EXPLICIT CONSTRUCTIONS OF RIP MATRICES AND RELATED
PROBLEMS

JEAN BOURGAIN, S. J. DILWORTH, KEVIN FORD, SERGEI KONYAGIN,
AND DENKA KUTZAROVA

ABSTRACT. We give a new explicit construction of n x N matrices satisfying the Re-
stricted Isometry Property (RIP). Namely, for some £ > 0, large N and any n satisfying
N'=¢ < n < N, we construct RIP matrices of order k = n'/?2*¢ and constant § = n~¢.
This overcomes the natural barrier & = O(n'/?) for proofs based on small coherence,
which are used in all previous explicit constructions of RIP matrices. Key ingredients
in our proof are new estimates for sumsets in product sets and for exponential sums with
the products of sets possessing special additive structure. We also give a construction
of sets of n complex numbers whose k-th moments are uniformly small for 1 < £k < N
(Turdn’s power sum problem), which improves upon known explicit constructions when
(log N)H‘O(l) < n < (log N)4+°(1). This latter construction produces elementary explicit
examples of n X N matrices that satisfy RIP and whose columns constitute a new spherical
code; for those problems the parameters closely match those of existing constructions in the
range (log N)to(D) < n < (log N)>/2+e(D),

1. INTRODUCTION

Suppose 1 <k <n < Nand0<d<1. Asignal’x = (z;)}_; € CV is said to be k-sparse
if x has at most k£ nonzero coordinates. An n x N matrix ® is said to satisfy the Restricted
Isometry Property (RIP) of order k with constant ¢ if, for all k-sparse vectors x, we have

(1.1) (L= a)lxl5 < [lox]l; < (1 +a)[x[3.

While most authors work with real signals and matrices, in this paper we work with complex
matrices for convenience. Given a complex matrix ® satisfying (1.1), the 2n x 2N real matrix
@', formed by replacing each element a + ib of ® by the 2 x 2 matrix ( % ?), also satisfies
(1.1) with the same parameters k, ¢.
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We know from Candes, Romberg and Tao that matrices satisfying RIP have application
to sparse signal recovery (see [11, 12, 13]). A variant of RIP (with the ¢; norm in (1.1)
replaced by the ¢; norm) is also useful for such problems [8]. A weak form of RIP, where
(1.1) holds for most k-sparse x (called Statistical RIP) is studied in [20]. Other applications
of RIP matrices may be found in [28, 32].

Given n, N, 0, we wish to find n x N RIP matrices of order k with constant ¢, and with
k as large as possible. If the entries of ® are independent Bernoulli random variables with
values £1//n, then with high probability, ® will have the required properties for!

n
(1.2) kAélog(QN/n)'
See [12, 30]; also [6] for a proof based on the Johnson-Lindenstrauss lemma [23]. The first
result of similar type for these matrices is due to Kashin [25]. See also [14, 38] for RIP
matrices with rows randomly selected from the rows of a discrete Fourier transform matrix
and for other random constructions of RIP matrices.

It is an open problem to find good explicit constructions of RIP matrices; see T. Tao’s
Weblog [41] for a discussion of the problem. We mention here that all known explicit exam-
ples of RIP matrices are based on constructions of systems of unit vectors (the columns of
the matrix) with small coherence.

The coherence parameter u of a collection of unit vectors {uy,...,uy} C C" is defined by
(1.3) = max |(u,, ug)|.

Matrices whose columns are unit vectors with small coherence are connected to a number
of well-known problems, a few of which we describe below. Systems of vectors with small
coherence are also known as spherical codes. Some other applications of matrices with small
coherence may be found in [16, 18, 29].

Proposition 1. Suppose that uy, ..., uy are the columns of a matrix ® and have coherence
w. Then ® satisfies RIP of order k with constant 6 = (k — 1)p.

Proof. For any k-sparse vector X,

1ex]l3 — (13 < 2, (urwy)|

r<s
<l Jasl)? = [1x13) < (k = Dullx]f3. O

All explicit constructions of matrices with small coherence are based on number theory.
Constructions of Kashin [24], Alon et al [2], DeVore [15], and Nelson and Temlyakov [33],
each produce matrices with
log N

\/_logn

IFor convenience, we utilize the Vinogradov notation a < b, which means a = O(b), and the Hardy
notation a = b, which means b < a < b.

(1.4)
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By Proposition 1, these matrices satisfy RIP with constant 6 and order
k=d 7\/5 logn.
log N

It follows from random constructions of Erdés and Rényi for Turén’s problem (see Proposition
2 and (1.15) below) that for any n, N there are vectors with coherence

llog N
p< 282
n

By contrast, there is a universal lower bound
log N ) 1/2 1
)

(1.6) o> (nlog(n/ log N - %’

valid for 2log N < n < N/2 and all ®, due to Levenshtein [27] (see also [19] and [33]).
Therefore, by estimating RIP parameters in terms of the coherence parameter we cannot
construct n X N RIP matrices of order larger than y/n and constant ¢ < 1.

Using methods of additive combinatorics, we construct RIP matrices of order k with

n = o(k?).

(1.5)

Theorem 1. There is an effective constant €9 > 0 and an explicit number ng such that for
any positive integers n > ng and n < N < n'te there is an explicit n x N RIP matriz of
order |n=te° | with constant n==.

Remark 1. For application to sparse signal recovery, it is sufficient to take fixed § < v/2 — 1
[11], and one needs an upper bound on n in terms of k, N. By Theorem 1, for some &f, > 0,
large N and N'/?2=% < k < N'/?*% we construct explicit RIP matrices with n < k*~%,

The proof of Theorem 1 uses a result on additive energy of sets (Corollary 3, Theorem 4),
estimates for sizes of sumsets in product sets (Theorem 5), and bounds for exponential sums
over products of sets possessing special additive structure (Lemma 9).

We now return to the problem of constructing matrices with small coherence. By (1.6), the
bound (1.4) cannot be improved if log n > log N, but there is a gap between bounds (1.6) and
(1.4) when log n = o(log N). For example, (1.4) is nontrivial only for n > (log N/ loglog N)2.
Of particular interest in coding theory is the range n = O(log® N) for fixed C', where there
have been some improvements made to (1.4). A construction obtained by concatenating
algebraic-geometric codes with Hadamard codes (see e.g. [21, Corollary 3] and Section 3 of
[7]) produces matrices with coherence

log N 1/3
1.7
(17) < (aeiosy))
which is nontrivial for n > log N, and is better than (1.4) when log N < n < (=2¥_)4 In

loglog N

the range (%)5/2 <«Ln <K (101;%)?1\/)5’ Ben-Aroya and Ta-Shma [7] improved both (1.4)
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and (1.7) by constructing binary codes (vectors with entries +1/4/n) with coherence

log N 1/2
1. —_— .
(18) H< (n4/5 loglogN)

In this paper, we introduce very elementary constructions of matrices with coherence which
matches (up to a loglog N factor) the bound (1.7). Our constructions, which are based on
a method of Ajtai, Iwaniec, Komlds, Pintz and Szemerédi [1], have the added utility of
applying to Turan’s power-sum problem and to the problem of finding thin sets with small
Fourier coefficients. For the last two problems, our construction gives better estimates than
existing explicit constructions in certain ranges of the parameters.

