On Exponential Sums in Finite Fields

Jean Bourgain®
Institute for Advanced Study
Princeton, NJ 08540, USA

bourgain@ias.edu

July 2, 2010

(dedicated to E. Szemeredi)

0 Introduction

The purpose of this paper is to establish certain multilinear exponential sums
in arbitrary finite fields, extending some of the results from [B] for prime
fields.

Let us first recall the main result from [B].

Theorem A. Let 1 >0 >0 andr € Z,,r > 2. There is §' > (g)cr such
that if p is a sufficiently large prime and Ay, ..., A, C F, satisfy

|A;| >p° for1 <i<r (0.1)
H Al > 't (0.2)
i=1

Then we have the exponential sum bound

Z ep(x1...12,)

T1€AL,..., rrE€A,

<A A, (0.3)

*The author was partially supported by NSF grant DMS-0808042 and DMS-0835373
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Consider now a field F,, ¢ = p". An obvious issue one encounters with
a generalization of Theorem A is the presence of non-trivial subfields. More
surprisingly perhaps, it turns out that even if F, has no large non-trivial
subfields, the condition (0.2) still needs to be modified.

Theorem 3 on p. 20 below implies the following statement:

Theorem B. Let 0 < 4,00 < 1 andr € Z,,r > 2. Let ¢ = p" be sufficiently
large and Ay, ..., A, C F, satisty

|A;| > ¢’ for1 <i<r (0.4)

|A; N (aG +D)| < ¢%2|A| for3<i <, (0.5)
whenever a,b € F, and G' a proper subfield
Al Aol TT A2 > g™+ (0.6)
i=3
Then, denoting ¢(x) = e,(T'rg, /v, x), we have

Y W) < g A A (0.7)

T1 €AY, TrEAr
where we may take §' = C % (g)cr.

Remarks.
(0.8) Condition (0.5) may in fact be replaced by
|A; 0 (aG +b)| < |42 (3<i<r).

It follows in particular that if we fix the characteristic p and let n be
prime, we may take ¢’ = (cg)cr.

(0.9) Assume |A;| =---=|A,| = ¢°. Condition (0.6) becomes then

2

) 0.10
T+ 2 ( )

o>

This condition is in some sense optimal, as seen from the obvious ex-
ample Fq :Fp” :FPELT =n-— 1>A1 = :Ar :Fp‘l’SIFIMUZ %



Multilinear exponential sums arise naturally if one applies Weyl’s differ-
encing scheme to Gauss sums. More precisely, consider B C F,,r € Zy,r > 2

and
S = Zw(xr) (0.11)

z€eB

with 1) as above.
One obtains (cf. [Sch], Lemma 3.1)

SET < BB Y Y ‘ S @)

r1EB—B 2, 1€EB—B z,€B(z1,....,er—1)

(0.12)
where
1 1
B(zy,...,z,0) =[] [) (B—eiw1— - —&az). (0.13)
5120 67‘71:0

If B C F, is a linear subspace over [F,,, we derive immediately from Theorem
B and the preceding

Theorem C. Let r € Zy,r > 2,p > r and V a linear subspace of F,n» over
IF, of dimension

2n
=dimV > (146§ . 0.14
m m (1+ )7’+2 ( )
where 0 < § < 1.
Assume further that
IV NaG| < g %2p™ (0.15)
if G is a proper subfield, a € F ..
Then (assuming q large enough)
max Zw(azvr) <q p" with§ > C % (é)Cr’ (0.16)
acky zeV " . .

From Remark (0.9), we see that condition (0.14) on dim V' is essentially
optimal.

