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Abstract

Let S be a fixed finite symmetric subset of SLq(Z), and assume that it
generates a Zariski-dense subgroup G. We show that the Cayley graphs of
7q(G) with respect to the generating set 7m4(S) form a family of expanders,
where 7, is the projection map Z — Z/qZ.

1 Introduction

Let G be a graph, and for a set of vertices X C V(G), denote by 90X the set of
edges that connect a vertex in X to one in V(G)\X. Define

c(9) = min @,
xcv(@), IXIIv©@l/2 |X]|

where | X| denotes the cardinality of the set X. A family of graphs is called a
family of expanders, if ¢(G) is bounded away from zero for graphs G that belong
to the family. Expanders have a wide range of applications in computer science
(see e.g. Hoory, Linial and Widgerson [19] for a recent survey on expanders)
and recently they found remarkable applications in pure mathematics as well
(see Bourgain, Gamburd and Sarnak [7] and Long, Lubotzky and Reid [22]).
For further motivation, we refer to these papers.

Let G be a group and let S C G be a symmetric (i.e. closed for taking
inverses) set of generators. The Cayley graph G(G, S) of G with respect to the
generating set S is defined to be the graph whose vertex set is G, and in which
two vertices z,y € G are connected exactly if y € Sz. Let ¢ be a positive
integer, and denote by 7, : Z — Z/qZ the residue map. w, induces maps in a
natural way in various contexts, we always denote these maps by m,. Consider
a fixed symmetric S C SL4(Z) and assume that it generates a group G which
is Zariski-dense in SLgy. The purpose of this paper is to show that for any such
fixed set S and for ¢ running through the integers, the family of Cayley graphs
G(SL4(Z/qZ),7,(S)) is an expander family. More precisely we prove
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Theorem 1. Let S C SLy(Z) be finite and symmetric. Assume that S generates
a subgroup G < SL4(Z) which is Zariski dense in SLg.

Then G(my(G),my(S)) form a family of expanders, when S is fized and g
runs through the integers. Moreover, there is an integer qo such that mq(G) =
SL4(Z/qZ) if q is prime to qq.

We remark that if G is not Zariski dense, then m,(S) does not generate
SL4(Z/qZ) for any q. Several papers are devoted to the study of this problem,
see [4]-]7], [28], each obtaining the above statement in some special cases. More
precisely, [4] established the case when d = 2 and ¢ is prime, [5]-[6] deals with
moduli ¢ = p™ the powers of fixed prime p, and [7] settled the case when
d = 2 and q is square-free. In [28] the statement was proved for any d when ¢
restricted to the set of square-free integers under the assumption that there is
a § > 0 depending on d such that for any prime p and for any generating set
A C SL4(Z/pZ), we have

|A.A.A| > min{|A|'*°, SL4(Z/pZ)}. (1)

Here, and everywhere in this paper we write A.B for the set of all products gh
where g € A and h € B. Helfgott proved (1) first for d = 2 [16, Key Proposition]
and later for d = 3 [17, Main Theorem]. Very recently Breuillard, Green and
Tao; and Pyber and Szabé obtained this result in great generality, in particular
for arbitrary d. For further details we refer to the papers [9] and [24]. Therefore
combining the result of [9] or [24] with [28], we now have unconditionally the
following

Theorem A (Breuillard-Green-Tao;Pyber-Szabé;Varji). Let S C SLy(Z) be
finite and symmetric. Assume that S generates a subgroup G < SLq(Z) which
is Zariski dense in SLy.

Then there is an integer qo such that G(SLq(Z/qZ),74(S)) form a family of
expanders when S is fized and q ranges over square-free integers prime to qq.

We are going to use the above theorem as a black box in our proof as well as
the following result. Counsider a group G < SL4(R). We say that it is strongly
irreducible, if any subspace of R® which is invariant under some finite index
subgroup of G is either of dimension 0 or d. We say that G is proximal if there
is an element g € G with a unique eigenvalue of maximal modulus, and this
eigenvalue is of multiplicity one. If G < SL4(Z), then we can study its action
on the torus R%/Z?. Bourgain, Furman, Lindenstrauss and Moses [3] proved a
strong quantitative estimate about the equidistribution of orbits of this action.

Theorem B (Bourgain, Furman, Lindenstrauss, Moses). Let G < SLy4(Z) be
strongly irreducible and proximal, and let v be a probability measure supported
on a finite set of generators of G.

Then for any 0 < XA < A1 (v) there is a constant C = C(v,\) so that if for
some a € RY/Z4 and b € ZW\{0}, we have

/e(<ga,b>>dy<l)(g> S 10, with 1> Clog(2l[b]/4),
g



then a admits a rational approrimation
la —p/all < e with |g| < (2]p]l/t)°.

