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Abstract

A simplek-colouring of a multigraphG is a decomposition of the edge multiset as the sum
k simple graphs, called ‘colours’. A copy of some fixed graphH in G is calledmulticolouredif
its edges all have distinct colours. Recall that the Turán number ex(n,H) of H is the maximum
number of edges in a graph onn vertices not containing a copy ofH . We consider a multicolou
generalisation exk(n,H), defined as the maximum number of edges in a multigraph onn vertices,
that has a simplek-colouring not containing a multicoloured copy ofH .

A natural construction of such a multigraph isk copies of a fixed extremal graph forH . We show
that this is optimal for sufficiently largek = k(n), i.e., exk(n,H) = k · ex(n,H), and moreover only
this construction achieves equality. Fork � e(H) − 1 one can takek copies of the complete grap
without creating a multicoloured copy ofH , so this is trivially the best possible construction. Ev
for k � e(H), we should consider a competing construction along these lines, namelye(H) − 1
copies of the complete graphKn. WhenH = Kr andn is large, the optimal construction is alwa
one of these two, i.e.,

exk(n,Kr) =
{

k · ex(n,Kr) for k � (r2 − 1)/2,((r
2
) − 1

) · (n2) for
(r
2
)
� k < (r2 − 1)/2.
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We prove a similar result for 3-colour-critical graphs. We also have some partial results for bi
graphs. In particular, there are constantsc < C so that for infinitely many values ofn

exk(n,C4) =
{

k · ex(n,C4) for k > C
√

n,

3 · (n2) for 4� k < c
√

n.

 2003 Elsevier Inc. All rights reserved.

1. Introduction

The Turán problem asks for the maximum number of edges in a graph onn vertices
that contains no copy of some fixed non-empty graphH . A graphG that achieves the
maximum is anextremalH -free graph, ande(G) = ex(n,H) is theTurán numberof H .
This extremal problem has a rich history in combinatorics, going back to 1907,
Mantel solved the case thatH is a triangle. Its systematic study began with Turán [1
who considered the case thatH = Kr is a complete graph onr vertices. TheTurán graph
Tr−1(n) is the complete(r − 1)-partite graph with part sizes as equal as possible; we w
tr−1(n) for the number of edges inTr−1(n). Then Turán’s theorem states that ex(n,Kr ) =
tr−1(n), andTr−1(n) is the unique extremalKr -free graph. Erdös, Stone and Simonov
showed that the behaviour of the Turán number of a general graphH is determined by
the chromatic number. They proved that ifχ(H) = r then ex(n,H) = tr−1(n) + o(n2),
which is an asymptotic result except whenH is bipartite. For bipartite graphs, even t
asymptotics for Turán numbers are only known in isolated cases, and there are
interesting open problems.

Speaking rather broadly, the essential feature of a ‘Turán type’ result is deduc
global fact from local considerations: a bound on the total number of edges from
behaviour of edges in small subgraphs. For example, a generalisation of Turán’s proble
introduced by Erdös in 1963 asks for the largest number of edges in a graph such tha
r vertices span at mosts edges (the cases = (

r
2

)− 1 being Turán’s problem). A multigrap
version of this problem was recently studied by Füredi and Kündgen [6]. In this pap
we will be concerned with a Turán problem for coloured multigraphs, in which our
restriction is to forbid multicoloured copies of some fixed graph.

To state this precisely, we introduce the following definitions. Asimplek-colouringof
a multigraphG is a decomposition of the edge multiset as the sum ofk simple graphs
called ‘colours’. A copy of some fixed graphH in G is calledmulticolouredif its edges
all have distinct colours. Themulticolour Turán numberexk(n,H) of H is the maximum
number of edges in a multigraph onn vertices, that has a simplek-colouring not containing
a multicoloured copy ofH . A simply k-coloured multigraph that achieves this maxim
is calledextremal.

If k � e(H) − 1, then the multigraph consisting ofk copies of the complete grap
trivially contains no multicoloured copy ofH , and is the unique extremal multigrap
Therefore, we may henceforth only consider the casek � e(H). Even in this case, on
possible construction is to takee(H) − 1 colours to be copies of the complete graph,
the remaining colours to be empty. An alternative construction to consider isk copies of
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a fixed extremalH -free graph. Our first theorem is that this second construction is al
extremal for sufficiently largek.

Theorem 1.1. Let H be a graph, letk andn be integers withk �
(
n
2

) − ex(n,H) + e(H),
and letG be a simplyk-coloured multigraph containing no multicolouredH . ThenG has
size at mostk · ex(n,H), with equality if and only if all colours ofG are identical extrema
H -free graphs.

In the light of this theorem and its preceding remarks we can define the followin
functions

ρH (n) = max

{
k: exk(n,H) = (

e(H) − 1
) ·

(
n

2

)}
,

σH (n) = min
{
k: exk(n,H) = k · ex(n,H)

}
.

There are two natural questions to ask about these parameters. Firstly, what va
they take? Secondly, ifρH (n) < σH (n) − 1 then what constructions achieve exk(n,H) for
ρH (n) < k < σH (n)?

Comparing the two constructions mentioned above gives the general bound

ρH (n) �
(e(H) − 1)

(
n
2

)
ex(n,H)

� σH (n). (1)

These bounds are not tight in general, indeed we will later give an example of a graH

with σH (n) �
(
n
2

) − ex(n,H), which is close to the maximum allowed by Theorem 1
On the other hand, for certain ‘well-behaved’ graphs it seems that these two constru
may give the whole picture. To support this assertion, we will now discuss some resu
specific classes of graphs.

1.1. Complete graphs and colour-critical graphs

Perhaps the most natural starting point is to takeH to be a complete graph. Th
following theorem completely solves the multicolour Turán problem in this case
sufficiently largen. In particular, it shows thatσKr (n) = �(r2 − 1)/2� and ρKr (n) =
σKr (n) − 1, for largen.

Theorem 1.2. Let r � 2, k �
(
r
2

)
, n > 104r34, and letG be an extremal simplyk-coloured

multigraph containing no multicolouredKr . Then all colours ofG are identical Turán
graphsTr−1(n), or there are exactly

(
r
2

) − 1 non-empty colours ofG, all of which are
complete graphsKn. In particular,

exk(n,Kr) =
{

k · tr−1(n) for k � 1
2(r2 − 1),((

r
2

) − 1
)(

n
2

)
for

(
r
2

)
� k < 1

2(r2 − 1).
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A graphH is r-colour-critical if it has chromatic numberr, and there is some edgee
such thatH − e has chromatic numberr − 1. For suchH , a result of Simonovits [9] show
that ex(n,H) = tr−1(n) for sufficiently largen. It seems natural to believe the followin
extension of the previous theorem.

Conjecture 1.3. Let r � 3 and H be anr-colour-critical graph withh edges. Suppos
k � h, n is sufficiently large andG is an extremal simplyk-coloured multigraph containing
no multicolouredH . Then all colours ofG are identical Turán graphsTr−1(n), or there
are exactlyh − 1 non-empty colours ofG, all of which are complete graphsKn.

In support of this conjecture, we prove the caser = 3, which in particular solves th
multicolour Turán problem for odd cycles.

Theorem 1.4. Let H be a3-colour-critical graph withh edges andk � h. Then, provided
n is sufficiently large, all colours of an extremal simplyk-coloured multigraph areT2(n),
or there are exactlyh − 1 non-empty colours, all of which are complete graphsKn. In
particular

exk(n,H) =
{

k · �n2/4� for k � 2(h − 1),

(h − 1)
(
n
2

)
for h � k < 2(h − 1).

1.2. Bipartite graphs

For bipartite graphs, the current state of knowledge of Turán numbers is sketchy
even asymptotic results being rare. An example that is relatively well understood
4-cycle C4. Let q be such that there is a projective plane with lines of sizeq + 1,
e.g.,q can be any prime power. Forn = q2 + q + 1 a result of Füredi [4] shows tha
ex(n,C4) = q(q + 1)2/2. For these values ofn we can prove the following.

Theorem 1.5. There are constantsc < C so that, for infinitely many values ofn

exk(n,C4) =
{

k · ex(n,C4) for k > C
√

n,

3 · (n2) for 4 � k < c
√

n.

