Exponential sum estimate over subgroup in an
arbitrary finite field

J. Bourgain! A. Glibichuk!

1 Introduction.

The purpose of this paper is to establish some exponential sums estimates
over multiplicative subgroup extending the result of J. Bourgain [1].
Let p > 2 be a prime, F, be the a finite field of ¢ = p” elements, and F
be the multiplicative group of Fy, so that F; = F, \ {0}. For sets X C F,,
Y C IFy, and for a (possibly, partial) binary operation * : F, x F, — F, we
let
X*xY={a+y: z2€eX,ye Y}

We will write XY instead of X x Y if * is multiplication in F; and, for an
element A € F,, we write

Ax A= {A}A

We shall omit the * sign if it doesn’t confuse reading of the formula. Hereafter
|A| stands for the cardinality of a set A. For an arbitrary « € F, we define a

trace function Tr(z) = 1+a”+2” +...+2? ' and for given a we introduce

2riTr{ax)
a character ¥(z) =e™ »

Let us recall one of the results of [1].
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Theorem 1. Let H C IF,, be a multiplicative subgroup with |H| > p'usﬁw for
some sufficiently large constant C > 1. Then

§ e27rm1:

reH

max

(ap) < e 7|
a,p)=1

where C' > 0 is an absolute constant.
M. Garaev [2, chapter 4] proved the following theorem.
Theorem 2. Let 3 < n < 1.44Inlnp be a natural number and ¢ > 0 be an
arbitrary fived constant. For any subsets X1, Xs, ..., X, C F, \ {0} with
&7 l4e
| Xa| - [ Xa| - (1 X[+ | Xa])¥T > p

there is an estimate

2w 0.45¢
Z — Z ebﬂx;...x“ < O]X]I L |Xn|p'—_2"r

T1€X) Tn€Xn
for some absolute constant C > 0.

An easy corollary of Theorem 2 is an exponential sum estimate for multi-
plicative subgroup, which can be considered as an explicit version of Theorem
il

Corollary 1. If H is a multiplicative subgroup of ) with cardinality

571n

|H| = ehmp
then

max
(a,p)=1

E 827rm.:!:

reH

= o(|H|)

when p — oc.

The presence of a nontrivial subfields is an obvious obstacle when one is
trying to extend above mentioned statements to arbitrary finite fields. Usual
restriction on the cardinality of the subgroup is not sufficient in finite fields
and we need to require more.

J. Bourgain [3, theorem B] have obtained a multilinear exponential sum
estimate in an arbitrary finite field.



Theorem 3. Let 0 < 4,62 <1 and r € Zy,r > 2. Let g be sufficiently large
and Ay, ..., A, CF, satisfy

|4 > ¢ for 1<i<r

|A; N (aG +b)| < ¢2|A;] for 2<i<r, (1)
whenever a,b € Fy and G a proper subfield and

Arl [T 1Az > ¢+,
j=2

Then we have

3 W(@Ty- 7)< ¢ AL ... | A

T1EA,r2E€As,.xrEAL
' — L iy Cr
where we may take § = C ™ % (;) for some absolute constant C' > 0.

In present paper we'll establish the following theorem.

Theorem 4. Take an arbitrary n with 3 < n < 0.9log,log, q and let
Ay, Agy ..., Ay C Fy. Take an arbitrary number 0 < n < 1 and define v =
min (1, 2287). Suppose that |A;| > 3,i = 1,2,...,n and suppose that for
every j = 3,4,...,n, an element d and a proper subfield S the condition

|4, N dS| < |45
holds. Assume further that
[Ail - [4z] - (JAs] - |Ad] -+ |An]) om0 > g1+,
Then for sufficiently large q there is an exponential sum estimate
0.45¢

Z Z Z Ylaray .. .a,)| < 100|A;||Ag| - - - |Anlg™ 2" .

a1EA] ageAs an€An

As a simple consequence of Theorem 4 we’ll establish an extension of
Theorem 1. It is easy to see that Theorem 5 doesn’t follows from Theorem
3.



Theorem 5. Let 0 < n € 1 be an arbitrary number and H be a multi-
plicative subgroup of ¥y with

masx

135 17600625

|H| > q (2)
Suppose that for any proper subfield S the condition

|H 0S| < |1
holds. Then for sufficiently large q there is an exponential sum estimate

> (k)

heH

< 100|H| . 9451073 (logy )1

We must note that the exponent max (%, 176006.25) in the condition

(2) can be significantly improved if one combines Lemma 1 from [3] with ideas
of proof of sum-product result from one of the paper of M. Garaev [4] or [2,
chapter 3]. We won’t do it because this doesn’t change radically Theorem
5. We can also point that in Theorem 4 the condition (1) of Theorem 3 has
been relaxed.

