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Abstract

Res(k) is a propositional proof system that extends resolution by working with k-
DNF's instead of clauses. We show that there exist constants 3,y > 0 so that if & is
a function from positive integers to positive integers so that for all n, k(n) < Blogn,
then for each n, there exists a set of clauses C,, of size n®1) that has Res(k(n) + 1)
refutations of size n®W), yet every Res(k(n)) refutation of C, has size at least 2"
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1 Introduction

Resolution is a propositional proof system that is the foundation of many sat-
isfiability and automated theorem proving algorithms. From the perspective of
propositional proof complexity, it is one of the best understood propositional
proof systems, with many known size-lower bounds for resolution proofs of
well-known tautologies. A resolution proof shows that a formula is a tautol-
ogy by showing that its negation is unsatisfiable, and this is done by succes-
sively deriving clauses using the resolution rule until the empty clause (false)
is obtained. The Res(k) systems are generalizations of resolution that are al-
lowed to form k-DNFs as well as clauses. In the same way that resolution
proofs correspond to backtracking algorithms for satisfiability that branch
upon a single variable, Res(k) proofs correspond to backtracking algorithms
that branch upon multiple variables. Moreover, the Res(k) systems can be
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viewed as providing intermediate systems between resolution and constant-
depth Frege systems.

A natural question to ask is whether or not increasing k, the size of the con-
junctions, affects the power of the the proof system Res(k). In this note, we
show that there is a constant 8 > 0 so that for & < flogn, Res(k + 1) is
exponentially more powerful than Res(k). That is, there exists a family of un-
satisfiable sets of clauses C,, so that for each n, C,, has Res(k + 1) refutations
of size n°®) yet every Res(k) refutation of C,, has size at least 27"

The first result separating Res(k + 1) from Res(k) was a separation of Res(2)
from Res(1) by Atserias and Bonet using the machinery of monotone inter-
polation [1]. This result was generalized to a separation between Res(k + 1)
and Res(k) for each constant k in [2] (although the same technique works
for k ~ /logn). The separation in [2] is shown by use of a small-restriction
switching lemma. 1t is a “small-restriction” switching lemma because the ran-
dom restriction is allowed to set as few as n'™¢ out of n variables (contrast
with th switching lemma of [3] which must set n —n variables). The trade-off
is that the switching lemma of [2] converts an OR of very small ANDs into an
AND of modestly small ORs. Here, “a very small AND” is one that contains
at most ey/logn variables, where ¢ is a positive constant.

Recently, Alexander Razborov showed that in certain cases the small-restriction
switching lemma works for k-DNFs where k is as large as elogn (where € is a
positive constant) [4]. This works when the k-DNF has a fractional cover by
sub-DNF's so that with respect to each sub-DNF the random restriction be-
haves like a restriction that sets the variables independently on that sub-DNF.
In this note, we show that the sets of clauses and random restrictions used for
the separation for constant k in [2] satisfy the conditions of the newer switch-
ing lemma, thereby showing that there is a constant 5 > 0 so that Res(k + 1)
exponentially dominates Res(k) for k < Blogn.

2 The Resolution and Res(k) Refutation Systems

A resolution refutation of a set of clauses C is sequences of clauses C;, 1 <
1 < m, so that (), is the empty clause, and each C; either belongs to C or
is inferred by two preceding clauses using the resolution inference: %77;\/3
where C; = AV, Cp, =BV ~x, C; = AV B and j, k < i. Notice that every
line in a resolution refutation is a clause. The width of a clause is the number
of variables appearing in the clause; the width of a resolution refutation is the
width of its widest line. Let wg(C) denote the minimum width of a resolution

refutation of C.



The Res(k) refutation system is a generalization of resolution that can reason
using k-DNFs.

Definition 2.1 Res(k) is the refutation system whose lines are k-DNFs and
whose inference rules are given below (A, B are k-DNF’s, 1 < j < k, and
L, ..., are literals):

Subsumption.: Vi Cut: B
AV N AV - AV
AND-elimination: AV Al AND-introduction: Vi o AV
AV AV N L

Let C be a set of k-DNF's. A Res(k) derivation from C is a sequence of k-DNF's
Fy, ..., F,, so that each F; either belongs to C or follows from the preceding
lines by an application of one of the inference rules. For a set of k-DNF's C,
a Res(k) refutation of C is a derivation from C whose final line is the empty
clause. The size of a Res(k) refutation is the number of lines it contains.

We do not use the exact definition of the Res(k) system in our arguments.
The only property that we use is the following theorem from [2] that relates
the maximum height of the decision trees needed to represent the k-DNF's of
a Res(k) derivation to the maximum width of the clauses in the translation of
the Res(k) refutation into a resolution refutation.

