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ABSTRACT. Let p be an odd prime kA€ Z, p tA, d=(p-1k), d =
(p—1,k—-1), s —1)/d, t = (p — 1)/d1, E the set of even residues in
Zp =Z/(p), O the set of odd residues, and Ny = #{z € E : Az* € 0}, We
give several estimates of Ny, each of different strength depeuding on the size
and parity of s, t and k. In particular we show that Nj ~ prmrlded that k
is even and the set of all k-th powers is uniformly dlstrlbuted or k is odd and
di = o(p). We also show that if t and [4| are both small odd numbers then
Np ~ (1 - %J%

1. INTRODUCTION

Let p be an odd prime, Z, = Z/(p), E the set of even residues in Z, and O the
set of odd residues,

E={246,....p—1}CZ,, O={1,3,5,...,p—2} CZ,,

with characteristic functions xg, xo respectively. Lehmer posed the problem of
determining the number N_; of even residues with an odd multiplicative inverse
(mod p) [17, Problem F12]. One expects N_j ~ p/4 and this was proven by Zhang
[30]. Here, we consider the more general problem of determining the number Ny of
even residues such that Az* is odd,

Ni = Ni(A) = #{z € E: AzF € 0},
where k, A are any integers with p { A, (with the convention that ! denotes
the multiplicative inverse of z in Z,). Lehmer’s original problem is just the case
k = —1, A = 1. The Goresky-Klapper conjecture [14] on the decimation of /-
sequences amounts to proving that Ny > 0 for p > 13 and (k,p—1) = L.

For the general case one does not always have Ny asymptotic to p/4. Two
parameters play a key role in the determination of N,

d:=(k,p—1), and dy:=(k—1,p-1),
and their companion values,
p—1

s =——, and t:i=——m.

ST d
We find for instance (Example 9.1) that if ¢ and |A| are both small odd numbers
then Ny, ~ (1— )&, In other words, the probability that (m even residue becomes
odd under the mapping z — Az(Pt=1/t ig agymptotic to (1 - ). On the other
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hand, if both s and k are even then we have exactly Ny = (p —1)/4; Theorem 1.3.

We also show that Ny ~ & provided that k is even and the set of all k-th powers is

uniformly distributed, or k is odd and d; = o(p); Theorem 1.1 and Theorem 1.2.
Let e,(-) = €2™/P denote the additive character on Z,, and set

—— k
(1.1) ®(k) = > ep(az®)|,
a0 z7#0
- k
(1.2) Pk, 1) = ﬁé‘%‘,, Zep(aa: + bx)|,
abto |T70
and
(p=1)/2
(1.3) @' (k) = Z ep(az®)|.
az0 z=1

Using the Erdés-Turan inequality we prove (Section 2),

Theorem 1.1. For any integer k,
4 I TR . [ 356p
(1.4) ‘Nk 4‘ < ﬁ@(k)mm{lob (é,(k) log(5p) b .

If k is even then

&' (k) = %@(k).
If k is odd then

(k) < Lo (k) + %log(Sp)(I)(k, 1),

b |

Since zlogz — 0 as z — 07, we see that if k is even then Ny ~ p/4 provided
that ®(k) = o(p), that is, the set of all k-th powers is uniformly distributed. This
phenomena fails when k and ¢ are both odd. Indeed, one can have (k,p—1) =1,
so that the set of k-th powers is all of Z;, but not have Nj ~ p/4; see Example
1.2. In the original Lehmer problem, where k& = —1, we have ®(—1) = 1, and
®(—1,1) < 2,/p, the Kloosterman sum bound, whence Theorem 1.1 gives the result
of Zhang, |[N_; — §| < \/f)logz p. Note, since ®'(k) > 3v/p+1 (see (2.1)), the
second option in (1.4) is only useful for small p < 20, 277.

Open Problem 1. How large must s be in order to have ®(k) = o(p), (where
s, as defined above, denotes the number of k-th powers in Z;)? It is known, by
the work of Bourgain [4], that there exists a constant ¢ such that ®(k) = o(p)
for s > pﬁ’ﬁ?ﬁ; see Section 5. It is also known that with s = logp one has
@(k) =~ p. The conjectured bound of Montgomery, Vaughan and Wooley [25],
& (k) < v/dplogp gives ®(k) = o(p) provided ]—05-2 — 0 as p — oo.

For odd k we can bypass the concern of large ® (k).
Theorem 1.2. o) If k is odd and t is even then

[N — B| < 0.35 p®/%210g%/2(5p).



LEHMER PROBLEM 3

b) If k is odd and t is odd then

|Ny — | < dy +1L.
ogp
Thus, if k is odd we have Ny ~ p/4 provided di = o(p). If d; is on the order of p
in size, this can fail to happen; see Theorem 1.5. The proof of Theorem 1.2, given
in Section 8, uses Theorem 1.1 as well as Theorems 1.3, 1.4, 1.5 and 5.1 below, and
a small refinement given in Section 6.
There remain the cases where k is even and s is very small (so that ®(k) # o(p)),
and when k is odd and ¢ is very small (so that d; # o(p)). To get a feeling for what
one should expect in these cases we consider a couple of examples.

Example 1.1. Small s. If ¥ = p— 1, then 2* = 1 identically and so Ny = 0 or
1’;—1, depending on whether A is even or odd. If k = 3"2'—1, then z* = +1. Since A
and —A have opposite parity and roughly half of the even residues are quadratic
residues, one gets Ny = (p — 1)/4 (k even) or Ny ~ p/4 (k odd). If k = 25! and
C1, C4, Cy are the cube roots of unity then Az* = AC;, ACs or AC3 (mod p), and
one obtains Ny = 0, pg—l, 2=l or Pg—l depending on the number of these values that

3
are odd; see Theorem 1.3 (a).

The following theorem treats the case of small s. When k is even we find that
Np. is exactly 5%1 times the proportion of k-th powers C; with AC; odd. If s is also
even this proportion is 1/2 since —1 is then a k-th power and so we get N = P;—I
When k is odd we get Ny ~ p/4 for s sufficiently small.

Theorem 1.3. Let k, A be any integers with pt A and (Z3)* = {C,...,Cs}.

a) If k is even then Ny = f% i1 x0(AC;). In particular, if k is even and s
is even then Ny = E=.

b) If k is odd then | Ny — B5%| < 522 /plog(5p).

Next, we deal with the case where ¢ is small.

Example 1.2. Small {£. Suppose k£ = %1-, so that ¢t = 2. Then Az* = Az or —Ax
(mod p) according as x is a quadratic residue or not. Thus one expects half of the
even residues to remain even and half to become odd; indeed, Corollary 1.1 gives
|Ne — B| < /plog” p.

k= %2, so that ¢t = 3, then Az* = AC iz, ACaoz or ACsz (mod p), where
again Cy, Cy, Cy are the cube roots of unity. In effect, the problem becomes lin-
earized, and as we see in Section 7, we need to examine the distribution of points
on the lattices y = AC;z (mod p). If none of the lattices have a small point
(0 < max(|z|,|y|) < 1) then we find (Theorem 1.5) that the even and odd values
are equidistributed and so Ny ~ p/4, but if one of the lattices has a small point,
bias may occur. For k = E;—g, we find that Ny, is asymptotically somewhere between

£ — & and & + 5, depending on the size of the minimal point.