In section 2 we prove sum-product estimates which are used in section 3
to obtain theorems 4 and 5. Section 3 heavily relies on ideas of M. Garaev
[4, chapter 4].

Acknowledgement. The authors would like to thank M. Garaev and
S. Konyagin for their helpful comments on the draft of the paper.

2 Sum-product estimate.

Below in statements of lemmas all the subsets are assumed to be non-empty.
The first two lemmas are due to Ruzsa [5, 6]. They hold for subsets of any
abelian group, but here we state them only for subsets of F,.

Lemma 1. For any subsets X, Y, Z of F, we have

X —Ylly — 2]
Y]

X —Z| <



Lemma 2. For any subsets X, By, ..., By of F, we have

| X + Bi||X + Bs|...|X + Byl

|Bi+ By + ...+ By| € T

Definition 1. For subsets A, B C F, we denote
E_i_(A, B) = |{(a1,&2,b],bg) EAxXxAxAxBxB: ) — as :bl —bg}],

EX(A,B) = |{(a1,a2,b1,bg) EAxAxAXxBxB: a1l = b]bgH

Numbers £, (A, B) and Ey (A, B) are said to be an additive energy and a
multiplicative energy of sets A and B respectively.

Lemma 3. For any given subsets X,Y C F, there is an element § € F; with

|X1[Yl(g—1)

X+ EY| = :
X+ Y12 v+ 0=

Moreover, the following inequality holds

(XY

| X +&Y| > _E_,.(X,EY)'

Proof. Let us take an arbitrary elements £ € G and s € F, and denote
fE(s) = H{(z,y) € X x Y : 2+ y€ = 5},
It is obvious that

> (£ (9)) = (21,91, 2,0) EX X X XY XY : 21 4 1€ = T2 + yo€}|
selfy
= | X|IY[+[{(z1,91,%2,52) € X x X XY XY : 2y # 23,21+ 1€ = 22+ 1€}

and

Y i) =1x1Y].

selfg

Let us observe that for every z;,29 € X,y;,y2 € Y such that z; # x,
there is exactly one 5 satisfying the equality =1 + v, = 22 + yon. Therefore,

3SR < IXINIYIg - 1) + (X PV

£cFy sely

on



From the last inequality directly follows that there is an element € € G such
that

. X2y )2
> (e < v+ EEEE
selfy, E
By Cauchy-Schwartz,
2
Do fHs) | <IX+EY D (fH(s)2
s€lF, s€lfy

Observing that

Y (@) = By(X,6Y)

s€Fy
one can yield the second assertion of Lemma 3.
Combining two last inequalities we see that
X +£Y] > XPIYPE  _ IXIYie—1)
x|y + BEEE XY+ (g - 1)

Lemma 3 now follows. B
Definition 2. For any given subsets X,Y C F,,|Y| > 1 we denote

X ~X L1 — Iy
Y -Y)\ {0} B {yl — Y2

Lemma 4 is a simple extension of the lemma 2.50 from the book of T.
Tao and V. Vu [7].

Lemma 4. Consider two arbitrary subsets X,Y C F,, |Y| > 1. The given
element £ € F, is contained in Q[X,Y] if and only if | X + £+ Y| < | X]||Y].

Proof. Let us consider a mapping F': X x Y to X +£#Y defined by the
identity F(z,y) = « + €y. F can be not injective only when |X + £+ Y| <
|X]]Y]. On the other side, non-injectivity of F' mean that there are elements
%1, %2 € X, y1,y2 € Y such that (z1,31) # (22,y2) and F(z1,y1) = F(22,¥2).
It is obvious that y; # y, since otherwise z; = x5 and we have achieved a
contradiction with condition (z1,41) # (@2, ¥2). Hence, € = (21 — 22)/(y2 —
y1) € Q[X,Y]. Lemma 4 now follows. l

Lemma 5 uses ideas of S. Konyagin told the author in private communi-
cation. It also employs partially a method from the paper of N. Katz and C.
Shen [8].

QIX,Y) =

B PR EX1y1:y2 EY;TUI #yz}



Lemma 5. Given any subsets A, B C F, such that |A| > 1 and B is not
contained in any proper subfield of F,. Then

| —

max{|A + AB|,|A — AB|} > —|A|7 min{|A||B|, ¢}7. (3)

L

2

Proof. Take an arbitrary element a € A, a # 0 and notice that 1 € 2% A.
Now we substitute the set A with ;‘;*A and this doesn’t change the inequality
(3). Let us consider four cases.