Here v denotes the I-fold convolution of the measure v, and e(z) is the
usual shorthand for the function €27,

We point out that our argument is independent of the papers [5]—[6], hence
we give an alternative proof for the case when the moduli ¢ = p™ are the powers
of a fixed prime. We also remark that in a subsequent paper of Salehi Golsefidy
and the second author [25], Theorem A will be generalized to the case when
G is not Zariski dense, but the connected component of its Zariski closure is
perfect. The only difficulty which prevents us from relaxing the requirement of
Zariski density in Theorem 1 is that the adjoint representation, for which we
apply Theorem B, is neither irreducible nor proximal in general. It is an open
problem if the Cayley graphs of SL,(Z/qZ) form an expander family when
the generators are arbitrary, not necessarily the projections of a fixed subset of
SL,(Z). A partial result in this direction is given in [8]. Expanding properties
of groups of Lie type with respect to random generators are studied in [10]-[11].

2 Notation and outline of the proof

We introduce some notation that will be used throughout the paper. We use
Vinogradov’s notation « < y as a shorthand for |z| < Cy with some constant
C. Let G be a discrete group. The unit element of any multiplicatively written
group is denoted by 1. For given subsets A and B, we denote their product-set
by

A.B={gh|g € A,h € B},

while the k-fold iterated product-set of A is denoted by [], A. We write A for

the set of inverses of all elements of A. We say that A is symmetric if A = A.
The number of elements of a set A is denoted by |A|. The index of a subgroup
H of G is denoted by [G : H]. Occasionally (especially when a ring structure is
present) we write groups additively, then we write

A+B={g+h|ge A he B}

for the sum-set of A and B, )", A for the k-fold iterated sum-set of A and 0 for
the unit element.
If 4 and v are complex valued functions on G, we define their convolution
by
(nxv)(g)=>_ ulgh™ v (h),

heG

and we define i by the formula

fig) = u(g™).



We write %) for the k-fold convolution of p with itself. As measures and
functions are essentially the same on discrete sets, we use these notions inter-
changeably, we will also use the notation

(A =3 ulg).

geA

A probability measure is a nonnegative measure with total mass 1. Finally, the
normalized counting measure on a finite set A is the probability measure

AN B
B) =

We write I' = SLg(Z) and denote by T'y the kernel of m, : SL4(Z) —
SLa(Z/qZ)

The proof of Theorem 1 follows the same lines as in any of the papers [4]-
[7], [28]. This approach goes back to Sarnak and Xue [26]; and Bourgain and
Gamburd [4]. The new ingredient is the following

Proposition 2. Let S C T' be symmetric, and assume that it generates a group
G which is Zariski-dense in SLy. Then for any e > 0 there is a § > 0 such that
the following hold. If A C T' is symmetric and QQ and | are integers satisfying

XD(A)> Q% 156 "ogQ and |ro(A)| < [T/Tol", (2)
then |A.A.A| > |A]}0.

For the reader’s convenience we include an outline how Proposition 2 implies
Theorem 1. More details can be found in any of the papers [4]-[7], [28], in
particular see sections 3.1 and 5 in [28]. One ingredient is [28, Lemma 15]
that we recall now, because it will be also used later. It is based on the non-
commutative version of the Balog—Szemerédi—Gowers theorem, and is essentially
contained in [4].

Lemma C (Bourgain, Gamburd). Let u and v be two probability measures on
an arbitrary group G and let K > 2 be a number. If

172y, 111/2
el 11"

[ vz > e

then there is a symmetric set S C G with

KR
— <5 < —,
KRl 14/13

IIL; S| < K*%|S| and
.~ 1
Tgnelgl(ﬂ*ﬂ) (9) > KER|S]’

where R and the implied constants are absolute.



Proof of Theorem 1. First we note that by the Tits alternative [27, Theorem 3],
there is a free subgroup G’ < G that is Zariski dense in SL4. In light of [19,
Claim 11.19], it is enough to prove the theorem for any set of generators of G’,
in particular we can assume that S generates a free group.

Denote by T' = T, the convolution operator by X (s) in the regular repre-
sentation of I'/T'y. Le. we write T'(11) = xr,(s) * p for p € I>(/T,). We will
show that there are constants ¢ < 1 and C' > 1 independent of ¢ such that T
has at most C eigenvalues larger than c. If u € [?(I'/T,) is constant on cosets of
G/(GNTy), then T'(p) = p, hence [I'/Ty : G/(GNTy)] < C. Consider I'/T,...q,
for such relatively prime integers ¢; for which [I'/T'y, : G/(GNTy,)] > 1. Our
claim implies & < C, so if qg is the product of a maximal family of such ¢;,
then 7,(S) indeed generates I'/T’; when ¢ is prime to go. Moreover, consider
the subspace I3(G/(GNT,)) C I*3(T'/T,), i.e. the space of functions supported
on G/(GNT,) with integral 0. This space is invariant for T and by a result of
Dodziuk [13]; Alon [1]; and Alon and Milman [2] (see also [19, Theorem 2.4])
G(G/(GNTy),me(S)) is a family of expanders if and only if we have A <c < 1
for all eigenvalues of T on I3(G/(G NT,)) C I>(T/T,) for some constant ¢ in-
dependent of ¢. This follow from our claim, since all eigenvalues of T, is an
eigenvalue of Tj,, when ¢1|¢2, and the second eigenvalue of a connected graph is
less than 1.

