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Abstract

The “direct product code” of a function f gives its values on all k-tuples (f(z1),..., f(zx)).
This basic construct underlies “hardness amplification” in cryptography, circuit complexity and
PCPs. Goldreich and Safra [GS00] pioneered its local testing and its PCP application. A recent
result by Dinur and Goldenberg [DGO8] enabled for the first time testing proximity to this
important code in the “list-decoding” regime. In particular, they give a 2-query test which
works for polynomially small success probability 1/k%, and show that no such test works below
success probability 1/k.

Our main result is a 3-query test which works for exponentially small success probability
exp(—k®). Our techniques (based on recent simplified decoding algorithms for the same code
[IJKWO08]) also allow us to considerably simplify the analysis of the 2-query test of [DGO08]. We
then show how to derandomize their test, achieving a code of polynomial rate, independent of
k, and success probability 1/k*.

Finally we show the applicability of the new tests to PCPs. Starting with a 2-query PCP
over an alphabet ¥ and with soundness error 1 — ¢, Rao [Rao08] (building on Raz’s (k-fold)
parallel repetition theorem [Raz98] and Holenstein’s proof [Hol07]) obtains a new 2-query PCP
over the alphabet Y% with soundness error exp(—6%k). Our techniques yield a 2-query PCP
with soundness error exp(—&+v/k). Our PCP construction turns out to be essentially the same as
the miss-match proof system defined and analyzed by Feige and Kilian [FK00], but with simpler
analysis and exponentially better soundness error.
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1 Introduction

1.1 Motivation and background

Often in complexity theory, we want to make a somewhat hard problem into a much harder one.
One basic tool for doing this is the direct product construction, where the new problem requests
answers to a large number (say k) of instances of the original problem. While an intuitive and very
useful general method, its correctness (establishing a “direct-product theorem”) is frequently non-
trivial, often beset with subtleties, and sometimes just wrong. If the answers for the k instances
are decided independently, then the solver’s probability of success drops exponentially with k.
However, sometimes the solver can benefit from using a correlated strategy, basing the answer for
each instance on the entire set of instances.

A good example is Raz’s celebrated parallel repetition theorem [Raz98]. Here, the measure of
hardness being improved is the soundness of a probabilistically checkable proof (PCP). Note that
the soundness of a PCP often yields a hardness of approximation result for a related problem,
so it is very important to get PCPs with optimal soundness. Let us recall how this amplifica-
tion works. Assume that in the original PCP, on randomness r, the verifier picks two queries
at positions x,y of the proof A, and decides according to the “answers” A[z| and Aly]. Then
the k-fold parallel repetition of that proof system has longer proofs C', indexed by all k-tuples of
positions in A, each containing a k-tuple of answers. The new verifier then picks k independent
random tapes r1,..., 7, generating k pairs x;, y;, queries the new proof at two positions, obtaining
Clz1,...,xk) and Clyi,...,yk], and finally checks that the original verifier would have accepted
for all corresponding pairs of answers to x;, ;. Assuming that the acceptance probability of the
original verifier was p, how will it drop with this k-fold repetition?

If C was simply AF, namely if it recorded the answers of A faithfully in all k-tuples, the
acceptance probability would drop to p*. But many counterexamples (see the survey [FV02] and
the recent [Raz08]) show that cleverly constructed “proofs” C' can in some cases force slower decay
in terms of each of the parameters p, k, and moreover must depend on the size of the answer set.
These subtleties were so difficult that even showing any decay that approaches zero as k increases
required a nontrivial proof [Ver96]. A few years later Raz proved his parallel repetition theorem
[Raz98|, showing that indeed the decay is exponential. Simpler proofs [Hol07, Rao08] and other
results give us a pretty good understanding of the limits on the decay in terms of the original
parameters, but these remain far from the potentially optimal p*.

What can be done to salvage the situation and push the soundness amplification towards op-
timality? (After all, we are the PCP designers, and pure parallel repetitions as above is only one
way to go.) Many ideas, both algebraic and combinatorial, were applied to reduce PCP error, and
these are beautifully explained in the recent survey of Dinur [Din08]. The best current result is
the tour-de-force of Moshkovitz and Raz [MRO8]. Here we focus on using direct-product testing for
this purpose, an idea pioneered by Goldreich and Safra [GS00]. The idea is to somehow “force” the
new proof C' to behave like the “direct product” A* of (some) proof A (or at least reject with high
probability those which are not), since if C' has this property we could hope for optimal decay.

To compare our and previous results, we view this property as a code. Imagine that (the truth
table of) a function f : & — R is encoded by f*) : ¥ — RF defined by f¥)(z1,---x1) =
(f(x1),--- f(zp)). Given oracle access to C' : U¥ — R*, the goal is to test if C' is a codeword, or is
far from it. In other words, we’d like a test (with few queries to C) that, if passed by a message
C with a “significant” probability ¢, then C' is “sufficiently close” to f*) for some function f. The
smaller we can make the value of ¢ that has such implication, the better amplification we can hope
for in PCPs.



One should observe immediately that unlike typical error-correcting codes (in particular polynomial-

based codes often used in PCPs) this direct-product code is a particularly bad one in standard
parameters. For one, its rate is lousy — superpolynomial as soon as k is not a constant (we will re-
turn to this point when discussing derandomized direct-product codes). For another, its distance is
even worse — some codewords (e.g., of the Boolean function AND) have exponentially few non-zero
entries. Some of the subtleties of direct-product testing arise precisely from these issues. Luckily
(and this observation makes the testing possible), for the intended hardness amplification it suffices
to certify that, for some f, many entries of C' agree with f on many! (rather than all) of the k
answers. In other words, C must be close to an approzimate direct-product codeword. With that
notion of “proximity” or “decoding” in mind, one tries to devise a test to certify it for small success
probability ¢, hopefully approaching the optimal p*. We note that such “proximity testers” were
formalized in a general setting under the name “spot-checkers” in [EKK™'00].

Initial work addressed the case in which the success probability ¢ of the test is very close to 1.

This is sometimes called the “unique decoding” regime, since in this case it is possible to show that

“decoded” function f is unique. The original paper [GS00] described a test with a constant number

of queries, and this was improved to the optimal two-query test by Dinur and Reingold [DRO6].
Even for these results, with g extremely high, the proofs are quite nontrivial.