If e1,... e, is an (arbitrary) basis of IF, over F,, we define a ‘box’ as a
translate of a set

B={ties+ - +tpe,| 1 <t; <H;,1<i<n} (0.17)
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where 1 < Hy,...,H, <p. For H = --- = H, = H, denote (0.17) by By.
One easily verifies that if G is a proper subfield of F, and a,b € F,

|By N (aG +b)| < | Byl (0.18)
Also, in (0.13), the set By(x1,. .., x,—1) ia a union of at most 2™ boxes (0.17)

with H; < H.
From (0.12), one obtains therefore

— . ory|
IS|* < 2m|B—B* T Z Hmm (H H—TT’F e Tp1€)

T1,..Tr—1€EB—B 1=1

-y

(0.19)
Denote ¢ = ¢y the function on F,
: z||~t
¢(z) = min < : EH ),z elF, (0.20)
and )
P(t) == > wl2)ey(—t2). (0.21)
p0§z<p
Hence
p(z) = Y @lt)ey(tz)
0<t<p
and
cH <||¢|l1 < C(logp)H (0.22)
. 1
14ll2 = %H@Hz ~ cVH. (0.23)
Thus

(0.19) = 2™|B — B> " Z H o2l (Trzy ... xr1e;))

T1yeeny rr_1€EB—B i=1

=2"[B-BF T > a(@)(nr . aez) (0.24)

r1..xr—1€B—B z€lF,



where

Oé(x) = H@(tl) for x = tieq + -+ the,
i=1

satisfies by (0.22), (0.23)

(cH)" < ||la]|l1 < C™(logp)"H" (0.25)

a|ly ~ CH™? (0.26)

The double sum in (0.24) is estimated using Theorem 3 (stated on p. 20),
taking oy = 5 and a2:-~-:arzﬁ.

Take H = p” and o satisfying
140 2

o> (1+ >7" ) (0.27)

(0 <6 < 1). Assume p > p(r,0). It follows from (0.18) that (8.3) holds

with 6, = %. From (0.25), (0.26) and (0.27), (8.2) and (8.4) hold with

§ = min (2,2). From (8.5), we obtain

(0.24)] < ¢ [B” lalhg™ < ™ (logp)"|BI” ¢~ (0.28)
with & > C~7 (2)".
Hence, we proved

Theorem D. Let ¢ = p*,r € Zy,r > 2,0 < 6 < 1 and p > p(r,d). Let
H = p?, with

2
1446 2
o> (1+ >7" ) (0.29)
and By C F, the box as defined above. Then, with §' > C~= (g)cr
r n n27"tt ¢ 1y
1;%%%( E Y(ax")| < C"(logp) qg " H". (0.30)

rEBp

Remarks.

1. Both Theorem C and Theorem D remain of course valid if we replace
az” by an arbitrary polynomial f(z) = a,2"+a, 12" '+ -+ag € F,[X]
with a, # 0, as r-fold Weyl differencing leads to the same multi-linear
expression (0.12).



2. Theorem D should be compared with Theorem 2 from [Sch] on incom-
plete exponential sums in one and several variables (only the 1-variable
result, i.e. s = 1 in the notation from [Sch], is of relevance here).
In [Sch], Theorem 2, a nontrivial estimate on »_ g ¢(f(x)) is ob-
tained, f(z) € F,[X] as above, under the assumption

1
H=p", 0> . (0.31)

which is weaker than (0.29) (and optimal). However the result from [Sch]
is not uniform in n(q = p"), in the sense that it requires p > p(r,n),
while (0.30) provides non-trivial bounds for p > p(r) (assuming o
fixed). The method from [Sch] relies on geometry of numbers and
the dependence on n results from dimensional factors in Minkowski’s
second theorem. Whether (or to what extent) they are avoidable in
this particular application seems an interesting question.

The reminder of the paper is organized as follows:

In §1, we establish a ‘sum-product’ type result in a general finite field IF,
which is the main new underlying ingredient (compared with [B]). The later
sections are basically an adjustment from [B] to convert this set-theoretical
property (Lemma 1 below) in bounds on convolutions and exponential sums.

1 A Sum-Product Property

The following will be the substitute for Lemma 2 in [B].

Lemma 1. Let X,Y C F, and assume Y not contained in a proper subfield
of F,.

There are elements x1,To, x3, x4 € £X and y1,y2,ys, ys € £Y U {1} such
that for all X' C X,Y' CY

11 X"+ 9o X'+ ys X'+ X+ Y + Y 2V + Y| >

gl I XTYN?
m1n{—|X’| \Y’\2,q<7) } (1.1)
6 [ X Y]

Remark. Assuming Y not contained in a multiplicative coset of a proper
subfield, we may take v, ys, y3, ¥4 above in Y.
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Proof of Lemma 1.
We may clearly assume |X| > 1.