Roughly speaking, a set with small Fourier coefficients can be used to construct a set
of numbers for Turan’s problem, and a set of numbers in Turdn’s problem can be used to
produce a matrix with small coherence. This is made precise below.

We next describe the problem of explicitly constructing thin sets with small Fourier co-
efficients. If N is a positive integer and S is a set (or multiset) of residues modulo N, we

let '
fS(k) _ Z 627rzks/N
s€S
and ]
| fs] = E 1;%&]3(_1 | fs(k)|.

Given N, we wish to find a small set S with |fs| also small.
Turdn’s problem [43] concerns the estimation of the function

n

k
sz

J=1

T(n,N)=  min  My(z), My(z):= max

|21|==|2n|=1 k=1,..,N

where n, N are positive integers. There is a vast literature related to Turan’s problem; see,
e.g., [3], [4], [31] (chapter 5), [39], [40].

If S = {ty,...,t,} is a multiset of integers modulo N and z; = >/ for 1 < j < n, we
see that
(1.9) T(n,N —1) < My_1(z) < n|fs].
We also have the following easy connection between Turan’s problem and coherence.
Proposition 2. Given any vector z = (zy,. .., z,) with |z;| = 1 for all j, the coherence p of
the n X N matriz with the columns
(1.10) we =n" VA AT k=1, N

satisfies = n"*My_,(z).

Combining (1.9) and Proposition 2, for any multiset S of residues modulo N, the vectors
(1.10) satisty

(1.11) 1< |fsl.
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A corollary of a character sum estimate of Katz [26] shows? that for certain N and 1/N <
i < 1, there are (explicitly defined) sets T" of residues modulo N so that

log® N )
loglog N + log(1/u)) )

An application of Dirichlet’s approximation theorem shows that a set S with |S| < log N
must have |fg| > 1. In [1], sets which are not much larger are explicitly constructed so

that |fs| is small. Specifically, by [1, (1),(2)], for each prime® N there is a set S with
|S| = O(log N (log* N)'318" V) and

(112 i <n ir1=0(—

[fs| = O(1/log" N),

where log™ N is the integer k so that the k-th iterate of the logarithm of N lies in [1,e). The
proof uses an iterative procedure. By modifying this procedure, and truncating after two
steps, we prove the following. To state our results, for brevity write

Ly =log N, Ly = loglog N, L3 = logloglog N.

Theorem 2. For sufficiently large prime N and p such that

L4
(1.13) 2 <u<l, 1/u€eN,

Ly
a set S of residues modulo N can be explicitly constructed so that

_ o Iilalog(2/p) '\ _ ([ LiLs
|[fsl < p, and |S|—O<M4(L3+log(1/u))) _O< w )

Remark 2. The method from [1], if applied without modification (with two iterations of the
basic lemma), produces a conclusion in Theorem 2 with

. (LiL,
151= O<M8L3).

Remark 3. The bound on |S| in Theorem 2 is better than (1.12) for pu > L;1/2L2.

Together, the construction for Theorem 2 and (1.9) give explicit sets z for Turdn’s problem.
By further modifying the construction, we can do better.

Theorem 3. For sufficiently large positive integer N and p such that
L3

(1.14) 2 <p<l,
Ly

Here we take N = p? — 1, where p is prime, p =~ ((d — 1)/p)? and ((d — 1)u~")?¢ =~ N. Let F = F,a.
The group of characters on F is a cyclic group of order N = p? — 1 with generator &;. For any z € F'\ {0}
write x1(z) = e(ty/N). Let z be an element of F not contained in any proper subfield of F' and take
T ={tzy;j:j=0,...,p—1}. Then |T| = p, and | fr| < (d — 1),/p by [26].

3A corresponding result when N is composite is given in [36].
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a multiset z = {z1,...,2,} such that |z1] = -+ = |z,] = 1, can be explicitly constructed so
that
L1L2 log(2/,u) ) (Lng)
My (z) < pn, n =0 =0 .
= <u3(L3 +log(1/p)) p

To put Theorem 3 in context, we briefly review what is known about T'(n, N). P. Erdés
and A. Rényi [17] used probabilistic methods to prove an upper estimate

(1.15) T(n,N) < (6nlog(N +1))Y/2.
Using the character sum bound of Katz [26], J. Andersson [5] gave explicit examples of sets

z which give

log N
(1.16) T(n, N) < My(z) < Y18 N
logn
One can see that (1.16) supersedes (1.15) for log N < log®n. Also, combining (1.16) with
Proposition 2 provides yet another construction of matrices with coherence satisfying (1.4).
On the other hand, by (1.6) and Proposition 2, we have the lower estimate

nlog N 12 1/2
] >n (2log N <n < N/2).

T(n, N) > (log(n/ log N

By comparison, the constructions in Theorem 3 are better than (1.16) in the range
n < L1/L§, that is, throughout the range (1.14) (our constructions require n to be prime,
however).

The constructions in Theorem 3 also produce, by Proposition 2, explicit examples of

matrices with coherence
LI\ /3
7 <<< - 2) ,
n

which is close to the bound (1.7). By Proposition 1, these matrices satisfy RIP with constant

0 and order
n O\ /3
k> 5<L1L2) )

We prove Theorem 1 in Sections 2-7, Theorem 2 in Section 8 and Theorem 3 in Section
9.

2. CONSTRUCTION OF THE EXAMPLE IN THEOREM 1

We fix a large even number m. A value of m can be specified; it depends on the constant
in an estimate from additive combinatorics (Proposition 3). For sufficiently large n we take
the largest prime p < n, which satisfies p > n/2 by Bertrand’s postulate. By F, we denote
the field of the residues modulo p, and let F; = F, \ {0}. For z € F,, let e,(z) = e*™/P.
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We construct an appropriate p x N matrix ®, with columns u,;,a € & C F,,0 €¢ 4 CF,
where

1
Ugp = —p(ep(a:c2 + b)) zer,

and the sets o7, % will be defined below. Notice that the matrix ®, can be extended to a
n X N matrix ® by adding n — p zero rows. Clearly, the matrices ®, and ® have the same
RIP parameters.

To define the set &7, we take

1
- = I = (o1 U:L4m—l
=, [p°],
and
(2.1) o ={2*+Uzx:xe{l,...,L}}.

To define the set &, we take

1
/6 = Oé/2 = 1/(16’)712), r= |:61 Og2p:| , M = 2(1/5)—1 — 216m2—1‘
0g

Let
B = {ij(QM)j_l T T, 2y € {0,,M—1}}
j=1

We notice that all elements of Z are at most p/2, and
(2.2) |B| =< p'="°.
It follows from (2.1) and (2.2) that

| ||B| < p*™’ =< n'tP,

For n < N < n'*#/2 take ® to be the matrix formed by the first N columns of @, padded
with n—p rows of zeros. In the next five sections, we show that ® has the required properties
for Theorem 1.

3. THE FLAT-RIP PROPERTY

Let uy, ..., uy be the columns of an n x N matrix ®. Suppose that for every j, |[u;||2 = 1.
We say that & satisfies the flat RIP of order k with constant ¢ if for any disjoint J;, Jo C
{1,..., N} with || <k, |Jo] <k we have

3.1) ‘<Zuj,zuj>

je1 jE€J2

< 8(| 1] Ja])' 2.