Let
(Z3)F " ={Cy,...,Ci},
and for any C € Z, p{ C, let F(C) denote the number of even residues « such that
Cz is odd,

(1.5) F(C) = xu(z)xo(Cz).
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In Section 4 we prove

Theorem 1.4. For any k and A withpt A

T 1 :
Ny~ 2> F(AG)| < =5 (t—1)y/plog?(5p).
=1

Corollary 1.1. For any k and A with pt A,

. p—1 L (t —1)/plog*(5p), if t is even,
(1.8) [Ne———]|<K% 2 2 1 ey,
q =5 (t = 1),/plog™(5p) + &7 log™(5p) + 3, ift is odd.

Thus Ny ~ p/4 in the range log>*p < t < N log®*tp. For very small odd ¢
more work is required. On average F'(C) is p/4 and our interest is in estimating
the discrepancy
(1.7) éc = F(C) - g
Trivially [0¢| < . The value of dc depends on the distribution of points in the
lattice

Lo ={(z,y) €2Z* :y=Cz (mod p)}.
Let |(z,y)lo = max(|z|, |y]),
Ac = min{|(z,y)lo : (2,y) € Le, (z,y) # (0,0)},

and (z¢.yc) denote a minimal point with |(zo,ye)lo = Ac. Put A = dac,,
8 = dac., 1 <4 <t and let (z;,9;) be a point in Lac, with |(zi,yi)lo = A
Reorder the C; so that

A€ A< <A
In particular, \; = 1 if and only if AC; = %1, in which case we can take (z1,11) =
(1,#£1). In Lemma 7.2 we give the estimate

w2p 1
oc| < =—— + /2plogp + .

Another estimate for the discrepancy is given in Lemma 9.1. If ¢ is odd we show
that only &; can have any effect on the asymptotic value of N, establishing in
Section 7,

Theorem 1.5. a) If t is odd, then

4 lo
b) Ift > 1 is odd and t < logp then

T—

P 51 pEET
Ne—- =+ )|« ——.
k (4 t)‘ t

Remarks. 1. In [5] the authors proved that if d = 1, then for p sufficiently
large, Nj, > 0, resolving a conjecture of Goresky and Klapper [14]; see also [15],
[16]. The theorems above generalize this result to the following cases: (i) & is any
odd integer, ¢ > 1, and p is sufficiently large (Theorem 1.2 for ¢ even, or ¢ odd
and t >> logp, Theorem 1.5 for ¢ odd and t < logp); (ii) k is even, p is arbitrary,
and Az* is odd for some o € Z, (Theorem 1.3 (@)); such is the case if s is even

5,
‘Nk = (2 + —L)’ < Z’I’ +t\/f)log2p.
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(Theorem 1.3 (a)), or if s is odd and ®(k) < p/5.24, (Theorem 1.1, for in this case
[Ny~ & < £

2. Yuan and Zhang [29] studied the number of times z* (mod ¢) and 2~
(mod ¢) have the same parity mod g for general g and (z,q) = 1, obtaining the
asymptotic value ¢(q)/2 4+ Ox(¢*/*d(¢q)"/*(log g)*). We note that the constant in
the big-O depends on k, although the dependence is not indicated. Shparlinski [27]
generalized their result to systems of congruences.

3. Louboutin, Rivat and Sarkézy [22] studied the related problem of determining
when z and ™! have the same parity over an interval, showing that for any ¢ > 0
and any interval I of length |I| > p2*¢, as z runs through I, the probability that
x and 27! have the same parity tends to —21— as p — oa. They also studied the

pseudorandomness of the sequence (—1)%*+%" : (taking z,z7! € {1,2,...,p — 1}).

Open Problem 2. When does N = 0?7 More specifically, when is k& even and
2* odd for all nonzero 2?7 Example: If p = (3% — 1)/2 and k = (p — 1)/s then the
group of k-th powers Gy, is just < 3 >= {1,3,3%,...,3%71}, all odd, and s = log p.
More can be said il G contains a pair of multiplicatively independent integers
a,b. In this case, by the work of Furstenberg [13] and more specifically Bourgain,
Lindenstrauss, Michel and Venkatesh [8, Theorem 1.10] there exists a constant
¢(a,b) such that if p > c(a, b) then every coset of the subgroup < a,b > contains
both even and odd residues, and therefore so does every coset of Gy. Indeed, for
any integer o with p { x there will exist both even and odd residues of the type
za't! with 0 < i,j < 3logp.

Open Problem 3. How large can s be and still have a disproportionate number
of even or odd values in the set of k-th powers? This has direct implications on a
lower bound for ®(k). Indeed, if (kn,pn) is a sequence of exponents k,, and prime
moduli p, — oo such that Ny + p,/4, then ®(k,)/pn # 0.

2. THE ERDOS-TURAN INEQUALITY AND PROOF OF THEOREM 1.1

In this section we employ a version of the Erdds-Turan inequality for estimating
Ny. For any sequence of points § = (z1,...,zy) in Z, set

N

Z Ep(y:’?n)

n=1

$5 = max

: 2
Since Zz;} ‘Zgzl ep(ywn)‘ > N(p— N), for N < p we note the lower bound

(2.1) Dy > -JM.
p—1

Our goal is to estimate the number of points in S contained in a given interval
I'={a+1la+2,...,a+ M} CZ, with M < p. The simplest approach is to
use the characteristic function x; of the interval, with Fourier expansion x;(x) =
_‘fyzl ar(y)e,(yz), where

y#0

ar(0) = M/p, ar(y)=p e ((—a— L ) sin(rMy/p)

E 5) sin(my/p)
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Now

Z Xi(a) = Z 3" ar()ep(yzn) = ar(ON + Y ar(y) Z ep(yTn),

n=1 =1 ¥ y#0
and so

(2.2)

S 2

n=1

= ‘1’92|ﬂf(y)|

In Lemmas 11.1 and 11.2 we prove that for any interval I,

p=1

(2.3) y; lar(y)] < % logp +0.35 < % log(3p),

and that for any interval of length M = (p +1)/2,

(2.4) Pz_i lar(y)| < : logp + 0.482 < = log(5p).
i ™ m

From (2.2), (2.3) and (2.4) we deduce that for any interval I,
N
(2.5) szl x1(zn) — % < % log(3p)®s,

and that when M = (p +1),

4 MN
> xi(zn) — ——
n=1 2

One can improve this estimate for large p by using a smooth approximation to
the characteristic function, leading to an Erdés-Turan type inequality. At the end
of Section 10 we prove

1
(26) < ~log(5p)s.