Case 1. If Q[A, B] = F,, |A||B| < ¢ then applying lemma 3 we see that
one can find an element £ € F; such that

[Al|Bl(g—-1) _ 1
A+EB| 2 > - .
Since Q[A, B] = F, then there exist elements ay,a2 € A,by, by € B, by # b,
with § = $=2. Therefore,

|mAn@A+mB—aﬁﬂ;%mwﬂ

Applying lemma 2 one can deduce that

|A + blA“A == b2A||A + (J,]BHA - (LQB|
AP

1
B2 |b1A—b2A+(LlB*—GgBI = EIA“B!
and now it is easy to see that
5 o i
A+ ABP|A - ABP > |4 Bl

and this completes proof of the lemma 5 in this case.
Case 2. If Q[A, B] = F,, |A||B| = q then applying lemma 3 we see that
there is £ with
|AllBl(¢—1) _ 1

A+€B|> Sicy,
A+EB1> B+ =D = 27

/ i’
i

7 I
by —by

Again, there is elements a,,a, € A, by, b, € B, b, # b, such that & =
Therefore,

|6;A — byA + a1 B — ayB| > =q.

Lo =



Applying lemma 2 we obtain

|A+ b, A||A — by A||A + a,B||A — B

AP > |byA —byA+a B —a,B| >

q

DO | b

and now it is obviously follows that

|A+ ABJ?

4 1 ”
A—ABP > 5|APq.

This completes proof of the lemma 5 in this case.
Case 3. If 1+ Q[A,B] ¢ Q[A, B] then one can find elements a;,a, €
A, b}, by € B,b, # b, such that £ := 1+ F—# ¢ Q[A, B]. Hence, applying
1o
Lemma 4 we get the equality |A||B| = |A+¢" B|. Now from obvious identity

|A+€"B| = |(b = by) A+ (ay — ay) B+ (b; — b,)B|
and Lemma 2 one can easily deduce the inequality
[AIIB| = |(b3 — ;) A+ (a) — a3) B+ (b; — by)B| <

s AP ¥
_ |A+AllA+ BI|A+ 01 B||A — a,B||A + by A||A — byA|
x [A .

5

Again, by Lemma 2 we see that

M+Am2<m+Am2

A+ Al £ <
SR AT 7

Combining all the previous inequalities it is easy to see that

A— ABP?
| Al

5

|A+ AB

|A||B] = |A+¢"B| <

= |A+ AB|’|A — AB|? > |A|"|B|.

This completes proof of the Lemma 5 in this case.
Case 4. If 1 + Q[A, B] = Q[A, B] and Q[A, B] # F, then consider three
sets:

G={g€eF,:g+Q[4 B]=Q[A, B]}

8



F={relF,:rQ[A, B] C Q[A, B]}
Fo={felF,: fGCG}.

It is obvious that G is an additive subgroup of F, and therefore Fj is a
subfield. Let us take an arbitrary elements r € F, g € G and observe that if
r # 0 then Q[A, B] = rQ|A, B] since |Q[A, B]| = |rQ[A, B]| and rQ[A, B] C
Q[A,B]. If r = 0 then 0 = rg € Fy. Now suppose that r # 0. In view of
rg + Q[A,B] = rg+rQ[A,B] = r(g+ Q[A, B]) = rQ[A,B] = Q[A, B| it is
obvious that rg € G and therefore ' C F,. Notice that F' # {0} since 1 € F
If F =T, then obviously Q[A, B] = F, so we returning to the cases 1 and 2,
and we can suppose that I’ is a proper subfield. It is easy to see that B ¢ F,
hence there is an element b € B such that bQ[A, B] ¢ Q[A, B] and one can
P F St U 18
find elements a{'/, ol € A b7 blIT € B with ¢/ = b%n_—zgﬁ ¢ Q|A, B).
Using Lemma 4, we deduce the equality

|A]|B] = |A+ €& B| = (6" = ") A+ b(a]"" - o) B|.
Applying Lemma 2, we see that

A||B| = |(®iT" — b} A+ b(alT — odI1)B| <
1 1 2

o A BAIG — YA+ @l = of)B] _

|A|
A+ bA||A+bITTA||A — BT A|A + ol B||A — a2/ B|
< 1 = <
h |Al* N
|A+ ABJ’|A - AB|?
= | Al '

Now it directly follows that
|A+ ABJ*|A — ABJ|* > |A®|B|.

Lemma 5 is proved. B
For any nonempty subsets A C F;,, B C F,,G C A X B we define

|AEB|={a+b: (a,b) € G}.

Let us recall the Balog-Szemeredi-Gowers result (see the paper of B. Sudakov,
[. Szemeredi and V. Vu [9], Theorem 4.1, p. 138 and Corollary 4.6, p. 143).