But for PCPs with small soundness error we need to tackle small ¢, and one can easily see that

as soon as ¢ < 1/2 unique decoding is impossible. Indeed, let C' agree with each of ¢ direct product

codewords fi(k) in a g-fraction of its coordinates, for some (random) functions f1, ..., f; and t about

1/q. Thus if C passes the test with a small probability ¢, the best “explanation” we can hope for
is such a short list of codewords, i.e., a “list-decoding algorithm” rather than unique decoding. In
general, list-decoding of codes has been very important in recent developments in coding theory
and complexity theory, but seems to require more subtlety in algorithm design and analysis than
unique decoding.

The first result to test the direct-product code in the list-decoding regime was obtained by

Dinur and Goldenberg [DGO8] (building on the earlier work by Feige and Kilian [FK00]). They
give a 2-query test which, if C' passes with probability ¢ > 1/k% (for some fixed a > 0), certifies
that C' is close to some codeword. The proof is quite involved. Moreover, they dash the hope of
achieving exponential decay of ¢ in terms of k, showing it impossible for 2-query tests even for ¢
that is inverse polynomial in 1/k.

1.2 Our results

Our main result is that only one additional query is needed to go from polynomially to exponentially

small error. We give a 3-query test which, if passed by C with probability ¢ > exp(—k:l/ 3), certifies

that C approximately agrees with a direct product function on a poly(q)-fraction of its entries.
Our techniques (see below) also allow us to considerably improve the analysis of the 2-query test
of [DGOS] (for poly(1/k)-agreement).

To explain our next result, derandomized direct product testing, we revisit the PCP motivation.

Another important parameter for applications to PCPs is the proof size. In coding terms, the proof
size is inversely proportional to the rate of the code. Note that the k-fold direct-product code blows
up the “message” (namely the truth table of f, which would be the original PCP size) to the kth
power. To achieve subconstant soundness ¢, even assuming optimal decay ¢ = p¥, we must take
k to be nonconstant, which immediately makes the proof size superpolynomial?. A natural way

In the PCP application, “many” means a p-fraction, where p is the success probability of the original verifier
230 using this construction, we cannot get inapproximability results based only on the assumption P % NP, but



around this is to have the encoding of f provide its values not on all k-tuples, but rather on a much
smaller subset of these tuples. The hope would be that such small (but carefully chosen) subset
will still allow testing, and hence PCPs with improved soundness.

Goldreich and Safra [GS00] gave the first derandomized direct product test in the unique de-
coding regime (for constant acceptance probability €), using a constant number of queries. The
possibility of a derandomized 2-query test (even in the unique decoding regime) was raised in
[DGO8] as an open question. We not only solve this question in the unique decoding regime, but
also in the list-decoding regime. We show that for any k, there is a family of k-tuples of size a
fixed polynomial in n which is independent of k, so that if C' passes the 2-query test of [DGO08] with
probability ¢ > 1/k% then it must have poly(q)-agreement with an approximate direct-product
codeword. In coding language, we provide a locally testable, approximate list-decodable k-fold
direct-product code of inverse polynomial rate.

Finally, we return to the motivation of using direct-product testing to improve the soundness
amplification of PCPs. In PCPs, there is a big gap between two and more than two queries, in
terms of the naturalness of the consequent constraint satisfaction problems one gets hardness of
approximation for. If we combined a 3-query direct-product test with a 2-query parallel repetition,
that would seem to suggest we would only get a 5-query PCP of dubious value. Moreover, thinking
through the requirements of PCP proofs more closely, they do not seem to match those of DP-
testing. In the list decoding regime, closeness to some codeword is not actually the property that
we want for PCPs. The existence of one codeword that agrees with our message a non-negligible
fraction of the time doesn’t guarantee that almost all of the rest of the time, the prover isn’t getting
the advantage of a correlated strategy. (This is not an issue in the unique decoding world, since
there the proof must be close to a single direct product function almost everywhere.) We need
that, conditional on the proof passing our test, almost surely the proof is close to a direct product.
In this sense, our original goal of testing was too modest.

On the other hand, it is actually not important that there be a single direct product function,
as opposed to a distribution of such functions (independent of the query), maybe even one where
no element appears very often. Since soundness improves exponentially for each direct product in
the support of the distribution, it improves similarly for the entire distribution. In this sense, our
testing condition is too strong for the original application.

Fortunately, while the existence of a 3-query DP-test doesn’t seem helpful for PCPs, our analysis
of the 3-query test is applicable. In particular, we show that, even when the 2-query test is useless
as a direct product tester, it is useful to certify that a function C is close to a distribution of direct
products. Our 3-query test then follows as a consequence, as does the use of the 2-query test when
q is polynomially large. However, this kind of distributional direct product testing is actually what
we need for PCPs (and is easy to merge with the parallel repetition of the proof without additional
queries). We show, as a “proof of concept”, a general construction improving the soundness of
a PCP from 1 — 6 to exp(—6vk) that makes only two queries. Our PCP construction turns out
to be closely related to the 2-prover protocol defined and analyzed by Feige and Kilian [FKO0O].
Our analysis, however, yields a much better (exponential, as opposed to polynomial) decay in the
number k of repetitions, and is arguably simpler than that of [FK00]. With current technology, the
construction of [Rao08], using an improved analysis of parallel repetition theorem [Raz98, Hol07]
for a subclass of games, is superior to ours. However, we see no reason in principle why our test
should not be improvable to have better decay, or even a derandomized variant. Clarifying the
limits of our approach, compared with parallel repetition, is an extremely interesting direction.

must make stronger assumptions, such as NP ¢ quasi-P.



1.3 Our techniques, and direct-product decoding

The direct-product construction has long been central in complexity theory and cryptography.
Yao’s XOR Lemma [Yao82, Lev87], and its sibling, the “concatenation lemma” (provably equivalent
using the results of Goldreich and Levin [GL89]), are the basic hardness amplification tools in these
areas. These two theorems have many many different proofs (e.g,. [GNW95, IW97]), with different
parameters, and which each have found different extensions and generalizations.

Impagliazzo [Imp02] and Trevisan [Tre03] reformulated the combinatorial heart of the concate-
nation lemma in the language of coding theory, as an “approximate list-decoding” problem: Given
a corrupted direct product C', with the promise that it has g-agreement with some direct-product
function f*, find a list of functions fi,...f; so that any possible f is close to at least one of the
fi’s (in Hamming distance). Trevisan [Tre03] observed that the list-size of such an algorithm quan-
tifies the non-uniformity of the proof, and used this connection for hardness amplification versus
uniform adversaries. [[JK06, IJKWO08] improved the list-size over previous proofs, to almost the
information-theoretic optimal value.