For technical reasons, it is more convenient to work with the flat-RIP than with the RIP.
However, flat-RIP implies RIP with an increase in . The flat-RIP property is closely related
to the property that (1.1) holds for any x with entries which are zero or one and at most k
ones (see the calculation at the end of this section).
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Lemma 1. Let k > 2! and s be a positive integer. Suppose that ® satisfies flat-RIP of
order k with constant 6. Then ® satisfies RIP of order 2sk with constant 44sélogk.

Proof. First, by a convexity-type argument and our assumption,

<Z%uj,zy]u]>

JjeJ1 JEJ2

(3.2) SI(FAIPARE

provided that |J1| < k,|Jo] < k, 0 < z;,y; <1 for all j. Next, suppose |J;| <k, |Jo| <k,
and 0 < z;,y; for all j. Without loss of generality assume that ||x|| = ||y||2 = 1, where || - ||
denotes the [ norm. For a positive integer v let

={jei: 2" <z; <2}, Jy,={j€lp: 27 <y; <27V}
Observe that

(3.3) AL <1 Y 4T, < 1

Applying (3.2) to sets Jy,, Jo,, we get

<Z$juj, zyjuj>

JjeN jeJ2

<y < ST gy, Y yjuj>

V1,02 J€J1,14 JE€EJ2,0

S Z 22_V1_V26(|J17V1 | | J27V2 ‘)1/2

vy,v2
=46 27,V 2Ty, [V

Let t = [3 + logk/(2log2)|. By the Cauchy-Schwartz inequality we infer that

22 V‘Jl |1/2<Z2 V|J 1/2+22V‘J 1/2

v=t+1
t 1/2 o] 1
1/2 —v —vp1/2 - 41/2  *
<t <Z4 |J17V|) + Y2k <t +7
v=1 v=t+1
Similarly,
1
27| ], 12 < 412
27 T
Therefore,

1 2
<46 <t1/2 1) < 5.5logk.

(34) ‘<Z xjuj,Zyjuj>

Jjen jeJ2
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For the next step, suppose z;,y; take arbitrary complex values, |.J;| < sk and |J5| < sk.
We partition J; and J; into s subsets of cardinality at most k£ each: J; = UZ:l‘]l,m Jy =
Uj—1J2,,. Next, for any j we have

4 4 4 4
— v _ v 2 _ 2 2 _ 2
wi= Y wdt Y=Yyt lmP =23,y =) v,
v=1 v=1 v=1 v=1

where z;,,y;, are non-negative. By (3.4) and the Cauchy-Schwartz inequality,

‘<ijuj,2yjuj> < Z 24: Z 24: < S auy, Y yj,muj>

JEJ1 Jj€J2 pm=lv1=1 pa=1vo=1| \j€J1 p; JE€EJ2, 9
(35) 1/2 1/2
< E 5.56(log k) E 3, E Y3,
H1,V1,42,V2 JE€J1,uy J€JI2, 19

< 2256x|2[|y|l2 log -

To complete the proof of the lemma assume N > 2sk and consider a vector x = . ; x;€;

with [|x||; = 1 and |J| = 2sk, where (e1, ..., ey) is the standard basis of CV. Take arbitrary
partitions J into two sets Ji, Jy of cardinality sk each. By (3.5), we have

Z <‘Tj1uj17‘rj2uj2>

J1,J2€J,51#j2
E <§ :%’uja E :%’Uy’>

 (2sk—2\""
C \sk—1

[1@x]l5 — [xl3] =

Ji,J2 \jeJ1 JjEJ2
23k_2 -1 1/2 1/2
< (Sk_ 1) > 22s0(logk) (Z |xj|2> (Z |xj|2>
J1,J2 Jje€J1 JEJ2
2sk —2\ !
< 2
< (sk:— 1) Z 11s6||x||* log &
J1,J2
2sk\ [2sk — 2\
_ (Ssk) ( Ssk - 1) 1156|x|*log k < 44s6|/x||? log k. O

Corollary 1. Let k > 2'° and s be a positive integer. Assume that the coherence parameter
of the matriz ® is p < 1/k. Also, assume that for some 6 > 0 and any disjoint Jy, Jy C
{1,..., N} with |J,| < k,|Js| < k we have

oz

JjE€J1 JEJ2

< Ok.

Then ® satisfies the RIP of order 2sk with constant 44sv/d log k.
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Proof. For any disjoint Jy, Jo C {1,..., N} with |J;| <k, |Js| < k we have

ox)

jeN j€J2

< min(0k, pl 1| J2]) < min(ok, |i|| 2| /k) < v/O]L]] T2,

and it remains to apply Lemma 1. 0

Remark 4. Using the assumptions of the corollary directly rather than reducing it to Lemma 1,
one can get a better constant for RIP; in particular, for a fixed s it tends to zero as § — 0,
independently of k. However, we do not need a stronger version of the corollary for our
purposes.

4. SOME DEFINITIONS AND RESULTS FROM ADDITIVE COMBINATORICS

For an (additive) abelian group G we define the sum and the difference of subsets A, B C G:
A+B={a+b:acAbeB}, A-B={a—b:acAbe B}.

We denote —A ={—z:2€ A}. f ACG =F, and b € F,,, write bA = {ba : a € A}.

Consider G = [F,, and let Z C G be the set defined in Section 2. There is a natural bijection
® between # and the cube €y, = {0,...,M — 1}" defined by ®(3°7_, z;(2M) ") =
(x1,...,2,). Moreover, it is trivial that by + by = bg + by if and only if ®(by) + P(be) =
O(b3) + ®(by). In the language of additive combinatorics, ® is a Freiman isomorphism
between & and Gyy,. Thus, |By + By| = |P(By) + ®(By)| for any By € A, By C A. The
problem of the size of sumsets in %), will be investigated in the next section.

We will use the following lemma which is a particular case of Pliinecke — Ruzsa estimates
([42], Corollary 6.23).

Lemma 2. For any nonempty set A C G we have |A+ A| < |A — A|*/]Al.

If A, B C G, we define the energy E(A, B) of the sets A and B as the number of solutions
of the equation
a1+b1:a2+b2, CL1,CL2€A, bl,bQGB.
Next, let ' C A x B. The F-restricted sum of A and B is defined as
A+pB={a+b: ac Abe B,(a,b) € F}.
Trivially E(A, A) < |A]?. If E(A, A) is close to |A]*> then A must have a special additive

structure.

Lemma 3. ([42], Lemma 2.50) If E(A, A) > |A|?/K then there exists F C A x A such that
|F| > |A?/(2K) and |A+F A| < 2K|A|.

The following lemma [10] is a version of the Balog—Szemerédi-Gowers lemma which plays
a very important role in additive combinatorics.

Lemma 4. I[f F C Ax A, |F| > |A?/L and |A +r A| < L|A|. Then there exists a set
A C A such that |A] > |A|/(10L) and |A' — A'| < 10°L%|A].
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Combining Lemma 3 and Lemma 4 gives the following.

Corollary 2. If E(A, A) > |A|]?/K then there exists a set A’ C A such that |A'] > |A|/(20K)
and |A" — A"l < 107K A|.

For a function f :F, — C and a number r > 1 we define the L, norm of f:

1/r
1f 1l = (Z |f(93)|r> :

z€F,
The additive convolution of two functions f, g : F, — C is defined as
Frg) =Y fy)glx—y).
y€Fp
By 14 we denote the indicator function of the set A. With this notation, we have
(4.1) E(A,B) = E(A,—B) = |14 * 15|5.
We say that a function f : F, — R, is a probability measure if || f||; = 1. Notice that if

f, g are probability measures then f * ¢ is also a probability measure.

