Sinceff is the indicator of the complement 8f,, this means that the constraint
was satisfied solely by the hypercubeslinThus, all the constraints @D would also be satisfied by the SEf.
Note that sincd ; selects hypercubes that are alreadydlfraction covered bys, wy(T;) < wp(S) + 6.

Further, sinceT; either completely chooses a particular hypercube or caelgleggnores it, this corresponds
to one of the assignments that the rounding algorithm gerdtrough on the inputZ( x, ). This implies that
round(Z, X, ) is at mostwy (T ;). This completes the proof of the theorem. m]

5 Extension to larger alphabets

In this section, we show how our results can be easily extktwlthe case when variables take values from a larger
alphabet§] =1{0,...,q-1}.

Problem Definition. Givenx,y € [g]¥, we say thay > X, if, yi > x foralli, 1 < i < k. A setA c [g] is said to
be upward monotond for every x € A, and everyy such thaty > X, it follows thaty € A. For sake of brevity, we
assume that the alphabet sigeis implicit in the definition below.

Definition 5.1 (The clask-sm-CSP). Letk be a positive integer. An instance of typesm-CSP is given by

I = (V, E, {AchecE), {wylrev) Where :

-V ={v1,v,...,vn} denotes a set of variabjesrtices taking values ovegjalong with non-negative weights
such thaty, .y w, = 1.

— E denotes a collection of hyperedges, each on at kostrtices. For each hyperedgee E, there is a
constraintA¢ which is an upward monotone set denoting the set of accepi@tarations of the vertices in
e

The objective is to find an assignmeht: V — [q] for the vertices inV that minimizesy, .y w,A(v) such that for
eache = (vy,02,...,0), (A(v1),...,A(n)) € Ae. A k-sm-CSP TT is given by upward monotone sy, ..., A.
Every instance ofl is supposed to have its constraints for the hyperedges todefdA, ..., A}). Asin the binary
case, we will assume that the size of each hyperedge is gXadDur proofs continue to hold when hyperedges
have size at mos&t
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LP relaxation We now give arLP relaxation for a problem ik-sm-CSP. The following definition allows us to
map values in(] to vectors whose coordinates lie between 0 and 1.

Definition 5.2. Let Aq denote the set of vectofsz, ...,z;-1) 1 z > Oforalli € [g]and Xz = 1}. Thereis a
natural mapping¥y : Aq — [q] defined as¥q((zo, . . ., 2Z5-1)) = Xieq 2 - i- Lete, fori € [d], be the unit vector in
RY which has value 1 at coordinateand O elsewhere. It is easy to check thgis the convex hull of the vectors
{& 11 €[q]}. It follows that a vectox € Aq can also be thought of as a probability distribution owgr [

Definition 5.3. Given an integer € [q], define®q(i) as the vectog € RY. Given a sequence e [q]¥, for some
parametek, definedq(o) = (Og(o1), . . ., Pg(ok)). Note thatdqy (o) is a vector inRIK,

TheLP relaxation for an instancé of a problemll € k-sm-CSP is described in Figurd.

Ip() € minimize )" w,¥q(x,) (4)
veV
sSubjectto Ye—(vy,05,...0cE  (Xor> Xops - - - » Xy) € ConvexHull(Ag) (5)

Figure 4:LP for k-sm-CSP

Here, ConvexHull(Ae) is the convex hull of the s€ibq(o) : o is a satisfying assignment fég}. It is easy to
check that this indeed is a linear program. Given a solutitmLP([), let val(Z, X) denote the objective function
value forx.

The Rounding Algorithm.  We now describe the rounding algorithm. The algorithm ugssraurbation parame-
tere. We first argue that we can perturb a feasible solutidtP{') such that the number of distinct (vector) values
taken by the variables are small. This perturbation willattegct the objective value significantly. We shall assume
without loss of generality thdf- is an integer.

Definition 5.4. For a parametet > 0, defineA‘a’i,O < i < g, as the set of points € Aq satisfying the fol!g\l/ving

conditions — (1), ..., z-1 are multiples ok, and (2)z,1 = - - - = -1 = 0. Observe that, must equal Y07
Let AZ denotel J; A'.
It is easy to check thaAgl is at mosty/(s+1)?. We now show how a vectore Aq can be perturbed to a vectorzfra.