There is no clear reduction between direct product testing and direct product decoding.® In
direct product decoding, you are guaranteed that a function is close to a direct product; in testing,
you wish to decide whether this is the case. In decoding, you need to find the function; in testing,
you simply need to accept or reject. Finally, in decoding, you typically are allowed a number of
queries that is polynomial in the agreement parameter. In testing, it is vital to absolutely minimize
the number of queries, ideally with a small number that does not depend on the agreement at
all. Despite these differences, there seem to be deep connections between the two concepts. In
particular, testing almost always seems harder, with an empirical reason being that essentially the
only way to analyze a test is to show how it decodes a small list.

In the past couple of years we have been developing (with Jaiswal) [IJK06, IJKWO08] a set
of tools which allowed us to get optimal list-decoding of the direct product code, as well as to
derandomize some of its versions (for the purpose of decoding). A central part of that work, as
is of all mentioned work on testing, is understanding the following, extremely natural 2-query test
applied to an oracle C: Pick two k-tuples at random, under the condition that they agree on
some subset of size k' of the coordinates. The main question is what structural information can
be obtained about C' if it passes the test (namely answers consistently on the common queries)
with probability g. Precisely such structural information is obtained in the decoding papers. This
current work draws much from these, and adapts them to the testing problem. As explained above,
in the testing world one wants to certify what is given as an assumption in the decoding world, and
so this adaptation is sometimes impossible (as the [DGOS8] counterexample shows) and sometimes
possible but intricate. But many of the technical notions and lemmas nevertheless apply here. We
feel that clarifying the connections between the testing and decoding problems will be extremely
enlightening.

1.4 Formal statements of our main results

DP testing. Here we formally state our direct product testing results. Let C be a given oracle
(circuit) that presumably computes the direct product f*, for some function f : U — R.* Tt will
be more convenient for us to view the k-wise direct product as defined over sets of size k, rather
than ordered k-tuples; however, our results work for k-tuples as well.

30ur comments below also apply to testing/decoding of other codes (and properties).
4Think of Boolean functions f for simplicity. However, Section 5 shows our tests work for arbitrary ranges R.



We will argue that the following 3-query test, which we call a Z-test, can certify this. Below,
for disjoint sets A and B, we denote by (A, B) the union AU B. Also, for A C S, we denote by
C(S)|a the answers C(S) for the subset A.

Z-Test:

1. Pick a random k-set (Ag, Bo) € U, where |Ag| = k' = O(VE).

2. Pick a random set By CU \ Ag of size k — k'. If C(Ap, Bo)|a, # C(Ao, B1)|4,, then
reject; otherwise continue.

3. Pick a random set A1 C U \ By of size k'. If C(Ao, B1)|p, # C(A1,B1)|s,, then
reject; otherwise, accept.

The test above makes 3 queries to the oracle C', and makes two checks for agreement: first on
a subset Ag, then on a subset Bj. If we restrict this test to just the first two steps, we get the
following 2-query test analyzed by [DR06, DGOS].

V-Test:

1. Pick a random k-set (Ao, Bo) C U, where |Ag| = ¥ = O(VE).

2. Pick a random set By CU \ Ay of size k — k. If C(Ao, Bo)|a, # C(Ao, B1)|4a,, then
reject; otherwise accept.

Intersecting sets chosen in the 3-query Z-test and the 2-query V-test can be pictured to form
the letters “Z” and “V”, respectively, see Fig. 1 below, — whence the names of these tests.

Bo Ao

B,
Ay

Figure 1: Z-test and V-test pictorially.

As proved by [DGO8], the V-test is useless for the acceptance probability below 1/k. Here we
show that, with just one extra query, the resulting Z-test is useful even for inverse-exponentially
small acceptance probability. For the proof of the following theorem, see Section 3.

Theorem 1.1 (DP Testing). There are constants 0 < n1,m2 < 1 such that, if the Z-test accepts
with probability €, for € > e *"" | then there is a function g : U — R such that, for each of at least
€/4 fraction of k-sets S from U, the oracle value C(S) agrees with the direct product g*(S) for all
but at most k=" fraction of elements in S.

Next we describe our derandomized DP test. We define the derandomized direct product
similarly to [IJKWO08]. Let k = ¢ for some prime power ¢, and some constant d (to be determined).
We identify the domain U/ with some m-dimensional linear space over the field Fy, i.e., U = F".
The k-wise direct product of a function f : U4 — R is defined as follows: Given a d-dimensional
linear® subspace A of U, we set f¥(A) to be the values of f on all & = ¢¢ points in the subspace A
(ordered according to some fixed ordering of /). For subspaces A and B of U, we denote by A+ B
the set {a +b|a € A, b€ B}, where a + b means component-wise addition of the vectors a and b.

The following is an analogue of the Z-test for the derandomized case.

S[LJKWO08] uses affine subspaces, but one could also use just linear subspaces, with a tiny loss in parameters.



Derandomized Z-Test:

1. For dy = d/25 (for some constant d > 25), pick a random dy-dimensional subspace
Ap, and a random (d — dp)-dimensional subspace By of U that is linearly independent
from Ag.

2. Pick a random (d — dp)-dimensional linear subspace By of U that is linearly indepen-
dent from Ay. If C(Ap + Bo)|a, # C(Ao + Bi1)|a,, then reject; otherwise, continue.

3. Pick a random dp-dimensional subspace A; linearly independent from Bj. If C'(Ag+
B1)|B, # C(A1 + Bi)|B,, then reject; otherwise, accept.

We prove the following (see Section 4 for the proof).

Theorem 1.2 (Derandomized DP Testing). There are constants 0 < n1,m2 < 1 such that, if the
derandomized Z-test accepts with probability e, for € = k™™, then there is a function g : U — R
such that, for each of at least €/4 fraction of d-dimensional subspaces S from U, the oracle value
C(S) agrees with the direct product g*(S) for all but at most k=" fraction of elements in S.

Our techniques also allow us to get a simpler analysis of the V-test for the case of acceptance
probability € > poly(1/k), first shown by [DGO8]; see Section 3.4 for the proof. Moreover, the same
analysis shows that the derandomized V-test (the first two steps of the derandomized Z-test) also
works; see Section 4 for the proof.

Theorem 1.3. There is a constant 0 < n < 1 such that, if the derandomized V-test accepts with
probability € > \/k'/k, then there is a function g : U — R such that for at least € = Q(e%) fraction
of subspaces S, the oracle C(S) agrees with g(S) in all but at most k=" fraction of inputs x € S.

We remark that, in both independent and derandomized cases, we also get approximate, local,
list-decoding algorithms for the corresponding DP codes.