Define X _x
V=" 0

v v 7 {0}
and notice that the properties

YV CV (1.2)

V+V CcV (1.3)

can not both hold unless

V =F,. (1.4)

Indeed, if (1.2) + (1.3), then V contains any sum of products of elements of
Y and hence the field generated by Y, multiplied with V.

If (1.2) fails, there are yi,y9,y3 € Y(y1 # yo2) and x1, 29 € X such that
=yt g V.

Hence, if X' C X, Y/ CY (¢ % implying

(XY = X7+ Y]

= [(y1 — y2) X' + ys(z1 — 22)Y|
< (g1 — y2) X'+ ys X[ |(z1 — 22)Y' — X' | X| 1.

Hence, either )
(Y1 — y2) X'+ ys X'| > [ X[ [Y7]2

or

X'+ (22— 21)Y'| > |X']|Y']2

and certainly
|X, + le/ — yQX, + ng/ — ZL’1Y/ + $2Y,| Z |X/| ‘Y,|% (15)

If (1.3) fails, there are 1, o, x3, 24 € X and y1, Y2, Y3, Y1 € Y, y1 7 Y2, Y3 7 Ya

such that .
Ty — X -z
¢ = 1 2+ 3 1y
Y1 — Yo Ys — Ya

Let X' C X,Y’ C Y and define

. T —Igy,u XT3 —$4y,

7 —
Y1 — Yo Ys — Ya




Write
|X'+Z|:K|X’|. (1.6)

Applying Corollary 1.5 from [K-S], we obtain a subset X” C X', |X"| > 1| X’|
and such that

X"+ Z+ Z| <AK?|X']. (1.7)
Hence
AR?|X| > | X7 4 T2y T3 Ty
Y1 — Y2 Ys — Y4
Z |X// + gyl|
= [ X" Y]
1
> | XY’
> XY
and )
K> —|Y|. 1.8
\/gl | (1.8)
Returning to (1.6), we showed
1 1
(Y1 — y2) X'+ (21 — 22) Y| + [(y3 — ya) X' + (w3 — 20)Y'| > — | X[ [Y7]2
NG

and therefore
1 X" — X+ s X' — X +2Y — Y 4 a3V — 2, Y|
1 1
> 2—\/§|X/‘ Y'|2. (1.9)

Finally, assume (1.4).
Take £ € V,{ = B2 s t.

y1—y2’

o
H@fwwlexXxnygzi_;H

X Y2
<

p (1.10)



If X’ X,Y'CY, we have
X2 Y2

X’ Vii>_“"17-1
XY= e e

(1.11)

where

E (A, B) = |{(a,d,b,b) € A> x B*a+b=d + b}

is the additive energy.
Clearly
E (X',¢Y") < [ X'|Y'| + (1.10)

implying

L. RESAS
. / . N> = "ny! | . .
(g = 92) X' + (1 = 22)Y"] = Smin (|1 X |Y|> ).

Thus (1.1) holds again.

This proves Lemma 1. O]

With Lemma 1 at hand, we may follow the method from [B] almost
verbatim (the main steps with details of the modifications will be given).
This part of the analysis in [B] does indeed not depend on the primality of
the field. Of course, in the applications of Lemma 1, one has to ensure that
the set Y under consideration is not contained in a proper subfield.

Recall the following property from additive combinatorics ([B], Lemma
3), which holds in the context of an arbitrary additive group.

Lemma 2. Let X; CF,(1<i<yj)andY CF,. Thereisyy €Y such that

[ (H |X|X |Y‘)|Y|. (1.13)

2 Preliminary Estimates (1)

Recall [B], Lemma 5, which is deduced from the Balog-Szemeredi-Gowers
theorem ([B], Prop. 1). Only the additive structure is involved.