Moreover, for4 � k < c
√

n an extremal simplyk-coloured multigraph containing n
multicolouredC4 has exactly3 non-empty colours, all of which are complete graphsKn,
and fork > C

√
n all the colours of an extremal simplyk-coloured multigraph are identica

extremalC4-free graphs.

For complete bipartite graphsKr,s with s > (r − 1)!, by the construction in [1
(modifying that of [7]), and by the result of Kövari, Sós and Turán [8], it is known
ex(n,Kr,s) = Θ(n2−1/r ). Thus, the lower bound from Eq. (1) givesσKr,s (n) = Ω(n1/r).
The following theorem strengthens this observation by solving the multicolour T
problem forKr,s whenk = O(n1/r) and proving thatρKr,s (n) = Ω(n1/r).



242 P. Keevash et al. / Advances in Applied Mathematics 33 (2004) 238–262

g

are

some
results
ns 3, 4

s

s

wing

,

ly,
Theorem 1.6. For anys � r there is a constantc, such that ifrs � k < cn1/r andG is an
extremal simplyk-coloured multigraph containing no multicolouredKr,s , then there are
exactlyrs − 1 non-empty colours ofG, all of which are complete graphsKn.

By analogy with the behaviour forC4, it seems plausible to make the followin
conjecture.

Conjecture 1.7. If H is either a complete bipartite graph or an even cycle then there
constantsc � C such that

cn2/ex(n,H) � ρH (n) � σH (n) � Cn2/ex(n,H).

The rest of this paper is organised as follows. In the next section we present
general observations on the multicolour Turán problem and prove Theorem 1.1. Our
for complete graphs, bipartite graphs and 3-colour-critical graphs appear in Sectio
and 5 respectively. The final section contains some concluding remarks.

Notation. If G is a multigraph,E(G) denotes its edge multiset andV (G) denotes its
vertex set. We generally useG to denote a simplyk-coloured multigraph with colour
G1,G2, . . . ,Gk . The multiplicity of an edgee ∈ G is writtenw(e). Thedegreed(v) of a
vertexv is the number of edges incident withv. We writedT (v) for the number of edge
between a vertexv ∈ G and a set of verticesT ⊂ V (G), ande(S,T ) for the number of
edges between setsS,T ⊂ V (G).

2. The multicolour Turán problem for general graphs

The main result proved in this section is Theorem 1.1. The key step is the follo
lemma, which will be used throughout the paper.

Lemma 2.1. SupposeG is a simplyk-coloured multigraph with coloursG1,G2, . . . ,Gk ,
andG does not contain a multicoloured copy ofH . Then there exists a simplyk-coloured
multigraphF on the same vertex set asG and with coloursF1, . . . ,Fk satisfying

(1) F andG have the same edge set as multigraphs.
(2) F1 ⊂ F2 ⊂ · · · ⊂ Fk .
(3) F contains no multicoloured copy ofH .

Proof. If Gi = Gj for all i, j , then we are done. SupposeGi 	= Gj for somei, j . Consider
the simplyk-coloured multigraphF with the same colours asG, except thatGi is replaced
by Gi ∩ Gj and Gj is replaced byGi ∪ Gj . Clearly (1) holds for thisF . Suppose
for a contradiction, thatF contains a multicoloured copy ofH . This copy ofH is not
multicoloured inG, so must contain an edgee ∈ Gi ∪ Gj and an edgef ∈ Gi ∩ Gj . We
may assumee ∈ Gi . Then inG we can coloure with colour i andf with colour j , so
this H is in fact multicoloured inG, a contradiction. This proves condition (3). Final
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by repeatedly applying the above transformation to pairs of colours which are not n
after a finite number of steps, we obtain a simplyk-coloured multigraphF in which (2) is
satisfied. This completes the proof.�
Proof of Theorem 1.1. SupposeH has h edges (h � 2), and let G be a simply
k-coloured multigraph with coloursG1, . . . ,Gk that does not contain a multicoloure
copy of H . By Lemma 2.1 we can assume thatG1 ⊂ · · · ⊂ Gk . Then we may also
assumee(Gk) � ex(n,H) + 1, or we are done. Suppose, for the sake of contradic
that e(Gk−i ) � ex(n,H) − i + 1 for all i � h − 1. Fix a subgraphG∗ of Gk−h+1 with
exactly ex(n,H) − h + 2 edges. Then by definitione(Gk−h+1+i ) − e(G∗) � i, so we can
successively pick edgese1, . . . , eh−1 such that

ei ∈ Gk−h+1+i \ (
G∗ ∪ {ej : j < i}).

ThenG∗ ∪ {e1, . . . , eh−1} is a graph with ex(n,H) + 1 edges, so contains a copy ofH .
To see that thisH can be multicoloured, suppose it contains the edges{ei : i ∈ I } for
someI ⊂ {1, . . . , h − 1}, and its other edges belong toG∗. For eachi ∈ I we colourei

with colourk − h + 1+ i. The remainingh − |I | edges ofH all belong to everyGi with
i � k − h + 1 so can be coloured by coloursk − h + 1 andk − h + 1 + i for i /∈ I . This
contradiction shows that there is somet � h − 1 such thate(Gk−t ) � ex(n,H) − t .

Fix such at . Then

e(G) =
k∑

i=1

e(Gi) � (k − t)
(
ex(n,H) − t

) + t

(
n

2

)
< k · ex(n,H),

where we have used the fact thatk �
(
n
2

)−ex(n,H)+h >
(
n
2

)−ex(n,H)+ t . We conclude
that exk(n,H) � k · ex(n,H), which proves the first part of the theorem. In additi
for multigraphsG1 + · · · + Gk satisfyingG1 ⊂ · · · ⊂ Gk we have shown that equalit
can only occur whene(Gk) � ex(n,H), i.e., when all the coloursGi are equal to som
fixed extremalH -free graph. Now consider any extremal simplyk-coloured multigraphG.
Applying the intersection/union transformation in the proof of Lemma 2.1, we reac
simply k-coloured multigraphF in which all colours are equal to some fixed extrem
H -free graph. But clearly thesek colours cannot be obtained by the above transformat
from anyk-coloured multigraph other thanF , soG = F , i.e., the only case of equality
when all colours are equal to some fixed extremalH -free graph. �

With a similar argument, we can prove the following proposition, which gives th
asymptotics of multicolour Turán numbers for certain values ofk.

Proposition 2.2. exk(n,H) < k · ex(n,H) + e(H)
(
n
2

)
. In particular, wheneverk ·

ex(n,H)/n2 → ∞ asn → ∞, then

exk(n,H) = (
1+ o(1)

)
k · ex(n,H).
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Proof. SupposeH has h edges, and letG be a simplyk-coloured multigraph with
coloursG1, . . . ,Gk that does not contain a multicoloured copy ofH . By Lemma 2.1 we
can assume thatG1 ⊂ · · · ⊂ Gk . Since edges ofGk−h+1 have multiplicity h we see if
Gk−h+1 contains a copy ofH then it is multicoloured. ThereforeGk−h+1 has at mos
ex(n,H) edges. Even if the lasth − 1 graphs are complete, we get that exk(n,H) <

k · ex(n,H) + e(H)
(
n
2

)
. �

Now we give an example to show that both Theorem 1.1 and the proposition c
be improved in general. LetH be the graph consisting of two edge-disjoint triang
intersecting in exactly one vertex (also called a ‘bowtie’). It is known that ex(n,H) =
�n2/4� + 1 (see, e.g., [2, Exercise IV.20]), and moreover any extremalH -free graph
consists of a complete bipartite graphK�n/2�,�n/2� together with a single edge in one
its parts. We can construct a simplyk-coloured multigraphG which does not contain
multicoloured copy ofH , by taking all colours but one equal to some fixedK�n/2�,�n/2�,
and the final colourGk equal toKn. Indeed, any copy ofH contains at least two edge
that only belong toGk , so is not multicoloured. NowG has(k − 1)�n2/4� + (

n
2

)
edges,

which is larger thank(�n2/4� + 1) wheneverk <
(
n
2

) − �n2/4�. We deduce thatσH (n) >(
n
2

) − ex(n,H), which is close to the upper bound given by Theorem 1.1. Furthermo
k ·ex(n,H)/n2 does not tend to infinity then there is a constantC such thatk � C for all n.
Hence, the conclusion of the Proposition 2.2 does not hold for suchk, as

e(G) = (k − 1)
⌊
n2/4

⌋ +
(

n

2

)
>

(
1+ 1

2C

)
· k(⌊

n2/4
⌋ + 1

)
.