Theorem 2.1. For any sequence S = (x1,...,2N) in Zy, interval I = {a+1,a +
2@t M’} C Z,, and positive integer H < p,

MN N N 2

m
§: 4+ Z(logH o
2 xr(en) — o H+1 - + - (log, + v+ 2) s

where v = 0.57721.. is Fuler’s constant. If M = pjz:—l we have the sharper bound

ZXF Tn) —

n=1

N

log H log 2
_H—I—l (og + v+ 7 + log 2) @,

Corollary 2.1. For any sequence S = (x1,...,xn) in Zp and interval I = {a +
la+2;....a+ M} CZ,

Z x1(@n) %\r— < % (log(N/®5) + 1 +7+ 5 +log(r/2)) @

n=1

and if M =

%(p:k 1) and 7N/®g < p then

Z X:"(fﬂn) - ?

n=1

~1|~

(log{N/@_g) + 147+ 7 +log(2m)) Ps
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We note that the corollary improves on (2.5) and (2.6) when p*/"®g > 18.18N
and p®g > 140.7T9N, respectively.

Proof of Corollary. Set H = [%} If N < %p ®g, then H < p and we can apply
Theorem 2.1 to obtain the first upper bound

205 2 TN T
P +; (IOD (E) b g8 e 2)‘1’3
2
< 25 (log (V/@s) + 1+ 7+ 3 +log (n/2))

If N > %p ®g the corollary follows from (2.5). For the second inequality we
similarly take H = [5‘%] < p. O

Proof of Theorem 1.1. Let z, = A2¥"1n* (mod p),1 <n < PE—I, and

I'={-1,-2....(~(p—1)/2)}.

Let I = I" or I’ U{0}. Note that for either choice of I, z;,, € I is equivalent to
A(2n)* € 0 and so Ny = S8 D2 3 (z,).
With ®'(k) as in (1.3), from (2.1) we have the lower bound ®’'(k) > 1p + L.
We assume that p > 7 (otherwise the bounds are worse than the trivial bound p/4).
Taking I = I' U {0}, so that M = (p + 1)/2, we obtain, in the manner of (2.6),

\Nk - %] <X lesI )

Hence, using Lemma 11.2,

P 1 8e"p
2 Np—=1< (=1
&Ll ‘ - 4‘_(17 og( ™

) + E(;;)) &' (k) + % < %log (%ﬁf) @' (k),

since,
1 & 0.192 i 1 £0
4p®’ (k) P 2pVp¥1
This gives the second inequality in (1.4).
Checking that 7N/®s < wi(p—1)/4/p+1 < p, Corollary 2.1 gives

(p—1)
4

E(p) +

Ny — ‘ < %(bg((p—- D2 KN +14+y+7+ log(Qw))@'(k),

and so

e

1
‘Nk = f—” < ;r-(]og(p/@"(k)) Fldqtn —|—logvr)¢>"(k) :

From the second inequality in (1.4) we can assume that ®'(k) > 71.2. The first
inequality

[ Vi~ 2| < = 1og(356p/0' (k)2 (k)

now follows on observing that 14+~ +m +logm + £ /71.2 < 5.8746.
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If k is even then trivially &' (k) = & (k). For odd k we have with I = {1,2,..., (p—
1)/2},

(p-1)/2

p—1 p=-1
Y eplyzt) = Zx;(a:)ep(w") = Z ep(yz) Za; (2)ep(2x)
r=1

Ze,,(y’rk)—rZa;( Zep(y::, + zz),

2#0 z=1
and so by (2.4),
1
@'() < 52(K) + = log(5p) (k1)
T

3. Proor oF THEOREM 1.3

When s is small, that is, the number of k-th powers is small, then we have no
nontrivial estimates available for ®(%), and so an alternate method is required to
estimate Ny. Let d = (k,p—1), s= (p—1)/d, and

(Z;)k = {Cl,. ; .,C_.;}

be the set of nonzero k-th powers. Let ¢; be a value such that cf = C; (mod p), so
that

Zy = c1(Zy)°* U---Ucs(Zy)®.
Noting that xo(z) = xe(—2), and that for z € ¢;(Zp)°, z* = C; we have

N = ZXE(m}X@(Axk) = ZXO(ACi) Z Xe(z)
P i=1 w€ei(Z;)*
Z_Zx@AC)Z > p(@e) | xelz)

zF#0 \YPF=1fg
= Main + Error,

where

Tar —p;l 3 :
Main = o ;XO(ACJ,

o= ¥ 5 XolACHH(E) ¥ v@xa(a
=1y 1=1 T#0
‘J’?ﬁl’n
Note that Main = %‘ if —1 is a k-th power, that is, s is even, for then the even
and odd values can be paired, AC;, —AC;. For the error term, the sum over z
is zero if y(—1) = 1 since in this case P2 y(z) = 13, ¥(x) = 0. When
¥(—1) = —1 we appeal to the bound of Polya. Landau, Schur and Vinogradov for
incomplete character sums.
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Lemma 3.1. Let I be any interval in Z, and ¢ any nonprincipal character
(mod p). Then

a+M

> ¥(@)

r=a+1

< V3 lal)] < 77 Ploe(3)

and for intervals of length M = (p£1)/2,

a+M
> 4(@)| < VY law)] < = VFlog(5).
T=a+1 y70

Slightly better bounds are available with greater effort; see Hildebrand [19] and
Bachman and Rachakonda [1].
Proof. Letting x; be the characteristic function of I, we have

a+M

> v Ztﬁ(d")x:(f) Zw(-v)z y)ep(yz)
r=a+1
0> ¥ +Za(y)zw ep(yz) = Y aly) Y b(@)ep(ya).

y#0 y#0 «

The sum over x is just a Gauss sum of modulus ,/p. The lemma is now immediate
from (2.3) and (2.4). O
Thus for any nonprincipal 1,

(p-1)/2 .
Y. ¥(@)| < —vplog(sp).

=1

(3.1) Y(z)xe(z)| =

If k is even, then ¢(—1) = 1 for all 9 satisfying ¢* = 1 while if k is odd then
—1) = 1 for exactly half of the 1 satisfying ° = 1pg. Thus Error = 0 if k is
even, and if k is odd,

§—1
|Error| < Q—w\/ﬁlog(f)p),

completing the proof of Theorem 1.3.

4. PrOOFS OF THEOREM 1.4 AND COROLLARY 1.1

In this section we proceed as in the previous section, but using the set of (k—1)-
th powers rather than the set of k-th powers. Let dy = (k—1,p—1),t = (p—1)/d,,
and

(4.1) (Z;)k“l ={Cy,...,C¢}

be the set of nonzero (k — 1)-th powers. Let ¢; be a value such that cf‘l =
(mod p), so that

Zh=a(Z) U Ua(Z).