Lemma 3. Let a : F, — Ry satisfy [lafli = X0 cp |a(z)] < 1. Fiz
1 < K < q. There are the following alternatives.
Either

1
| * ] < EHC\{HQ (* denotes additive convolution) (2.1)

or there is a subset A C F, with the following properties (we ignore multi-
plicative constants).

2

‘—; > als > ‘%H where 1 > o > (logq) K ~; (2.2)
lalall > (log q)"K 7 (2.3)
el allz > (log ¢) =K ~2[| e[| (2.4)
|A+ Al < (logq) K| Al (2.5)

The argument is identical to the prime case.

Iteration of Lemma 3 gives ([B], Lemma 6).

Lemma 4. Let a:F, = R |a|; <1. Fir 1 < K <gq.
Then there is a decomposition (with disjointedly supported components)

a=> a;+4 (2.6)

J<J
where each o satisfies for some B; C F,

oj 20;

—Xp, < < Xp, with 1> 0; > (logq) °K~° (2.7)
| Bj] | Bj]
and

lajll > (logq) K, (2.8)
lajll2 > K~*(log ¢) ™| e[| (2.9)
|B; + B;| < K*®(log q)"| By, (2.10)
J < (logq)°K?, (2.11)

1 1
— — . 2.12
165 Blla < 2 18ll2 < ol (212)
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Denote ¥(x) = e,(Trz),Tr = T'rp,/r, the additive character of I, ¢ = p™.

Lemma 5. Let o, 3,7 : F, — Ry |lallv, |81, 7] < 1.
Take 1 < K <gq.

Then
(2.1) ww—‘Ej @w@)§3wﬂ (2.13)
+8nmquﬁﬂﬁﬂ‘ 3 wuy@‘ (2.14)

reAyeB,zeC
where (%) refers to sets A, B,C C F, such that
20

o
> aly > — where1 >0 > (logq) °K3 (2.15)

AT A
(logq) K ~%|lall3* < |A] < K*(log ¢)*||a)* (2.16)
|A+ A| < (logq)° K| A (2.17)

and similarly for B,C and

S1=>_o'(@) )Y (2)¢(xyz2) (2.18)

x,Y,z

with 0 < o/ < a,0< F' < B,0 <~ < and

g 1
W% or iy syl < Il (229)

o *a||2<—||a l2 or |8 ]2 < ==

Proof. Apply decomposition from Lemma 4 to each of the factors «, 3, 7.
Note that in (2.7), > o; < [|a||1. In order to justify the characteristic

functions X4.Xp, Xc in (2.14), we use the fact that if Xo < f < 2Xq, then

f may be recovered as an average of =X for subset ' C Q, || ~ [Q]. O

Recall also that by Cauchy-Schwarz, we have

Ek SZ/GI( ’Za P(ry2)
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since ||#']|]1, ||7']]1 < 1. Hence

/
51 < | S0 x )@ W ey (220)
For a,b,c > 0, denote ((a,b, ¢) the maximum of
> a @8 W) () ay2) (2:21)

where o/, 3,7 : F, — R, satisfy
o/l < LA < LY < Tand [lo/[z < a, |82 <0, 1]l < . (2.22)

Lemma 5 implies then that

1
Clallz, 1812, 17112) < (214) +3{¢(llalle, 181, ]ls) + "} (2:23)

(" referring to the other 2 terms).

3 Preliminary Estimates (2)

We will use the following construction.

Let
S =Y al@)B(y)(zy)
with 0 < a, 8; [lef|s, [|8][1 = 1.

Write
S <[>0 a)@))biay)|
and more generally (denoting a®) the ¢-fold additive convolution of )
S < |30 @) B ey)| (3.1)

Fix s € Z, and define L = L, by

S 1 S
||a(2 +1)H2 _ ZHOK@ ) 5. (3_2)

12



Applying Lemma 3 with a replaced by a(®"), it follows that there is a subset
A C F, satisfying

la®all > (log q)°L™ (3.3)
Al < L*(log ¢)®[|a®®"]|5? :
|A+ Al < L*®(log q)™ |Al. (3.5)
Note that
la®7 [ ally < max [|alep allr.