We have a few remarks to make about the use of Lemma 2.1 throughout this pape
of all, we note that the argument at the end of the proof of Theorem 1.1 applies in ge
Whenever we can show that the only case of equality for exk(n,H) for a simplyk-coloured
multigraph with nested coloursG1 ⊂ · · · ⊂ Gk is whenG1 = · · · = Gk , it follows that this
is also the only case of equality for any simplyk-coloured multigraph. We will use thi
observation without further comment in the future.

Next we note that there is a unique simplek-colouring of a multigraphG in which
the colours are nested: if the colours areG1 ⊂ · · · ⊂ Gk thenGi consists of all edges o
multiplicity at leastk+1− i. This will often allow us to simplify our discussion by lookin
only at the multigraph structure ofG. We say thatG contains a multicoloured copy ofH
if its nested simplek-colouring does. The following Hall-type condition characterises
property by reference only to the multigraph structure.

Proposition 2.3. Let G be a simplyk-coloured multigraph with nested colours and letH

be a simple subgraph ofG. ThenH is not multicoloured if and only if there is some integ
w, for which at leastw + 1 edges ofH have multiplicity at mostw in G.

Proof. This is immediate from Hall’s theorem.�
We conclude this section with some conditions that should be satisfied by a s

k-coloured multigraph achieving exk(n,H).
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Proposition 2.4. SupposeG is a multigraph with maximum multiplicityk, wherek � e(H),
and that the nested simplek-colouring ofG contains no multicoloured copy ofH . Then
there is a multigraphF such that

(1) e(F ) � e(G).
(2) F contains no multicoloured copyH .
(3) Every edge ofF either has multiplicity at moste(H) − 1 or exactly equal tok.
(4) The set of edges ofF of multiplicityk form a graph with no subgraph isomorphic toH .

Proof. Form F from G by the following rule: increase any edge of multiplicity at le
e(H) to multiplicity k. Then (1) and (3) hold by construction. Consider a copy ofH in G.
It is not multicoloured, so by Proposition 2.3, there is an integerw and a set ofw +1 edges
W ⊂ H so that each edge ofW has multiplicity at mostw in G. SinceW ⊂ H we have
w � e(H) − 1, so the above rule has no effect on edges ofW , i.e., they have the sam
multiplicities in F . It follows thatF contains no multicoloured copyH , proving (2). As
k � e(H), (4) is immediate. �
Proposition 2.5. Suppose that for every extremal simplyk-coloured multigraphG for H ,
e(G) = k · ex(n,H) and all colours ofG are identical copies of some extremalH -free
graph. Then the same holds for every� � k.

Proof. We argue by induction on�, the base case� = k being true by assumption. Le
G be an extremal simply�-coloured multigraph forH . As before we can assume i
colours are nested asG1 ⊂ · · · ⊂ G�. The (� − 1)-coloured multigraph consisting o
coloursG2, . . . ,G� contains no multicoloured copy ofH , and therefore

∑�
i=2 e(Gi) �

(� − 1)ex(n,H), with equality if and only ifG2 = G3 = · · · = G� = F for some Turán
graphF for H . Therefore

�∑
i=1

e(Gi) � �

� − 1

�∑
i=2

e(Gi) � � · ex(n,H).

If equality occurs thenG2 = G3 = · · · = G� = F , and thereforeG1 = F . �

3. Complete graphs

In this section, we determine the multicolour Turán numbers for complete graphs
is perhaps the most natural starting point, since the ordinary Turán numbers for co
graphs are well known. Consider a simplyk-coloured multigraphG on n vertices, with
coloursG1,G2, . . . ,Gk . For k �

(
r
2

) − 1, we can setGi = Kn for all i, so exk(n,Kr) =
k
(
n
2

)
in this case. Fork �

(
r
2

)
, there are two natural constructions to consider, namelyGi

is the Turán graphTr−1(n) for all i, or Gi = Kn for i �
(
r
2

) − 1 andGi = ∅ otherwise.
Whenn is sufficiently large, we will show that one of these constructions is always
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unique extremal multigraph. The first construction has
((

r
2

) − 1
)(

n
2

)
edges and the secon

hasktr−1(n) edges, which is larger if

k >

((
r
2

) − 1
)(

n
2

)
tr−1(n)

.

As tr−1(n) ∼ (r − 2)
(
n
2

)
/(r − 1), this occurs whenk is about(r2 − 1)/2. For largen,

we will now see that�(r2 − 1)/2� is the critical value fork, in other words,

σKr (n) =
⌈

1

2

(
r2 − 1

)⌉
, ρKr (n) = σKr (n) − 1.

We will split the proof of Theorem 1.2 into two separate theorems. The first deals wi
casek < (r2 − 1)/2. In what follows, we make no attempt to find the smallestn for which
this holds.

Theorem 3.1. If
(
r
2

)
� k < (r2 − 1)/2 andn > r8, then

exk(n,Kr ) =
((

r

2

)
− 1

)(
n

2

)
.

Furthermore, ifG is an extremal simplyk-coloured multigraph, then exactly
(
r
2

)−1 colours
of G are non-empty, and all these are complete graphsKn.

Proof. First we claim that it suffices to prove Theorem 3.1 for multigraphs that h
n > r3 vertices and minimum degree at least

((
r
2

) − 1
)
(n − 1). Indeed, suppose w

have done this, and letG be a simplyk-coloured multigraph withn > r8 vertices,
e(G) �

((
r
2

) − 1
)(

n
2

)
and no multicolouredKr . If the minimum degree ofG is at least((

r
2

) − 1
)
(n − 1), then we are done. Otherwise we obtain a contradiction as follows

G = G(n),G(n − 1), . . . be a sequence of multigraphs whereG(m) hasm vertices and is
obtained fromG(m+1) by deleting a vertex of degree strictly less than

((
r
2

)−1
)
m. Setting

f (m) = e(G(m)) − ((
r
2

) − 1
)(

m
2

)
we havef (n) � 0 andf (m) � f (m + 1) + 1. If we can

continue this process to obtain a multigraphG(r3), then

n − r3 �
n−1∑
m=r3

(
f (m) − f (m + 1)

)
� f

(
r3) < k

(
r3

2

)
<

r2

2

(
r3

2

)
,

which is a contradiction forn > r8. Otherwise we obtain a multigraphG(n′) with
n > n′ > r3 having minimal degree at least

((
r
2

) − 1
)
(n′ − 1), no multicolouredKr and

e(G(n′)) >
((

r
2

) − 1
)(

n′
2

)
, which contradicts our assumption.

Hence, from now on, we can assume thatG hasn > r3 vertices and minimum degree
least

((
r
2

) − 1
)
(n − 1). Let T be a set oft � r − 1 vertices. Then, by the minimum degr

assumption,
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t

((
r

2

)
− 1

)
(n − 1) �

∑
x∈T

d(x) = 2e(T ) + e
(
T ,V (G) − T

)

� 2k

(
t

2

)
+

∑
v /∈T

dT (v).

As n > r3, t < r, andk < (r2 −1)/2, this inequality shows that for any choice of the setT ,
there exists a vertexv ∈ V (G) − T such thatdT (v) � t

((
r
2

) − 1
)
.

To finish the proof it is enough to show that every edge ofG has multiplicity at most(
r
2

) − 1. For the sake of contradiction suppose that there is some edgev1v2 of multiplicity
at least

(
r
2

)
. Applying the above observation we can select verticesvi , 3� i � r, so that

∑
j<i

w(vivj ) � (i − 1)

((
r

2

)
− 1

)
.

Now we claim thatK = {v1, . . . , vr } spans a multicoloured copy ofKr . If not, then Hall’s
condition must fail, i.e., for some numberw at leastw + 1 edges inK have multiplicity at
mostw. By construction, the total weight of edges inK is larger than

r∑
i=1

(i − 1)

((
r

2

)
− 1

)
=

(
r

2

)((
r

2

)
− 1

)
.