PCP. As another application of our techniques, we get a generic reduction from 2-query PCPs,
over an alphabet 3 with completeness o and soundness 1 — §, to 2-query PCPs, over the alphabet
»F with completeness 1 — exp(—ok) and soundness exp(—dk’), for k¥ = O(vk). Our reduction
preserves perfect completeness: if the initial PCP has ¢ = 1, then so does the resulting PCP. We
describe this construction next.

Consider a constraint satisfaction problem (CSP) for regular undirected graphs, over an alphabet
Y. An instance of such a CSP consists of a regular undirected graph G = (U, E) on n nodes and
a family ® = {¢.}ccp of constraints, where each edge e = (z,y) € E has an associated constraint
¢e : ¥? — {0,1} (which need not be symmetric). For 0 < 0,6 < 1, a CSP instance is o-satisfiable if
there is an assignment f : U — X that satisfies at least ¢ fraction of edge constraints; a CSP instance
is d-unsatisfiable if every assignment f : U — X violates at least § fraction of edge constraints.

Given a CSP-instance (G, ®) (where G is a regular undirected graph on n nodes), we will ask
for an assignment C'g that, given a set of k edges in the constraint graph G, returns assignments
to all of the end-points of these edges. We give a 2-query verifier that almost certainly accepts
an honest proof C'g for a o-satisfiable CSP instance, and almost certainly rejects any proof for
a d-unsatisfiable CSP instance, where the rejection probability is independent of the size of the
alphabet X.

Let k' < k be the parameter from our DP test above. Our 2-query verifier is the following.

Verifier V:
1. Pick a set of k' random vertices A. For each vertex v € A, pick a random incident



edge (v,v") in G. Let Ap; be the set of these k&’ edges. Independently, pick another set
Ap o of k' random edges incident on the vertices in A. Finally, pick two random sets of
edges Bg,1 and B o, of size k — k' each.

2. Query Cp(Ag1,Bg,) and Cg(Ag2, BE2). Accept iff the following checks pass:

(a) the query answers satisfy 0.9 - o fraction of constraints on each of the Bg;’s%, and
(b) they assign the same values to A.

Theorem 1.4. (i) If a CSP-instance (G, ®) is o-satisfiable, then there is a proof Cg accepted by
verifier ) with probability o' > 1 — exp(—ok); moreover, if c = 1, then o' = 1. (ii) There is a
constant ¢ > 0 such that, if the CSP-instance is d-unsatisfiable, then no proof Cg is accepted by Y
with probability greater than e = e_(l/c)‘W, provided that € < 1/4.

The proof of this theorem is given in Section 6. Together with the PCP Theorem [AS98,
ALM™98] (e.g., using [Din07]), but without the parallel repetition theorem of [Raz98], Theorem 1.4
implies that NP has 2-query PCPs with perfect completeness, soundness exp(—\/%), and proof size
nP®)_ In fact, this theorem can be interpreted as a new parallel repetition theorem for certain
2-prover games, where the value of the repeated game decreases exponentially with the number of
repetitions, independent of the alphabet size; see Theorem 6.3 in Section 6.

Before Raz’s celebrated result [Raz98], Feige and Kilian [FK00] and Verbitsky [Ver96] gave the
first proofs that (some version of) parallel repetition indeed decreases the soundness of 2-prover
games. It turns out that our techniques yield a significantly improved analysis of the construction
from [FKO00]. More precisely, we can analyze the following 2-prover protocol, which is essentially
the same as the miss-match proof system introduced by Feige and Kilian [FKO0O].

As before, let (G, ®) be a regular graph CSP with the vertex set U and the alphabet ¥. The
first prover Cy gets as input a k’-subset of vertices of G and returns an assignment to all these
vertices. The second prover is a function Cg that, given a set of k edges of G, returns assignments
to all the 2k end-points of these edges. Consider the following protocol.

Verifier )':

1. Pick a set of k' random vertices A. For each vertex v € A, pick a random incident
edge (v,v’) in G. Let Ag2 be the set of these k' edges. Pick a set of (k — k') random
edges Bga.

2. Query C1(A) and Cg(Ag2, Bg2). Accept iff the following checks pass:

(a) the query answers satisfy 0.9 - o fraction of constraints of Bg 2, and

(b) they assign the same values to A.

The advantage of )’ over ) is that ) satisfies the projection property: the answers of the
prover C'g determine the answers of the prover C;. We prove in Section 6.3 that )’ has soundness
exp(—0k’); in contrast, the analysis of [FK00] yields only inverse polynomial soundness.

Theorem 1.5. (i) If a CSP-instance (G, ®) is o-satisfiable, then there are proofs (C1,CE) accepted
by verifier V' with probability o’ > 1 — exp(—ok); moreover, if o = 1, then o' = 1. (ii) There is
a constant ¢ > 0 such that, if the CSP-instance is d-unsatisfiable, then no proofs (C1,CE) are
accepted by Y’ with probability greater than € = e*(l/c)‘w, provided that e < 1/4.

We see no reason why the exponential decay of the PCP constructions above cannot be improved
to exp(—dk).

6Actually, we only need this for Bg ».



Remainder of the paper. We give the definitions of inclusion graphs and prove their sampling
properties in Section 2. We prove Theorem 1.1 in Section 3, and Theorem 1.2 in Section 4. In
Section 5 we prove that all our direct product testing results hold for functions with arbitrary (not
necessarily Boolean) range. We prove Theorems 1.4 and 1.5 in Section 6.

2 Preliminaries

2.1 Notation
For a natural number n € N, we denote by [n] the set {1,2,...,n}. For 0 < o < 1, and k-tuples a

>
and b, we write a # b to denote that a and b differ in more than « fraction of positions.
For a graph G and a vertex v of G, we denote by Ng(v) the set of all neighbors of v in G;
usually we will drop the subscript G if the graph is clear from the context.

2.2 Linear spaces

We will need the following simple lemma.

Lemma 2.1. For any integers c,d > 0 and D = cd, and a field Fy, the D-dimensional linear space
IF[? has t = (¢P —1)/(¢% — 1) linear d-dimensional subspaces that are pairwise disjoint except for
the common zero vector.

Proof. Let Q@ = ¢%. The D-dimensional vector space FqD = Fge can be viewed as ]F;d, the c-
dimensional space over the field Fg. The c-dimensional space F(, has exactly (Q°—1)/(Q —1) =

distinct lines through 0 (i.e., 1-dimensional linear subspaces). Consider any such line in Fg. The
points on the line are given by some equation of the form @ - x, where a € F¢, is some non-zero
vector, and x is a variable assuming values in Fg. Each point on the line is an element of Fg, and
so corresponds to a vector in FqD . Using the correspondence between Fg and Fg, it is easy to show
that the collection of points on the given line @ - x corresponds to a linear subspace of F{? . Since
the line has exactly Q = ¢ distinct point, we get that the dimension of this linear subspace over
F, is d. Since any two distinct lines through 0 share only the zero vector, the lemma follows. [

We will also need the following sampling property of random linear subspaces (based on pairwise
independence); this result is implicit in the journal version of [[JKWO08] (to appear in STAM Journal
on Computing).