Consider an eigenvalue A of T, and let u be a corresponding eigenfunction.
Consider the irreducible representations of I'/T';; these are subspaces of [?(I'/T,)
invariant under 7. We can assume that the irreducible representation p that
contains p is faithful, otherwise we can consider the quotient by the kernel, and
we can replace ¢ by a smaller integer. By [5, Lemma 7.1] any faithful represen-
tation of SLo(Z/qZ) is of dimension at least ¢/3. Considering the restriction
of a faithful representation of I'/T'; to an appropriate subgroup isomorphic to
SLy(Z/qZ), we can get the same bound. This in turn implies that the multiplic-
ity of X in T is at least /3, since the regular representation {?(I'/T,) contains
dim(p) irreducible components isomorphic to p.

Using this bound for the multiplicity, we can bound A() by computing the
trace of T2 in the standard basis:

3 3 l
Wg;ﬁ@%=5WWM%M&ﬁv

where || - ||2 denotes the [? norm over the finite set I'/T';. This proves the
theorem, if we can show that

2
g [X&]ll2 < |T/Tg|~1/2+1/10d

for some | < logg. For this, we first note that there is an integer o > cglogg
(if ¢ is large enough) such that all entries of all elements of [],, S is less then
q. Then for g € [, S, my(g9) = 1 implies g = 1. By Kesten’s bound [20] we get

lo
mEVIm < () 3)



This in turn implies
21
D™ M2 << /Ty
for some £ > 0 depending on ¢y and |S|. Next we claim that there is a § =
d(e) > 0 such that if
ISl > 10|~/ 100,
with [ > 6~ !logq then

4 21 s
§7 M2 < a5 113+ (4)
Applying this repeatedly we can get the theorem.

Assume to the contrary that (4) does not hold. Then using Lemma C, we
get that there is a symmetric set A C I' with

[I7q[x

X§P(A4) > q7% and  |my(A)] < [T/T,| /108

and |A.A.A| < |A|'*%2 where we can make do arbitrarily small if the & for which
(4) does not hold is small enough. This contradicts to Proposition 2. O

The rest of the paper is devoted to the proof of Proposition 2. From now on
S, A, Q, 1, and € will be fixed and we assume that they satisfy the hypothesis of
the proposition. We also assume that 0 is sufficiently small, and it will depend
on S and €. We aim to prove that

TQ(A.A... A)| > [D/Tq|'/?,

where the number of factors in the product set A.A... A is bounded by a con-
stant depending on S and €. This proves the proposition, since by [16, Lemma
2.2] we have

LA < (420 7 ) (5)

There are some key properties of the groups I'/T'g that we will use in several
places in the paper. These were also exploited in the papers [4], [5], [12] and [14].
For on integer ¢, denote by sl4(Z/qZ) the d X d matrices with trace 0 and entries
in Z/qZ, and we write [u,v] = uv — vu for the Lie-bracket of u,v € sl4(Z/qZ).
For g € ' and integers q1 gz, write

: 9-1
w30 = w11,

It is an easy calculation to check that if gz|¢?, then
Vi Ty, /Tg, — sla(Z/(q2/01)Z)
is a bijection and satisfies the following identities:
Vi (zy) = UG (2) + U3 (y), (6)
\I’gf (gxgil) =Tq/q1 (g)\llg? (x)ﬂ-qz/ql (971)’ (7)



for integers q1|q2|q?, =,y € Ty, and g € T, furthermore

W (eya~ty ") = (WA (@), UES (), (®)

for integers q1, g2, g3 with ¢3|¢1 and gs|g2 and for x € Ty, and y € T',.
We introduce some further notation that will be used henceforth. Write

Q=[]

plQ
for the factorization of Q. If ¢|Q and p|q is a prime, we write
m
E,(¢) = max — and w(q) = Zmp log p.
: pla

Intuitively, w(q) measures, "how large piece” of @ we can recover from ¢ by
taking a sufficiently high power of it. Finally if a is an integer, or more generally
a vector or matrix with integral entries, then we write ¢||a if gla and pq { a for

any prime p|q.