9



Proposition 1. (i) Let A, B be finite subsets of an additive group and
|A| =n > |B|. Assume G C A x B and

1
IGI > Fﬂz, |AéB| < Kon
1

for some K1, Ky > 1. Then there are A’ C A, B' ¢ B such that
n

/ ]- ’
|A| > —=n,|B| > K

672 and |A' 4+ B'| < 22K K3n.

() If in part (i) A= B, then there is a subset A" C A satisfying
|A'| > —— and |A' +A'| < 22KBKS|A.
4K,

We shall use the following result from the book of T. Tao and V. Vu [7]
(Lemma 2.30, p. 80).
Lemma 6. If E,(A,B) > L|A|3|B|2,K > 1, then there is G C A x B
satisfying

1
G| > 5|AllB| and |A%B| < 2K|A|2|B]z.

The Proposition 2 uses ideas and generalizes Theorem C from the paper

of J. Bourgain [1].

Proposition 2. Assume that A C F;,B C F,, |A| =¢*|B|=¢%, a > 8
and take an arbitrary 0 < n < 1. Suppose further that for every nontrivial
subfield S C IF, and every element d € F, the set B satisfies the restriction

|BNdS| < 4|B*.

Then
> E+(A,bA) < 13¢ w0 | A]°| B|
beB
where y = min (3, %1—5[3?7} 1— 0:).
Proof. Let A, B C F, be as in Proposition 2 and § > 0, C' > 1(to be
specified). Assume

D E.(A,bA) > C|B"*|AP.

beB

10



Hence there is a subset B; C B such that
C
|Bi1| > §|B[1"5

and
E,(A,bA) > %|B|‘5|A|3 for b € B;. (4)

Fix b € B;. By the Lemma 6 applied to (4) one can deduce that there is
G C A xbA,|G®| > £|B|%|A]? such that

4
|AgA| < Z|BPAI
Now, by Proposition 1, there are Agb}? Ag)} C A such that
B . ipid
|4P1 > S5 1BI7)4)

i
|45 > 51BI*14),

" b 228
|41 +045"] < Z51BI¥|A]. (5)
rite
BB 14 < 3 149 x 4D
91211 1 2
beB;
1
<l X [(aPna) x (49 n 48]
b €By
by Cauchy-Schwartz. Hence
C® 285y 412 ) ~ 4®) ®) ~ 4®)
HIBEElAP < S ‘(A, n4)) x (AP n A )|
b €8,
and there is some by € By, By € B, such that
[0 T—
Bal > 1B (6

11



AP AP IAY AR > B for e B ()

27

Let us estimate by Lemma 1
|bgAgb“) _ bAébn)l < |bgA.§bU) £ Agbl})“/lgb“) + bA(;’(])HAEbO)]_I

[BoAy™ + AYY| < [boAS™ + ATV NIAL + bAP || AL
by b b B
AP +0A457| < AP + APNIAD + 04T AP
AT +5AF”| < AP + bAP || AP + AP (|4
Hence, by (5)

|:’){}Ag}“) i bAébu)| < |B|215|A(bo + A(b)”A(b{)) 4 AéijAl_l- (8)

021
Also, by (7), (5) and Lemma 2,

A+ ASNAD 4 4D
|A(bo) N A(b)|
) 927|B[8‘5 IA(bu) + boA bo)|2 |A{b} o bA(b)Iz Q147

| Al (bo) A{b |

A AT 0] < Gl BI™1Al
and similarly one can see that
|4 + AP < 2 Z B,
Combining last inequalities with (8), we obtain
o ALY 4+ pA%)| < Cm?|Biw751A[ for all b € Bs. (9)
Applying Lemma 1 we see that
AL | AP)| = IbgAS’“J + B AD)| < |AS )+£ }A(bUJF (:'S[BlzsalAI (10)
1A &
| AP — AL = 1p A0 — poal)| < |Agb“)[:(i)ng;;1£b°)| (2;1 |B|'89|A4| (11)
1

12



Now we redefine AT by A and —Bﬂ by B and from (9), (10) and (11) one can
deduce the following properties (for § < L)

440
2? 200
A+ A| < CIQ|B| |A| (12)
|A+bA| < 0108|B|““5|A| for all be B (13)
|A—A| < ClgIBJE"“’"IAI (14)
|A - bA| < CIUS|B|“°5|A| for all b€ B. (15)

Our aim is to derive contradiction from (12)-(15), if § is a sufficiently
small constant.
Let £ € F, and assume that

! 2
min |A+EB] < =
B’cB,|B’|>P2“' | B —2203 (&

JB E2A. (16)

By Lemma 3,

JA+§B[2W.