Definition 5.5. Leta € [0, 1] be a real number. Defing as the smallest multiple ef greater than or equal to
a. Considerx € Aq. Leti be the largest integer such thet+ --- + x° ; < 1. Then, define< to be the vector

0% X 1, 1= 215%,0,...,0) € AF.

The rounding algorithm is described in Figuse Let roundqy(Z, X, £) denote the objective value of the solution
returned byROUND(Z, X, &).
Sincemy is O(Y/:9), the running time 0ROUNDg is O(poly(n¥, /s9)). We state the following fact without proof.

Fact 5.6. Let x be a feasible solution td?(7). Then
1. ¥ is feasible folLP(1).

2. val(Z, x°) < val(Z,x) + & - %
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Ineut: Aninstancel = (V, E, {Ad}ecE, {wy}ev) Of @ problem ink-sm-CSP, a feasible solutiorx to LP(Z) and
a parametes > 0. Letmy denotelAal.

Ourrur: A labelingA @V - [q].
1. Construct the solutior®.

2. Letl denote the setg arranged in some order.

3. Foreveryz € []™, construct an integral solutioh” as follows :  Af def z;if x5 =1;.

4. Output the solutiom\? which has the smallest objective value among all feasiblietisas in {A%z €

[a]™}.

Figure 5: AlgorithmROUNDy

Probability Distribution from a Feasible Solution.

Definition 5.7. Let x be a feasible solution toP(J). For a hyperedge, let x| be the vector obtained by restricting
x to only those vertices which belong & P% shall denote the probability distribution over vectorsAtpcorre-
sponding to elements & that arises from the fact that. € ConvexHull(Ae). For a parametes > 0, define a
random functior®’ : A'é - A'é which satisfies the following property independently focleg:

def [ X with probability 1- 6
R0 = { &1 with probability s

Now, define a distributioMs(PZ) overA'gI where

M;(PX)(2) &'

P, r [R(Z) =7,

whereZ is drawn according to distributioRX andR’ from the space of function frorzt:a'gI to A{; as described above.
Definition 5.8. Given a vectorp € Aq, let up be the corresponding distriution oveqj [(as described in Defini-
tion 5.2).

The Dictatorship Function. We now describe the parameters of the dictatorship funetimhthe output instance
that it produces.

IT
Parameters ofDict ]’X’m(r, 0).

1. Starting Instance. An instancel = (V = {U1, ..., Un}, E, {Ac}ecE, {wuluev) Of IL.
2. Solution to LP(Z). X = (Xy,. - - - » Xy,) Which is a feasible solution toP (7).

3. Multiplicity Parameter. m denotes the number of distinct (vector) values in the vextand letps, ..., pm
denote these distinct values. Note tipate Aq for alli. LetB : V — {1,2,...,m} such thatB(u) := b
wheneverx, = p, for someb € {1,..., m}.

4. Smoothening Parameter. 6 > 0. For a feasible solutiox to LP(Z) and for every edge € E, we use this
parameter to define the distributidvs(P%).
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5. Repetition Parameter. A positive integer. (r would be the size of the label set of theiQue Games instance
to be used in the hardness reduction.)

The Output Instance.

Drcr}} (") outputs the following instanc® of IT

1. Vertex Set. The vertex set oD is V(D) := [m] x [q]".

2. Weights on Vertices. Let fi, def (1-0)-pp+6-eq-1forbe{l,2,...,m. The weight of a vertext® y) € D,
def
wo((0.9) S ) D, wu
UeV|xy=pp
Note that sincey; ey wy = 1, 3 pev(p) wp(v) = 1.

3. Hyper-edges and Constraints. The set of constraints i) is the union of every constraint output with
positive probability by the following procedure:

(a) Pick a random hyperedge= (up, Uy, ..., Ux) from I and letA¢ denote the constraint corresponding to
it.

(b) Sample independent copiesz{jfi,zl‘;z, . zlﬂk E=1 from the distributionMs(P%).
(c) Foreachi = 1,....r, let (s}, yl. .. .. yl) € [d]* be a random sample from the distributiop x 1 x
s X ’uZlJ,k 1 2
(d) Letthe corresponding hyperedgeZinbe
((BUw), Wy Yo - 50)) » (B (s UG-8 5+ -+ (BUK, Wi 0o - - > 1))

and the constraint corresponding to itAg

Properties of the Dictatorship Function.