On the other hand, it is at mostw(w + 1) + ((
r
2

) − w − 1
)
k. This gives the inequality

w(w + 1) +
((

r

2

)
− w − 1

)
k −

(
r

2

)((
r

2

)
− 1

)
> 0,

which factorises as
(
w + (

r
2

) − k
)(

w + 1− (
r
2

))
> 0. Since clearlyw �

(
r
2

) − 1, we deduce
w < k − (

r
2

)
. There is at least one edge with multiplicity at mostw; let vivj with i > j be

such an edge. Then, by definition

(i − 1)

((
r

2

)
− 1

)
�

i−1∑
j=1

w(vivj ) � (i − 2)k + w < (i − 1)k −
(

r

2

)
.

Hence
(
r
2

)
< (i − 1)

(
k − (

r
2

) + 1
)
. Taking into account thati � r and k � (r2 − 2)/2,

we deduce that
(
r
2

)
< (i − 1)(r/2) �

(
r
2

)
, which is impossible. ThereforeK spans a

multicoloured copy ofKr . This contradicts the assumption of the theorem and comp
the proof. �

To finish the proof of Theorem 1.2 we now consider the casek � (r2 − 1)/2.

Theorem 3.2. If k � (r2 − 1)/2 and n > 104r34 then exk(n,Kr) � k · tr−1(n).
Furthermore, ifG is an extremal simplyk-coloured multigraph, then all colours ofG
are identical Turán graphsTr−1(n).
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Proof. By Proposition 2.5, we need only consider the casek = (r2 − 1)/2, if r is odd, or
k = r2/2, if r is even. SupposeG is a simplyk-coloured multigraph which contains n
multicolouredKr , ande(G) � k · tr−1(n). Let d(n) = n − �n/(r − 1)� be the minimum
degree inTr−1(n). Initially, we will proceed in the same way as in Theorem 3.1. B
vertex deletion argument, as in that proof, we may assume thatG has minimum degree a
leastkd(n) andn > 100r16.

Let T be a set of vertices with|T | = t � r − 1. Note that, sincen > 100r16,

e
(
T ,V (G) − T

) =
∑
v∈T

d(v) − 2e(T ) � tkd(n) − kt (t − 1)

> tk

(
r − 2

r − 1
n − 1

)
− kt (t − 1) = r − 2

r − 1
ktn − kt2

> (n − t)

(
r − 2

r − 1
kt − 1

r − 1

)
. (2)

Thus there is a vertexv ∈ V − T with

dT (v) >
r − 2

r − 1
kt − 1

r − 1
.

Moreover, sincedT (v) is an integer we conclude that for any choice ofT , there is a
v ∈ V − T with

dT (v) � r − 2

r − 1
kt.

There exists some edge of multiplicityk in G, otherwise Theorem 3.1 showse(G) �((
r
2

) − 1
)(

n
2

)
< ktr−1(n), a contradiction. Letv1v2 be an edge of multiplicityk. Applying

the above observation, we can successively select verticesv3, . . . , vr−1 so that for all
3 � i � r − 1,

∑
j<i

w(vivj ) � r − 2

r − 1
k(i − 1).

Let K = {v1, . . . , vr−1}. Consider a vertexv ∈ V (G) − K for whichdK(v) � k(r − 2).
Since there is no multicolouredKr , we know that for somew at leastw +1 edges ofK ∪v

have multiplicity at mostw. Then

w(w + 1) +
((

r

2

)
− w − 1

)
k � k +

r∑
i=3

r − 2

r − 1
k(i − 1) >

r − 2

r − 1
k

(
r

2

)
.

Whenr is odd we havek = (r2 − 1)/2 and we can rewrite this inequality as(
r − 1 − w

)((
r
)

− w − 1

)
> 0.
2 2
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Whenr is even we havek = r2/2 and

(
r − 1

2
− w

)((
r

2

)
− w − 1

)
>

1

2

(
w + 1− r

2

)
.

Sincew �
(
r
2

) − 1, in both cases we see thatw < (r − 1)/2. We claim that such a sma
multiplicity cannot occur on edges withinK. For supposew(vivj ) � w andj < i � r − 1.
Then

r − 2

r − 1
k(i − 1) �

∑
j�i

w(vivj ) � (i − 2)k + w,

which gives the contradictionw � (r − i)k/(r − 1) � (r + 1)/2. We deduce that th
w + 1 edges with multiplicity at mostw must all occur on edges joiningv to K. Then
k(r − 2) � dK(v) � w(w + 1) + (r − 2 − w)k, i.e., wk � w(w + 1), which is only
possible forw = 0. Therefore, some edge fromv to K has multiplicity 0. Even if the
others all have maximum multiplicityk, the total weight is at mostk(r − 2). We deduce
thatdK(v) � k(r − 2) for anyv ∈ V − K, and if equality holds then there is somei such
thatw(vvi ) = 0 andw(vvj ) = k for all j 	= i.

Let S be the set of verticesv in V − K for whichdK(v) < k(r − 2). First note that

e(K,V − K) � |S|(k(r − 2) − 1
) + (

n − (r − 1) − |S|)k(r − 2),

and also by Eq. (2) we have

e(K,V − K) > k(r − 2)n − k(r − 1)2.

Therefore|S| < k(r − 1). As noted above, we can partition the rest of the vert
V − (S ∪ K) as V1 ∪ · · · ∪ Vr−1, wherev ∈ Vi iff w(vvi ) = 0 andw(vvj ) = k for all
j 	= i.

Next we claim that eachVi is an independent set inG (i.e., all pairs of vertices in
Vi have multiplicity 0). For suppose thatu,v ∈ Vi with w(uv) � 1. For eachj 	= i we
havew(uvj ) = k � w(vivj ), i.e., the degree sequence of the subgraph ofG induced by
L = (

K \ vi

) ∪ u dominates that ofK. However,dL(v) > k(r − 2), so the argument w
gave above forK shows that subgraph induced byL ∪ v spans a multicolouredKr . This
contradiction shows that eachVi is an independent set.

To finish the proof, it suffices to show that the remaining vertices ofS ∪ K, of which
there are at most(k + 1)(r − 1) < r3, can be distributed among theVi so that they remain
independent. This indeed suffices, as then the edges with positive multiplicity for
(r − 1)-partite graph, so by definition ofTr−1(n) there are at mosttr−1(n) of them. Even
if they all have maximum multiplicity, we havee(G) � k · tr−1(n), with equality when
the maximum multiplicity edges form a Turán graph. Therefore it is enough to prov
following claim.
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Claim. If U1, . . . ,Ur−1 are any disjoint independent subsets inG with U = ⋃r−1
i=1 Ui and

|V (G) − U | < r3, then for any vertexv in V − U , there is some indexi for whichUi ∪ v

is still independent.

Proof. Suppose that the claim is not true, i.e.,dUi (v) > 0 for eachi. First note that
|Ui | > n/(r − 1) − r2√n for eachi. For if |Ui | � n/(r − 1) − r2√n for somei then

e(G) = e(U) + e(U,V − U) + e(V − U)

� k

(
|Ui ||U − Ui | +

(
r − 2

2

)( |U − Ui |
r − 2

)2

+ |U ||V − U | +
(|V − U |

2

))

< k

(
r − 2

r − 1
· n2

2
+ r3n + r6

2
− r − 1

r − 2
r4 · n

2

)
< k tr−1(n) � e(G),

which is contrary to our hypothesis. Also, if there were somei for which |Ui | >

n/(r − 1) + r3√n, then there would be have to be somej for which |Uj | < n/(r − 1) −
r2√n. Therefore we deduce that for eachi,

∣∣∣∣|Ui | − n

r − 1

∣∣∣∣ < r3√n.

Without loss of generalitydU1(v) is the smallest among{dUi (v) | 1 � i � r − 1}. Let
Mi ⊂ Ui be the verticesu in Ui such thatw(uv) � r − 1. Then for everyi 	= 1 we have
|Mi | > n/(10(r − 1)). For otherwise we would have

dU1(v) � dUi (v) � k · n

10(r − 1)
+ (r − 2)

(
n

r − 1
+ r3√n − n

10(r − 1)

)

<
kn

10(r − 1)
+ r − 2

r − 1
n

which yields a contradiction, as

d(v) < k

(
(r − 3)

(
n

r − 1
+ r3√n

)
+ 2 · n

10(r − 1)
+ r3

)
+ 2 · r − 2

r − 1
n

< kd(n) − 4k/5− 2(r − 2)

r − 1
n + kr4√n < kd(n).