It is follows from (16) that

[{(a1,a2,b1,bs) EAXAXBxXB:aj—az=E&b; —b)}| =
578

= By(A,€B) > | Al| BJ550. (17)

92093
We denote €2 = Qs the set of £ € F, satisfying (16).
Clearly from (17) follows that

05?8

sz [Nl B~ < |AP|BJ?

and therefore
220.).3

578 —5| B
Returning to (13), let b € B. Then by Lemma 3,

CIOS
2389

19 < 2014]. (18)

E.(A,bA) > (BB,

13



Hence,

1108 _
[{(ahag, sz, a4, b) S A% B a — ay = b((j‘,3 * (L4)}i g 5389 |A|3|B|1_1md
and we may specify a,a € A such that
108
[{(a1,a2,b) € A2 x B:ay—a=bla; —a)}| > =50 |A|[B[1,
Then there is a set Ay C A satisfying
0108 1104
Aol > 5555 |BI7 1A (19)
N CIUS
|(A — f_]',) ﬂB . ((L == a)| = WIBP_]HM fOT a € Au.
For a € Ay, let B, C B satisfy
(a—a)B, CA—a (20)
ClUS B
|Bal > 555 IB'I 1106_

Let us define

' 0216 =
G = {(a,a ) € Ag x Ag: |B,N By| > |Bf1—zzua} ‘

9782

Hence, by Cauchy-Schwartz we have

Cl{)& .
Bl < Y (Bl = Y0 Y 15,0)

acAg bheB acAy
1

1 OIOS i ¥
<IBl2 [ ) [BanNBy|| < 25rlBlE|Ad|BIE 1% +|BIg

= 9391

1
2

R,Q’EAU
implying by (19)
0216

9782

432

o 2 C -
1G] > <77 |BI72% | Aof* > sl Bl 1Al (21)

14



Let (a,a’) € G and b € B. We denote B' = B, N B, for which by definition

of @ o

6
— |B|1 —220

Then, denoting

& = (a' —a)+b(a—a)
£2=(a'—(1)—b(a-&)
we have by (20), (12)-(15) and Lemma 2,
|A+&B| <|A+bla—a)B,+ (¢ —a)B,|

523
S|A+bA-3)+A-3|< CI4G|B|‘5°‘5|A|
4 = = 2529 1504
|A+£gBi$|A+A—a—b(A—a)|<CMG|B| |Al.

Now we see that & and &, satisfies (16). Hence &;,&; € . This shows that
(a—a)B =+ (a' —a) C Q whenever (a,a’) € G. (22)

Let us define
A _ 4 . g C B —44048 A
= U‘E‘O'I (a)|>21553| | | |

satisfying by (21)

Cc432
1563
Now we need to estimate |A + (A; —a)B|. Fix ;1 = a+ (a — a@)b and z, =
@ —(a—a)bwhere a € A,a € Ay,b€ B.If ' € G(a), then by (22) we have

A1 > 55 | BITH®1A].

zy=(G—a +a)+(a—ab+a —a)c(A—A +a) +9
za=(G—a +a)+(@ —-a—(a—a))e(A—A +a)+0Q

(432

and |G(a)| > S| B| 49| A since a € A;.
Denoting

g:(A-A1+a)xQ—=F,
the restriction of the sum - map we showed that

04.52

071 (@)| > g5 |BI4714)

15



if v € A% (A, — a)B. Consequently, according to (12) and (18) it is easy to
see that
[A _ AIHQI 23726

IA + (Al e a’)Bl ""<- 2_1563|B'——«’1405|A| < 01029

|BI'*|AL. (23)

Redefining A = A; — @ and B = B and using the condition (6) we see
that o8
3(1—
B[ > ﬁqm =,
If for any proper subfield S the restriction

CS B(1—-84
|Bﬂd5|<;j§-?;q(‘}

holds (in this formula we taking an original unmodified set B from the state-
ment of Proposition 2) then B is not contained in S and we can apply Lemma
5. We get the inequality

1 [i] 1
max{|A -+ AB|, |4~ AB} > | Alf min{|A||B], ¢} (24)

Recalling an estimate (23) we can rewrite it as

25289

| A+ AB| < er“g“w (25)

It
21157

C = 2% = 12,2975...

then the inequality (25) is equivalent to
1 ¢
|A+ AB| < —|B["*®| A (26)
21

Now we can take

- 11—« 5215
min|{ 1, — 7
6 1 4 ;

to get a contradiction between inequalities (26) and (24). Proposition 2 now
follows. W

The Corollary 2 generalizes and uses ideas of the Theorem 6 from the
paper of J. Bourgain [1].