Definition 5.9. An assignmentf : [m] x [q]" +— [q] is said to be a dictator if there exists qre [r] such that
f(b,2) = z.

Givenb e [m], let f, denote the restriction of to (b,[q]"). Givenp € Aq, let z—u|, denote a string ind]" drawn
from the product distributiomz;). We can think of an assignmeffg : [q]" +— [q] also as a a function frong[" to
Aq (where the value € [g] gets associated with € Aq). Givenj € [r], b € [m], the degreal-influence of thej-th
coordinate offy, Inffd(fb) is defined as in Sectiod.4.1

Definition 5.10. Givenr,d > 0, an assignmerit : [m] x [q]" = Aq is said to be <, d)-pseudo-randonif for every
b e [m] and everyj € [r], Infs9(fp) < 7.

Now we state the completeness and soundness properties ditthtorship function.

Lemma 5.11. (Completeness.) Let:flm] x [q]" ~— [q] be a dictator. Then f satisfies all the constraint¥pand
2wev(o) wo(v) - f(v) < val(Z, X) + Og(9).

Theorem 5.12. (Soundness.) For every small enougjly O, there exists a & such that if f: [m] x [g]" + [(q]
satisfies all the constraints @ and is(z, d)-pseudo-random, then

D" wp(v) - F(v) > roundg(Z, X, £) — Qq(6).
veV(D)
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We note that the proof of this theorem is almost identicahtd bf Theoren?.10 Here we outline the changes to
be made in thg > 2 case. The crux of the proof is to show that given a subsdim] x [q]" + [q], satisfying all
the constraints i, one can find a function : [m] x [q]" ~ [q] such thaty depends only ob € [m] (g is constant
on every cube)y satisfies all the constraints # and}’ c» wp(v) - g(v) < Xpep wo(v) - F(v) + Og(6). To obtaing,
the strategy would be to look at the cufi® x [q]", find the smallesi € [q] such that

E i@ =0

Ze—lpy
Here, fy;i : [d]" — {0, 1} denotes the indicator of the event tHat(2) = 1 if f(b,2) =i and O otherwise. We would
then defingy(b, 2) =i for all z€ [q]". Thus,g has the desired form. Using the fact tHas d, r-pseudorandom, one
can now appeal to the Invariance Principle in ¢pary setting, as in Theorew 10, to obtain thay still satisfies all
the constraints irD. Note thaty’ .y (p) wo(v) - g(v) < ¥pev(p) wo(v) - f(v) + ¢ - g. Further, sincey corresponds to
integral assignments to every cube, this corresponds tofoine assignments that the rounding algorithm iterates
through on the inputZ, x, &). This implies thatoundq(Z, X, £) is at Mosty, ,cy(p) wp(v) - g(v). This completes the
sketch of proof of the theorem.

Unique Games Conjecture based Hardness Results.The following are equivalent to Theoreinl and Corol-
lary 1.2

Theorem 5.13. LetIT be a ksm-CSP on alphabefq], € > 0 for k = O(1), and I be an instance dfl. Then for
everys > 0, assuming th&GC , it is NP-hard to distinguish instances Idfwith optimal less thaip(Z) + & + Oq(6)
from those with optimal more thaoundq(Z, X*, €) — Qq(6). Here x is the optimalLP solution for7.

Corollary 5.14. LetII be in the class lsm-CSP on alphabef{q] and 7 be an instance difl. Then for every > 0,
assuming th&GC , itis NP-hard to distinguish instances Idfwith optimal less thaip(Z) + Oq(6) from those with
optimal more tharopt(Z) — Qq(9).

The proofs follow verbatim along the lines of their countetp for the binary case by converting the dictatorship
function describe above.