3 Primes with small exponents

In this section we prove Proposition 2 in the case, when the exponents of the
prime factors of @) are bounded. Set

Qs = H b,
P‘QimpSL

where L is an integer whose value will be set later depending on ¢, S and @, but
it can be bounded by a constant depending on € and S only. We prove

Proposition 3. Let S C T' be symmetric, and assume that it generates a group
G which is Zariski-dense in SLy. Then for any 1 > 0 there is a 1 > 0 such
that the following hold. If A C T is symmetric and Q and l are sufficiently large
integers satisfying

x(A)> Q% and 1> 6" logQ
then there is an integer qo < Q% such that

(HC(d,L) A)-FQg Dl
holds for any integer L.

In this section we assume that any prime divisor of Qs is larger than a
sufficiently large constant. The general case follow from this, if we make gq
bigger. This proposition can be quite easily deduced from Theorem A, but we
also need two Lemmata about the groups I'/T,2.



Lemma 4. Let p be a prime, ¢ : T/T, — I'/T )2 be any function such that
mp o = Id. Choose two elements z,y € T'/T, at random independently with
uniform distribution. Then the probability of ¥(xy) = ¥ (x)Y(y) is less than p~¢
for some absolute constant ¢ > 0.

Proof. Assume that the Lemma fails for some ¢ > 0. We will get a contradiction
if ¢ is small enough. Denote by v the push-forward of xr,r, by ¥. Then
v*v(suppv) > p~°. Hence

lv* vllz > p~¢I0/Tp| 72 = p=¢|[v2.

By Lemma C, there is a symmetric S C I'/T,2 such that |S| < p®¢|[/T,|,
vxv(S) > p~heand |S.S.S| < pf¢|S|. Since ,(v*v) is the normalized counting
measure on I'/T,, we get |m,(S)| > p~F¢|'/T,|. Any nontrivial representation
of I'/T',, is of dimension at least p/3, hence by a theorem of Gowers (see also [23,
Corollary 1]) we have m,(S.5.5) = I'/T",. Since there is no subgroup of I'/T"2
which is isomorphic to I'/T,, there is an element zo € (J]5.S) NT',\I'y2. The
stabilizer of \1117;2 (o) in I'/T', acting by conjugation on sl4(Z/pZ) is a proper
subgroup, hence is of index at least p/3. This shows using (7) that

((IT15 ) Nyl = {gzog™" : g € S.5.5} > p/3

and |[[,5 5] > p|T'/T',|/3. If ¢ is sufficiently small, then in light of (5), this
contradicts to [S.59.5| < pf©|S| and |S| < pfe|T/T,|. O

Some ideas of the proof of the following lemma is taken from [12].

Lemma 5. Let p be a prime which is larger than a constant depending on d,
and let x € s14(Z/pZ) be nonzero. Then

>io0az{929™t —grg™t 1 g € T/T,} = sly(Z/pZ).

Proof. In this proof we use some special notation that we do not need elsewhere.
We write ¥, = Z/pZ. If x is a d x d matrix, we write z(¢,7) for its (i,7)’th
entry, and we write diag(z) for the vector formed from the diagonal elements of
z. If aq,...aq € Fp, then we write diag(a, ..., aq) for diagonal d x d matrix
containing aq, ..., aq in the diagonal. We write

{..}={gzg " —gag ' 1 g €T/T,}

Note that >, {...} is closed under conjugation by elements of I'/T", for any k.
Finally, we write E; ; for the matrix whose (i, j)’th entry is 1 and the rest is 0.
Note that

{Eij:i#jyU{Eii — Bit1i01 01 <i<d}
is a basis for sly(Fp). Replacing « by a conjugate if necessary, we can assume

that z(1,2) # 0.
We show that

2100{' . } D Fp . ELQ.



Let

z1 = qirgy - gy lwgr € Yo{. ),
for gy = diag( A=, A \,...,\) with any A? # 4+1. Then x1(1,2) # 1 and
x(i,j)=0if i # 1 or j #1 or i =j = 1. Next, take

xy = gaw1gy  + a1 €3 ,{.. .},

where go = diag(—1,—1,1,1,...,1). Then 2o = a1E12 + asEs 1 with a; # 0.
Choose elements A3, Ay, A5 € F, such that A3 2+ A} 2+A;% = 0 but A3 +A24+\2 #
0. Define g3, g4, 95 by g; = diag(A\;, A; %, 1,1...,1) and set

1
T3 = g3T2gy ' + gaTegy ' + gsTags ' € DI EERE ¥

Then x3 = azF1 2 for some a3 € E1 5. Now consider an arbitrary a € F,, and
let X\g, A7, Ag € F}, be such that )\g + A% + )\§ = a/az. Observe that

aB1s = gex3g5  + 97397 ' + gsT3gs | € Doael- -}y

where g; = diag(\;, )\;1, 1,1...,1), which we wanted to show.
Notice that E; ; are conjugate to one another for ¢ # j, hence we have also