%= 0430

16



Corollary 2. Assume that A C F,,B C F,, |A| = ¢%|B| = ¢*,a > B
and take an arbitrary 0 < n < 1. Suppose further that for every nontrivial
subfield S C F, and every element d € F, the set B satisfies the restriction

|[BNdS| < 4|B|1_"".
Then

APIBI

A=Az S P

q 31200 1AI2
'H}hf'f'.l"e ¥ = min (ﬁ‘ = a, 521q {,}n)

Proof. Assume that for some p > 0 we have

[APIBI* _ 1

A-A 5 o
A=A < ok

|BIPIAJ. (27)

In particular
E«(A,B) = |{(a,b,a1,b;) € Ax Bx Ax B:ab=ab}| > 523|A||B[>*

and we may specify by € B, by # 0 such that

525]A||B|'* < [{(a,b) € Ax B :ab € bpA} < ) AN A|
beB
Recalling Proposition 2 we see that

Y B, (A A) < 13|B|*°|A)P

beB
. — l—a 5215
where § = f5=s min (l R ) Obviously,

b
141 BP* Y B, (A ; A) < |A||B|"
beB

and therefore

2
Z( AN Al - A8 B, (A, EA)) > |Al|B*
525 bg

beB

17



Now we may fix b; € B with

—bl 52% =P 52% -2 §— b]
T —|A|2|B|* gy
AN gAl> - |AlIBI™ + 2 |AI*IBI B, ( A, A (28)

We denote

A :Ar}b—lA.
by

Then by lemma 3, (27) and (28)

|
52

|APPJA[?
=

P A
IBIVAL > 14— 4] > 3o 2

e

|AJ2|A' 2 >52%
T B (ARA) T 26

and therefore p > %. Corollary 2 now follows. B

; 1 o
|4|B)"~* > s Al B~
3

3 Exponential sum estimate.

We shall use the following simple lemma.

Lemma 7. Let ¢ be an additive character of F, and a(n),b(m),n,m =
1,2,...,p be a complex numbers with

g—1 q—1
la(n)? = N, > b(m)* = M.
=0 m=0
Then
q—1 g-1
D) a(n)b(m)p(nm)| < /gNM.
n=0 m=0

Proof. Let us estimate

g-1 g-1 g—1 q—1
Z Z a(n)b(m)yp(nm)| < Z la(n)]| Z b(m)y(mn)
n=0 m=0 n=0 m=0

and define

i b(m)y(mn)

m=0

W= la(n)|

n=0

18



Now by Cauchy-Schwartz we obtain

W2 NZ

n=0

-1

Z b(m)y(mn)

m=0

qg-1 g-1 g—1

=N Z Z Zb(ml (ma)y(n(my —mg)) = gNM.

m1 =0 ma=0 n=0

Lemma 7 is proved. B

We shall need a special form of Balog-Szemeredi-Gowers theorem, which
can be found in the paper of J. Bourgain and M. Garaev [10, lemma 2.2].
Despite the fact that in this paper the result stated for I, it’s true for any
abelian group.

Proposition 3. Let ACFy, B C Fy,E C A X B be such that |G| = —}3"
There exists s subset A" C A such that |A'| > % and

ALB|* >

I G [ > 104 K5

The proofs of Lemmas 8, 9 and Theorem 4 repeat arguments from the
paper of the paper of M. Garaev [2, chapter 4] (see also result of J. Bourgain
and M. Garaev [10]).

Lemma 8. Given an arbitrary subsets A,B C F}, |A| = ¢*,|B| = ¢* and
natural numbers sy, sq,...,5y € ]F;,N >0, anyd >0 and 0 < p < 1.
Suppose further that for every nontrivial subfield S C F, and every element
d € F, the set B satisfies the restriction

|BNdS| < 4|B|*"
and for a € A the iequality holds

ZZ¢(absn)

beB n=1

> 6|B|N.

Then there is a subset C C F; with cardinality

|G[ > 1(: 1_:{_?;_1_0
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such that for every ¢ € C there is an estimate

N 1
> w(esa)| 50N,
n=1

where v = min (1, 521115??) _

Proof. Assume that 6% < 10|A|~'. Then fix any element ay € A and

define
N
Z P(csy) SN } .

n=1
Then |C| > £6|B| and therefore, from our assumption we see that

P

B =

CZ{CEG(}B:

min( 1, 5215 ]

1 . J_ 2is) 1 ; 10
— A% 4 E} 15645 S — A B (SJ — O .

The second property of the set C easily follows from its definition.
Now we can suppose that §%|4| > 10. Let us note that for some complex
numbers a, with |a,| = 1 we have

N
S5 anv(abs,) > 614 BIN

acd beB n=1

and therefore for some n = ny we obtain

2

beB

Z aqgp(absn,)| = d|A||B|.

acA

By lemma 7 it is follows that §%|A||B| < q.
From the statement of the lemma 8 one can easily find an element by € B

with
>

a€A

N
>4

A|N.