Acknowledgments The authors would like to thank Oded Regev for bringing thegp\KS09] to our notice and
also observing that every problem in the classn-CSP over the alphab€iD, 1} can be reduced to axdercraPH
VEerTex Cover problem in the approximation preserving sense.
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6 Appendix

6.1 Comparison of ourLP with standard LP’s for Vertex Cover and HypErGrRAPH VERTEX COVER

We compare th&P relaxation of Figure to the standardP’s for the Vertex Cover andk-HyPERGRAPH VERTEX
Cover problems. For the ¥ktex Cover problem, the twd_P’s are equivalent. Fix an instandeof the VErtex
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Cover problem. For an edge= uy, the setAs = {(0, 1), (1,0), (1, 1)}. Hence, an element @bonvexHull(As) can
be written as11(0, 1) + 22(1,0) + A3(1, 1) = (A2 + A3, A1 + A3), whered; > O fori =1,2,3 andZ?:l Ai = 1. Now,
Xu = A2 + A3, %, = A1 + Az implies thatx, + X, > 1. Conversely, it is easy to check that given val¥gss, > 0
such thatx, + x, > 1, one can find corresponding values. Thus, the standak® and ourLP for Vertex Cover
problem are equivalent.

We now show that theP of Figure2 is stronger than the usulalP relaxation fork-HyperGraPH VERTEX COVER
. An instance ok-Hyperrapu VErTEX Cover is specified by a ground s¥tand a seE C VK. Each vertexu € V
has weightw, and the goal is to find a minimum weight subseWoivhich contains at least one element from each
hyperedge irE. The usualP for k-HyrerGrarH VERTEX CoVER IS Written as follows :

minimize Z Wy Xy (7
veV

subject to Ve-uyup, ueE  Xup + F Xy =1 (8)
vUEV Xy 2 0 (9)

The setA, for this problem contains all the elements{6f1}¥ except the all zero vector (0 ., 0). An element
(Xuys - - - » Xu) € Ac has the property thag, +- - -+X,, > 1 and so the same holds for any elemer@idnvexHul1(Ag).
Hence, constraint) imply constraints §).

6.2 Details of Sectior3

We prove FacB.2which we restate below.

Fact 6.1. Let x be a feasible solution td?(7). Then
1. ¥ isfeasible forLP(J).
2. val(Z, x°) < val(Z, x) + &.

Proof. We first prove the first statement. It is enough to prove thisxtowherex’ differs fromx on only one
coordinateu. Fix an edgee = (uy, ..., Us) and without loss of generality assume that u;. Let A, o € A¢ be the
codficients in the convex combination of vectorsAgwhich yield (xy,, ..., ). Let Ag be the set oér for which
g1 = 0.

For eachr € Ag, definem(c) as vector which is same asexcept that} = 1. Clearly,m(c) € Ae as well. Now
consider the vectoF, ;4a, 400 + Xoep, AoM(0r). This is equal to (Ixy,, ..., Xy). Thus, we have shown that the
vectorx” which is identical tox except that, = 1 is feasible td_P(Z). Now note thatx’ is a convex combination
of xandx”. Hence, the claim follows.

We now prove the second statement. Sikge& X, + &, we get that

val(Z, x°) =Zwuxﬁ§2wuxu+szwu =val(Z, X) + .
u u u

6.3 Details of Sectiord.1

We prove Lemma.6which is restated below.

Lemma 6.2. Let A be a upward monotone subset{@f1}k and let(xq, Xo, ..., %) € ConvexHull(A) such that
each x is an integral multiple ot (assume that/s is an integer). Then, there is a distribution P over A such tha
the minimum probability of any atom in P is at leagt.
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Proof. We define a variabla,. for everyo € A.. We want to find a solution to the following :

vje{l ..... k} Z /lO'O-Uj = XUJ' (10)
oehe
D, A= (1)
o€he

va-eAe A, >0 (12)

We know that there is a feasible solution to this set of camss. A vertex solution corresponds to the unique
solution obtained by subset of the constraints (where iakdgus replaced by equality). For a such a system of
equationsA - 1 = b, we observe that all entries i are 0-1 and all entries ih are integral multiples oé. The
determinant ofA is at most #I. The value of1,, (by Cramer’s rule) is the ratio of determinants of two maisie-
the matrixA with one of the columns replaced byand the matriXA. Since each entry df is a multiple ofe, it is
easy to check that the determinant of the former matrix ieeid or at least. This implies the lemma. m]

6.4 Details of Dictatorship Function (Sectior4.2)

We give a brief introduction to the Invariance Principle listsection. Then we complete the soundness analysis
(Theoremd.10 of the dictatorship function by giving proof of Fa¢tll

6.4.1 Gaussian Spaces and Mossel’s Invariance Principle

Measure Spaces. We will be concerned with real valued functions in two measispaces.