Replacing A by a translate and denoting oy = «*")] it follows from (3.1)
that

2—s
1< | an@)By)e(ey) (3.6)

and there exists a set A C F, such that
ledally > (log g)~°L™* (3.7)
Al < (log q)°L*|| e[| (3:8)
|A+ Al < (logq)®L*® | Al (3.9)

where
p— el (3.10)
[lovy * aa]

Returning to (2.14), consider

1 1
So = W Z U(zyz) = m ZW(UW(“Z) (3.11)

r€AyeEB,zeC u€Fp

zeC
with 7 the image measure of X4/|A| ® Xp/|B| under the product map
(#,y) — z.y.
Apply the considerations above with a =7, 3 = \_éIXC' Fix s € Z, and

let 7, = n).
Hence from (3.6)— (3.10)

150 < ‘%Zm(u) o(uz)| (3.12)

zeC
u€elF
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and there is a set U C F satisfying (U plays the role of A in (3.7)~(3.9))

[{z € A,y € Blzy € U}| > (logq) °L™*|A|.| B| (3.13)
U] < (log @)*L*|m: 1 (3.14)
U+ U| < (logq)"™L*®|U|. (3.15)
where
L _lmll: 51
[P

4 Further Assumptions

We make the following further assumptions on a, 3,7 : F; — R,

ledllz, N1z, 17l < g™ (4.1)
z _1_
ledllo- 11813 ]2 < ¢ 727 (4.2)
—5
max { Z Blax + b)} <q (4.3)

G proper subfield z€G

where dg, 01,02 > 0.
In the definition of ((a,b,c) in §2, we make the extra hypothesis that
(' satisfies (4.3). Since obviously the left side of (4.3) decreases when (3 is
replaced by (' * 3 (recall that ||5'||; < 1), inequality (2.23) still holds in this
restricted setting.
Let B C F, be the set corresponding to § from Lemma 5. Thus by (2.15)
20 o

— > (| > where (logq) K2 <o < 1. (4.4)
| B | B

If By C B, clearly ||5|5,]l1 > (log q)_GK_?’% by (4.4) and (4.3) implies that

By is not contained in a set aG + b, G a proper subfield, provided

| Bo| > (log q)°K°q~*|B|. (4.5)
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5 Preliminary Estimates (3)

Returning to (3.11) - (3.16), we establish a lower found on |U| using Lemma
1. From (3.14), this will give a bound on |7 |2.

Denote G = {(z,y) € A x Blz.y € U}.
Hence by (3.13)
Gl > (log q)"L™*|AL| B. (5.1)

Define |
Ao = {z € A] [G(x)| > S (logq)"L7°|B|}
and ]
By ={y € B| [G(y)| > 5(logg) "L "|Al}
denoting G(x) and G(y) the fibers of G.
Clearly
1
[Ao| > 5 (logq) L[ A] (5.2)
1
|Bo| > 5 (log ¢) °L™7|B|. (5.3)

We apply Lemma 1 with X = Ag;Y = By. In view of (4.5), (5.3), the
assumption

1 1
K.L < §(log q)q3% (5.4)

ensures that By is not contained in a multiplicative coset of a proper subfield.
From Lemma 1 and the related Remark, we obtain ay, as, ag, ay € AgU(—Ap)
and bl, bg, bg, bs € ByU (—B()) such that

|b1A, + bgA/ + bgA/ + b4A, + alB' + agB/ + a,gB, + a4B'| Z

%mm{|A’|-|B’|%,q('ﬁ:::g'f} )

if A c Ay, B’ C By.
Next we apply Lemma 2.

Take X; = G(b;)) C A(1 <i <4)and Y = Ap. From (1.13), there is
A" C Ay and d’ € A s.t.