Lemma 2.2. Let Vo and Vi be a pair of arbitrary linear spaces over a field F, that are disjoint
except for the common zero vector. Let X C Vo + Vi be any subset of points of measure p. Finally,
let W C V1 be a random linear subspace of V1. Then

(Vo+W)nX| w2l < 4q?
Vo + W| g i

2.3 Sampler graphs

For our analysis of DP tests, we use basic sampling lemmas, which (as in [IJKWO08]) can be stated
in the graph-theoretic language. Let G(L, R) = (L U R, E) be a bipartite bi-regular graph, where
we think of L as left vertices, and R as right vertices. For 0 < o, < 1, we call G a («,f)-
sampler if, for every subset F' C L of measure p > «, there are at most 3|R| vertices r € R where



!Prze Nl € Fl— u‘ > 1/2. Inclusion graphs are graphs whose vertices are subsets of some finite
universe, and two vertices (subsets) are connected by an edge iff one is contained in the other. We
usually think of these inclusion graphs as bi-partite, with smaller subsets as the left vertices.

Let U be a finite universe. We will need the following inclusion graphs G(L, R):

e Independent: L are all s;-subsets of i/, and R are all s,-subsets of U, where s, =t - s; for
an integer ¢t > 1.

e Subspaces: For U = Fj’, L are all dj-dimensional linear subspaces of U/, and R are all
d,-dimensional linear subspaces of U, where d,, = c - d; for an integer ¢ > 1.

We show that these inclusion graphs are samplers.

Lemma 2.3 (Subset/Subspace Samplers). Both Independent and Subspaces inclusion graphs G(L, R)
defined above are («, B)-samplers, where

e Independent: 3 = e~ provided that (t - 5;)%/[U| < e~ and at > Q(In1/a).
e Subspaces: = O(l/\/m), provided that a3/2q(c—1)dz/2 > 10.

Proof. Independent: Let M = s, be the size of subsets on the right side of the bipartition of
G(L,R). Let Si,...,S; be any fixed partition of the set [M] into ¢ subsets of size s; each; e.g.,
Si={si(i —1)+1,...,s1} for 1 <i<t. Let G = Sjys be the permutation group on [M].

Every M-subset B of U can be viewed as an ordered M-tuple, according to some fixed (say,
lexicographical) ordering of the universe #. Thus we can index the elements in B by elements of
[M]. For every subset S C [M], let S(B) denote the subset of the elements of B whose indices are
in the set S.

Observe that for every fixed S;, a random permutation 7 € G maps S; to a uniformly random
s;-subset 7S; of [M]. Hence, for every fixed S;, if we pick a random M-subset B of U and a random
permutation m € G, we get that (75;)(B) is a uniformly random s;-subset of U.

Let L' C L be any subset of measure A\ > «. By the above, we get that

A =Pricy penrreal(79:)(B) € L'l = Exppeg reg [Pricy(mS:)(B) € L] .

For a random permutation 7 € G and a random B € R, the subsets (751)(B),. .., (7S)(B)
are distributed as a uniform ¢-tuple of pairwise disjoint s;-subsets of ¢. This is essentially the same
as a uniformly chosen t-tuple of elements of L. Indeed, suppose we pick S7,...,S] uniformly from
L. The probability of some pair S} and S} having a nonempty intersection is at most ¢? times
the probability that two random s;-size subsets of & have nonempty intersection. By Markov’s
inequality, the latter is at most 512 /|U|, and so the overall statistical distance between the two
distributions on S}, ..., S} is at most (ts;)?/|U|, which is at most e~*(®Y) by our assumption.

Hence, we have

Prre,perl|Pricy[(w5i)(B) € L'|-Al > A/3] < Pry; _ sicLl[Pricy[S] € L'=Al = A/3]+(ts)*/|u].

By the Chernoff bound, PI'S{,...,S{CLHPrz’e[t][Sz{ e L'l =X > )N3| < e ) L eRat) - gq for
p=e ¥ 4 (t5)?2/[U| < e~ M we get that Prrca,Ber[|Pricy[(7S:)(B) € L'l = X\| = /3] < p.
By averaging, we get that for at least 1 — |/p of the sets B € R, it is the case that for at least
1 —/p of m € G, the fraction of subsets (75;)(B) that fall into L' is between (2/3)\ and (4/3)\.
Finally, for a given B € R, the probability that a random s;-subset of B falls into L’ is
Exp,cq [Prie[t][(wSi)(B) € L']]. By the above, for all but at most \/p fraction of sets B, this



average over m € G will be at least (1—,/p)(2/3)A > A\/2 and at most (4/3)A+/p < (3/2)], since
/P < A/10 (by our assumption that at > Q(In1/a)).

Subspaces: The proof is similar to that for the case of Independent, except we’ll be using
pairwise independence and the Chebyshev bound (rather than full independence and the Chernoff-
Hoeffding bound). Let D = d,. For t = (¢” —1)/(¢%* — 1), let Si,...,S; be any fixed collection
of d;-dimensional linear subspaces of IFqD that are pairwise disjoint except for the common zero, as
guaranteed by Lemma 2.1. Let G = GL(D,q), i.e., the matrix group of all nonsingular D x D
matrices over [Fg.

A random D-dimensional subspace B of U is specified by a random set of D linearly independent
(basis) vectors from U. For any d;-dimensional subspace S of F2, let S(B) denote the corresponding
d;-dimensional subspace in B. Clearly, the subspaces S;(B) and S;(B) have only the zero vector
in common, for any 1 < i # j < t.

Observe that for each fixed d-dimensional linear subspace S of IF'C? , applying a random linear
transformation A € G to S results in a uniformly distributed d-dimensional linear subspace AS of
IE‘qD . Hence, for every fixed 1 < i < ¢, the subspace (AS;)(B) is uniform over L, for randomly chosen
B € R and A € G. Moreover, for every pair of indices 1 < i # j < t, if we pick random B € R
and A € G, we get that the linear subspaces (AS;)(B) and (AS;)(B) are nearly independent in the
following sense: the pair ((AS;)(B), (AS;)(B)) is uniform over all pairs of linearly independent d;-
dimensional subspaces in L. Since the probability of picking two linearly dependent d;-dimensional
subspaces in U is at most ¢?% /q™, which is negligible, we will essentially be able to assume that
the sequence (AS1)(B),...,(AS:)(B) is a sequence of pairwise independent random elements in L.