Noting that xg(z) = xg(—=), and that for x € c\;(Z;)t, zF = Cyz we have
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Ny,

i

ZXE(ﬁU xo(Az*) = Z Z XE(z)x0(AC;x)

i=1 w€ci(2)t

%ZZ 3 v(@z) | xe(@)xo(ACiz)

i=1 = Pt=1g

—ZZXE z)xo(AC;z) +- LD ZZW% z)xe(#)xo(ACiz)

i=1 = .Q)* =y =1 &
P#ty

L&
B Z F(AC;) + Error,
where F(AC;) is as defined in (1.5) and

1 t
(4.2) Error = 7 1&2 Z; szﬁz(a’w)XEfﬂf)XU(Aciﬂ?)-
VEvo

Now for any nonzero b, C,

Z"f’(bﬂ")XE( )xe(Cz) = Z (Z ag(y) Ep(w)) (Z GE(Z)%(ZCQT)) P (bz)

& x -4

=>"Y " ax(y)ae(2)G(y + Czb),

where G(y + Cz,b) is the Gauss sum G(y + Cz,b) = >, e,((y + Cz)x)y(bx), of
modulus /p, unless y + C'z = 0 in which case it vanishes. Thus we obtain from
(2.4)

> (B z)xe(z)xe(Cx)

< VP Y lae@) Y lag(2)] < 2 log®(5p) v/
¥ z

and
|Error| < (t — 1) 2 log?(5p) /P,
completing the proof of Theorem 1.4.
Proof of Corollary 1.1. 1If ¢ is even, so that —1 is a (k — 1)-th power, then by

pairing AC; with — ’1[_‘1 and observing that F(AC;) + F(—AC;) = E5* one gets
15 F(AC;) = 22 and so

‘Nk N @‘ < %(i — 1)y/plog?(5p).



LEHMER PROBLEM 11

Suppose now that t is any positive integer. Using the Fourier expansion for xg
we have

F(C) =) xe(@)xe(-Cz) =Y a(y)ae(z) Y ep(yx — Czx)

= pag(0)® +p ) ax(z)ae(C2)

z#0
_(p=1}
(4.3) % +pG(C),
where
(4.4) G(C) = ar(2)ax(C2).
z#0
Thus
1 ¢ (=17 p
415 —_ ] _—
(4.5) rgF(AC,} T Z;G(AC;),
and
t i
> GACH| <Y  la(2)ar(AC;2)]
=1 1=1 z5#0
1
< Z Z lag(2)ag (u)| < = log(5p).
z#0 u#0
By (4.5) and Theorem 1.4 we get
P—-13%_»p, o (t—1) 2
it S 2y W - e e g v
‘Nk | S log®(5p) + = VP log”(5p)

5. ESTIMATES FOR MONOMIAL AND BINOMIAL EXPONENTIAL SUMS

In order to apply Theorem 1.1 we need estimates for monomial and binomial
exponential sums. Several are available. In [12, Theorem 2.2] Cochrane and Pinner
proved the explicit monomial bounds,

Lemma 5.1. Suppose k|(p—1). Put A = —53 = 1.51967... . Then

kp'/2, k<3 p'/?,
(I)(k) Pl kﬁ,’SPS/B, 3 pI/S <k <p1/2’
A k3/8p3/4, p1/2 <k< % p2/3_

The first bound is just the classical bound for a Gauss sum, while the second two
are due to Heath-Brown and Konyagin [18] (with a big-O). Next to each bound we
have indicated the interval where the estimate is optimal. Konyagin [20] established
further bounds of this type, nontrivial for k as large as p*/4. There is also the recent
e-6 bound of Bourgain and Konyagin [7] and Bourgain, Glibichuk and Konyagin
[6]: For any ¢ > 0 there exists a § > 0 such that ®(k) < p'~? provided d < p'~*.
More recently Bourgain [4] has proved that

D(k) < pl—cxp(—cmﬁ‘%’“ﬂﬂ)
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for some absolute (undetermined) constant C' > 1.
For binomials there is an abundance of bounds available; see [11] and [12] for a
discussion. In particular, Cochrane and Pinner established [12, Theorem 3.1],

Lemma 5.2. For any k € Z,
Bk, 1) < (k—1,p— 1) +2.292 p89/92,
We readily deduce from Theorem 1.1,

Theorem 5.1. a) For any integer k,

‘ P|< d*8p3 4 logp, if k is even
(dy + 99 log? p, if k is odd.

b) For any € > (O there exists a d > 0 such that if d < p' ¢ then

(N ‘ . pt™%,  if k is even,
X p'=8 +dilog?p, ifk is odd.

Proof. Inserting the third estimate in Lemma 5.1 and the estimate of Lemma 5.2
into Theorem 1.1 proves part (a) for k even, and for k odd yields

|Nk - 5‘ < d*%p** logp + (dq +p89/92) log” p.

If d < p*®/%9 then the first term is < p®/*2logp and we are done. If d > pi/%

then s < p2*/%9 and so by Theorem 1.3, for k odd,
‘N. - g‘ < sy/plogp < p' /138 log p < p®/9% log? p.
The e-§ bound of Bourgain [3] for (k) and Lemma 5.2 give part (b) in the same

manner. O

6. REFINEMENT OF THEOREM 5.1 FOR SMALL d, d4

In this section we obtain a slight improvement in the upper bound of Theorem
5.1. LLt xg be the characteristic function of E with Fourier expansion yg(z) =

zy 0 @e(y)ep(yx), Noting that xo(z) = xe(—x) we have

N =) xe(@)xo(4z*) = Y xe(e)xe(-Az")

#0 x#0
== Z Z ag(u)ep(ux Z ag(v)ep(— At!x Z Z ag(u Z ep(uz — Av:rk)
T#D u x7#0
= (p— Dag(0)* + ax(0 Z“h u)ZeP ur)
u7#0 x#0
+ ag(0) Z ag(v) z ep(—Avz®) + Z ZGE(u)GE('U) ZCp(uw — Avz*)
u#F0 xF#0 u#0 v#£0 x#0

= (p—1)ag(0)? + ag(0)® + E, + Ea,
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where

By =ag(0) ) ag(v) Y ep(—Ava")

w0 T#£0
By = Z z ag(u)ag(v) Z ep(uz — Avz®).
uz0 v#£0 z#£D
Now ag(0) = |E|/p= (p — 1)/2p, and so,
n—1)2
pag(0)? = ,(p_r.)_._
4p
If we proceed by using the bounds
. 1
(6.1) |B1| < 5~ log(5p) @ (k),
and
(6.2) |B2| < — lﬂg (5p)®(k, 1),

available by (2.4), then we just obtain
yu 1 1 ]. 2
—al g == D - Pk, 1
[N = 2| < 5 + o log(5p) (k) + — log” (5p) (&, 1),

a bound already seen in Theorem 1.1.
We can save an extra y/logp by using an alternate bound for E5 that we shall
derive below:

(6.3) |Ba| < YAM! 1 10g*? (5p),

= 21;41 Si7i a2l
where

(6.4) M = #{(z1,22,23,24) € (Z2)* : 21 + 22 = 33 + 34,2} + 25 = 2§ + 2}},
yielding

Proposition 6.1.