Y(abosy)
n=1
. . r L}
Changing summation order we see that there are complex numbers a,, |a, | =

1,a € A for which
N

2

n=1

> ag(abosy)| > 5|AIN.

acA

20



Applying Cauchy-Schwartz and then changing order of summation we deduce

v

a1€A ag€A | n=

N
> 0| A’ N.

Ip((ﬂ:l = a2)b08ﬂ)
1

Since also §2|A| > 10 then

2

ai,az€A
arFaz

N
> 0.96%|A]*N.

d”((al = a2)b03n)
1

n=

Let us define

N
G= {(al,ag) € AXA:a # ay, Z-w((al — ag)bosy)| = 0.552N} :
n=1
Then
|G| > 0.46%| A

Applying Lemma 3 with K = 5= we derive existence of the set A} C A of

cardinality |A,| > 0,0462|A| such that

Az A > A= AllAPED
ks 976562.5
Defining Cy = (AgA)by we get
A — Ay||A3510
4 2 | 1 1 i 29
|Gl 976562.5 (e9)

We can also assume that |A;| < 62|4] (if A; is too large then we can remove
the required number of elements not affecting the inequality (29)). Moreover,
by definition for every ¢ € C; we have

N
> 9(esn)| > 0.56°N.
=]
For a given a € A; let us define
N
By = {b €EB: Z g’;(absn) > 0_55}\?} )
n=1
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Then |B(y)| = 0.56| B|. Denoting
02 = {ab ae Ahb € Ba}

Clearly, the number of pairs (a,b) with a € A;,b € B, is at least 0.5|A,||B|
and the number of solutions of the equation

a1by = agbs, a; € Al,bl € B(ul}, as € Ay, b, € B(QZ)

is at most Ey(A;, B) and thus using arguments from proof of the Lemma 3

we obtain 5214 1B
s Bl
4E>< (AI?B)

Moreover, by definition for every ¢ € (5 we have
, by Y 2

(30)

N

Z P(abs,)

==l

2 0.50N.

Now it's suffices to show that one of the sets € or Cy has a cardinality
required by the statement of the Lemma 8. From (29) and (30) we deduce
02| A1 P|AP| B[ A1 — Ad

3906250E, (A, B)

|C1l*|Cal >

By the Corollary 2 and an inequality |A;| > 0, 046%| A| follows that

1
11718750

4 21 ALRIA, 12 mi q B 5215 e S
[C1I7|Cs 2 |A’|A1[* min { |B|, ——=, |B| ™ >

?
| A4
e
52415 TF} 31200

5| AP | B,

> 1
7324972249

A . - 2 q
Finally, since §* < e then

élﬁAsmin{B,i,B
AP win { 5], =L

1

B S et
ICiTIC] 7324972249

where v = min (1, 222p). Lemma 8 now follows. H
8 g 4]
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Lemma 9. Given an arbitrary subsets A, B C F},|A| = ¢*,|B| = ¢,|B| >
3, natural numbers s1,82,...,sy € Fy, N >0, any A >0 and 0 < 7 < 1.
Suppose further that for every nontrivial subfield S C F, and every element
d € F, the set B satisfies the restriction

|BNdS| < 4B}

and

Z Z P(absy,)

e B n=1

b3

acA

> A|A||BIN.

Then there is a subset C' with cardinality

16

1 16
a3l All BT AT (log, | B)) ™%

=
e

such that

50(log, | B|)?

Z Y(csy)

n=1

>

ceC

where v = min (1, 5—241—5'.q).

> N|C

Proof. Obviously there is an element by € B with

>

acA

N
) 4plabosn)| > A|A|N.

n=1

If A < 10|B|™* then we can define C = byA and this completes proof of the
Lemma 9. Now we can suppose that A > 10|B|~!. Therefore,

Z Z Y(abs,)

beB n=1

i

D

acA

> 0.9A|A||B|N,

where the dash sign means that the we sum up only the values of a € A such

that B
YD wh(absy)

beB n=1

N < < |B|N.
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The interval [N,|B|N] contain at most 2log, |B| subintervals of the type
[2/7IN,2/N) with 2 < 2/ < 2|B|. Thus there is a subset 4; C A and a
number 0 < § < 1 such that

N
Z Z Y (absy,)

beB n=1

ON|B| < < 20N|B| for every z € A;

and m oreover,

§|A;|log, |B| = 0.2A|A].
In particular,
§ = 0.2A(log, | B|) 7, |A1| > 0.2A]A|(log, | B|) 7.

Applying Lemma 8 to A; instead of the set A we deduce existence of C; C F;
with cardinality

min| 1, 5215

1 4 16 1
Ci| = —|A,||B| "m0 65 > —
Cil > 5-144]1B] =
such that for every ¢ € C we have

min i,%—ﬁn 1
AIIBIJ—JIW A (log, |B|)™*

o

N

S 9(esn)

n=1

A2

> 0.56°N 3 oo
7% 7 B0(log, |B])?