Y100ty D Fp - Eij,

for i # j. Finally note that for any 1 <i < dand A € F, thereisg € >, 0{.- .}
such that diag(g) = diag(AE;; — AE;41,+1). For example

diag((1 — Ea,1)E12(1 — E2 1)~ ") = diag(Er 1 — Ea2).
This finishes the proof, since
{Eij:i#jYU{Ei;i — Bit1i01:1 <i<d}
is a basis for slg(F)). O

Proof of Proposition 8. As in the proof of Theorem 1 we consider the convolu-
tion operator T'(1) = Xrp(s) * p on [*(I'/Tq,). As we mentioned there, the
expander property of the graphs G(I'/T'g,, mg, (5)) is equivalent to the existence
of a constant ¢ > 0 such that the second largest eigenvalue of T is less than c.
Then by Theorem A, if [ is a large constant multiple of log @ (i.e. if §; is small
enough), we have
! _
I sy = Xr/ra, ll2 < IT/Tq, |,
whence l
X§ (9Tq.) < 2T /Tg, |~

for any g € T'. This implies |rg, (A)| > |T/Tq.|Q% /2.

Write Qs = p1---pp for the factorization of Q5. One can show (see [7,
Lemma 5.2]) that there is a set A’ C A such that for any g € A’ and for any
0 <i < n we have

|{.73 € I1/F | dhe A : Wpl“'pi(h‘) = 7T'101"'101'(9) and ﬂ-pr‘rl(h) = $}| = Ki+17

Di+1



where K is a sequence of integers satisfying

A =T] & = (J[(2logp:)1)IAl.
i=1 i=1
This means that
qo := 11 pi < Q%
i:K;<3|T/Ty, | /p}/?
(if @ is large enough). Since the multiplicity of an irreducible representation of
I'/T, is at least p/3 (much better bounds are known in fact, see [18]) we get
that
AAAFQS D) A/.A/.A/.FQS D) qu.
This follows from a theorem of Gowers (see also [23, Corollary 1]) which implies
that By.By.Bs = I'JT, if By, By, B3 C T'/T,, and |B;| > 3|T/T,|/pi’* for each
i. For more details see the argument on page 26 in [28].
Write Q. = Qs/qo. The next step is to show that

(ITcay A)-Tgrz DTy

for a not too large integer ¢;. Let ¢ : T'/T'qg, — I' be a map such that wg, o) = Id
and
Y(I'/Tq ) C AAA,

We choose two elements x,y € I'/T'q, independently at random according to
the uniform distribution. By Lemma 4, we have

E( > logp) < Y p~“logp < £1log Q/2,
PlQLm 2 (Y(2)Y(y))=m 2 (¥ (2y)) plQ%
(if @ is large enough) where E denotes expectation. Then there is an integer
q < Q°'/? and there are elements z,y € I'/Tq. such that 7y (1 (2)Y(y)) #
mp2 (Y (y)) for p|Q4/qp- Write QF = Q/qp and let
_ \II(QIS/)Q -1
=%y (W(@)(y)y(zy) ).

Then 7,(z) € sl4(Z/pZ) is nonzero for every prime p|@7. Using (6) and (7),
Lemma 5 shows that

(I A -Tryz D Tlhoae {9 (@) () (xy)~)g™" : g € A}).L(gny2 = Tqr.

It follows from [12, Lemma 3.1 and Lemma 3.2] (see also [14]) that if Ay, A2 C T
are sets with A;.I'pivx = T'pi and Ap.T'p54x =I5, then we have

(HQ{alagaflagl ay € Al, ag € AQ}).Fpi+j+k = sz‘+j.

Note that if a1 € Ay and as € As, then Wp'i+j+k<a1a2a;1a51) depends only on
Tpi+k (a1) and on mp;+x(az). This implies that if By, By C I' are symmetric and
Bl.F(Q;/)2 = FQQ and BQ.F(Q;/)]+1 = F(Qg/)j for some j > 1 then

(I14 B1-B2).T'(guyi+2 D T(guyi+r-

Iterating this we can get the proposition. O

10



4 Primes with large exponents

In this section we prove Proposition 2 in the case, when the exponents of the
prime factors of @ are all greater than some fixed constant. Set

Ql = H pmp7

plQ:mp>L

where L is an integer whose value will be set later depending on ¢, S and @, but
it can be bounded by a constant depending on € and S only. We prove

Proposition 6. Let S C T' be symmetric, and assume that it generates a group
G which is Zariski-dense in SLy. Then for any es > 0 and for 1 > ¢y > ¢ >0
there is a 02 > 0 such that the following hold. Let A C T be symmetric and let
Q@ and l be integers satisfying

Xg)(A) >Q7% and [>4;'logQ.