Definition 2.2 A decision tree is a rooted binary tree in which every internal
node s labeled with a variable, the edges leaving a node correspond to whether
the variable is set to 0 or 1, and the leaves are labeled with either 0 or 1.
Every path from the root to a leaf may be viewed as a partial assignment. For
a decision tree T and v € {0, 1}, we write the set of paths (partial assignments)
that lead from the root to a leaf labeled v as Br,(T). For a partial assignment
p, T 1, is the decision tree obtained by deleting from T" every edge whose label
conflicts with p and contracting along each edge whose label belongs to p. We
say that a decision tree T strongly represents a DNF F' if for every m € Bro(T),
forallt € F, t [,= 0 and for every m € Bri(T), there ezxistst € F', t [,= 1.
The representation height of F', H(F'), is the minimum height of a decision
tree strongly representing .

Theorem 1 [2] Let C be a set of clauses of width < h. If C has a Res(k)
refutation so that for each line F' of the refutation, h(F) < h, then wg(C) <
kh.



3 The k-Parity Graph Ordering Principles

The unsatisfiable clauses used to obtain the separation are a variation of the
graph ordering tautologies [5,6].

Definition 3.1 Let G be an undirected graph. For each vertex u of G, let
N(u) denote the set of neighbors of w in G. For each ordered pair of vertices
(u,v) € V(G)?, with u # v, let there be a propositional variable X, ,.

The graph ordering principle for G, GOP(G), is the following set of clauses:
(1) The relation X is transitive: for all u,v,w € V(G), Xy A Xpw — Xuw
(2) The relation X is anti-symmetric: for all u,v € V(G) with u # v,
“XuoVXyu (3) There is no locally X -minimal element: for everyu € V(G),
vaN(u) Xv,u'

Definition 3.2 Let Xy,..., X be propositional variables. The formula

Odd( X1, ..., Xy) is the k-DNF expressing that the number of satisfied variables
of X1,..., Xy is odd. The formula Even(Xy,..., Xy) is the k-DNF expressing
that the number of satisfied variables of X1, ..., X}y is even. The k-parity graph
ordering principle of G, GOPY*(G), is obtained by replacing each literal X,
by Odd(XiU, . ,X{f’v), replacing each literal =X, , by Even(Xi,U, . ,Xz’f’v),
and then using the distributive rule to express this set of k-DNFs as a set of
clauses.

Because every clause of GOP(G) contains at most d literals (in the usual case
when d > 3), every k-DNF in GOP(G)[Xy,, «— Odd(X, . ... X} ), 7 Xy, —
Even(X ... X} )] contains at most dk variables. When such a DNF is ex-
pressed as a set of clauses using the distributive rule, the set of clauses has size
at most 2°(%) and each clause has width at most dk. Therefore, GO P¥*(Q)

contains at most O(2%n?) clauses, each of width at most dk.

The graph-ordering principles are as useful starting point for proving a sep-
aration between Res(k+ 1) and Res(k) because they have polynomial size
resolution refutations, but, for certain constant-degree graphs, require large
width to refute in resolution.

Lemma 2 [2] Let G be an n vertex graph. There is a resolution refutation of

GOP(Q) of size O(n?).

Lemma 3 /2] There exists a constant d and a family of n vertezx graphs, G,

so that for each n, G, has mazimum degree at most d, and wg(GOP(G,)) >
n/12.

We build Res(k) refutations for GOP®*(G) from the small resolution refuta-
tions of GOP(G).



Definition 3.3 Let k be a positive integer and let X1, ..., X, be propositional
variables. Let X1, ..., XF X3 ..., X¥ be new variables. Let o be the mapping
given by o(X;) = Fven(X},..., XF) and o(=X;) = Odd(X},..., XF). For a
clause C' = V;1;, let o(C) = V,; 0(;).

Lemma 4 For all k, for all clauses AV X; and BV —X; be clauses in the
variables X, ..., X,, there is a derivation of o(A) V o(B) from {o(A) V
o(X;),0(B)V o(=X;)} of size 200,

Proof: By the completeness of Res(k), there is a Res(k) refutation of the pair
of k-DNFs {Even(Xl, cees Xk), Odd(Xl, e ,Xk)}

Because there are only k variables in the hypotheses, the size of the refu-
tation is at most 29, Because o(X;) = Odd(X},..., XF) and o(—X;) =
Even(X},..., XF), thereis a derivation of o(A) Vo (B) from {o(A)Vo(X;),o(B)V
o(=X;)} of size 200 n

Lemma 5 For each k, for every graph G with n vertices and degree at most
d >3, GOP®*(Q) has a Res(k) refutation of size 20\ %)n3,

Proof: With the repeated application of AND-introduction inferences, o (GOP(G))
can be derived from GOP%*(G) in 2°@)p? many inferences. By Lemma 2,
GOP(G) has a refutation of size O(n?) so by Lemma 4, 0(GOP(G)) has a
Res(k) refutation of size n32°®). Therefore, GOP%*(G) has a refutation of
size 20(%)p3, -

4 The Switching Lemma

The central step in the lower bound proof for Res(k) refutations of certain
instances of GOP®*+) (@) is an application of a random restriction which
collapses k-DNF's to short decision trees.