N|Cy).

Summing up the last inequality by all the elements ¢ € C; we completing
proof of the Lemma 9. W
We repeat statements of the theorems 4 and 5 for reader’s convenience.

Theorem 4. Toke an arbitrary n with 3 < n < 0.9log,log, ¢ and let

Ay, Ay, .. Ay C Ty Take an arbitrary number 0 < n < 1 and define
5215

v = min (1,%8y). Suppose that |A;| > 3,i = 1,2,...,n and suppose that
for every j = 3,4,...,n, an element d and a proper subfield S the condition
|4, N1 dS] < 4,17

holds. Assume further that
(Al Azl - (|As] - |Ad] - - - |An]) 5550 > g, (31)
Then for sufficiently large q there is an exponential sum estimate

Z Z e Z Y(aras ... a,)| < 100|A;]|As| - - [Anlq_n’zﬁg.

a1 6-41 a3 €Ay an€Ay
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Proof. Let us denote

132" =243 _gan

5(n—2)
(' = 163127116 . §() 1ms2n-2-8

It is easy to see that 1 < C' < 100. Suppose that

|A1]|A2[1___]An| Z Z Z Plaraz ... a,)| = CA(log, q)°

a1€A; laz€A2 an€An

for some A > 0. By Lemma 9 there is a subset A, C IF; with cardinality

16
c%

AL > —
163

|A1|fAn|Tr:‘§4“mA%

such that

1 Z Z Jtd ) s PN
|A}||As] . . . |An_1]|(log, q)? Z Rty = .

-
! r 1 A L}U
ajed| az€Ag Ap—1€An-1

Applying Lemma 9 again for the last inequality we establish existence of the
subset A, C IF; with cardinality

# 02$ }
o W|All|An_1|ﬁrﬁA2%‘i .
CE1+2) |
g W’Al|(|An~1||An|)T3?EﬁT1AL_T?(1+z)

with

1 Z Z Z (a; > ¢t
]‘4;||A2| i s |An—2|(10g2 g)z ayaz .. -an—2) =

508
ag €A, |G2€A2 Qn-2E€EA, o

Continuing described iteration process one obtains on n — 2-th step a subset
A,,_, C F! with cardinality

i c%(zn-—?._l) o E(Q""Q—]} ¢
[An-ol > 163n=2 . 5OF (2" ~2-n+1) |A1|(|As] . .. [Ay]) T6m0 A (32)




such that

021';—2 Azn—‘s

> $(an_202)

azEAs

1
|‘4;¢-2||A2I(1082 q)? j Z, 502" 2-1

Qp_2 A n—2

By Lemma 7 we can estimate

02“_2 Azn--Z q
n—32 “<‘- f
50771 TV Al Ay

and recalling inequalities (31) and (32) we deduce

Czn . IAQH—'I_"_%(QH' 2_1) ]_63”'“2 . 50_135‘(211---2_11_,’_1)

C% (2?1--2 _1)

a3

<q

50212
From our choice of the constant €' the last formula is satisfied if
A2ﬂ+1 < q“‘s_

Since n < 0.9 log, log, ¢ then for sufficiently large ¢ we have

gntd —0.9¢
<S¢

(A(log, ¢)1)*""" < g%(log, q)

Thus,
v 0.9¢
A(log, g)* < g7,
Theorem 4 is proved. W
The theorem 5 is a simple corollary of the theorem 4.

2 e,

Theorem 5. Let 0 < n < 1 be an arbitrary number and H be a multiplicative

max( 135 176006.25

subgroup of Fy with |H| > ¢~ "% . Suppose that for any proper

subfield S the condition
|HN S| < |H["

holds. Then for sufficiently large q there is an exponential sum estimate

< 100|H| - 2745107 (oga )

Z w(h)

heH
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Proof. Suppose that there is a proper subfield S C F, and an element
d ¢ S such that |HNdS| > |H|*~". Without loss of generality we can suppose
that d € H. Now ﬁH = H and therefore HNdS=HNS=HNS. We
got an inequality |H N S| > |H|'™", which contradicts statement of Theorem
5. It was established that for every element d and a proper subfield S the

condition
|[HNdS| < |H|1_"“

holds. Let us notice that for every natural k£ we have

Hﬂ% Z Z Z Y(hihy ... hy)

hi1€H haeH hpeH

> ()

heH

Now application of the Theorem 4 with € = 0.01, n = [0.91og, log, ¢], A; =
Ay = ... = A, = H completes proof of the Theorem 5. B
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