VAN 1032 (5p).

. v 1 1 _ : 1

Corollary 6.1. Letd = (k,p—1),dy = (k—1,p—1). Ifd,d, < 1.68(p — 1)6/23
then
‘Nk - —‘ = + — log(f)p)@(k) +0.346041 /%2 10g®/2 (5p).

Proof. Theorem 7.1 of [12] gives the estimate M < 27.57(p — 1)%6/23 provided that
d,dy < 1.68(p— 1)16/ 28 The corollary is now immediate from the Proposition. [

Proof of Proposition 6.1. It suffices to establish (6.3). To do this we follow the
method of [5]. Let a(y) = ag(y). Then

|Pz|<ZZ|au Zep(m—Aur Zz,ﬁu v') Zepur+01

uz#0 v#0 T#0 w0 v'5£0 70
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where B(u',v') = ﬁzw&o |a(zu’)a(AjzFv")|, and AyA = —1 (mod p). Next,
from Hoélder’s inequality

L
4N ¢ 3 1
Bl [SE Sawetva| | (T Town) [T o0
uw v |x#0 w' #£0 v’ A0 w!#£0 v #£0
(6.6)
= By*E,?EY*,
say.

Clearly, E3 = p*M, with M as in (6.4). Next, using (2.4),

Ey=Y Y Bu,v)= I% S5 Y laau)a(Azt ) = S0 fa(w)a(v)l

w#0 v/ £0 A0 w! #0 v! £0 w0 v£0

IA

1. .
— log®(5p).
Vig

Finally, for Es we have

! ! 1 £ ¢
By = Z Z Blu',v')? = GoiF Z Z Z Z la(zu)a(AzFv")||a(yu')a(A1y*')|
w! 0 v #0 (® w0 370 u/70 v/ £0
1
St 5 la(ur)a(en)lla(uz)a(vs)|
p—1

1Suy,ug,v1,v2<p
{1};/1)2)5(11.1[\1:.2)" (mod p)

1 . .
— > la(w)a(juf)lla(uz)a(juf)|
¥ 1<uy,uz,j<p

= X la(ma() Y laGub)a(u).

1<uy uz<p

Using the Cauchy-Schwarz inequality, Parseval identity -, la(y)]? = % Y X)) =

33.2_-;',—1 and (2.4) we obtain

1 i
Es < o1 Z la(u1)a(us)] Z ia(J”z
p 1<u; us <p i

1
5 2 la(un)eua)
1Zuy,ug<p
1

2
< M log”(5p).

Thus, by (6.6) and the estimates for 3, E4 and Es,

1/2 1/4
, 1 1 1 i
|B2| < (M) (; logz(Sp)) (%gp logz(ﬁp)) < sasP MY log™ 2 (5p).

O
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7. Proor or THEOREM 1.5

For any integer ' with p { €, let £ denote the lattice of integer points satisfying
y = Cz (mod p), so that

GO = Y @),

(z,y)eLe
O<max(|z|,|y|)<p/2

where G(C) is as defined in (4.4). Let |(z,y)|o = max(|z|, |y|),
Ac = min{|(z,y)lo : (z,y) € Le, (,y) # (0,0)},

and (z¢, ye) denote a minimal point in Lo with |(ze, ye)lo = Ac. Put Ay = Aac,,
1 <4 < t, where the C; are as in (4.1), and let (z;,y;) be a primitive point in
Lac, with |(z;,y:)|o = A;. By a primitive point in a lattice we mean a point with
ged(z;,y:) = 1. Reorder the C; so that

AL LA

In particular, A; = 1 if and only if AC} = =1, in which case we can take (z1,11) =
(1,41). Let ¢ denote the discrepancy as in (1.7).

Lemma 7.1. If Lo has a primitive point (zo,yo) with [(zo,yo)lo < +/p/2 then any
other point in Lo with |(z,y)|o < \/p/2 is a multiple of (zg,y0). In particular,
(zo, y0) = £(zc, yo)-

Proof. We have yy = Cxp (mod p) and y = Cz (mod p) and so yoxr = zoy
(mod p). But |yoz — xoy| < p and so yoxr — xpy = 0. The result follows from

the assumption that (zg,yo) is primitive. O
Using the formula [5, Section 2] ag(z) = --%e_;n %, one has
el 1 | sin(wz/p) 1 1
BT 5 [sin@rz/p) | — p|sin(@rz/p)|

Then from the inequality |sin(rz)| > 2|z| for |z| < 1/2, we get

— 1
|ag (22)| < oM for 0< |z <p/2,
where 2 denotes the multiplicative inverse of 2 (mod p). We break L¢ into two
sets, the multiples of (z¢, y¢), and the remaining points (z,y) all of which satisfy

|z| > /p/2 or ly| > +/p/2 by Lemma 7.1. Thus

B = 1
IG(C)| < > o (22)lak (29)] < 7 > i
(z,y)eLe (wy)ELe '
0<max(|z| lyl)<p/2 0<max(|z|,|y|)<p/2
1 =1 1 1 1 1
“HeEFt: T Tt T 7
— i a
2lzcyol I 12 4 o p/2lz| 4 (zy)ELe p/2ly|
Ve/2<lyl<p/2 yp/2Z|z|<p/2
2 21
Bl Ll . V2logg
12|zcyc| VP

We immediately deduce from (4.3),
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Lemma 7.2. For any integer C' with pJ[C' we have

< ++/2plogp —|—
12lf€cyc
where, as above, (xc,yc) is the minimal nonzero point of the lattice Le.

Lemma 7.3. Let &, = dac, = F(AC:) — 2, Then

p 0
ZF(AC (p l) 12tzli“y +\/%]0gp+—,

i=2
Proof. By Lemma 7.2 we have

t
1
iy Zl F(AC)

-2

t
1 1
sF(ACy) + 3 2 F(AC;)

_(p & 'rrp
(7.2) = (4+ ) IQtZI o +92\/?1c-gp+

for some

As a consequence of Theorem 1.4 and Lemma 7.3 we have
t
‘ p, 0 p 1 2
: g < = —— +t./pl ;
(7.3) ‘N;\ (4+i-)‘<<ﬁ§2:]nygi+ vplog™p

We are left with considering the distribution of the values |z;y;|. The following
lemma is motivated by the ideas in Section 6 of Bombieri, Bourgain and Konyagin
[2].
Lemma 7.4. Suppose that t is odd.

a) Let2 < b < (p/2)Y/%. The number of t-th roots of unity C with 1 < |zcyc| < b
is at most (t — 1) [log(p/2)/2logh] ™" +1.

b) Let 2 < b < (p/2)Y8. The number of values i with 1 < |z;y;| < b is at most
(t — 1) [log(p/2)/4logb] ™ +1

If t is even the same result holds with 42 in place of the +1.