Proposition 3 (9, Theorem C]). Assume A C F,, B C F with |A| > |B|. For some ¢y > 0,
(4.2) > E(AbA) < (min(p/|Al, [B])™ |AP|B].
beB

Note that if |A| < |B|, we may decompose B as a disjoint union of at most 2|B|/|A| sets
B; with |A|/2 < |B;| < |A| and apply (4.2) for each B;. Hence

. p —co
(4.3) Y B(A04) < [mm(|A|,|B|,Wﬂ 1A]%|B].
beB
Applying the Cauchy—Schwartz inequality we get
(4.4) D a palls << [A[P2 (JA|72|B] + | B0/ 4 p~co/2| A|*/?| B ) .
beB

Remark 5. It would be interesting to find best possible value for ¢y in Proposition 3. The
example A= B = {1,...,[,/p]} shows that ¢y < 1.

Corollary 3. For any A C F,, and a probability measure A we have
DAL * Tpallz < (1Mo + [AI7Y2 + [A]V2p712) T AP,

beF;,

Proof. Put A(p) = 0, and let b be a permutation of {1,..., p} such that A(by) > --- > A(b,) =
0. By Lemma 3, for 1 < j <p —1 we have S; < G;, where

J
S = D0 L Tualles Gy = [APYVE (JA] /% 4 [A/2p7e0/2] 4 100
h=1
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Applying summation by parts,

EZA@NUA*MAMZZZZA@ﬁQ%‘”%—QZZE:SNA@D—<V@+Q)
<3600 = Mbyi) = SN0 (G~ Gy

VAP [JAR 2 AR 1 0 (3 ) )]

i=1

Denote uy = ||A||52. Notice that 1 < ugy < psince ||A||; = 1. Separately considering j < ug
and j > ug and using the Cauchy—Schwartz inequality, we get

p 1/2
S AT < Al <Z j-00> +ug? = O (JNIE). O
j=1

Jj<uo

Although Corollary 3 suffices for the purposes of this paper, a further generalization of
Proposition 3 might be useful. For z € F; we define a function p.[f] by p.[f](z) = f(z/2).

Theorem 4. Let A\, u be probability measures on F,. Then

1 co/T
S O poldllz < (I + el + allz 2™ 2) " Ml

beFs,
Proof. Using a parameter A > 1 which will be specified later we define the sets
Ao ={z: ple) > [ul3AY, Ay ={z: ple) < [ulA™}, A=F,\ A\ A
Decompose p = pi— + pio + p4 where
p—=pla_,  po=pla, pg=pla,.

The contribution to the sum in the theorem from p_ and p. is negligible. First,

1
(4.5) ol < 5 D mlx)? <A™
Allplls ;g;:
and
(4.6) liesllz < lpllo A sl < [l

Using Young’s inequality (cf [42], Theorem 4.8), we find that

D AOp—# polulllz < D A1l el

beFy, belFs

< AOA M|l < A7l

beFy,

(4.7)
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DA # pululllz < D A®) s all ol [

beFs beFs
(4.8) B B
< T AGA T ully < A7l
beFs
Similarly,
(4.9) > XG0 * pol(pi— + pr)]ll2 < 287 |l

beF;

So, it suffices to estimate the contribution of py. We have

L= lully 2 ) nlz) = |Allll3A72

€A

Hence, |A] < ||ull32A%. Now we can use Corollary 3:

> AOo * poluolllz < [ll3A% S A®) | La * Lyalls

beF;, beF;,

< [lll2A% (A5 + [Af70/2 4 [Af2pme0/2) |A]P2
< [lpll2A% (I ll2° A% + ally 0 A7 4 [|ul|y "0 A% )
< Alullz (M + el + Nullzop™") .

Combining the last inequality with (4.7) — (4.9) we get

DA polulll> < 4AH|llz + O(A|ul]2S),

beF;

where

S = IS + fluells + llly op™ /.
Taking A = max(1, S"/7) completes the proof of the theorem. O

5. A SUMSET ESTIMATE IN PRODUCT SETS

The main result of this section is the following.

Theorem 5. Let r,M € NM > 2 and € = Cu,r = {0,.

() (5 -

solution of the equation

Then for any subsets A, B C ¢ we have
(5.1) |A+ B[ = (|4][B])".

M —1}". Let 7 = T) be the
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Observe that for A = B = € we have |A + B| = |A|”|B|” where

, , log(2M — 1)
T =T =
M 2log M
By Theorem 5, 7 < 7. On the other hand, 7 > 1/2. If M — oo then
u log 2
2 T=1-(1-u)"~=, 271—1~ ~ 27 — 1.
(5.2) u (1—u) 5 27 og 11 T

So, the asymptotic behavior of 27y, — 1 as M — oo is sharp. Likely, inequality (5.1) holds
with 7 = 7/. We can prove it for M = 2; see Remark below.

For positive integers K, L we define an U R—path as a sequence of pairs of integers & =
((11,71) = (0,0), ..., (igksr—1,Jk+0-1) = (K —1,L — 1) such that for any n either i, =
In + 1ajn+1 = jna or Z.n—i-l = 7;najn-‘,-l = ]n + L.

Lemma 5. Let KL< M? ug>--->ug_1>0,v9>--->vp_1 >0, 7=1y. Then there
exists an U R—path & such that

K+L-1 K-1 T /L-1 T
53) S () > (Z u> (zv]) .
n=1 i=0 =0
Proof. We proceed by induction on K + L. For K =1 or L = 1 the assertion is obvious. We
prove it for K, L with min(K, L) > 2, KL < M? supposing that it holds for (K, L) replaced
by (K —1,L) and (K, L —1). Without loss of generality we assume that

K-1 L—1
S u=Y =t
=0 5=0
By the induction supposition, there exists an U R—path & such that iy = 1,j; = 0 and
K+L-1 K-1 T /L-1 T
Z (i, v5,)" = (Z Uz) (Z Uj) = (1 —uo)".
n=2 i=1 §=0
Therefore,
K+L-1
S = max Z; (wi,vj,)" > (uouo)™ + (1 — ug)T.

Similarly, S > (uovg)” + (1 — vg)7. Thus, S > w?™ + (1 — w)™ where
w = (ugug)* > (KL)™Y? > 1/M.

The function f(z) = 2*” + (1 — 2)” — 1 has negative third derivative on [0,1] and f(0)
f(1/M) = f(1) = 0. By Rolle’s theorem, f has no other zeros on [0, 1], and since f(u) >
for u close to 1, f(z) > 0 for 1/M < x < 1. Therefore, f(w) > 0 as desired.

Odo |l

We will need Lemma 5 only for K = L = M (although for the proof it was convenient to
have varying K, L).
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Lemma 6. Let Uy, ..., Up_1, Vo, ..., Var_1 be non-negative numbers, T = 1p;. Then
2M—2 T /M-1 T
5.4 )
(5.4) max (UgVa)" _(ZU) (ZVA>
p=0 x>0,A>0 A=0
Lemma 6 has some similarity with inequality (2.1) from [34].