The following distribution on restrictions will be used to prove size lower
bounds for Res(k) refutations of GOPZ*+1)(G):

Definition 4.1 Letk > 1 be given. Let G be a graph. The distribution Ry.1(G)
on partial assignments p to the variables of GOP®*)(Q) is given by the fol-
lowing experiment:

For each (u,v) € V(G)?, choose i € {1,...,k+ 1} uniformly and indepen-
dently. For each j € {1,...,k}, j # i, set X] , to 0 or 1, uniformly and
independently.



In order to apply the small-restriction switching lemma of Razborov, we need
that the random restriction contains a completely independent random re-
striction as a “sub-restriction” in the following sense:

Definition 4.2 [}/ For a restriction p, the support of p, written sup(p), is the
set of variables set to 0 or 1 by p. For two restrictions py and p, we say that
po is a sub-restriction of p, written py C p, if sup(py) C sup(p), and p agrees
with po on sup(po). For distributions on random restrictions, R and R, we
say that Ry is a sub-restriction of R if there is a joint distribution D on pairs
of assignments (pg, p) so that:

(1) The marginal distribution of D on po is Ro.
(2) The marginal distribution of D on p is R.
(3) For (po, p) chosen according to D, py C p with probability 1.

When p is chosen according to Ry41(G), for each u,v the values given to
X}y XEEU by p are correlated (for example, if we know that p(X, ) = *
then we know that for all i > 1, p(X}, ) # ). Therefore Ry41(G) does not
contain a totally independent restriction as a sub-restriction in the sense of
definition 4.2. However, if we do not reveal all of p € Ry41(G), but only k vari-
ables from each group of X&yv, .. .X{fj;l, then it does contain an independent

sub-restriction. This is made formal in the following definition and lemma.

Definition 4.3 Let G be a graph, and let V' be a subset of the variables of
GOP* (@) so that for each (u,v) € V(G)?, with u # v, exactly k of the
variables X . ..., X¥t1 belong to V. Let D(V') be the distribution on random
restrictions p given as follows: select k according to Ry+1(G) and let p be k
restricted to the variables V.. Let Z(V') be a random restriction to these vari-
ables that with complete independence sets each variable to x with probability

1/2, and 0, 1 each with probability 1/4.

Lemma 6 Let G be a graph, and let V be a subset of the variables of GO P*(G)
so that for each (u,v) € V(G)? with u # v, exactly k of the variables
X, XEEE belong to V. The restriction Z(V) is a sub-restriction of D(V))
Proof: Rename the variables so that for each (u,v), {X},,.... Xk } C V.
Generate a pair of restrictions (pg, p) according to the following experiment:

0o0se pg according to . Imitially set p = pyo.
1) Ch di Z(V). Initiall
(2) For each (u,v), and for each i = 1,...k in turn:
a) If there exists j < 7 so that ) = *, then, if po(X? ) = *, set
If th ists 7 <1 hat p(X7 , h f po( X7,
p(X},) to 0 or 1 (each with independent probability 1/2), otherwise
set p(XQZI,,’U) = pO(XQZI,,’U>_' ) )
(b) If for all j < 4, p(Xj,) # =, then if po(X,,) # *, set p(X;,) =
po(X,,), otherwise set p(X, ,) = * with probability ——, and 0,1



each with probability % (1 -7 +12_Z.>.
Clearly the experiment produces py according to the distribution Z(V') and p
so that po C p. We now show that p is generated according to the distribution
D(V). First of all, for any X with p(X},,) # *, the 0/1 value of p(X ) is
chosen uniformly from {0, 1} completely independent of the values received
by the other variables. Next, it is clear that for any ordered pair (u,v) there
is always at most one i € [k] with p(X] ) = *.