The last inequality follows from the fact that 4k/5 − 2(r − 2) > k/5 for r � 3, and since
n > 100r16, then

4k/5− 2(r − 2)
n >

kn
> kr4√n.
r − 1 5r
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Selectu1 ∈ U1 with w(vu1) > 0. For eachi > 1, remove fromMi any vertexu for
which w(u1u) < k. We remove at mostr6√n points. Indeed, sincew(u1u) = 0 for every
u ∈ U1, we otherwise would have

d(u1) < k

(
(r − 2)

(
n

r − 1
+ r3√n

)
+ r3

)
− r6√n < kd(n),

which is a contradiction. Now we successively selectui ∈ Mi , and, for eachj > i, remove
from Mj any vertexu for whichw(uiu) < k. By the same argument as foru1, we see tha
at each stage we remove at mostr6√n points from eachMj . Since

|Mi | > n

10(r − 1)
> r7√n

for n > 100r16, we never make anyMi empty. Thus we construct a set ofr points
{v,u1, . . . , ur−1} such thatw(vu1) > 0, w(vui ) � r − 1 for 2� i � r − 1, and all other
edges have multiplicityk. This set spans a multicolouredKr , a contradiction that prove
the claim, and thereby the theorem.�

4. Bipartite graphs

Here we consider multicolour Turán numbers for bipartite graphs. For certain s
bipartite graphs it is not difficult to determine the extremal multigraphsG = G1 + G2 +
· · ·+ Gk. For example, whenH is a path of length two, eitherGk = Kn and the remaining
Gi are empty, orG1 = · · · = Gk = M, whereM is a matching of size�n/2�. Similarly, if
H is a pair of disjoint edges, eitherGk = Kn and the remainingGi are empty, or theGi

are all equal to some fixed star of sizen − 1.
The problem is more challenging for bipartite graphs that contain cycles. In this se

we will be concerned with the case of complete bipartite graphsKr,s . The following
proposition of Kövari, Sós and Turán gives an upper bound for their Turán numbers

Proposition 4.1. If r � s then there is a constantα(r, s) such that ex(n,Kr,s) <

α(r, s)n2−1/r .

Since we make no attempt to optimise our constants, for simplicity we will formu
the next theorem in terms of thisα(r, s). The interested reader can find the best kno
bound on this constant in [5].

Theorem 4.2. If rs � k < n1/r/(24rα(r, s)) andn is sufficiently large then

exk(n,Kr,s) = (rs − 1)

(
n

2

)
.

Furthermore, ifG is an extremal simplyk-coloured multigraph, then exactlyrs −1 colours
are non-empty, and all these colours are complete graphsKn.
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Proof. By Proposition 2.4, we can assume that the colours are nested and an
multiplicity either lies between 1 andrs − 1 or equalsk. Note that if we can show that th
only extremal simplyk-coloured multigraph in which the colours are nested has ex
rs − 1 colours non-empty, and all these colours are complete graphsKn, then in fact this
is the only extremal simplyk-coloured multigraph, even without assuming that the colou
are nested. This follows from the proof of Lemma 2.1. If there is a different extremal si
k-coloured multigraph, then after some sequence of intersection/union transformatio
arrive atrs −1 complete graphs. One step before we havers −2 colours equal to complet
graphs, 2 colours equal to some graphH and its complementH , and all others colour
empty. Clearly we can choose a copy ofKr,s that shares edges with bothH andH . The
other edges of this copy can be assigned different colours arbitrarily from thers−2 colours
that are complete graphs, so it is multicoloured. This contradiction shows that there
different extremal simplyk-coloured multigraph.

Now we claim that it suffices to prove the theorem for simplyk-coloured multigraphs
with minimum degree at least(rs −1−1/(5r))(n−1) andk < n1/r/(12rα(r, s)). Indeed,
suppose we have done this, and letG be a multigraph with maximum multiplicityk,
e(G) � (rs − 1)

(
n
2

)
and no multicolouredKr,s . If the minimum degree ofG is at least

(rs − 1 − 1/(5r))(n − 1), we are done. Otherwise we obtain a contradiction as follo
Form a sequenceG = G(n),G(n − 1), . . . , whereG(m) is a graph onm vertices, and
wheneverG(m) has a vertexv with d(v) < (rs − 1− 1/(5r))(m − 1) we setG(m − 1) =
G(m) − v. If this sequence can be continued to reach a graphG(n/2), then this graph ha
at least

(rs − 1)

(
n/2

2

)
+ 1

5r

n∑
m=n/2+1

(m − 1) > (rs − 1)

(
n/2

2

)
+ 1

20r
n2

edges. This is only possible with at least

24rα(r, s) · 1

20r
n2−1/r > α(r, s)(n/2)2−1/r

edges of multiplicityk, but by Proposition 4.1 these edges form a multicolouredKr,s ,
which is a contradiction. Otherwise we obtain a multigraphG(m) for somem > n/2 with
minimum degree at least(rs − 1− 1/(5r))(m − 1), maximum multiplicity

k <
1

24rα(r, s)
n1/r <

1

12rα(r, s)
m1/r ,

no multicolouredKr,s ande(G(m)) > (rs − 1)
(
m
2

)
, which contradicts our assumption.

Hence, from now on, we can assume thatG has minimum degree at least(rs − 1 −
1/(5r))(n − 1) andk < n1/r/(12rα(r, s)). Let H be the graph consisting of the edges
multiplicity k. We can assumeH is non-empty. LetU be the vertices with degree at lea
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3α(r, s)n1−1/r in H . For a vertexv let F(v) consist of the verticesw for which vw has
multiplicity exactlyrs − 1, and writef (v) = |F(v)|. If a vertexv is not inU then(

rs − 1− 1

5r

)
(n − 1) < d(v) < k · 3α(r, s)n1−1/r + (rs − 2)(n − 1) + f (v),

so

f (v) >

(
1− 1

5r
− 3α(r, s)

12rα(r, s)

)
(n − 1) − 1 >

(
1− 19

40r

)
n.

Let uv be an edge of multiplicityk. First we show that one ofu or v must belong toU .
OtherwiseF(u) andF(v) both contain at least(1− 1/(2r))n vertices, so|F(u)∩F(v)| �
(1 − 1/r)n. We bound the number of edges ofG as follows. The edges of multiplicityk
certainly contain noKr,s , so there are at mostα(r, s)n2−1/r of these, and they contribu
at mostk · α(r, s)n2−1/r < n2/(12r). The remaining edges ofG have multiplicity at most
rs − 1. There can be noKr−1,s−1 within F(u) ∩ F(v) with every edge of multiplicity a
least(r − 1)(s − 1), as this, together withuv, would create a multicolouredKr,s . Then this
set contains at mostO(n2−1/(r−1)) edges of multiplicity at least(r −1)(s −1), so contains
at least

(
(1−1/r)n

2

)
/2 edges of multiplicity at most(r − 1)(s − 1) = rs − 1 − (r + s − 2).

Thus we conclude that

e(G) � (rs − 1)

(
n

2

)
− (r + s − 2)

1

2

(
(1− 1/r)n

2

)
+ 1

12r
n2 < (rs − 1)

(
n

2

)
.

This contradiction shows that one ofu or v must belong toU ; in particularU is non-empty.
Now we claim that foru in U there cannot bev1, . . . , vr in V − U such that eachuvi

has multiplicityk. If this happens, then by definition ofU we have∣∣∣∣∣
r⋂

i=1

F(vi)

∣∣∣∣∣ > n − r · 19

40r
n > n/2 > s − 1.