Assume that there is an element ©o € A with o € T'g for some Q'|Q and
there is an integer q|Q; with q||(xo — 1), c1 < Ep(q) < ¢o for plg, and w(q) >
w(Q;) — c2log Q.
Then I
7@ [(Tos,ery A) NTer| > Qo272 Q=

Theorem B, as it is stated, is only useful to estimate Fourier coefficients
close to the origin, i.e. those with ||b]| < Q'/¢. However it implies the following
refined version of itself:

Lemma 7. Let S C T be symmetric and assume that it generates a group G < T’
which acts a prozimally and strongly irreducibly on R®. Assume further that
any finite index subgroup of G generates the same R-subalgebra of Matqy(R) as
G.

Then there is a constant cy depending only on S such that for any a,b € Z°
we have

/ (2,0 (9) < (a/tem(a,0)

if a is prime to q and | > C'log q for some sufficiently large constant C'.

Proof. We assume without loss of generality that b is prime to q. Denote by R
the R-subalgebra of Mat;(R) generated by S. Since R is generated by integral
matrices, A = Maty(Z) N R is a lattice in R. Denote by R* the dual space of R
and by A* the dual lattice, i.e. the set of functionals that take integral values
on A. For g € R and ¢ € R*, denote by (g, ¢) the pairing between them.

For an element g € R write [, and r, for the left and right multiplications
by g in R. Let

§' = {ly.rglg € S} € SL(),

11



where SL(A) stands for those linear transformations of R with determinant 1
that preserves A. Denote by G’ the subgroup of SL(R) generated by S’. If
vy=lg ... lgThy ---Th,, is a typical element of G’ and h € R, then we write

v-h=g1--grhhp - ha.

We study the action of G’ on R. First we show that the action is irreducible.
Assume that V is an invariant subspace, i.e. invariant under left and right
multiplications by elements of G. By the very definition, this means that V' is an
ideal of the algebra R. Since R? is a simple R module, i.e. there is no subspace
of R? invariant under all elements of R, by Wedderburn’s theorem (see Lang [21,
Corollary XVIIL.3.5]), R is isomorphic to the endomorphism ring of a vectorspace
over a division algebra. Therefore R is simple (see Lang [21, Theorem XVII.5.5]),
and V is either {0} or R. Hence the action of G’ is irreducible. Now we show
that it is actually strongly irreducible. Note that G’ is naturally isomorphic to
the direct product G x G. Then for any finite index subgroup H' < G’ there is
a finite index subgroup H < G such that H x H is contained in H' under the
above isomorphism. Since H generates the same R-algebra R as G, the same
proof shows that the action of H’ is irreducible, too.

Next we show that G’ acts proximally. Let g € G be an element which
is proximal on R?, and denote by A the top eigenvalue, and by v and u” the
corresponding right and left eigenvectors with gv = Av and u?g = Au”. Now
consider the element v = lgr, € G'. It is easy to see that on Matq(R) it is
proximal, and vu” is an eigenvector corresponding to the top eigenvalue A\2. We
still need to show that vu” is in the algebra R. For this, note that the rows of
A" g* tend to scalar multiples of 7, and the columns tend to scalar multiples
of v. Hence lim, o, A"*¢*¥ € R is a scalar multiple of vu” proving the claim.

This shows that we can apply Theorem B for the action of G’ on R and for
the measure v = ygs/. We actually use it for G’ acting on R*. Denote by g* the
adjoint of an element g € G’ acting on R*. We have

/ (r1, £)ing ) = / (17" ENa? () < a7

where 1 is the unit element of R, and ¢ € A* is any functional prime to g,
ie. ¢/p ¢ A* for any prime p|lg. By Theorem B, the failure of this inequality
would imply a good rational approximation of ¢/q with denominator less than
q, a contradiction By induction it is easy to show that the push-forward of
the measure X ) under the map v — 7.1 is X( ). We define the functional
» € A* by (9,¢) = (ga,b), where a and b are the same as in the statement of
the lemma. Since a ad b are prime to ¢, so is ¢. Then we get

/e« g () = / (2, (o)

proving the lemma. O
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Corollary 8. Let S C T be symmetric, and assume that it generates a group
G which is Zariski-dense in SLy. Then for any € > 0 there is a § > 0 such
that the following hold. Let A C T' be symmetric and let Q and | be integers
satisfying
Xg)(A) >Q7° and 1> tlogQ.
Then for any integer q|@Q and for any vy € slg(Z/qZ) such that p t vo for
any prime p|q, we have

7Y {gvog ™ 1 g € AY]| > Q5L

Proof. We apply Lemma 7 for the adjoint action of G on the Lie-algebra sl;(R),

i.e. g € G acts by x — grg~'. Denote by v the push-forward of X(Sl) via the

map g — mg(gvo g~ 1). Then Lemma 7 gives the following bound for the Fourier
coefficients of v:

v(b) < (g/lem(q, b))~.
Denote by v[€] the C-fold additive convolution of v with itself. Then there is a
constant C' = C(5) such that
() (0) < (q/lemlq, b))~