1. p-biased measure spaceFor p € [0, 1], the p-biased measure of®, 1}" is denoted by:, where forx =
(X, %) € {0, 1), up(x) L' plis=2I(1— )i =01 Forf, 4 : {0, 1} > R, define the following inner product:

<f, g)p = EX(_ﬂp[ f(X)g(X)]

2. Gaussian measure space.We will denote byy as the Gaussian measure Rh with density y(x) def

(2r)~"2e"12 for x € R'. For a functionf : R — R we will denote byE, [ f] aef L FOy(¥)dx We

will restrict ourselves tdf € L2(R",y), i.e., f such thaiEy[fz] < 0. For f,g : R" > R, define the following
inner productyf, g), = Ex—y [ f(X)g(X)].

Gaussian stability. Forp € [-1, 1], we denote by, the Ornstein-Uhlenbeck operatdy which acts orL2(R",y)
def

asU,f(x) = E,y[f(ox+ v1-p?y)]. Itis easy to see th&,[U,f] = E,[f]. ForO<pu < 1 letF, : R+ {0,1}
denote the functioffr,(X) = 1ix<t;, Wheret is chosen is a way such tha{[F,] = u.
Definition 6.3. Givenu, v € [0, 1] andp € [-1, 1] define

Tyt v) € (R UL = Fi)),y.

For a vector §1, o, . . ., pke1) € [-1, 1] T andu, uo, . . . , ux we recursively define

def
F(pl,pz,...,pk_l)(,ul’ M2, ... nuk) = F,Dl(,ul’ 1—‘(pz ..... pk_l)(/'lZ’ ce ,/«lk))-

When theo; are all equal t, and they; are all equal tq:, we will usel"';(y) to denote the term on left hand side
above.

We will also need the following simple facts.
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Fact 6.4. For everyg € (0,1) andp = 1 - 1 € (0, 1), [,,(6,6) > 6.

We use the above fact iteratively to obtain the following fuu

Fact 6.5. For everyd € (0,1) andp = 1 - 2 € (0, 1), T(6) > ¢"*.

Product Spaces and Influences. Let QL pa), ..., (Q", ur) be probability spaces and I&d(u) denote the product
space [1/_, Q' TT/_, ). Let f = (f1, ..., fi) : @ = R The influence of thé-th coordinate orf is defined as

Inf;(f) ="

.....

Here, fixing &s. ..., %-1) and &;.1..... %), f;(X) is just a function of, call it g. Hence, the variancear,,[g] <"

E.[¢%] - (E,[g])% WhenQ! = ... = Q" and f is a boolean function, leifs : S C {0, 1)} denote the Fourier
codficients of f with respect to the product measyreDefine the degred-influence of the-th coordinate orf,

Inffd(f), asYsicssi<d fe-

Correlated Spaces. We now consider a correlated spae®n Qlx Q2x ---x QX with a probability measurg.
Afunction f : Qx Q2x ---x QX Ris in L2(P) if Ex—,[f?(X)] < co. We considelL?(P) as a vector space over
the reals of all functions ih2(P) where addition of two functions is defined as point-wiseitiold. We denote by

Var, [f] €' E,[12] - (E,[f])2 andCov[f,g] &' E,[fg] — E,[f] E,lg].

Definition 6.6. For any two linear subspacésandB of L2(P), we define the correlation betwedrandB by
o(A, B: P) € supCov{f,g] : feAgeB,Var[f] = Var[g] = 1.

Now we can define the correlation(P) of a correlated spade overQlx Q2x ---x QK.

Definition 6.7 (Correlation) The correlatiorp(P) of a space® overQx O2x ---x QKis defined as

p(P) &' rr_1kalx{p(Ql X x QI QI QK QI P}
J:

We will use the following theorems ilMos04§.

Theorem 6.8(Cheeger’s Inequality)[Mos0g Let (Q! x Q2, P) be two correlated spaces such that the probability
of the smallest atom i1 x Q? is at leaste > 0. Define a bipartite graph G= (Q1, Q2, E) where(a, b) € Q! x O?
satisfiega, b) € E if P(a,b) > 0. Then if G is connected then

p(QL, 0% P) < 1-a?/2.