Proof. (a) Suppose that C is such a value with 2 < |zoye| < b. We assume here
that the z¢ > 0. Then for any positive integer n such that |(z%, y&)|o < |lzcyc|™ <
\/m, the point (xd,yg) is a primitive point in the lattice Lon satisfying the
condition of Lemma 7.1, and so (2, y&) = (Zcn,yonr ). Note that the values C™ are
distinct ¢-th roots of unity by Lemma 7.1. Now if powers from two different C, Cy
coincide, (25, ¥y5,) = (¢&,,v8,) say, then (z¢,,¥0,) = () 8ed(r8) | L5/ god(rs)y
(zcy, yo,) = (z7/ 8ed(r8) fyyr/8cd(n8)) for some o,y € N (and appropriate + signs).
Writing ged(r, s) = as + br then (z,4y) = (zc,,¥c,) where C3 = C2CS (for an
appropriate + sign). Thus both (z¢,,ye,) and (z¢,,yc,) are powers of (zc,,Yc,)
(since t is odd the + sign is decided by the power) with plainly |z, ye,| < b.

We I!]dY suppose then that the (z¢,ye) with 2 < [zcye| < b consist of powers
(gJ k! ) = 1,...,1, of a basic set of (g;,hi), i = 1,..,v, all of whose powers are
dlbtlll(,t Hence if there are N values of C with 2 < |zcye| < b

= log b
N = i — = i
2 ; [logigm]




LEHMER PROBLEM 17

while the number of (z¢,yc) with |zeye| < +/p/2 arising from taking powers of
the (gi, ki) is 31, [10;; v p/Z] . Hence

log [gihi]

t—12i[w} =i{lﬂg\/m log b ]

log |g: il | logb loglgihil

Z log \/p/ logh 1 N log\/p/2
logb log |gihs|| logb |’

The result follows on including C' = 1.
For even ¢ the argument is similar except that the values occur in pairs (2, £y).
(b) Suppose that (x;,y;), ¢ = 1,...,N are the minimal points satisfying 1 <
|z;y:] < b. By definition, y; = AC;z; (mod p). Then z1y; = g.lh:rm;'y] (mod p) where
(;/Cy is a t-th root of unity. After removing any common factor from (z1y;, ziy1)
plainly 1 < |zg, /e, ¥c.0.] < b%. The result now follows from part (a). O

Lemma 7.5. (a) Ift > 1 is odd and C' # 1 is a t-th root of unity (mod p), then
Ac > (p/t)/ -1,
(b) If t > 1 is odd then Ay > (p/t)V/2(t=1),

Proof. (a) Any point (z,y) € L must satisfy z* = y* (mod p) with 2 # y (mod p)
and so

et Py 4oty 24y =0 (mod p).

Since the form on the left-hand side is positive definite (for odd t) the sum is at
least p and the result follow.
b) Suppose that A; < Ay < (p/t)/2(t=1) Then as we observed above A¢, /o, <
1/C2

(p/t)Y/ =1 contradicting part (a). O

Lemma 7.6. Ift > 1 is odd, then

t
Z — 1) log(M\e) T afwa.ys,
iﬂia‘ye 10g(p/2) Az P if t < logp.

Proof. Writing
my = |{?- 2 A 1Igyi| = _‘}}|
we first note that for = > Ap

8(.'5 1)
Clz)= Zm < Tog@/2) log(Azz).

jgz
For Mz > (p/2)'/#® this follows from the trivial bound C(z) < t — 1. For Az <

(p/2)1/8 we use the fact that [2] > 2/2 for z > 1 to get [log(p/2)/4log(A22)] >
1 log(p/2)/410g(Azz) and so by Lemma 7.4 (b)

-1 _8¢t-1

log(p/2) | ~ 1 2
[“;;M 17 os72)

C(z) < C(hz) <

log(Aqz).
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(The +1 in Lemma 7.4 (b) can be omitted since, on this interval, |z1y1| < Az but
C(A2z) does not count |z1y1|.) Applying partial summation we have

t o0
Z 1 Z - <
=2 |:E‘iyil §=7s J Az U

8(t—1) /°° log(Aau) S 8(t — 1) log(A3e)
= log(p/2) Jx '

, u? o= log(p/2) Az
The first upper bound in the lemma is immediate since log(A3e)/Ao < 1.2. For
the second inequality we use the lower bound for Ay in Lemma 7.5(b) to get Ay >
31%;{J”M‘:_U (for t > 3), with this value at least 3 for (t —1) < 0.36 log p, and hence
log(A2e)/ g < log(p!/2(t=1)) /p!/2t=1) for (t — 1) < 0.36log p.

Finally, we note that the two bounds are the same for ¢ = log p. O

We immediately deduce Theorem 1.5 from (7.3) and Lemma 7.6.
8. Proor or THEOREM 1.2
(a) Suppose k is odd and ¢ is even. If p < 10%" then we have trivially

(8.1) ka - g < E < 0.35 p/92 10g%/2(5p).

If 5 < (0.35)(2m)p*/?2 log'/?(5p) then by Theorem 1.3 (b)
‘Nk - g‘ < f’?lﬁlog(ﬁn) < 0.35p%/92 1og®*(5p),
while if t < (0.35)72p13/92 log_”g(ép), then by Corollary 1.1
|N;c - g‘ < t;—gl\/f)logg(Sp} < 0.35p%92 10g®/%(5p).
Thus we may assume that p > 1027, d < 0.454729p*%/92/log"/?(5p) and d; <

0.248949p%9/92 10g'/2(5p). Using the upper bound ®(k) < Ad*/®p*/* (Lemma 5.1)
we obtain from Corollary 6.1,

‘N = E‘ < 0.540.18p599/736 10g13/16 (55) 1.0.346041p5%/92 10g®/ 2 (5p) < 0.35p5%/92 log®/?(5p),

for p > 10%7.

(b) Suppose next that & is odd and t is odd. By Theorem 1.3,
iNk - 3—;‘ < sy/plogp.
By Theorem 1.1 and the bounds ®(k) < d®/8p®/4, ®(k,1) < d; + p8/92,
‘Nk - {Ij‘ < &3 logp + (di + p°%/92) log? p.
Using the first inequality if d > p®1! and the second if d < p%!! we obtain
[Nk — B < (d + 9™/ log? p
89,92

uniformly for odd k. If d; < p®¥/9? we keep this inequality. If d; > p
Theorem 1.5(a), and the trivial bound |4;| < p/4, to get
|01 L

) 3/92 2 p
—_— — 1 d L
T T R Vplog®p < i

we apply

P
‘Nk — E‘ <
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9. ESTIMATES FOR F(C') AND THE DISCREPANCY d¢

Recall, F(C) is the number of even residues @ such that Cz is odd,
F(C) =) _ xe(z)xo(Cr),

and the discrepancy d¢ = F(C) — p/4. We can also talk about the complementary
function H(C) = F(—C) the number of even residues z such that Cz is even. The
following statements are evident,

F(-0) =2~ - F()
F(-1) = % F(1) =0,
(9.1) F(C) = F(C),

where €' denotes the multiplicative inverse of C' (mod p).