Let L' C L be any subset of measure A\ > «. The probability that a random d;-dimensional
subspace of a random D-dimensional subspace B € R falls into L' is

A =Prpcp aca,ici[(A9:)(B) € L'] = Exp cq,per [Priey[(AS)(B) € L']] .

We will use Chebyshev’s inequality:

t

> X[(AS)(B) € L]

=1

/(£2X%/9),

1)
where x is the indicator function such that x[E] is 1 if an event E occurs, and is 0 otherwise.

To simplify the notation, let us denote by X; the random variable (of B and A) that is 1 if the
subspace (AS;)(B) € L', and 0 otherwise. Let X = i, X;. We have that Exp[X] = t), and
Var[X] = Exp[X?] — (tA)2. The expectation of X? is Exp[X?] = t\ + 2 >ic; Exp[X; - Xl

To bound the probability Pr[X; =1 A X; = 1] = Pr[X; = 1] - Pr[X; = 1|X; = 1], for each
i < j, we use the “near” pairwise independence of the subspaces (AS;)(B) and (AS;)(B) mentioned
above. Namely, for each linear subspace S € L', we have that, conditioned on random B € R and
A € G such that (AS;)(B) = S, the subspace (AS;)(B) is uniform over all dj-dimensional subspaces
of U that are disjoint from S (except for the common zero vector). Since all but at most 7 = ¢?% /¢™
fraction of d;-dimensional subspaces of U are disjoint from S, we get that the conditional probability
distribution of (AS;)(B) (for random B € R and A € G such that (AS;)(B) = S) is at most the
statistical distance 7 away from the uniform distribution. It follows that the conditional probability
that X; =1 is at most A + 7, and so Exp[X; - X;] < A(A + 7).

Thus, we have Var[X] < tA + t2A(\ + 7) — (tA)? < tA + 207 = tA(1 + t7) < 2t (since t7 < 1
for our choice of t and 7), and so we get by Eq. (1) that

Prpep.aca [[Pricy(ASi)(B) € L'l = A| > \/3] < Varper aca

Prpcrace [[Pric[(AS:)(B) € L'] — Al > A/3] <18/(t).
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Let p = 18/(tA\) < 18/(ta). By averaging, for all but at most ,/p fraction of B’s, it is the case
that for all but at most /p fraction of A € G, the fraction of subspaces (AS;)(B) € L' is between
2)/3 and 4\/3.

Finally, for a given B € R, the probability that a random d;-dimensional linear subspace of B
falls into L' is Expacq [Priey[(ASi)(B) € L']]. By the above, for all but /p fraction of all B € R,
this average is at least (1 —,/p)(2/3)A > A\/2, and at most (4/3)A+/p < (3/2)A, since /p < A/10
(by our assumption that \3/2¢(c=1d/2 > 10). O

2.4 Some properties of samplers

We will need some properties of samplers. Imagine the following setup. We take a bipartite graph
G = (LU R, E), choose a subset L' C L of its left vertices of measure )\, and a subset R' C R of
its right vertices of measure p. Then we define the following distribution on vertices in L: Pick a
uniformly random r € R’, and output its uniformly random neighbor ¢ € N(r). Clearly, if p = 1, we
get the uniform distribution on L (since G is bi-regular), and so we hit the set L’ with probability
A. The next lemma shows that, for sampler graphs G, the described distribution will hit L' with
probability close to A even for p < 1, provided that A and p are sufficiently large.

Lemma 2.4. Let G = G(L,R) be any (o, B)-sampler. Let 0 < \,p < 1 be any values such that
A >« and A\p/10 = B. For any subset L' C L of measure X\ and any subset R' C R of measure p,
we have

‘PrTER’,EEN(T) [é € L/] - >\‘ < (2/3)>‘

Proof. The left-hand side of the required inequality is at most Exp,cp [[Pre Nl e L] - All.
By the definition of a sampler, we get for all but at most (/p fraction of vertices r € R’ that
|Procn[l € L'] — Al < A/2. So the overall expectation over r € R’ is at most \/2 + 3/p <
A/2 + A/10. O

Our definition of sampler graphs is asymmetric: every large set of left vertices is required to be
sampled with approximately correct frequency by the neighborhood of almost every right vertex.
The next lemma shows that a sampler graph actually enjoys a similar property for large sets of
right vertices with respect to the neighborhoods of left vertices.

Lemma 2.5. Let G = G(L, R) be any («, 3)-sampler. Let R' C R be any subset of measure p, and
let A = max{a, 108/p}. Then for all but at most 2\ fraction of vertices £ € L, we have

|Pr.cnr € Rl —p| < (2/3)p.

Proof. Let Bad; C L be the subset of all those vertices £ € L where Pr,cy([r € Rl > (5/3)p,
and let Bady C L be the subset of those vertices £ € L where Pr,.cn[r € R] < (1/3)p. We will
argue that both Bad; and Bads have measures less than A.

If Bad; has measure at least \, let us take a subset Bad) of Bad; of measure exactly A. Consider
picking a random edge in G. By the definition of Bad], the probability of picking an edge between
Bad} and R’ is greater than A(5/3)p. On the other hand, by the definition of a sampler, this
probability is at most p(A+A/2) 4+ 8 < Ap+0.51Ap. This contradiction shows that the measure of
Bady is less than .

Similarly, if Bady has measure at least A, we set Bad} to be its subset of measure exactly A.
The probability that a random edge is between Bad), and R’ is less than (1/3)\p. But, by the
definition of a sampler, it must be at least (p — B)A/2 = Ap/2 — Ap/20 > 0.45)\p. Hence, we must
have Bads of measure less than A as well. O
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For sampler graphs in the Independent case, we can show a tighter version of Lemma 2.5, as
follows.

Lemma 2.6. Let G = (LUR, E) be the bipartite inclusion graph where L = U, and R is a collection
of all k-subsets. Let R' C R be any subset of measure p. For any constant 0 < v < 1, we have that
for all but at most O((log1/p)/k)" fraction of vertices £ € L, we have

Pr,enlr € R = p| < vp.

Proof. Let Bady = {¢ € L | Pryen(glr € R] > (14 v)p}, and let Bady = {£ € L | Procy[r €
R'1 < (1—v)p}. We will argue that the measures of Bad; and Bady are O((log1/p)/k).