A —d C ﬂ (g(bi> - g(bi)) (5.6)
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and

A= (H%)MO - (H A - A|)'|AO|
> (logq) “ K~ L™7|A] (5.7)

by (5.2), (2.17).
By (5.6) and definition of G

bi(A"—d)+by(A" —d) +b3(A"—d) + by (A" —d') C4U —4U.  (5.8)
Similarly we obtain B’ C By and b’ € By s.t.
|B'| > (log ) “ K" L™"|B| (5.9)
and
a1(B'=b)+ay(B" = V) +a3(B — b))+ as(B' = V) Cc4U —4U.  (5.10)
From (5.5), (5.8), (5.10), it follows
18U — 8U| > (log q)~C min{K %L 23| A||B|2, K 28L~%} .  (5.11)

Recalling (3.14), (3.15) and the Plunnecke-Ruzsa inequality, (5.11) im-
plies
|U| > (log q)—C' min{K_456L_631|A|.|B|%, qK—1208L—668}

and
Imllz < (log q)€ (K225 L*18|A|72|B| ™1 + ¢ 2 K% %), (5.12)

From (3.16) defining L and (5.12)

15 ml> < (log g)° K % 075 [y [, (5.13)
where 7, = ") and
1

6=|A"2|B|"7 + —. 5.14
|A|7>[B] 7 (5.14)

The validity of (5.13) is conditional to (5.4), thus

||77(2S) —4 1g 1

L L 302 =1, 5.15
Hn(g +1)H2 (logq)™"q ( )
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Set
K = ¢* where §5 = 10~ min(d;, d). (5.16)

From (5.13), (5.15), either

s 1 s
Gy < ga%||n®")

I 2 (5.17)
or

, T
7@, < K205 @) ||, (5.18)

Note also that since n > 0, ||n|l; = 1, the sequence ||7*")]|| is monotonically
decreasing in s.
Tterating (5.17)-(5.18) s1 = s + [5] times, we obtain

Iy < L 4 FeoT2g1-(38)7 1 {5%)
q

335

< k5242 (58)"9. (5.19)

35) o
336 100
which is possible for s; satisfying

3 1 300
251 < 3205 (%) . (5.20)
1

Choose s such that

From (5.16), (5.19), we conclude that

1
(1) <q%<A—% B|% +—). 5.21
172 |A|"2|B| NG (5.21)

6 Estimation of Trilinear Sums

Return to (3.12) with n; = n®""). Estimate using Cauchy-Schwarz

S mp(uz) < 3mw)| 3o w(ue)]

u€lF zeC
zeC

< [mll2(valC]?) (6.1)
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and hence by (5.21)

|C|’u26;771

zeC

From Lemma 5 and (3.12), (6.2), we obtain the following bound on (2.14).

)| < g (@A B Ol (o). (6.2)

(2.14) < 8l (a2 llalz 16113 Il + I7112))" (6.3)

where by (5.20) LN /8, 300
. (@) 5 (ﬁ) ‘ (6.4)

Note that, since (0) = 0, certainly

S1=[ Y a@ Yo (ayz)

T,Y,%

< Vdllall2 [15]2

and hence, if |[7]2 > ¢~2%,|S| < g3 by (4.2). Assuming |v]> < ¢~2",
(6.3) and (4.2) imply

91

(2.14) < ¢~ 2", (6.5)
Hence, we proved (recalling (2.23))

Clala, 18112, 17ll2) < a2 %+ 3¢(a,b,¢)2, (6.6)

where certainly
a < [lafls, b < [Bl2 ¢ < 7]l

and

abe < —!|Oé|| 1Bllal7ll2 = g~ lall2llB]2lY]2- (6.7)
Straightforward iteration of (6.6), (6.7), until reaching abc < % for which
C(a,b,c) < \Jgq~ % = g%, gives by (5.16)

Cllerll2, 18112, lIvll2) <

/

(6.8)

where )
K > C 5206Y (6.9)

(C' some constant).

Hence, we obtain
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Theorem 1. Leta, 3,7 : F, — Ry and o, 61,02 > 0 satisfying ||a||1, || 5])1, | 7|1 <
1 and (4.1)-(4.3). Then

> a@B))eleyz)| < a7 307 (6.10)

with )
K > C %6Y. (6.11)

7 Convolution of Product Densities

From Theorem 1, we deduce

Theorem 2. Let o, 3 : F — R, satisfying

o, 181 < 1 (7.1)
ol < ¢~ (72)
-6
max {Z Blax + b)} <q (7.3)
G proper subfield \z€G

Let n be the image measure of a ® B under the product map (x,y) — z.y.
1
There is k = k(6,0,) < 6~CC% such that

1 _1
In®ll2 < ¢llall2- 18113 + 4’2 (7.4)
where n®) denotes k-fold (additive) convolution.