Lemma 9.1. a) For any nonzero integer C with |C| even,

: oo B| o Ol F1
(9.2) ‘F(C} 4‘ <&
b) For any integer C with |C| odd,
I\p| IC] 3
; W= [T 2| &l g,
(9.3) () ( C) 1 < 5 + 1

Proof. We shall prove the corresponding statements for H(C'). The statements are
trivial if |C'| > p/2 so we may assume that [C'| < p/2. Moreover from the identity
H(-C) = p;—l — H(C), it suffices to consider the case where 1 < C' < p/2. Then
H(C) is the number of values of n € {1,2,..., 25+ } such that 2jp < 2nC < (2j+1)p
that is, & <n < & + &£ for some j with 0 < j < [(C —1)/2]. Thus

R rp  p jp
4 p s} = e regpeads R i Bagrrrdl I

(9.4) H(C) ; [c + 20} [C}
Using [y] < [2] — [z — y] < [y] + 1, we have
i P C+1 D C+1
(2:5) [QCH > | 2EOE () 5|
and so
(9.6) ‘H(CT) e 9‘ @ 1Bl Poven,

4 2 2

Iyp| C 1 P
(9.7) ‘H(C‘)—(H—a) 4|< 2+4, 14045, C odd.

d
Corollary 9.1. Suppose that t > 1 is odd, t < logp, and that for some t-th

root of unity C;, AC; = m (mod p), where m is an odd number salisfying |m| <
(p/t)'24=V. Then |6, + 2| < % +2 and

1\p pl_ml-—-li
Ny—|1=—— )= i1 .
- (1- ) Bl <=
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In particular Ny ~ (1 — 1;— provided that m = o(p®-1).

mit
Proof. Suppose that AC; = m (mod p) where m is an odd number satisfying |m| <
(p/t)/*t=1) Since (1,m) € Ly, we have Aac, = A = |m| < (p/t)Y/?2(=1)_ But
then by Lemma 7.5, A2 > Aa¢,. Therefore Ay = A, and so by (9.3) we obtain,

1
kél ‘—‘ m}_(l“;r-?:)§<

Example 9.1. Suppose A is an odd number with |A| < (p/t)1/2¢=1) and t < log p.
Then the lm)OLlleses of the corollary hold with C; = 1, m = A and so we get
N~ (1 - 4)2.

O

Example 9.2. Let t be a positive odd integer such that 3* — 1 has a prime factor
p with p > /3t — 1. Then p is such that ord,(3) = ¢, where ¢ is an odd value with
t := llogyp, for some | with 1 <[ < 2. Set A = —1. The ¢-th roots of unity
(mod p) are just {1,3,3%...,3"'}. For 0 <i < t/2 we have by (9.3)

F 1\p| 3 3
‘F(—S) (1+34)4'<2+4*

while for i > /2 we have by (9.1) and the fact that 3* =1 (mod p),
F(-3) = F(-T') = P(~3").

Thus
?ZFAC’ %ZF( 3‘5):; +22F .
i—1

e ( 5)5o (50

=1

_lfp_Ll.p p(3 g1 (3 3
_ﬁ{g By 1)+6(2 E)mz (2 f)“m]

I T 33/ 5
where € := F30-a= < m Thuf:,

L 2\ p
E;;»ﬂ(,qc@-)— (HE) 5

and by Theorem 1.4,

[

13,012, 3 +_.‘/:£ 2!/
T t2 4 t t '

9N /2 :
N — (1 -+ ?) g‘ = pT+ \/}_Jl()gsp‘

On the other hand, §; = 2 — 1, and so Theorem 1.5 (a) gives |[Np — (1 + 1) §| <
p/log p. This apparent dlbcrepan(,y in the asymptotic estimate is explained by the
fact that in this example £ =~ mﬁ;, the same order of magnitude as the error term
in Theorem 1.5 (a). In particular we see that the error estimate in Theorem 1.5 (a)

cannot be improved.
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10. THE ERDOS-TURAN INEQUALITY AND PROOF OF THEOREM 2.1
The discrepancy of a finite sequence S = (x1,...,zy) of real numbers is given
by

By Ty) = sup

I=[a,8)c(0,1) NEX! $l =B~

The Erdos-Turan inequality states that there exist absolute constants ¢;,co such
that for any positive integer H,

N

Ze(hzzn} .

n=1

N s 1
Llynnnqd < 2 —
NDpy (11, _£N)_H+1+62;h

Kuipers and Niederreiter [21] obtained the admissible pair (¢1, ¢2) = (6,4/7), Mont-
gomery [24] (e1, ca) = (1,3), Mauduit, Rivat and Sarkézy [23] (e1,¢2) = (1,1) and
Rivat and Tenenbaum [26] (c1,¢2) = (1,0. 6028) (c1,¢2) = (1.1435,2/7), among
others. The latter also proved that any such pair must satisfy ¢; > 1 and ¢; > i
Here we obtain these optimal constants, but in a slightly weaker form of the in-
equality. Restricting to intervals I of length %, as in our applications, the constants
can be reduced further.

Theorem 10.1. Let (z1,...,xyN) be a sequence of real numbers and H a posilive
integer. Put ® = maxi<h<y \zﬂ_ (hzy)|. If I = [, B] is an interval in [0,1]
then
- N 2 m
~ NI < ——+ —(logH — ] @,
2 xalfenl) = NIl < g+ (logH +7+7) @,

where v = 0.57721.. is Euler’s constant.
If|I| = l then

N
—~+—(logH+'}/+n+Iog2)q>

{zn}) — H+1

Proof. The result follows readily from an inequality of Vaaler [28, Theorem 20,

(53)],
> xi{ead) - MU < 7

where by [28, (2.28),(2,29)]
(10.1) J(t) = mt(1 — |t]) cot(mt) + |t|, K(t)=(1—]t]),

for 0 < |t| < 1.
Setting m = H + 1, and observing that 0 < J(¢) < 1 for 0 < < 1, we obtain

_ ,N RS ( 1 h/m))
h=1 wh

.
& E‘)
2-l- 1

Z 2 (hay,)

+22([b1nﬂ'h“|| (h/(H+1) +K(hj{i;{_1 )