By Parseval
2 2 2 2
N5 < gy gl g < g
qolq

Let now p be the push-forward of X(Sl) |4 (the normalized restriction of Xg)
to A) via the map g — 7,(guog™!). Then p(z) < Q°v(x) and hence ull(z) <
QI for any x € sl4(Z/qZ). The above bound for v gives

1193 < QCOg= 1,
Since
7Tq[ZC(S){QUOQ_l g € A}]
is the support of pl€l, the claim follows by Cauchy-Schwartz. O

Lemma 9. Let X C sl4(Z/qZ) be a set, and assume that | X| > qdzfl/K for
some K > 2.
Then
| 2 da—1)2X — X, X = X][ > g¥ /KD,

Proof. Throughout the proof we assume that 2 1 ¢, the general case requires
trivial modifications only. Let p > 2 be a prime and for v € sly(Z) write

A (v) = {(w1,u2) € [s1(Z/p™Z)|mpm (v) = [ur, uz]}.
First we show that if p¥||v, then

|Am(v)| — p3erk +p3m+k71 7p3m71 7p3m72 itk < m, and
|Am(0)| — p4m +p4m71 _|_p4m72 _p3m71 _p3m72.

13



This immediately implies the lemma for d = 2 even in a stronger form. We will
deduce the general case from this in the second half of the proof.
Assume that we have

Tpm ([u1, u2]) = mpm (v) )
for some wuy,uz, v € sly(Z). If p!|lus, then we must have p!|v and
([t /5 2]) = Tyt (/5. (10)

Moreover (10) is in fact equivalent to (9), hence we have

[ A (v) N {(u1,u2) € [sl2(Z/p™Z)* : p un )]
= * [ A1 (/") N {(ur, ua) € [sL(Z/p™ ') : ptu}].

For this reason we first concentrate on
[ A (v) N {(u1,u2) € [sla(Z/p™Z)])* : pfur}.

With the notation in the proof of Lemma 5, we write

v = a1Bi1 —a1Fyp+asEi 2+ azky g,
ur = TEi1 @By +a0F 12+ 23F2; and
uy = 1B —y1Bog+yaF12+ysEa .

Then we are looking for the number of solutions of the system of equations

T2Yys — T3yY2 = a1 (11)
2x1y2 — 222y1 = a2 (12)
2$3y1 — 21‘1y3 = das (13)

in 21,9, 23,Y1,Y2,ys € Z/p™Z with p1 (21, 22, 23). Adding 2x; times (11) and
x3 times (12) to xo times (13), we get

21’10,1 + Ir3a2 + Toa3 = 0. (14)

On the other hand if (14) holds for some fixed p t (21, z2,23), then we always
have p™ solutions in (y1, Y2, ys). Say if p 1 21, the solutions are y; = t, yo = (az+
2x9t) /221 and y3 = (2x3t —a3)/2xq for t € Z/p™Z. A similar direct calculation
shows that (14) has p?™** solutions in 1, xq, x3, recall that p*||(ay, az, az). Out
of these solutions, (p? — 1)p?>™~2*F satisfies p { (21,22, 23) when k < m, and
(p® — 1)p>™~3 when m = k. Therefore when | < k < m, we have

A (0) N {(ur, uz) € [sla(Z/p™Z)]" : p'flus}] = p? 7 — pPm=2HhL

and the claim follows by summing over 0 <[ < k.
Now we show how to deduce the Lemma from the claim. For 1 <i < j < d,
denote by b; ; C slq(Z/qZ) the Lie-subalgebra spanned by E;; — E; ;, E; ; and
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E;;. By the pigeon hole principle, for each i, there is a coset a + b; ; such
that |X N (a + hi ;)| > ¢*/K, hence |(X — X) N (a+ b; ;)| > ¢*/K. Write
Y = (X - X)Nh,,, and for go|g let

Y,, ={veY.Y]: qlvbut gop 1 v for p|q prime}.

Since

+1
H br- < log qo,
plqo prime

we have
/K < |Y]P < CY log(q0)a®qo[ Vo

q0

for some constant C' by the above claim and the Chinese Remainder Theorem.
Clearly |Yy,| < (g/q0)*, hence

C Y log(a0)d a0l Vool < ¢° /2K
qo>C'K?2log K

for some constant C’. This gives

¢2K* <C Y log(q)q’q0[Ye|
qo<C’'K?2log K

from where we get

P
VY] > ————.
K*log® K
Since sly(Z/qZ) =12+ ... + ha—1,4, the lemma follows. O

Proof of Proposition 6. Recall the identities (6)—(8). Apply Corollary 8 for
vg 1= \1132 (z0), and write

By :=Tlc{g9z0g~ "t : g € A},

where C is the constant from the corollary. Then By C ([[3-A4) NTyq and
|7q2(Bo)| > Q°q¢¥ 1. Define recursively