TakingS to be a set containings − 1 points from
⋂

F(vi) andu, andR = {v1, . . . , vr }, we
see that the edges betweenR andS form a multicolouredKr,s , which is a contradiction
This shows that each vertex inU is incident to at least 3α(r, s)n1−1/r − r vertices of
U by edges of multiplicityk. Then there are at least(3α(r, s)n1−1/r − r) · |U |/2 >

α(r, s)|U |2−1/r edges ofH within U , so by Proposition 4.1 these edges form
multicolouredKr,s . This contradiction completes the proof of the theorem.�

It seems plausible thatρKr,s (n) andσKr,s (n) are of ordern1/r whenever 2� r � s, but
we are unable to prove this here. The difficulty is that for general bipartite graph
known lower bounds for the Turán numbers of bipartite graphs are not of the same
of magnitude as the upper bounds. We will consider the specific case of the 4-cycle,
is better understood, and where such a matching lower bound is known.

Let q be such that there is a projective plane with lines of sizeq + 1, e.g.,q can be any
prime power. Forn0 = q2 + q + 1 ande0 = q(q + 1)2/2, a result of Füredi [4] shows tha
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ex(n0,C4) = e0. We will prove a multicoloured version of this result. We make no atte
to optimize our constants, and will assume in the rest of this section thatq is sufficiently
large.

Theorem 4.3. For k > 103√n0, exk(C4, n0) = ke0. Furthermore, in any extremal simp
k-coloured multigraph, the colours are identical extremalC4-free graphs.

To prove this theorem we first need the following three lemmas.

Lemma 4.4. Let t < q2/3 and letG be aC4-free graph onn = n0 − t vertices. Suppos
G hase � e0 − 5qt/6− i edges for somei � 0 and minimum degree5q/6. LetS be a set
of edges that can be added toG, so that there is noC4 using one edge fromS and3 edges
from G. Then

|S| < 20
(
(t + 1)q + i + t2/q

)
.

Proof. Consider a vertexv. Let N(v) be its neighbourhood,N2(v) its second neighbour
hood andW(v) = V (G) − v − N(v) − N2(v). By our assumption|N(v)| � 5q/6, and
sinceG is C4-free

∣∣N2(v)
∣∣ �

∑
u∼v

(
d(u) − 2

)
� 5

6
q

(
5

6
q − 2

)
.

Therefore|W(v)| < 11q2/36+ 2q . We also have

∑
v

∣∣N2(v)
∣∣ �

∑
v

∑
u∼v

(
d(u) − 2

) =
∑
v

(
d(v)2 − 2

∣∣N(v)
∣∣)

� n

(∑
v d(v)

n

)2

− 4e = 4e2/n − 4e

and so

∑
v

∣∣W(v)
∣∣ � n(n − 1) −

∑
v

∣∣N(v)
∣∣ −

∑
v

∣∣N2(v)
∣∣ � n(n − 1) − 4e2/n + 2e.

Let S(v) be thoseu such thatuv is in S. By definition ofS, any vertexu in S(v) has no
neighbour inN2(v) ∪ v. SinceG is C4-freeu can have at most one neighbour inN(v), so
it has at leastd(u) − 1 neighbours inW(v). Consider anyX ⊂ S(v) with |X| = x and the
edges ofG with one endpoint inX and the other inW(v). A pair of vertices inX have at
most one common neighbour, so by a Bonferroni inequality we get

11

36
q2 + 2q >

∣∣W(v)
∣∣ �

∑(
d(u) − 1

) −
(

x

2

)
� x

(
5

6
q − 1− (x − 1)/2

)
.

u∈X
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Note that sinceq is large, it is impossible to setx = 5q/6 − 1. Thereforesv = |S(v)| <

5q/6− 1, and so|W(v)| � sv(5q/6− 1− (sv − 1)/2) > 5qsv/12. Thus

|S| = 1

2

∑
v

s(v) <
6

5q

∑∣∣W(v)
∣∣ <

2

q

(
n(n − 1) − 4e2/n + 2e

)
.

Substitutingn = q2 +q +1− t ande � q(q +1)2/2−5qt/6− i we have a crude estima

nq|S| < 2
(
n2(n − 1) − 4e2 + 2en

)
< 10

(
(t + 1)q4 + iq3 + t2q2).

Sincet < q2/3, we have 2n − q2 = q2 + 2q + 2− 2t > 0. Therefore

20nq
(
(t + 1)q + i + t2/q

) − 10
(
(t + 1)q4 + iq3 + t2q2)

= 10
(
2n − q2)((t + 1)q2 + t2 + iq

)
> 0,

so |S| < 20((t + 1)q + i + t2/q), as required. �
The next two lemmas are the most technical part of the proof. They contain alg

manipulations that are quite involved, so we checked them with Mathematica to e
their correctness.

Lemma 4.5. A C4-free graphG on n0 vertices witht < q2/3 vertices of degree at mo
5q/6+ 1 and some vertex of degree at leastq + 2 has at moste0 − tq/150edges.

Proof. The caset = 0 is a lemma of Füredi in [3]. We will extend his argument to d
with the caset > 0. Letv be a vertex of degreeq + 2 + x, with x � 0. We count paths o
length 2 that join two points ofV −N(v). SinceG is C4-free there is at most one such pa
between each pair, giving at most

(
n0−(q+2+x)

2

)
paths. On the other hand any vertexu 	= v

has at most one neighbour inN(v), so contributes at least
(
d(u)−1

2

)
such paths. Therefore

(
n0 − (q + 2+ x)

2

)
�

∑
u 	=v

(
d(u) − 1

2

)
. (3)

Note that
∑

u 	=v d(u) − 1 = 2e − (q + 2 + x) − (n0 − 1) = 2e − n0 − q − 1 − x, where
e = e(G). Since

(
y
2

)
is a convex function ofy, the right hand side of Eq. (3) is minimised b

takingt terms equal to 5q/6, leavingn0− t −1 terms with total 2e−n0−q−1−x−5qt/6.
This gives

(
n0 − (q + 2+ x)

2

)
� t

(
5q/6

2

)
+ (n0 − 1− t)

( 2e−n0−q−1−x−5qt/6
n0−1−t

2

)
.

Multiplying both sides byn0 − 1 − t , substitutingn0 = q2 + q + 1 and expanding give
2e2 − αe − β � 0, where
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st

t

α = 3q2 + 5(1+ t/3)q − t + 4+ 2x,

β = 1

2
q6 + 1

2
q5 −

(
61t

72
+ 5

2
+ x

)
q4 −

(
85t

72
+ 5+ x

)
q3 +

(
t

3
− 5+ tx + x2

2

)
q2

+
(

x2

2
− 5tx

6
− x − 2t

3
− 4

)
q −

(
2+ (t + 2)x + (t + 1)x2

2

)
.

Then we havee � (α + √
α2 + 8β)/4. We want to show that this is at moste0 − qt/150,

i.e., that
√

α2 + 8β < 4(e0 − qt/150)−α. Substituting our expressions fore0, α andβ we
can write

(
4(e0 − qt/150) − α

)2 − (α2 + 8β) = A + Bx

where

A =
(

56q2

625
− 4q

75

)
t2 +

(
q4

225
+ 13q3

225
− 88q2

75
+ 716q

75

)
t − 12q3 − 8q2 + 16q + 16,

B = 8q4 − 8q2(t + 2) + 508qt

75
+ 8t + 16− 4

(
q2 + q − t − 1

)
x.

Sincex � n0 − (q + 2) < q2 andt < q2/3, for largeq we have

B > 8q4 − 8q2(t + 2) − 4
(
q2 + q

)
x > q4 − 4q3 − 16q2 > 0.

Sincet � 1, we can estimate crudely

A >
1

20
q2t2 + 1

250
q4t − 20q3 > 0.

Therefore(4(e0 − qt/150) − α)2 − (α2 + 8β) > 0, as required. �
Lemma 4.6. A C4-free graphG onn0 vertices with at leastq2/3 vertices of degree at mo
5q/6 has at moste0 − q3/500edges.

Proof. We count the number of paths of length two inG. SinceG is C4-free there is a
most one such path between each pair of vertices. Therefore

(
n0
2

)
�

∑
v

(
d(v)

2

)
. The right

hand side of this inequality is clearly minimised by takingq2/3 terms equal to 5q/6,
leavingn0 − q2/3 terms with total 2e − 5q3/18. This gives

(
n0

2

)
� q2

3

(
5q/6

2

)
+ (n0 − q2/3)

(
2e−5q3/18
n0−q2/3

2

)
.
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Multiplying both sides byn0 − q2/3 and substitutingn0 = q2 + q + 1 gives 2e2 − αe −
β � 0, where

α = 5q3

9
+ 2q2

3
+ q + 1, β = 47q6

216
+ 227q5

216
+ 443q4

216
+ 7q3

3
+ 3q2

2
+ q

2
.