We start with Bady. Let Ay = |Bads|/|L| be the measure of Bads. Suppose that Ao >
C(log1/p)/k for a large constant C' to be specified later. Then, by the Chernoff-Hoeffding bounds,
the probability over r € R that r contains at most (1—p/2) A2k elements from Bads is exp(—Q(A2k)) <
p~HE) < wp/8, for sufficiently large C.

By the definition of Bads, we have

PrZEL,reN(é) [f € Bady & r € R/] < )\2(1 — I/)p, (2)

where the probability is over first picking a vertex £ € L and then picking its random neighbor
r € N(¢). Since our bipartite graph G is bi-regular, we can compute the same probability by first
picking a vertex r € R, and then picking its random neighbor ¢ € N(r). However, if we pick r € R
first, the probability that r € R’ and that it has at least (1 —v/2)\2k elements in Badsy (and hence
at least (1 —v/2) 2 conditional probability that ¢ € Bads) is at least (1 —v/8)p (by our calculations
above). That is, we have

PrreR,EeN(T‘) [T ER &l c Badg] = (1 - I//S)p(l - I//Q))\Q > )\Qp(l - (5/8)V),

contradicting (2) above.

Similarly, let A\; = |Bad;|/|L| and assume A\; > C(log1l/p)/k for a large constant C' to be
specified later. By the Chernoff-Hoeffding bounds, the probability over » € R that r contains at
least (1 4+ v/2)A1k elements from Bad, is exp(—Q(M\k)) < p~ %) < vp/64, for a sufficiently large
C. Moreover, for D > 2e, the probability that r contains more than DAk elements from Bad; is
at most

(e/D)PA* < p“P < (vp/64)P < (vp)/(64)",

for a sufficiently large C'.
Similarly to the case of Bada, we consider the following probability:

PrEEL,rEN(f) [e € Bad, &re R/]v (3)

and bound it in two different ways. If we first pick ¢ € L, and then pick a random r € N(¢), we
get by the definition of Bad; that the probability in (3) is at least A\ (1 + v)p.

To bound this probability from above, we consider the partitioning of the set R’ into the
following sets, based on the number of intersections with the set Bad;:

e Ro={re R'||rnNBadi| < (1+v/2)\k},
e Ry ={re R |(1+v/2)Ak < |rn Badi| < 8\k}, and,

"Here the hidden constant only depends on v.
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e for each integer d > 8, the set Ry = {r € R’ | d\k < |r N Bad;| < (d+ 1)\ k}.

Computing the probability in (3) as the sum of the corresponding probabilities for r € Ry,
r € Ry, and r € Ry for all integer d > 8, we can bound it by

p(L+v/2)M + (vp/64)8A1 + > (vp)(d + 1A /647 = phi(1+v/2+ v/8 + v Y (d+1)/64%),
=8 d>8

which is less than pA1(1+ (3/4)r). But this contradicts our earlier lower bound pA;(1 + v) on the
same probability. O

Corollary 2.7. Let G = (LU R, E) be the bipartite inclusion graph where L is the collection of
all k' -subsets of the universe U, and R is the collection of all k-subsets of U, for some k' < k. Let
R’ C R be any subset of measure p < 1/2. For any constant 0 < v < 1, we have that for all but at
most O((log1/p)/(k/K")) fraction of vertices £ € L, we have

Proexiolr € B p| <
Proof. Think of each € R as a k/k’-tuple of sets of size k', and apply Lemma 2.6. O

Lemma 2.6 can be also interpreted as the following “average-case” version of the Chernoff-
Hoeffding bound, which, to the best of our knowledge, has not been explicitly stated before.

Lemma 2.8 (“Average-case” Chernoff-Hoeffding bound). Let S C U be any subset of measure .
Let 0 < v < 1 be any constant. Let R~ be any subset of k-tuples of U such that Exp,cp-[lrNS|] <
(1 =)k, and let R be any subset of k-tuples such that Exp,cp+[|r NS|] > (1 +v)A\k. Then the
measure of each R~ and RT is at most e ) where the hidden constant only depends on v.8

3 Analysis of the direct-product tests

Our proof of Theorem 1.1 (and Theorem 1.2) is done in three stages, as described next.

Stage I: Low probability consistency implies high probability conditional consis-
tency. In this stage, we show that any function C' that has non-negligible chance of passing the
V-test has very high probability of being similarly consistent on the subset of instances for which
it has good conditional probability of passing.

More precisely, we show (in Section 3.1) that if the test accepts with probability at least €, then
the collection of all k-sets has the following structure. There are many (close to €/2 fraction) of k-sets
(Ao, Bo) (with Ay of size k') such that C'(Ao, By)|a, = C(Ag, B)|a, for many (at least /2 fraction)
of (k —k')-sets B, and, moreover, almost every pair of overlapping sets of the form (Ag, F, D7) and
(Ao, E, D) (where |E| = |Ap|) has the property: if C(Ao, E, D1)|4, = C(Ao, E, D2)|4,, then it is
also the case that C'(Ay, E, D1)|g and C (Ao, E, D2)|g agree in almost all positions.

Definition 3.1 (Consistency). The sets B satisfying C'(Ao, Bo)|a, = C(Ao, B)|4, are called con-
sistent with (Ao, Bp); we denote by Consa, B, the collection of all such consistent B’s.

Definition 3.2 (Goodness). We call (Ag, By) good if the collection Cons 4, p, has measure at least
€/2.

8We assume here that, on average, the k-tuples in set R~ (resp., RT) have too few (resp., too many) elements
from a given set S. In contrast, the standard Chernoff-Hoeffding bound assumes that this happens for each k-tuple.

13



Definition 3.3 (Excellence). We call (Ao, Bo) (a,y)-excellent if it is good and, moreover,

>
Prgp,,p,[(E,Di) € Consag,py, i = 1,2, & C(Ao, E,D1)|p # C(Ao, E,D2)|e] <7,
where |E| = |Ag| = k’. (Think of @ = poly(1/k) and v = poly(e).)

In this terminology, we show that there are at least about €/2 excellent k-sets (Ao, Bp). Note that
for every excellent k-set (Ag, By), the (k — k’)-sets B € Consa, B, enjoy a very strong consistency
property: almost all pairs of overlapping sets By = (E, D;) and By = (E, D) from Cons are such
that C(Ay, B1)|g and C(Ayp, B2)|g are almost identical.

Stage II: Unique decoding on a subset. Next, we show that we can do unique decoding on
any subset such as Consa, B, above, where there is very high conditional probability of consistency.
We can think of this as unique decoding of the direct product code where there are two types of
noise: a very high number of erasures, and in addition a small number of values changed.