Finally, we show by induction on i € [k] that for each (u,v), Prlp(X} ) =

x| = k—}rl Fix a pair of vertices (u,v). First note that by the definition of
the experiment, Prlp(Xi,)) = # | ¥j < i, p(Xi,) # 4] = by For cach i

1 <i<k+1,let B; denote the event Vj < i, p(X] ) # *. In the base case:

Pr(p(X.,) = %] = £45. For the induction step:

Prip(X,,) =+ = Prip(X;,) = x| Bj| - [j<; Prlp(X},) # * | Bj]

=1 g7 (1 -1 Y- _1 y7. . (ktl=d) - 1
T kt2—i Ij<i (1 k+2—j) — k+2—i I1<i <k+2—j) RS

Definition 4.4 A DNF is said to be pseudomonotone if every variable in the
DNF appears only positively or only negatively.

Definition 4.5 Let F be a k-DNF in the variables of GOP®*+)(Q). We say
that F' is amenable if F' is pseudo-monotone and for each u,v € V(G), u # v,
at most k variables of X} . ,Xff;jl appear in I

IR

Lemma 7 (claim (13) in the proof of Lemma 4.4 of [4]) There exists a con-
stant €y > 0 so that for any amenable k-DNF F,

PrpsczvarstpnyH(F 1,) > h] < e—hleo/2)%
By Lemma 6, for any amenable k-DNF I, Z(Vars(F')) is a subrestriction of

Ri+1(G) on the variables of Vars(F'). Therefore, a random restriction from
Ri+1(G) also collapses an amenable DNF.

Corollary 8 There exists a constant g > 0 so that for any amenable k-DNF
F,

PTpERk+1(G) [H(F rp) > h] S e*h(eo/2)2k

Lemma 9 [/ Let €,6 > 0 be given, let F' be a k-DNF', let R be a distribution

on partial assignments to the variables, and let G be a distribution on sub-



DNFs of F' so that for every termt € F, Prg,egp|t € G] > € and for every I}
in the support of G, Pr,er[H(Fy [,) > h|] < 0. The following inequality holds:

ProcgH(F |,) > h(% +1)] <26/e

Definition 4.6 Fiz a DNF F in the variables of GOPE* (@), Let Gr be the
distribution on sub-DNFs Fy of F' that arises as follows: choose a restriction
p according to Ry+1(G), and let Fy ={t € F |t [,=1}.

Note that every DNF £ in the support of Gy41(F') is amenable.

Lemma 10 Fiz a k-DNF F in the variables of GOP®**+V(Q), and let t € F

be given.

PTFOGQF[t S Fo] > 1/4k

Proof: By definition the probability that ¢ € F is the probability that ¢
is satisfied by p € Ri11(G). Consider setting each variable of ¢ in turn. The
probability that a variable is set to 0 or 1 is always > 1/(k+1—(k—1)) = 1/2.
Therefore, the probability that every variable is set is at least 1/2*. Condi-
tioned on this event, the term is satisfied with probability at least 1/2*. n

Lemma 11 Let F be a k-DNF in the variables GOP®*+1)(q),

Prier, 1 (@) [H(F ,) > h(k - o2k+1 4 1)] < 92k+1  ,—h(eo/2)%

Proof: By Lemma 10, the distribution G is a fractional cover of F' such
that when Fj is selected according to G, each term of I’ appears in Fjy with
probability at least 1/4%. The DNF Fj is amenable with probability 1, and by
corollary 8, Prer,,,(G)[H (Fy I,) > h] < e~Me0/2™ Therefore, by Lemma 9,

2k
Proery @ [H(F 1p) > h(k - 227 + )] = Procpy @ H(F [,) > h(;= +1)]



5 Separation Between Res(k) and Res(k + 1)

Theorem 12 There exist constants 3,v,d > 0 and a family of graphs G onn
vertices with maximum degree d so that whenever k = k(n) < flogn, Res(k)
refutations of GOP®*+D(G) require size at least 2" .

By Lemma 3 we may choose a positive integer d and a family n vertex graphs
of maximum degree at most d so that wg(GOP(G,,)) > n/12. Let k and n be
given. Let G = G,,. By Lemma 11 we have that for every k-DNF F

(B2 a1 (e 2k
PrpeRk+1(G) [H(F rp) > (n/12 = 1)/k] < 92k+1 ( % )( /12=1)(e0/2)

Choose 3,7 > 0 so that when k& < Blogn, Prjep [R(F [,) > (n/12 -1)/k] <
27", Suppose for the sake of contradiction that I' is a Res(k) refutation
of GOP® (@) of size less than 2"". By the union bound, with probabil-
ity > 0, every line F' of T" has H(F [,) < (n/12 —1)/k. By Theorem 1,
GOP*(@G) |, has a resolution refutation of width at most n/12 — 1. Note
that GOP®*+1(@) |, is an instance of GOP(G), possibly with some of the
edge variables inverted. However, inverting some variables does not affect the
width required for a resolution refutation, so GOP(G)®*+1 | | requires width
at least n/12 to refute in resolution, contradiction.
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