Then, sinceq is large, we have

e � 1

4

(
α +

√
α2 + 8β

)
= 1

4

(
5/9+

√
(5/9)2 + 8(47/216)

)
q3 + O

(
q5/2) < 0.497q3.

Thereforee < e0 − q3/500, as required. �
Proof of Theorem 4.3. Let G be a simplyk-coloured multigraph onn0 vertices with
coloursG1, . . . ,Gk , containing no multicolouredC4. By Proposition 2.4 we can assum
that the colours are nested asG1 ⊂ · · · ⊂ Gk with G1, . . . ,Gk−3 all equal to some fixed
C4-free graph. Ife(G1) = e0, then it is a maximalC4-free graph and adding a new edge
it from one ofGk−2,Gk−1 or Gk will create aC4 which is multicoloured inG. Therefore,
in this caseG1 = · · · = Gk , e(G) = ke0 and we are done.

Now supposee(G1) < e0. To finish the proof we show thate(G) < ke0. Let T be the
vertices ofG1 of degree less than 5q/6 and lett = |T |. If t � q2/3, then by Lemma 4.6
we havee(G1) < e0 − q3/500. Sincek > 103q , this implies that

∑
e(Gi) < (k − 3)e(G1) + 3

(
n0

2

)
< ke0 −

(
(k − 3)q3

500
− 3

(
n0

2

))
< ke0.

Therefore we can assume thatt < q2/3.
Next suppose thate(G1) � e0 − tq/150. Sincee(G1) < e0, this in particular covers

the case whent = 0. Note that an edge fromS = E(Gk) − E(G1) can not form aC4
together with any three edges ofG1, since this cycle will be multicoloured. Consid
the subgraph ofG1 induced by the setV (G1) − T . It has n = n0 − t vertices and
at leaste = e(G1) − 5qt/6 = e0 − 5qt/6 − (e0 − e(G1)) edges. Therefore applyin
Lemma 4.4 withi = e0 − e(G1) to this subgraph, we conclude thatS has at mos
20((t + 1)q + e0 − e(G1) + t2/q) edges inV (G1) − T . Clearly the number of edge
from S incident withT is at mosttn0. Sincek > 103q , we get

|S| < t
(
q2 + q + 1

) + 20
(
(t + 1)q + e0 − e(G1) + t2/q

)
< 20

(
e0 − e(G1)

) + 2tq2

<
1

3
k
(
e0 − e(G1)

)
and therefore

∑
e(Gi) < ke(G1) + 3|S| < ke0.

Now we can assume thate(G1) > e0 − tq/150 andt � 1. Then by Lemma 4.5, a
vertices ofG1 have degree at mostq + 1. We must havet � 6, since ift � 7 we get the
contradiction

e(G1) <
1(

n0(q + 1) − tq/6
)
< e0 − tq/100.
2
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Note that no edges ∈ S can be incident with a vertex of degreeq + 1 in G1. For
then, by definition ofS, G1 + s is C4-free, has a vertex of degreeq + 2 andt vertices of
degree at most 5q/6+ 1. Thus by Lemma 4.5 it has at moste0 − tq/150 edges, contrar
to assumption. If there is a vertex inG1 incident to at leastq + 1 edges ofS, then the
endpoints of these edges are vertices of degree at mostq in G1. ThusG1 will have at least
q + 1 vertices of degree at mostq , and hence at mostq2 vertices of degreeq + 1. This
contradicts our assumption, ast � 6, so

e(G1) <
1

2

(
q2(q + 1) + q · q + 5q/6

)
< e0 − tq/150.

Therefore every vertex ofG1 is incident with at mostq edges ofS. In particular, the numbe
of edges ofS incident to vertices inT is at mosttq � 6q . On the other hand, as we alrea
mentioned above,S has at most

20
(
(t + 1)q + (

e0 − e(G1)
) + t2/q

)
< 20

(
(t + 1)q + tq/150+ t2/q

)
< 150q

edges inV (G1) − T . This gives|S| < 156q and so
∑

e(Gi) < k(e0 − 1) + 3|S| < ke0, as
required. �

5. 3-colour-critical graphs

A graphH is 3-colour-critical if it has chromatic number 3, and there is some edge

such thatH − e is bipartite. An example of such a graph is an odd cycle. In this sec
we will determine the multicolour Turán numbers of such graphs. A result of Simon
[9] shows that, for sufficiently largen, the Turán numbers for these graphs are the s
as for triangles, i.e., ex(n,H) = �n2/4�. Suppose thatH hasp vertices andq edges. Note
thatH is a subgraph of the graph obtained by adding an edge in one of the classes
complete bipartite graphKp,p .

Now we describe the extremal simplyk-coloured multigraphsG. Fork � q − 1 we can
setw(e) = k for everye, so exk(n,H) = k

(
n
2

)
. Similarly to the case of complete graph

there are two natural constructions for largerk: either exactlyq − 1 colours ofG are taken
to be the complete graph, or all colours ofG are identical Turán graphsT2(n). For largen,
we will show that one of these constructions is always the unique extremal solution f
problem. Note that the first has(q − 1)

(
n
2

)
edges and the second hask�n2/4�, which is

better than the first fork � 2(q − 1). First we need the following lemma.

Lemma 5.1. LetH be a graph withp vertices andq edges. Pick

ε < min

(
1

32q4
,

1

64pq3

)
.

Let G be a simplyk-coloured multigraph, containing no multicoloured copy ofH , with
q � k � 2(q − 1). Supposen is sufficiently large,G has minimum degree at lea
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r some

m,
(q − 1)(n− 1) and at mostεn2 edges with multiplicity at leastq . Thene(G) = (q − 1)
(
n
2

)
,

exactlyq − 1 colours ofG are complete graphs, and the rest are empty.

Proof. Let E1 be the edges ofG with multiplicity at leastq , E2 be the edges with
multiplicity exactly q − 1, andE3 = E1 ∪ E2. By hypothesis we have|E1| � εn2. It
suffices to show thatE1 is empty. Then we havee(G) � (q − 1)

(
n
2

)
, and the minimum

degree condition implies the assertion of the theorem. Suppose not, and conside
edgeab of E1. For any vertexv we writeNi(v) for the verticesu for whichuv is an edge
of Ei . Note that

(q − 1)(n − 1) � d(a) � 2(q − 1)
∣∣N1(a)

∣∣ + (q − 1)
∣∣N2(a)

∣∣
+ (q − 2)

(
n − 1− ∣∣N1(a)

∣∣ − ∣∣N2(a)
∣∣),

so |N2(a)| � n − 1− q|N1(a)|. Also, we have

(q − 1)(n − 1) � d(b) � 2(q − 1)
∣∣N3(b)

∣∣ + (q − 2)
(
n − 1− ∣∣N3(b)

∣∣),
so |N3(b)| � (n − 1)/q .

Suppose that|N1(a)| < n/4q2. Then|N2(a)| > (1− 1/(4q))n, so the setS = N2(a) ∩
N3(b) contains at leastn/4q vertices. Note that the subgraph induced byE3 onS contains
no Kp−2. Otherwise, together with{a, b} we would have aKp with every edge of
multiplicity at leastq − 1, and at least one edge with multiplicity at leastq . Such aKp

clearly contains a multicoloured copy ofH , so this is impossible. Now, by Turán’s theore
E3 has at most(p − 4)|S|2/(2(p − 3)) edges inS. So at least|S|2/(2(p − 3)) +O(|S|) >

|S|2/(2p) edges inS have multiplicity at mostq − 2. Thus, using thatε < 1/(64pq3), we
obtain

e(G) < (q − 1)

((
n

2

)
− 1

p
|S|2/2

)
+ (q − 2)

1

p
|S|2/2+ kεn2

� (q − 1)

(
n

2

)
−

(
1

32pq2 − 2(q − 1)ε

)
n2 < (q − 1)

(
n

2

)
,

which is contrary to hypothesis. Therefore|N1(a)| � n/(4q2).
Let T be the points that are incident to at least one edge ofE1. For eacha ∈ T we have

|N1(a)| � n/4q2. So if T is non-empty, we have|T | � n/4q2, and

|E1| �
(|T | · n/4q2)/2� n2

32q4
> εn2.