Theorem 6.9(Invariance Principle)[Mos0§ Let (H'j‘:1 Ql‘ Pi),1 <i < r be a sequence of correlated probability
spaces such that for all < i < r the minimum probability of any atom ﬁ‘le Qi’ is at leasta. Assume furthermore
that there exist € [0, 1] and0 < po < 1 such thaip(QL, ..., QK P)) < po andp(@!™1, Q1K Py < p;
for all i, j. Then for ally > O there existsr > 0 such that if f : []_; Qi‘ — [0,1]. for 1 < j < k satisfy
max j(Infi(fj)) < 7 then

k

]—[ f,}. (13)

j=1

T,(E[f1].....E[f]) -7 <E

log(1/n) log(1/a)
O( (1-p)n )

One may take = n
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6.4.2 Completing the soundness proof of dictatorship funadn

We now give the proof of Fa@.11which will complete the proof of Theoresh1Q We first state the statement of
this Fact below.

Fact 6.10.

E [Tucr, gy (@9)] > 0.
Proof. Let a &' ‘;kf and Qe = M5(PX) We know that the minimum probability of any atom @ is at least
a. Using Lemma6.11 proved below, we have that the correlated space induceQcbyn Re has correlation at
most 1- o2. Finally, using Fac6.5, we know that the quantity,. (5. ..,6) is at leasts” % 8. Thus, using
Theorem6.9with n = 5/2, we obtainr = 7(7) andd = d(r) such that if for every, Inffd(fbs) <7, then

E [Mucr, Ty | 2 8- B/22 /2> 0.

It remains to prove the following lemma.

Lemma 6.11. Consider an edge e (us, Uy, ..., Uy) € E. LetQ' denote the s¢D, 1}, i = k. Let S, S, be two
non-empty disjoint subsets faf;, U, . . ., Uk} Then the correlated space induced by@ (><|e31Q) X (Xir eSZQ )

2
has correlation at most - (42)".

Proof. Let U denote the seb; U S,. Let Q Qe be the distributions obtained by restrictig to S, Sy
andU respectively. LefS! denote the elements mjeslgzl with non-zero probabilites associated ©§1 Define
Q2 similarly. Construct a bipartite graph @ x Q52 where we have an edge, p) if QY ((a, b)) > 0. We now
argue that this graph is connected. IndeedaletQS: andb € QS2. SinceQgl(a) > 0, (a 1) is an edge in this
graph, wherd. is the all 1 vector of the appropriate dimension. Similailyp) and (, 1) are edges in this graph It
follows that the verticea andb are connected. Note that for every edggdj in this graph,QY ((a, b)) > ‘;k‘," We
now invoke Lemmab.8to finish the proof. ]

6.5 The Reduction

In this section, we give the reduction fromvidue Games to a problenmtl in the clask-sm-CSP. We first state the
version ofUGC on which our results rely.

Definition 6.12 (Unique Games). Aninstanceld = (G(U, A), [r], {me}eca, Wt) Of UniQue Gawmes is defined as follows:
= (U, A) is a bipartite graph with set of vertices= U, UU,,,, and a set of edges For everye = (v, w) € E with

v € Uy, w € Uy, there is a bijectionre @ [r] + [r], and a weight wi) € R.o. We assume thaf g wi(e) = 1.

The goal is to assign orlabel to every vertex of the graph from the sef vhich maximizes the weight of the

edges satisfied. A labeling : U — [r] satisfiesan edgee = (v, w), if A(w) = 7e(A(v)).

The following notations will be used in the hardness redurcind we state them here.
Notations.
1. Foravertex € U, T'(v) is the set of edges incident o
2. Foravertew € U, defmepv Zeer(v) wt(e). This gives a probability distribution over the verticesUp,

(OI’ U nght) .
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We now state th&trong UGC which was shown by Khot and Regd<¢fR08] to be equivalent to theGC [Kho0Z].

Conjecture 6.13(StrongUGC ). For every pair of constantg, > 0, there exists a gficiently large constant
r:=r(n, ), such that it is NP-hard to distinguish between the followdages for an instance
U = (G(U, A), [r], {me}eca, Wt) of UNiQUE GAMES:
— YES: There is a labeling\ and a set § < U, of vertices,}’ ey, Pu > (1-7), such thatA satisfies all edges
incident to .