Proof. We order Uy, ...,Up—1 and Vg, ..., Va;_1 in the descending order ug > - -+ > ujp;—q and
vg > -+ > vp_1, respectively, where for some permutations 7 and o of the set {0,..., M —1}
we have u; = Uy,,v; = V,,. We consider an arbitrary U R—path P with K = L = M. Since
|{7Ti1> s >7Tin}| = Zn +1 and |{Uj1> s ’O-jn}| - ]n + 1a

Hmiys o osmi b +{0j, - s0j,H > in +Jn + 1 =n.
Consequently, there is a permutation ¢ of {0,...,2M — 2} so that

Yvn—1)e{my,...,m, }+{0j,...,05} (1<n<2M-1).

Thus, for some kg € {7;,,...,m,} and \g € {0,,...,0;,} we have
U VAT > (Ug Vo)
H+)\r:nwazf_l)7( K )\) = ( Ko Ao)
K>0,A>0

But U,, = u; for some i € {iy,...,i,}. Recalling that iy <iy < ... and uy > us > ... we
obtain Uy, > u;,. Similarly, V), > v;,. Therefore,

max (U, VA)" > (u;,v5,)"

K+A=9(n—1),
K>0,A>0
and
2M—2 2M—1 2M—1
max (U V)" = max U VL) > w; vi )"
Kt+A= u,( ® )\) Z n—i—)\:w(n—l),( ® )\) - ( n Jn) ’
1=0 x>0,A>0 n=l " .>0\>0 n=1
and the result follows from Lemma 5. O

Now we are ready to prove Theorem 5. We proceed by induction on r. For » = 0 the set
G s a singleton, and there is nothing to prove. Now suppose that the assertion holds for r
replaced by 7 —1 > 0. We consider arbitrary subsets A, B C € = 6j,. Fori=0,..., M —1
we denote

Ai={(x1, ... x01) 0 (20,000, 200,0) € A},
Bi = {(,I‘l,...,,I‘T_l)Z (I‘l,...,.l’r_l,?;) - B}
Let D=A+ B. Forn=0,...,2M — 2 we denote

Dn = {(l‘l, . 7«rr—1) : (I‘l, .. .,xr_l,n) I~ D}

|A|:Z|AZ|7 B:Z|BJ|7 DIZan|
% i n

Observe that
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For any n =0,...,2M — 2 we have
|Dy| > max |A; + Byl.
138720
By the induction supposition, |A4; + B;| > (|A;||B,|)”. Hence,
| Dl 2 max (JAi]|B;])"
130,720

Applying Lemma 6,

D] = Z\D EDBE. max (|A;||B;)" (Z\A I> <Z|B I> (1AlB[)"

n 2>0 ]>0

Remark 6. For M = 2 one can prove inequality (5.4) in the sharp form:
(5.5) (UoVo)™ + max ((UoV1)", (Ur1Vo)") + (Ui V1) = (Up + Ub)" (Vo + V1)7
with 7 = log3/(2log2). Indeed, by homogeneity and symmetry we may assume that Uy =
Vo = 1 and V; > U;. Thus, inequality (5.5) is equivalent to

I+0"+ (wo)" > (14+u)"(1+v)" (v>u>0).
This follows by checking that f(u) =1+ v" 4+ (uv)” — (1 + u)"(1 4+ v)7 is concave on [0, v],
F(0)>0and f(v) >0

Corollary 4. Let m be a positive integer. For the set % C F, defined in Section 2 and for
any subset B C A, |B| > p'/* we have |B — B| > p°/°|B|.

Proof. The set —B is a translate of some set B’ C %, and 4 is Freiman isomorphic to €y,
Hence, for any B C % we have |B — B| = |B + B'| > |B|*™. If | B| > p'/* then |B — B| >
[p|®™=D/4 B|. By (5.2) and a short calculation using M > 22, p@ru=1/4 > pb/5, O

Corollary 5. Fiz m € N and let p > p(m) be a sufficiently large prime. Let 28 C F, be the
set defined in Section 2. Then for any subset S C B, |S| > p'/3 we have E(S, S) < p~8/%0|S3.

Proof. Let E(S,S) = |S|?/K. By Corollary 2, there is a set B C S such that |B| > |S|/(20K)
and |B — B| < 107K?|S|. If K < pP/°0 < p'/?* and p is so large that 107 < p?/°0 then we get
contradiction with Corollary 4. O

6. THE STATEMENT OF THE MAIN LEMMA

In this section we present the main lemma required to prove Theorem 1. Moreover, the RIP
property may be established not only for the matrix constructed in Section 2 with specific
o/ and % but for more general matrices with .7 and A satisfying certain conditions. Again,
let @, be the matrix with columns u,;,a € & C F,,b € £ C F, where

1
U, = %(e;,,(a:c2 + b)) zer, -
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Let m € N, m = 0(mod2), o € (0,0.01). The set &7 should satisfy the conditions
(6.1) || < p°
and, for a € & and ay, ..., a9, € & \ {a},

m 2m 1

E E — (ay,...,a,) is a permutation of (@41, .., d2m)-
a— a] a—aj;

7j=1 j=m+1

Here we write 1/x for the multiplicative inverse of z € F,. We will consider the sets %
satisfying

(6.3) VSc# if |S|>p"? then E(S,S)<p|S]
with some v > 0.

Lemma 7. Let m € 2N, a € (0,0.01), 0 < v < min(a, =), p > p(m, a,7). Then for any

? 3m

disjoint sets 0y, C o x B such that || < /b, Q| < /b, the inequality

Z Z (Way b5 Uag o) < pl/re

(al,bl)GQl (az,bg)GQz
holds where €1 = cyy/20 — 43/ m.

Now we discuss an application of Lemma 7 to the matrix constructed in Section 2. Fix
a large positive integer m and a = 1/(8m?), 3 = 1/(16m?). Let p be a large prime.
Condition (6.2) follows from (2.1). Condition (6.3) is satisfied due to Corollary 5 with
v = 3/50. We will show that (6.2) also holds. Then we can use Lemma 7. If m > 86000c; *
then the lemma gives a nontrivial estimate with ; > 0. Thus, ®, satisfies the conditions of
Corollary 1 with k = [/p] > y/n/2 and § = p~=* < (n/2)7%* (using p > 0.9n for large n,
which follows from the prime number theorem). Let gy = &1/5. Let n < N < n!'*%0 and let
® be the n x N matrix formed by taking the first NV columns of ®,, then adding n — p rows
of zeros. Clearly, ® satisfies the conditions of Corollary 1 with the same parameters as ®,.
By Corollary 1 with s = |p®/*], Theorem 1 follows.