B; = Hd(d_l)/z{myl’ilyil T e Bo.éo,y € Bi—l-éi—l}-
Then B; C I'git1g: and we get
[3 2
‘ﬂ'qHZ (B1)| > Qf(?)d(dfl)) eqd 71’
if we use Lemma 9 inductively. Note that

By.By ... B]'l/cl] - (HC(S,cl) A) NTg
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and
|Tyr1/e01 (Bo-Bi - .. Briye,1)| > HQ (2d(d-1)) )|Fq/Fqn/eﬂ|

The assumptions on ¢ imply
|7TQ1, (BO'Bl ce B!'1/81'\)| > (HQ (2d(d=1))" )|(FQ1qu1/Cﬂ )/FQL| 1‘FQ/FQ1|

HQ (2d(d—1)) )Q 2¢od? d2—1

and this proves the proposition if we made the choice e = €2/, <y .,1(2d(d —
1))%. O

5 Proof of Proposition 2

Let €,Q,1, and A be as in the proposition. Similarly to the proof of Theorem 1
(see (3)) we can show that there is a positive constant ¢z > 0 depending on S,
such that X(l)(I‘q) < ¢~ for every ¢|@. In the course of the proof we will use
several parameters €1, €3, ¢1, co, L, and L’ that depend on each other and on S, e
and @ in a complicated way. We emphasize the crucial property that although
the parameters depend on @, they can be bounded by constants depending
only on S and . We give now the definition of the parameters, but the reader
may want to skip to the next paragraph and refer to the definitions when the
parameters are used. First we define a sequence for each parameter recursively.
Set L(® = 1, and once L™ is defined for some i > 0, we proceed as follows:
Let e{"™) = £/4L@ 42 and pick ¢’ < £/8d? in such a way that Proposition 3
holds with 6; = 2¢5™d? and 5(Z+ ). Now set " = (c{T™)2¢y/d2, LG+ =

11/, Now if
H pmp < Qs/4d2
p|Q: LG+ >m ;> L)

then we stop and set 1 = sg B ), = ch ), o =¢/4, co = c(lH) L= L(”l)
and L' = L. Otherwise we continue with computing the next 1terate of all
parameters. Note that this process always ends in at most 4d? /e steps, so the
constants are bounded independently of (). We also assume that ¢ is sufficiently
small and @ is sufficiently large depending on all these parameters. Recall that

Q= [ p» and @= ][] »™,

p|Q:mp<L p|Q:mp>L

First choose an integer ¢ |Q; such that ¢; < E,(g1) < 2¢1, which is possible,
since L > ¢; ', and set A; = (A.A) NT,,. If § is sufficiently small, we have

_ g2 _92¢,d?
XA > g >
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Next, we take an element g; € A; such that g1 ¢ T’y for any ¢ > Qci. This

is possible, since xg)(l“q) < ¢~ and the number of ¢’s we need to consider

is at most Q“§C3 (if @ is large enough) and we chose our parameters in such a
way that 2c;d? = 2c3c3. This shows that there is an integer ¢|Q; with w(q) >
w(Q) — calog Q and ¢1 < Ep(q) < ¢ for p|g, and ¢||(g1 — 1). This element gq
will be used in the construction of xy to be used when we apply Proposition 6
below.

Before that, similarly as above, we choose an integer ¢2|@; such that ¢y <

Ey(gq2) < 2co and set Ay = (A.A)NT,,. Note that Xg)(AQ) > Q22 We
apply Proposition 3 for the set Ay, and we get that

(Ilc@a,r) A2) Tor D Typ
for some go < @Q°!. This implies

7o/ (e 42)1 > (J]p™) " T/Tqql

Plgo
> Q_E/4Q_L/Eld2‘F/FQ/QZ|
= QIl/Tqq| (15)

since our choice e = ¢/4L'd? and

H pmp < Q5/4d2-

p|Q:L>mp>L'

Choose
92 € ([Lac(a,r) A2) NTq

with 71 /2 (92) = Tqr /e (g1), and take zo = g195 *. Recall that q[|(g1 — 1)
with ¢; < E,(q) < ¢g for plg and g2 € Ty, with E,(q2) > c2 for p|@Q;, hence
qll(zo — 1). We also have zq € o with Q" = QF/qf. Now we can apply
Proposition 6 for AU {xg,zy'}. Set

B= (HC(S,cl,L) A)n Lor /gt

Proposition 6 implies that |7g,(B)| > Q’E2*2€2d2QldQ*1, if § is small enough.
Combine this with (15) and we finally get

[T les,e Al > 1mQu(B)l - Imq/qu e,y All > Q_€/2_52_2c2d2|F/FQ|-

By (5) this implies the proposition, since e3 < €/4 and ¢y < £/8d? and |mg(4)| <
T/Tql'~*.
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