This contradicts our hypothesis, unlessT andE1 are empty. �
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Theorem 5.2. Let H be a3-colour-critical graph withp vertices andq edges. Ifq � k <

2(q − 1) andn is sufficiently large then

exk(n,H) = (q − 1)

(
n

2

)
.

Furthermore, in any extremal simplyk-coloured multigraph, exactlyq − 1 colours are
non-empty and all of theseq − 1 colours are complete graphsKn.

Proof. SupposeG is a simplyk-coloured multigraph containing no multicoloured co
of H , ande(G) � (q −1)

(
n
2

)
. By a similar vertex deletion argument to that in Theorem

we can assumeG has minimum degree at least(q − 1)(n − 1). By Lemma 5.1 we can
assume that there are at leastεn2 edges with multiplicity at leastq , whereε is as defined in
the lemma. Therefore, by the well known boundson bipartite Turán numbers (see, e.
Proposition 4.1), we can find a completebipartite graph with bipartition(B1,B2) and
|B1| = |B2| = 2pq , in which each edge has multiplicity at leastq . Let B = B1 ∪ B2. Note
that all pairs withinB1 or B2 must have multiplicity 0, or we find a multicoloured co
of H .

Consider a vertexv not in B. If there arep verticesP ⊂ Bi in one part, all joined
to v by edges of multiplicity at leastq − 1, thenv cannot have any neighbours in t
other partB3−i . For supposew(uv) > 0, for someu ∈ B3−i , and choose a set ofp points
Q ⊂ B3−i ∪v that contains bothu andv. Then(P,Q) is a copy ofKp,p +edge, so contain
a copy ofH , in which exactly one edge goes fromv to Q − {v}, and the rest go betwee
Q andP . We see that all but one of the edges of this copy ofH have multiplicity at leas
q − 1, and all edges not incident withv have multiplicityq . SinceH clearly must contain
an edge not incident withv, this copy ofH is multicoloured—a contradiction.

It follows that the maximum degree ofv in B is achieved by one of the following tw
options. Eitherv should be joined to one part with edges of maximum multiplicity, w
no edges going to the other part, orv should be joined top − 1 vertices in each par
with edges of maximum multiplicity, and to the remaining vertices inB with edges of
multiplicity q − 2. It is easy to check that in both casesdB(v) � (2q − 3)2pq . Therefore

4pq(q − 1)(n − 1) = (q − 1)(n − 1)|B| �
∑
x∈B

d(x) = 2e(B) + e(B,V − B)

� 8p2q2(2q − 3) + (2q − 3)2pq · (n − 4pq) = 2pq(2q − 3)n.

This is a contradiction for largen, which proves the result.�
Theorem 5.3. Let H be a 3-colour-critical graph with p vertices andq edges. If
k � 2(q − 1) and n is sufficiently large thenexk(n,H) � k�n2/4�. Furthermore, in any
extremal simplyk-coloured multigraph, all colours are identical Turán graphsT2(n).

Proof. By Proposition 2.5 it is enough to consider only the casek = 2(q − 1). Suppose
G is a simplyk-coloured multigraph containing no multicoloured copy ofH , and that
e(G) � k�n2/4�. Again, by vertex deletion we can assumeG has minimum degree at lea
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k�n/2� � (q − 1)(n − 1). Hence, we can apply Lemma 5.1 as above, to find a bipa
graph(B1,B2) with |B1| = |B2| = 2pq in which each edge has multiplicity at leastq .
Let B = B1 ∪ B2. Similarly to the proof of the previous theorem, we see thatB1 andB2
contain no edges, and anyv /∈ B has maximum degree 4pq(q − 1) in B, which can only
be achieved by joiningv to one part with edges of maximum multiplicity 2(q − 1), with
no edges going to the other part.

When n is even it is now easy to finish the argument. We claim that all vert
v /∈ B must havedB(v) = 4pq(q − 1). Otherwise, if even one vertex has degreedB(v) �
4pq(q − 1) − 1, we have

∑
x∈B

d(x) = 2e(B) + e(B,V − B)

� 2 · 2(q − 1) · (2pq)2 + 4pq(q − 1)(n − 4pq − 1) + (
4pq(q − 1) − 1

)
= 4pq(q − 1)n − 1 < 4pqk�n/2�,

which is a contradiction to the minimum degree assumption. This gives a partitionV −B =
V1 ∪ V2, where eachv ∈ Vi has no edges joining it toBi , and is joined by edges o
maximum multiplicity to every vertex inB3−i . It follows easily that bothVi ∪ Bi , for
i = 1,2, are independent sets. This is sufficient to prove the result, as then there
at most�n2/4� edges with positive multiplicity, with equality when they form a copy
T2(n) and all have multiplicityk. Whenn is odd there is rather more work to do, but w
will merely sketch the argument, as it is similar to the one at the end of Theorem
In this case, the counting argument for

∑
x∈B d(x) shows that all but some constantC

verticesv /∈ B havedB(v) = 4pq(q − 1), so we get two independent setsV1,V2 with
|V1| + |V2| � n − C. Now it suffices to show the following claim.

Claim 5.4. LetU1,U2 be disjoint independent subsets ofV . LetU = U1 ∪U2 and suppose
|V (G) − U | < C. Then for anyv in V (G) − U , there is somei for which Ui ∪ v is
independent.

The proof of this is similar to the analogous part of Theorem 3.2, so we omit it.�
As we have remarked, an odd cycleC2t+1 is 3-colour-critical, so we have the followin

corollary.

Corollary 5.5. For n sufficiently large,exk(n,C2t+1) equals2t
(
n
2

)
for 2t < k < 4t , and

equalsk�n2/4� for k � 4t .

6. Concluding remarks

• There are two natural constructions of a simplyk-coloured multigraph not containin
a multicoloured copy ofH . The first construction is to take all colours equal to so
fixed extremal graph forH , the second is to take up toe(H) − 1 copies of a complet
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graph. WhenH = Kr is a complete graph andn is sufficiently large, we showed th
one of these two constructions is always extremal, and the transition occurs
k = σKr (n) = �(r2 − 1)/2�. This probably remains true even forn � Cr2, for some
constantC. On the other hand, the picture seems less clear for smaller values on, as
the approximationtr−1(n)/

(
n
2

) ∼ (r − 2)/(r − 1) is no longer accurate, soσKr (n) will
depend onn.

• It would be interesting to classify the graphsH that have only these two extrem
constructions. Perhaps this class includes colour-critical graphs, complete bi
graphs and even cycles? Our results for 3-colour-critical graphs andC4 provide some
preliminary evidence for this conjecture. However, as we saw with the example
bowtie, there are graphs with other extremal constructions.

• Finally, we remark that Theorem 1.1 can be extended to a more general class of
than graphs. For a setX, we write 2X for the set of subsets ofX. We refer to a
subset of 2X as afamily and to a collection of families as aproperty. Motivated by
the intersection/union transformation from Lemma 2.1, we call a propertyP a lattice
property if wheneverP ∈ P andQ ∈ P we haveP ∪ Q ∈ P andP ∩ Q ∈ P . Note
that the set of all graphs is a lattice property, indeed, so is the set of allr-uniform
hypergraphs for anyr.
For a family F ⊂ 2X , we write ex(P,F ) = max{|P |: P ∈ P,F 	⊂ P }. A family
in P achieving this maximum is calledextremalfor F . A simply (k,P)-coloured
family is the multiset sum ofk families P1,P2, . . . ,Pk ∈ P , called colours. Write
exk(P,F ) for the maximum size of a simply(k,P)-coloured familyG not containing
a multicoloured copy ofF . Using the same arguments as in the proof of Theorem
we can obtain the following generalization.

Theorem 6.1. LetP be a lattice property andk > max{|P |: P ∈P}−ex(P,F )+|F |.
Thenexk(P,F ) = k · ex(P,F ). Furthermore, in an extremal simplyk-coloured family
for F , every colour is an identical extremal family forF .

This theorem can provide a basis for studying multicoloured versions of various othe
problems in extremal set theory.
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