— NO: There is no labeling which satisfies a set of edges of totahtealue more thay.

Now we describe the reduction fromvidue Games instance to our problem. The reduction shall use the instanc
D of TT produced by D;T?’X’m(r, 6). Herex s thee-perturbed solution corresponding to an optimal solutidrio
Ip(7).

Input Instance : The input to the reduction is an instante= (G(U, A), [r], {me}eca, Wt) of UNiQue Games problem

as defined in Definitior6.12 Recall thatG is a bipartite graph withJ = U, U U, and the edge weights wt
induce probability distributiomp, over vertices irJ .

Output Instance : The output instanc& of I1 is as follows :

1 Vertex Set V(F) = U x V(D), i.e., we place a copy &f (D) at each vertex df),,. We shall index a vertex
by (u, b, y) whereu € U, and b, y) € V(D).

2 Vertex Weights The weight of a vertexy, b, y) is
w¢((ua b5 y)) = pU . U)D((b, y))

3 Hyper-edges For every hyperedge = ((b*, %), (b2, 4%). ... (b, 4)) in O, we add the following edges &
— for each vertexi € U, and all sets ok neighborsu?, . . ., u¢ (with repetition) ofu, we add the hyperedge

((ul, bl,yt o T ) (U, bK, K o 0, uk))) to 7. The constraint for the these edges is the same as that for
e ’

Completeness.

Theorem 6.14. Suppose there is a labelingfor 2/ and a subset Yof U, 3.cu, Po = 1 — 1, such thatl satisfies
all edges incident on g} Then there is a subset of verticesfinwhich satisfy all the constraints ifi and has
weight at mostp(Z) + 6 + & + 1.

Proof. Consider the labeling. We now show how to pick a sét of vertices fromV(¥) which satisfies all the
hyperedge constraints. For eack Ug, defined, as{(u,b,y) € V(¥) : ya, = 1}. For eachu € U, — Ug, defineJ),
as the sef(u’,b’,y’) e V(¥) : U = u}. Now defineF = Uyecu,Ju U Yueu,—Uo -

We now show thaF satisfies all hyperedge constraints. Fix a hypereslge((b', %), ..., (0%, 4%)) in D. Let
ue U, andul, ..., u¢ bek neighbors ofi. Consider a corresponding edge- ((ut, b, ylont‘u ) (UK, bY, y*o
ﬂ-tju uk))) in . Lemma4.9shows that the s&; = {(b, 2) : z = 1} satisfies the edge constraint ffor anyi. Let us
pick i = Ay. It will be enough to prove that iftf, ') satisfies! = 1, then the vertew = (U, b, 4 o 7, ) IS in F.
But this is indeed the case becausd iE Uo, thend, = ﬂl(Ju u,)(/lu|). Thereforey' o nt‘u ) has coordinate,, equal
to 1. Hencew € J|. If U € U, — Ug, then we addv € J, trivially. Thus, we have shown thét satsifies the edge
constraint for the hyperedge

Let us now compute the weight &f. If u € Ug, then Lemmad.9 and FacB.2 show that the weight od,, is at
mostp, - (Ip(Z) + & + 6). If u¢ U, then the weight of], is py. Thus, the weight oF is at most

(Ip(Z)+6+8) ) pu+ ), Pu<Ip(d) +5++1.
ueUp ugUo
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Soundness.

Theorem 6.15. Suppose there is a subset of vertices F which satisfies alktdhstraints in¥ and wg(F) <
round(Z, x*, &) — 26. Then there is a constart(e, 5, k) such that there is a labeling fot/ for which the set of
satisfied edges has weight at leéét, 6, k).

Proof. Consider a seff satisfying the conditions of the theorem. Le(:) be the indicator function foF. For a
vertexu € U, let N(u) € U, denote the neighbors of Recall that every vertex of can be written asu(, 2),
wherew € U, andz € V(). Since the distributiorp,},cu,., IS same as first picking a vertexe U, with
probability p, and then picking a random neighborwfaccording to edge weights), we get

wy(F) = EuveU,gn Evenw Ezevip) F ((w, Z0 7, ),

wherezis picked according to vertex weightsin. For a vertexu € U, let G(u) denote the quantity

u
weE(u) ze\I/E(z)) IF((w’ 20 A(uu))-

We can therefore state the condition of the Theorerkas,,, G(u) < round(Z, x*,&) — 26. Call a vertex
u € U, goodif G(u) < round(Z, X*, ) — 6. A simple averaging argument shows that the weight of gootices
is at least/2.