Z xi({zn}) — N|I|

n=1

A
3
+
i}
nm

1A

20
= (log(m — 1)+~ +
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with
1 T
T m—=1 2m’
When |I| = % then using the fact that sin(wh|I|) = 0 for even h, the sum
—im—1

heq 1/h can be replaced by

m—1 m—1 [(m-1)/2] oa

1 1 1 1 (m —1)2 1 ]m {u} 1 {u}

_— = —_— = l —_ — ——— _d
Zl h hzzl AT 2 " ([(m— 1)/2]) ot | e 3 g

i h=1 -1 [(m—1)/2] ¥
h odd
1 1 1 Lim-1)
Z.={loplm~ fog b Yo | BT 22
_Q(IOg,(m 1)+ +log )+2(m_1)+20g({%(m_1)])
and thus
2 N| N @
ZX]({SK-“})_E gE—l—;(logffmml)+7+log2+:rr+Eg),
n=1

with

= i

1 lim-1) ) T
Bp= —t g (2PN _
*Tm-1 B ([%(m— )]

The theorem follows since Ey, E; < 0 for m > 3 (the theorem is trivial for m = 2,
e H=1),

|
Proof of Theorem 2.1. Let (x1 + (p),...,on + (p)) be a sequence in Z, with the
x; € Z. We simply apply Theorem 10.1 to the sequence of reals (£%, ..., %}i) For

any interval I = {a+1,...,a+ M} in Z, and 0 < 6 < 1 there is a corresponding
interval I’ = [%‘5,5%;"1—_5] in R/Z of length |I'| = (M + 1 —2J)/p. So we have

N N
" xi(zn) = M| = |3 xaelln/p}) = NI
n=1 n=1

For the first inequality we take § — 1, |[I'| — (M —1)/pand § — 0, |[I'| — (M+1)/p
to obtain the stated upper and lower bounds respectively for Zle xi(zn). When
M = i(p—1) or §(p + 1) we can take § = % or 2 giving |I’| = 3 and the second
inequality. The results are now immediate, observing that the value @ in Theorem
10.1 satisfies @ < ®g. O

11. A TRIGONOMETRIC SUM OF VINOGRADOV

In this section we discuss the estimation of the Vinogradov sum
g

e e : sin(m My/p)
;m;(yn_p; sin(my/p) ‘

which was needed in Sections 2, 4 and 6. As before, the a;(y) are the Fourier
coefficients of the characteristic function of an interval I C Z,, with |I| = M.
Lemma 11.1. For any prime p and interval I we have

p—1
4 4
(11.1) > lar(y)| < — logp+0.35 < — log(3p).
y=1
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The estimate is a slight improvement on the upper bound given in [9, Theorem
1].

Proof. The bound is trivial for M = p so we may assume 1 < M < p. Cochrane

and Peral [10, Proposition] obtained the asymptotic formula
(11.2)

] &= sin(mMy/p) 8 = log |sin(mjM/p)|

log (4 —ay 2l A PRl Y,
p;;mmm} ﬂg%wmuﬂ+ﬁ; -1 TE®M

pli
where v is Euler’s constant and
]
E'(p,M) = E(p, M) — —(1og dp/T) + ,);M 2,
pli

with

4 1 1

S B ME N et e

3 S Ee M) S 5 %1 RGM2(42 —1) © 72%p
J

Here R(j7M) = minez |jM — Ip|. Using the trivial bound R(jM) > 1 we have

1 4
E’(p‘M)SE(p,fVI) ﬂ+“'2';<018
for p > 364. Since the sum over j in the asymptotic formula is plainly negative one
obtains the result of the lemma (checking small p on a computer). Ol

For certain length intervals, the contribution from the sum over j in (11.2) gives
an extra savings on the main term. For instance, when M = (p + 1)/2 we get,

Lemma 11.2. For M = {(p+1)

p—1 p—1
1 sin(mM
Z lar(y)| = Z ginlaMy/e)) . logp + 04 B,
2 p 2| Sinry/p)
with
v 822 192
=i (Si) = DASIBLy, 22 o 192
7 T P P

Numerical checking shows that the minimum value of E' = E(p) occurs at p = 3,
and so we have uniformly F > FE(3) = — 2 log(24e"2™/3 /7) = —0.1642....

Proof. Rather than appeal to the asymptotic formula above, we give a direct proof.
Since

. cos(my/2 if y is odd,

mwam=? (ry/29)| ify

[sin(my/2p)| if y is even,

we have
(11.3)
s T 1
S o) QZ(pZU Sm(my/p)l IQKPZI} ; INZ
Yl == = 2 ST g
e r i sin(ry/p) B sin(ry/2p)  p <~ cos :ITJ-/Z;U}

y odd Y 81?& T
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Writing mg = L%(p 4 I)J, we have, see [10, Lemma 1],

raje
3

21

1
=-—logp+1+E1
m i‘T

0 N
=R RN
ol
[

—~ (my/2p)
y odd

with

1 mo 1 ma 1
—log| — | <£E <= —= —_—
T 08 (p/4) sEis T log (p/ti) * 24wm3

Since 1/sinu — 1/u is increasing on (0, w) we have

ip-1)

1 3 111 i 1 B 1
p & sin(my/2p)  (my/2p) pi{Zsin(r(2k—1)/2p)  (m(2k—1)/2p)
v odd
1 pe/at1/2 1 1
_1 _ dz + E
P /1/2 sin(r(2z—1)/2p)  (nQw—1)/2p) 4oy
1 8
= log (;(\/5_. 1)) + Eo,
with

(-8 (1) -m) me (5 - (7).

Similarly, writing m; = L%(p — 1)/, since 1/ cosz is increasing on (0,7/2),
3(p-1)

7
-3 WO N 12#
p 4 cos(my/2p)  p & cos(wi/p)
Y evEN

1 24 1
= 5/0 mdm—l—Eg = ;10g(\/§+1) + By
with
_g(g_ml) <E3<_;}+§(ml+1_§)‘
Hence
p—1

1 v 1. (8, 1 :
Z|af(y)|—EIOgP'l';—i-;log(;(\/j 1))+ﬂlog(\/§+1)+}3?

y=1
where

E=F +E;+ E3

1 ma 1 1 4 1 p 1 V2 p
< —log| —= —— — . Jp—— P LI~ S ]__..)
-m 8 (p/"—l) * 247m2 + P (\/_ TT) (mz N 2 4) p + P ('m1 + 4

1 2 I
=_(1+z_\/:)l+ f(log(l-l/P)+l/p)+W, ffp:l mod 4,
2 p 7 (log(1 +1/p) = 1/p) + zrpyz: =3 mod 4,
0.192
5
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Similarly

1 ma i 4 p 1 \/§ P
E > ] YAt _ = - 4 = — M- i,
T log (p/él) P (\/i 11') (4 2 12) 7] (4 ml)

(log(1—1/p)+1/p), ifp=1 mod 4,
(log(l+1/p)—1/p), ifp=3 mod4,

Il

|
/;*\

|
RN
—
S -

+
EICE N
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