In the rest of this section we prove (6.2) for the set o7 constructed in Section 2 provided
that p > (2m)¥" (and thus L > 2m). We have to show that for any distinct z, z; ..., z, €
{1,..., L} and any nonzero integers Ay, ..., A, such that

n<2m, Y |\l <2m,
j=1

the sum

Vo
; (x — ;) x+:cj+U)
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is a nonzero element of F,. However, we will treat V' as a rational number. Denote

D1:H($—$j)> DQZH(I"l'l’]‘l'U)
j=1 j=1
So,
D D
(6.4) DD,V = Z A Dy 2

:L’—:L’Jx—i-xj—l—U'

All summands in the right-hand side of (6.4) but the first one are divisible by x 4+ =1 + U.
For the first summand we have
ADy Dy
r—rix+x1+U

Vlz)\lH(z—xjH P — ).
j=2

Jj=2

= Vi (mod zg + x1 + U),

where

We have
Vi| <2mL* 2 <2mL*™ 2 < [ = U,

This shows that Vi # 0 (mod x¢ + z1 + U). Therefore, V' # 0.
It remains to check that p{ D;DyV. By assumption, p{ Dy, and

|D,V| < 2m(U +2L)" /U < 4mU*™ 1 < U™ < p.
7. THE PROOF OF LEMMA 7

It is easy to see that for a fixed a the vectors {u,p, : b € F,} form an orthogonal sys-
tem. Using a well-known formula for Gauss sums Y. _. e,(dz?) (see, for example, [22],

Proposition 6.31), we have for a # o’ the equality

(tass i) = ey (— 1) 3 (0 e

o (e, ().

where (£) is the Legendre symbol and

o 1 ifp=1(mod 4),
Pl if p=3(mod4).

z€lF,

Consequently, the assertion of Lemma 7 can be rewritten as

o S (asm), (ke

(a1,b1)€Q1 (az2,b2)€Q2
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where Q,( are disjoint subsets of &/ x % with (1] < /p, ] < /p, and here and
throughout the following the summands with a = @’ are excluded from the summation. In
particular, we may assume €; > 0, otherwise there is nothing to prove.

For a € o/ and i = 1,2 we denote

To prove (7.1) it is enough to show that

(7.2)  [S(A, A <p e S(ALA) = Y Y (“1_“2)%(%),

a1€A1, b1€Q(ar), p
a2€A2 bQEQQ(ag)

where there are M, M, so that for ¢ = 1,2 and for any a; € A;,

Indeed, there are O(log® p) choices for My, M, being powers of 2. If |A;|M; < p'/277/1° then
by (7.3), |S(A;, Ay)| < 2p'~7/1° and (7.2) holds (recall that ¢y < 1, hence £, < 7/20). Thus,
we can assume that |A;|M; > p/277/19 which implies, by (6.1), that

(7.4) M, > pt/¥=a=/10,

Lemma 8. For any a1 € Ay, ay € As, a2 # a1, By CF,, By CF, we have
5o (lmhry
e P 4(@1 — CLQ)
bo€B2

Proof. Let W denote the double sum over by, by and let § = 1/(4(a; — az)). By the Cauchy—
Schwartz inequality,

WP <[Bi] Y | D e, (601 —12)?)

bi1€B | b2€B>

SIBL Y Y e (0 (8- () — 2 — 1))

ba,byEB2 b1€B1

< \Bl\l/2E(Bl,Bl)l/S\B2|1/2E(Bg,B2)1/8p1/8.

2

Another application of the Cauchy—Schwartz inequality gives

2
(W' < |By|*| Ba|? Zep (2661 (b2 — b))

b1

= | B, *| Ba|* Z Auhtyep(—20zy),

x,y€lfp

where
)\:c = 1B1 * 1(—B1)($)a Hy = 132 * 1(—32)(y)'



20 J. BOURGAIN, S. J. DILWORTH, K. FORD, S. KONYAGIN, AND D. KUTZAROVA

A third application of the Cauchy—Schwartz inequality, followed by Parseval’s identity yields
a well-known inequality (cf. [44], Problem 14(a) for Chapter 6)

2

< IAIEY

z€Fy,

2

Z Azbiyep(—20zy)

x,y€lfp

Z fyep(—20zy)

y€lFp

:p]|>\||§]|,u||§ :pE(B1,B1)E(B2,Bz)- O

By (7.4), |(a;)| > p'/3, and by Lemma 8 and (6.3),

> (L)
p JR—
b1€Ql(a1) 4(@1 a2)
b2€Q2(a2)

Next, by (7.3), we have

< | (a1)] 78|90 (an) |/Bp B4,

|S(Ay, Ay)| < 4] AL |Y8| Ag|VEpt—/4,

Thus, if |A;] < p?/? and |Ay| < p?/2, then |S(A1, Ay)| < 4p*~/® and (7.2) follows. Otherwise,
without loss of generality we may assume that

(7.5) |Ay| > 2.

The following lemma gives the necessary estimates to complete the proof of Lemma 7. For
a1 € Ay, set

T(A,B) =T, (A B) = 3 (al —a2) 5 <%)

bieB p
a2€A,b2eQ2 (az)

Lemma 9. If a; € Ay, 0 <y < min(a, 5--), conditions (7.3) and (7.5) are satisfied and a
set B C I, is such that

(76) p1/2—6a < ‘B| §p1/2
and
(7.7) |B — B| < p*™B,
then

42¢y
7.8 T(A,. B)| < |B|p/2-=2 — o7 _ 2
(78) T(4a. B)| < B2, o= -

Remark 7. The proof of Lemma 9 applies to more general sums, e.g. in T'(A, B) one may
replace the Legendre symbol (“-¢2) with arbitrary complex numbers ¢ (a1, az) with modulus
< 1, and one may replace ali - with different quantities g(aq, as) having the dissociative
property (the analog of (6.2) holds).
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Postponing the proof of Lemma 9, we show first how to deduce Lemma 7.
We take a maximal subset By C €;(a;) so that (7.8) holds for B = By. Denote B; =
Q4 (a1) \ By. By Lemma 8, (7.3), and (6.1) we have

| Toi (A2, B1)| < ) |BU'PE(By, B1)*|Qa(a2) [ E(2(az), 22(az))V*p'/*

az€A2

< [ Ao| [ Bi2E(By, By) /oMy ®p/®

< 2| B\|V2E(By, B))/3p@/10+(/s)
Consider the case when
(7.9) E(By, By) < p?*M;.
Then we have, due to (7.3),
(7.10) |To, (Ag, By)| < 2M7/Pp@©/10)-a/4,
Now assume that (7.9) does not hold. By (7.3), we get

|Bi| >p “M;, E(By,Bi)>p B

Applying now Corollary 2 and (7.3) we obtain the existence of a set Bj C B such that
1/2—5a—~/10

M, P
B >
| 1‘_20

> > 1/2—6a
ple 20 =P

and | B} — B;| < 10"p?™|B,| < p®*|B,|. Using Lemma 9 we get inequality (7.8) for B = Bj.
Therefore, (7.8) is also satisfied for B = By U By, contradicting the choice of By.
Thus, we have shown that (7.9) must hold. Using (7.8) for B = By and (7.10) we get

‘Tal (A2’ o) (a1>>| < Mlp(1/2)—52 + 2M17/8p(9/16)_a/4.
Summing on a; € A; and using (6.1) and (7.3), we obtain
1S(Ay, As)| < | A (Mlp(l/Q)—EQ i 2M17/8p(9/16)—a/4>
S 2p1—€2 + 4|A1|1/8p1—a/4 S 2p1—€2 + 4p1—a/8’
completing the proof of Lemma 7.