Proof. Write
™15 =a" > 1" <q?+q¢72| (7.5)
with
Z ={¢€F| ()] >q "}
Defining v : F — C by

(E) = {Zﬂ(g()f) it £e2

0 otherwise

19



1
we have [|7[ly =1, [|7]2 = |Z]7= and

g E <D T AONE) =D @) By) (&) (wyk). (7.6)
13

z,y,

Apply Theorem 1 to (7.6) with §o = min (5, %2, %, %) and 9; = §. Then (4.1)
holds, unless

Bl

I7ll2 > ¢~ hence |Z] < ¢ (7.7)

and (4.2), unless
21 < a"**lall3 11612 (7.8)

Clearly for k > L k' = %6 given by (6.11), (6.10) and (7.6) are contra-
dictory. Therefore, either (7.7) or (7.8) hold, i.e.

4
2] < ¢ + ¢ al3]1]).- (7.9)

Substitution in (7.5) gives (7.4). O

8 The General Case

From Theorem 2, we obtain the multilinear extension of Theorem 1.

Theorem 3. Letr > 2 and aq, ..., qa, : F — Ry satisfy

Joulli <1 (1<i<r) (8.1)
laila < g™ (1<i<r) (8.2)
max  a;(aG+b) <q 2 (3<i<7r) (8.3)

a,beF
G proper subfield

IS
1 _1_
o llz-floallz T llelld < g2~ (8.4)
i=3

Then there is the exponential sum bound

| > Mot (TTx)

, o Cr
< q % with §' > C ™% <é> : (8.5)

r
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Proof. By induction on 7.

For r = 2, there is the obvious bound ¢z ||a|[2]|c||> < ¢~

The case r = 3 is given by Theorem 1.

For the inductive step, we will use Theorem 2. Let r > 4. Denote S the
exponential sum on the left of (8.5) and let 1 be the image density of oy ® a3
under the product map (z1, z3) — z123. Thus

S= 3 a@]] ai(:@i)w@ I1 x) (8.6)
T,X2,L4,...,Tp 1#£1,3 1#£1,3

and estimate using Holder’s inequality

si<{ Y T el (e [T =)}

T2, T4y, Tr 1#£1,3 z€F 1#1,3
1
2k
:{ S ) Hai(:ci)~w<x. Hm)} .87
T,X2,L4,.., Ty 1#1,3 1#£1,3

Theorem 2 is then applied to bound ||7®*)||;. Replacing & by % in Theorem
2, it follows from (7.4)

N|=

E L 5
17|z < g2 [laalz flasll3 + ¢ (88)

for oy O
ke~ (§> C% . (8.9)

Hence
)

Il < g2 g < g

and since r > 4, from (8.8), (8.4)

—1 1

0 <2q 2 0-2% (8.10)

[P ||042||2H||az||2 < g i g
=4

At this point, invoke the induction hypothesis with r replaced by r — 1 and
d by (1 — 2)d. Recalling (8.7), it follows that

1S| < ¢ (8.11)

where
0= (- 2) 2, ()b (- 1)) o
It remains to iterate (8.12). O
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Following the argument to derive Theorem 2 from Theorem 1, Theorem
3 implies also

Theorem 4. Let o, ...,a, : Fy — Ry satisfy

oyl <1 (1<i<r) (8.13)
lailz < g™ (1<i<r) (8.14)
max  a;(aG+b) <qg? (3<i<r). (8.15)

a,beF
G proper subfield

Denoten the image density of a1 ®- - -Qa,. under the product map (x1, ..., z,) —
z1---x.. Then

r ) L
In®ll2 < @llallo-azlls [T lesll3 +¢°2 (8.16)
1=3

provided k > C"/% <§>CT,
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