Fix a good vertexu. Let D be acopyof the instanceD. We construct a solutioB™ for D as follows :
for each b,y) € V(DW), we pick a random neighbar of u according to edge weights wt in the instarie If
(u,b,yonY ) € F,we add b.y) to s,

(uu

Claim 6.16. S satisfies all the constraints DV,

Proof. Lete = ((bl, yh), ..., (0, yk)) be a hyperedge i®"). Suppose while constructing the €, we decide to
add @', ') to this set based on whethet,@', 4 o 7! )) € F. Now observe that the instangehas the hyperedge

(uu
((ul, b, yt o ) (UK, BX, y* o 0, uk))) . Since this hyperedge is satisfied Bythe claim follows. O
Note thatE[SM] is exactlyG(u), where the expectation is over the choice of random neighbiu. For each
vertexw € U, andb € [m], define a 0-1 functiorbe”” on{0, 1}" as follows —

Fo ydef [ 1 if (w,by) ¢ F
fo ) = { otherwise

Note thatftf’w is the indicator function for complement Bffor the set of vertice§(w, b, y) : y € {0,1}"}. For the

vertexu, we now define the functiotbF’“(y) which is the average of the corresponding functions fontighbours

of u.
def

Fu 1€ Fw u
50 E Ky B o mt)

Observe thaftf’“(y) = P[(u, b, y) ¢ SM], where the probability is over the choice $fu). Rest of the proof is very
similar to the proof of Theorem.10— the goal would be to prove the following statement :

Lemma 6.17. There exist values k&= [m],i € [r] and constants & depending ons and k only such that
Inf=A(fFY) > 7.
i b =
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Proof. Let r andd be as in the proof of Fadt11 Suppose, for the sake of contradiction, that the stateofehe
lemma does not hold for these valuesr@ndd. Define

Jw d§f{b| E be’“(z)sd}.
Ze—lpy,

Let T ©" Upesw (b, {0, 1J7). Fix a particular hyperedge= (ay, . .. ., a) € E of the instancel (which gets used
in DICT? xm(r,&)). Let

RY €4 € e|B(a) ¢ IV},

The following fact can be deduced in the same manner as tloé pfdheoremd.11

Fact 6.18.

Fu
E T, g0 o @) > 0,

where the expectation is over the choice ®ffrom Pr(a)-biased measure of, 1}".

Fact6.18implies that there exist neighboud € N(u) for eacha € R,(;‘) such that

E T, o Ty (2 0 7, 1)) > O.

aeRg B(

Therefore, there exist valugg? : a ¢ RY}, such thatfg(’;)a (Z? o Ty = Lforallae RY. But then consider the
following choice ofS™ : while considering B(a), Z?), we pick the neighbou? of u. Therefore, the s&™ does
not contain any element from the $¢B(a), 22 : a € RY}. The setSW still satisfies all the constraints P
(Lemma6.16). Hence, there exists a hyperedge*, 7). ..., (b, 2)) in D" corresponding te which gets satisfied

by T only. Thus, all hyperedges P are satisfied by {". But wz)(Tj(“)) > round(Z, X*, ). Further, we know
that
Ewp(SY) = GU) = wp(TW) 6.

This contradicts the fact th&wgwSY < round(Z, x*, ) — 6. Hence, the lemma is true. O
The rest of the argument to complete the theorem followdstaharguments, see e.gRdg0§. O

Choice of Parameters and Proof of Theoreni.1 Given parameters andg, and a constant value we first pick

n according to the proof of Fadt11described in Sectiof.4.2 The paramete can be assumed to be much less
thanés (otherwise we can just sgtto bed). This yields the parametetsandd as specified by Lemm@.17. Then,

as in [Rag08§, (e, 6, k) mentioned in the statement of Theor@&5depends on, d, s, and hence, om, 5 andk
only. Now we pick the label size of the Unique GamEs instancel{ to be large enough such that we get a gap of
1- (7 +&+06)versux intheUGC . Theorems.14and6.15now imply Theorenti.1if we pick the values and

€ in the reduction to be half of the ones mentioned in the thmore
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