Proof of Lemma 9. By the Cauchy—Schwartz inequality we have

(A2, B)I < /b Y |F(b,by)l,

b1,b€B
where F(b ) ) B Z . b% — B2 B bg(bl _ b)
A P 4((1,1 — 0,2) 2(&1 — ag) '

az EAQ
boeQg (ag)
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Consequently, by Holder’s inequality,

1

(7.11) T( A, B)P < VBB ( > IR, bl>|m) -

b1,b€B

Next,

T by
Z |F(b7 b1)|m = Z Z “ (4(&1 g a2) a 2(@1 EQ?))

b1,beB r€EB+DB, | a2€As,
P\ 4 a1 (3) —a;i+m/2) :

<2 X

yeB—B a;i)€A2

b5 € (al)
1<i<m

yeB—B bQEQz(az)
t€B+B i=1 — ai

Hence, for some complex numbers ¢, ¢ of modulus < 1,

(7.12) STUEGb)m =M YT Y MEeye Y ep(zyé/A),

b1,b€B yeB—-B ¢elF), reB+B

where

m/2
1 1
) (m) — =
A(§) {a oo @ € A Z; (al —a®  q — a(i+m/2)) 5}‘
By (6.2),
(7.13) A0) < (m/2)!]A|™2.

Let
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Then |('(2)| < ((z). By Hoélder’s inequality,

Z Z)‘(g)gy,i Z ep(2ys/4) Z ('(2)ep(x2/4)
yeEB—-B £eFy z€EB+B r€B+B
2€Fp
4y 1/4
< |B+B|3/4<Z S (2)ep(az/4)
(714) z€F, | z€F,

=|B+ B’ ( DD D (EIQIESERCEIEY

z€lF, | 2’€lFp

2> 1/4
=B+ BI*!||¢" [l
< B+ B¢+ ¢l pM*.

As ((2) = > M&)Ce(2), where (¢(2) = 15-5(2/€), we have by the triangle inequality,

1C ¢l < > MOMECe * Gl
eEcks
(7.15) = D MOMNNes-5) * Lo l2
cEcks
= > MOMD -5 * Loz
ccks

Define the probability measure A\; by
A A

Al Azl
The sum ., A(€)? is equal to the number of solutions of the equation
1 1 1 1 —0
a; — a® Tt a — alm) B a, — a(m+1) B a; — am)

with aV) ..., a®™ € Ay. By (6.2), this has only trivial solutions and thus
(7.16) D A€ < ml| Ay
§€Fy
Now we are in position to apply Corollary 3 which gives for any ¢’ € IF;

(7.17) > MO s-5* L ey 5-5) |12
¢cF3

< (Ml + B = BI7Y2 +|B - B|Y*p~ )" |B — B|*>.

23
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By (7.5) and (7.16),

H>\1H2 S V m!p_mﬁ//él.
By (7.6) and o < 0.01,

|B o B| > |B| > p1/2—6a > p0.44.
On the other hand, it follows from (7.6) and (7.7) that
|B . B‘ < p1/2+28a < p0.78'
Since my < 1/3 we get
||)\1||2 + |B . B|—1/2 + |B _ B|1/2p—1/2 < /m!p—mfy/4 +p—0.1 < p—my/5.

So, by (7.15) and (7.17),

1C# Cll2 < TAP™ ) - M(€) D M(©Is-p * Ligjeyn-n)l2

¢/eF; geFy,
& |Ag|?mp=(e/5my| B — BI3/2,
Subsequent application of (7.12), (7.13) and (7.14) gives
Z |F(b,by)[™ < (5)/(Ma|Az|)™|Ao| ™| B — BJ|B + B|
bi,beB
+O(MP| Al B — BIY|B 4 Byl
Due to Lemma 2, condition (7.7) implies
|B + B| < p™|B].
Recalling v < «, (7.3), (7.5), (7.6) and (7.7), we conclude that

D FB b)) < (NP ™ B 4 (2y/p) "% | B 2 /10 pl
b1,beB
< |B‘2pm/2—(co/10)m“/+84a'

Plugging the last estimate into (7.11), we get

1
|T(A2, B)|2 < \/]3|B‘2_2/m (|B‘2pm/2—(co/10)m'y+84a) m
< |B‘2p1+84a/m—(co/10)~/' O

8. THIN SETS WITH SMALL FOURIER COEFFICIENTS

Denote by (a™'),, the inverse of ¢ modulo m. It is easy to see for relatively prime integers
a, b that

(8.1) + - — € Z.
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Lemma 10. Let P > 4, S > 2, and R be a positive integer. Suppose that for every prime
p < P, S, is a set of integers in (—p/2,p/2). Suppose q is a prime satisfying ¢ > RP?. Then
the numbers r + s® (p~h)y, where 1 <r < R, P/2<p<P, s ¢ Sp, are distinct modulo q.

Proof. Suppose that

T+ sgpl)(pl_l)q =ry+ sgm)(p;l)q (mod q).
Multiplying both sides by pips gives

(p1)

r1p1pP2 + P2S{ w2

= Tapip2 + 1Sy (mod g).

By hypothesis,
(r1 — ro)p1p2 +p28§p1) — plsgm) <(R—1)P*+ P? <q,

thus

(ry — r2)p1ps = —pas™ + prsF?.

The right side is divisible by p;ps and the absolute value of the right side is < p;po, hence

both sides are zero, r; = ry, p; = py and sgpl) _ sém). -

2miz

For brevity, we write e(z) for e*™* is what follows.

Lemma 11. Let P > 4, S > 2, and R be a positive integer. Suppose that for every prime
p € (P/2,P], S, is a multiset of integers in (—p/2,p/2), |S,| = S and |fs,| < €. Suppose q
s a prime satisfying q > P. Then the multiset

T={r+sPp"),:1<r<RPR2<p<Ps?PecSs}

of residues modulo q, satisfies

2V | losta/?)
R Vlog(P/2)’

where V' is the number of primes in (P/2, P].

(8.2) |fr| <e+

Proof. Since | fr(k)| = | fr(¢—k)|, we may assume without loss of generality that 1 < k < ¢/2.
We have

fr(k)=A(k) Y Blpk),

P/2<p<P

wg(E) - ()

s€Sp

where

Trivially,

(8.3) |A(K)| < min (R, #) .
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If £ > q/3, we use the trivial bound |B(p, k)| < S and conclude

[fr(k)] 2 - 2 _2/V3
[Tl ~ Rle(k/a) 1] — Rle(1/3) =1 ~ R

Now assume k < ¢/3. If p|k, then |B(p, k)| < S. When p 1k, by (8.1),

B = |3 e (L 1 22

= p Pq

() 1|25 )

< (e +le(k/2q) —1]) S.

<
< |5p[max

Since there are < % primes p|k with p > P/2, we have

log(q/3)

log(P/2)"

Y IB.k) < (e +le(k/29) = 1) SV +

P/2<p<P
Combining our estimates for |A(k)| and |B(p, k)|, we arrive at
o) dom(af3) 2 |elk/20) 1
Tl - Vieg(P/2)  R|e(k/q) —1

L losa/3) |, 2/3
- Vlog(P/2) R

For a specific choice of S,, the inequality (8.2) can be strengthened.

Lemma 12. Let P > 4 and R be a positive integer. For every prime p € (P/2, P| denote
by S, the set of all integers in (—p/2,p/2). Suppose q is a prime satisfying ¢ > P. Then the
multiset

T={r+sPp"),:1<r<RPR2<p<Ps?Pcs}
of residues modulo q satisfies

wow log (1+ %)
4 < 1 )
(8.4) \fT|_2V+RV< + 5

where V' is the number of primes in (P/2, P] and W = 41135((1‘13//22)).

Proof. Again, we may assume without loss of generality that 1 < k < ¢/2. We use notation
from the proof of Lemma 11. If p|k, we use the trivial estimate |B(p, k)| < |S,| < P. Now
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there are < llog((l‘i//z)) primes p|k with p > P/2. When p{ k, by (8.1),

1)/ Csk(g), | ks\| ‘6 (k) - 1}
|B(p, k)| < 5:(12_;;)/26( D : +pq) N ‘e( k(q Do 4 >_1‘
ek —1) ‘e k —1)
- »<<)>

where it is assumed that k(¢7'), € (—p/2,p/2). For a =1,...,[(P — 1)/2] we denote
P,={pe (P/2,P]:|k(g”")y| = a}.

Taking into account that |e(u) — 1|7 < 1/(4u) for u € (0, 1/2] we get

(8.5) S Bk < (—)—1‘2

ptk

If k(¢7'), = +a then k +agq is divisible by p. But |k+ag| < Pq/2. Therefore, the number

of prime divisors p > P/2 of any number k + aq is at most 1§§g13q/2 + 1 and for any a we get

Y

log q
< —_ < W.
Fof <2 [10g(P/2)} 2=

Let A= [V/W]+ 1. We have

Z|a| _Z\P\ (V—Z|Pa|>2A1
a<A
1 1
gZWQa_1+ (V_;W> 2A + 1 S;AWQCL—1

a<A

log A log (14 Y
§W<1+O§ >§W<1+w>.

Combining our estimates for |A(k)| and |B(p, k)| ((8.3) and (8.5)), we arrive at

fr(b)] _ 2log(a/2)  PW)2 (Hlog (H%))

7] ~ Vleg(P/2) = R(P—2)V/2 9
wow log (1 + )
oy 12 W) O
“ow T ®Y ( T3

Remark 8. Applying Lemma 11 for all primes ¢ in a dyadic interval, we can then feed these
multisets 1" = T}, back into the lemma and iterate.
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Using explicit estimates for counts of prime numbers [37], we have

Proposition 4. For P > 250, there are more than % primes in (P/2, P]. For any

P > 2, there are at most 0.76 P/ log P primes in (P/2, P].
Using Proposition 4 we obtain a more convenient version of Lemma 12.

Lemma 13. Let P > 250. For every prime p € (P/2,P] denote by S, the set of all
nonzero integers in (—p/2,p/2). Suppose q is a prime satisfying ¢ > P and suppose R >
1 +log(1+4 0.26P/log(2q))/2 is a positive integer. Then the multiset

T={r+sPp),:1<r<RP/2<p<Ps?eSs,)

of residues modulo q satisfies

lo
(8.6) frl < 1521,
Proof. We use the notation of Lemma 12. By Proposition 4 we have
W log q
. — < 5——.
®.7) 2V — > P
On the other hand, using Proposition 4 again we get
.T6P/log P P P
v < 0.76P/ log <0.19—— < 0.26————.
W~ 4log(q/2)/log(P/2) log(q/2) log(2q)
Hence,
log (14
R>14 w
Now the inequality (8.6) follows from (8.7) and (8.4). O

Using just one iteration one can get the following effective result on thin sets with small
Fourier coefficients, of nearly the same strength as (1.12).

Corollary 6. For sufficiently large prime N and pu such that N~'/?1og® N < pu < 1 there is
a set T of residues modulo N so that

L2 ( 1+ 1log(1/p) ))
<u IT]=0 _1(— |
Proof. We choose P = (15/11) log N and

26P
log <1 + ?026N>
5 )

Clearly, R < 1+ log(1/u). Let T be the multiset constructed in Lemma 13. We have
| fr| < p. By Lemma 10, T is a set. Moreover,

L+log(1/p) _ P2(1+log(1/p))
log P Ly +log(1/p)

> 1+

R [2 N log(1;r5/u)]

O

IT| <« P?
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Proof of Theorem 2. We choose real parameters Fy, P, and positive integers Ry, 1 so that

log (1 + —?'26;)30)
(8.8) Py>250, P >2R,P?, N>RP?, Ry>1+ 5 ®
and also
2/v/3  _logP,  5logN
(8.9) V3 jgloa | BloaN

R, Py op, —F

For /2 < p < Py, let S, be the set of integers in (—p/2, p/2). By Lemmas 10, 13 and (8.8),
for each prime ¢ € (P1/2, P,], there is a set T = S, of residues modulo ¢ such that

log( P;
Ifs,| < 15% ——
0

By an application of Lemmas 10 and 11 with P = P;,e =1, ¢q= N,and S = R,y ZP0/2<pSPo D,
together with (8.9), there is a set 7" of residues modulo N so that

+2/\/§+5logN -

<
|frl < & R, op S
Using Proposition 4, we find that
P P?
T| < (0.76)*RyR 0 :
IT]'< (0.76)" R " (log Py)(log Py)

Recalling that 1/u € N, we now take
Ro=[2+log(1+13/m)/2),  Fi=4/p
P =(8/u)logN,  Py=(45/p)log P
so that (8.9) follows immediately. The condition (1.13) implies (8.8) for large enough N. O
Remark 9. Theorem 2 supersedes Corollary 6 for p > Ll_l/ 2L;/ 2,
9. AN EXPLICIT CONSTRUCTION FOR TURAN’S PROBLEM

Proof of Theorem 3. We follow the proof of Theorem 2 and Lemma 11. We choose real
parameters Py, P; and a positive integer Ry, so that

0.26P,
L+ 20

log(
(9.1) Py > 250, P, > 2P2, Ry>1+ 5

and also
log P, n 5log N <

2 1
(92) ) op, - F
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For Fy/2 < p < Py, let S, be the set of integers in (—p/2,p/2). By Lemma 13 and (9.1), for
each prime ¢ € (P;/2, Py}, there is a multiset 7' = S, of residues modulo ¢ such that

log( P
(9.3) Ifs,| < 15201 og(P) _
Ry

We have |S,| = S for all ¢, where S = Ry ZP0/2<p§Po p. Now define a multiset {z1,...,2,}
as a union of multisets {e(s/q) : s € Sy,q € (P1/2, P1]}. We have, for 1 <k < N,

2:2;?: > Blgk), B(%k‘):ze(ﬁ).

Py /2<q<P1 s€Sq q

If g|k, then B(q, k) =S. When ¢ 1k, by (9.3), |B(q, k)| < £1S. Therefore,

(9.4) S 1B(g. k) < 2.

atk

The sum over ¢|k is estimated at the same way as in Lemma 11:

log N
(9.5) Zk [Bla. k)| < o7y

Combining (9.4), (9.5) and using Proposition 4 we arrive at

5log N
k

7j=1
as required. Moreover, by Proposition 4 we have

P P?
n < (0.76)*R : :

(0.76)"% (log Py)(log P;)
Now we take Ry, Py, P; the same as in the proof of Theorem 2 so that (9.2) follows immedi-
ately. The condition (1.14) implies (9.1) for large enough N. O

Remark 10. As in [1], one can construct thin sets 7' modulo N with |T'| = o(L;Ly) and
| fr| small, by iterating Lemma 11. Roughly speaking, applying Lemma 13 followed by r
iterations of Lemma 11 produces sets 7', with small | fr|, as small as |T'| = O(LL, 1), where
L; is the j-th iterate of the logarithm of N. We omit the details.
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