In Section 3.2, we use the strong consistency property of overlapping sets from Cons, g, (for
an excellent set (Ao, By)) to show that there is a function g such that C' computes the (approximate)
direct product of g over almost all k-tuples {(Ag, B) | B € Consa,.B,}. That is, there is a function
g that is locally a direct-product function for C' restricted to k-sets (Ao, B) for B € Consa, B,-
This function g is defined very naturally as the plurality function: on input z, the value g(z) is
the most frequent value among the outputs of C(Ag, B), over all B € Consya, p, which contain x.
(This is similar to the results in [FK00, DGO0S8|, but our proof techniques are different and yield
better parameters.)

Stage III: Local decoding to global decoding. So far, the analysis used only the V-test,
and showed that conditioned on being likely to pass the test, the answers to the first two oracle
queries (Ao, Bp) and (A, B1) are likely to be (almost) of the form: ga,(B), a direct product for
some function that depends only on Ay. Note that the counterexamples from [DGO8] for the V-test
have exactly this form, and show that, for € < 1/k, it is possible to have the above property, yet
have very different functions g4 depending on the set A. The third query is meant to eliminate
this possibility.

In Section 3.3, we use the third query (Aj, By) to argue that the same function g from the
previous stage is actually also a global direct-product function for C' on at least close to € fraction
of all possible k-sets.

Note that this third query is needed only if the acceptance probability e < 1/k. For the case of
e > poly(1/k) (more precisely, for € > \/k’/k), we show in Section 3.4 that the two queries of the
V-test alone suffice, thereby re-proving the result of [DGOS].

Remark 3.4. It is easy to check that all results in the present section continue to hold also for the
case of randomized oracle C' (which supposedly computes some direct product function); the only
change needed is to add internal randomness of C' to all relevant probability expressions. However,
for simplicity of notation, we will assume below that C' is a deterministic oracle.”

3.1 Excellence

Using arguments similar to those in [[JKWO08], we get the following.

Lemma 3.5. Assume that Pra, g, B, [C (Ao, Bo)|a, = C(Ao, B1)|4,] = €. Then a random (Ao, Bo)
is good with probability at least €/2.

9The direct product analysis for a randomized oracle C will be used in Section 6 for the 2-query PCP construction.
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Proof. Let £(Ao, Bp) be the event that (Ap, Bp) is not good, i.e., that Prp,[C(Ao, Bo)|a,
C(A0,31)|A0] < 6/2. Observe that Per,Bo,Bl[C(A07BO)|AO = C(AO,Bl)|A0 & 5(A0,BO)]
Per,Bo,Bl[C(A()?BO)’Ao = C(A07Bl)|A0 | S(A()vBO)] < 6/2‘ Hence, PrA07BmBl[C(AO7BO)‘AD
C(Ap, B1)|a, & =E(Ao, Bp)] is equal to

Al

PrAmBo,Bl [C(A0> BO)|A0 = C(A(Ja B1)|Ao} - PIIAO,BmBl [C(A(J’ B0)|A0 = C(A()v Bl)|Ao & g(A07 BO)]7

which is at least € — €/2 = €¢/2. Hence the event £(Ag, By) does not happen with probability at
least €/2, as required. O

Lemma 3.6. Pr4, p,[(Ao, Bo) is good but not (v, y)-excellent] < ~' /v, where v/ = e~ ¥,

Proof. Set o/ = a/2. The event in the statement of the lemma is the following event & (A, By):
(Ao, By) is good but

>a’

PI‘E7D17D2[(E,DZ') € COTLSAO,BO, 1= 1,2 & C(A(),E, Dl)’AouE 7é C(A(),E, DQ)’AouE] >,

note that we allow o errors in the set AgUF of size 2|E|, which for (F, D;) € Cons, i = 1,2, means
at most 2o/ = « fraction of errors in the set F, as needed in the definition of («, y)-excellence.

Let &(Ag, By, E, D1, D2) be the event that (Ag, By) is good, (E, D;) € Consa,.p, for i = 1,2,

>a/
and C(Ag, E,D1)|a,ure # C(Ao, E, D2)|a,ur. Denote the set Ag U E by A’. The random choices
of event £ can be equivalently made in the following order: pick A’, Dy, and Ds; pick Ag as a
random subset of A, setting £ = A"\ Ay; pick random By. Condition on any (A’, D) and (A4’, Ds)

such that C'(A’, D1)ar >7O£ C(A’, D3)|as. By the Chernoff-Hoeffding bound, a random k’-subset A
of A’ will completely miss the inconsistent elements with probability at most v/ = e~2'*)_If A,
contains such inconsistent positions, then it cannot be the case that both (E, D) € Consg,, B, and
(E,Dy) € Consa,,p,- Hence, Pr[&] < 7.

We have Pr[& | £&1] > 7. On the other hand, Pr[& | &] = Pr[& & &]/Pr[&] < +'/Pr[&).
So, we obtain that Pr[&1] < 7/ /~, as required. O

As an immediate corollary of Lemmas 3.5 and 3.6, we get the following.
Corollary 3.7. If Pra, B, B, [C (Ao, Bo)|a, = C(Ao, B1)|a,] = €, then a random good set (Ao, Bo)
is (v, 7y)-excellent with probability at least 1 — €2, for a and v such that ok’ > Q(log 1/(ve?)).
3.2 Excellence implies local agreement

Let us focus on Cons = Consa,, g, for some fixed (o, y)-excellent (Ag, By). Define the function g as
follows: for every = € U\ Ay, set g(x) = Pluralitypecons: zeB C(Ao, B)|s; if there is no B € Cons
such that z € B, then we set g(z) to some default value, say 0.

Lemma 3.8. There are fewer than v = O(vy/e?) < e fraction of sets B € Cons such that
C(Ag, B)|. # g(x) for more than 3 = 40« fraction of x € B, where o > Q((In1/e)/(k/k")).

We first give an outline of the proof of Lemma 3.8. For the sake of contradiction, suppose

>3
that Prpecons[C (Ao, B)|p # g(B)] > v, where g(B) denotes the |BJ|-tuple of values of the direct
product of g on the input set B. This means that

>0
Prpcina,[B € Cons & C(Ao, B)|p # g(B)] > v, (4)
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for v/ > ve/2 (since Cons has measure at least €/2 by the definition of goodness of (Ag, Bp)).

Imagine choosing a random subset F of B. By Chernoff, we get that with probability close to
1, the set E has close to (3 fraction of inputs € E where C(Ag, B)|» # g(z). Let E' C E be the
set of those x € E where C' and ¢ disagree.

On the other hand, using the definition of g as the plurality function as well as some basic
sampling lemmas, we will show that, for almost every such random subset E of B and for the
subset ' C E defined as above, there are an Q(e) fraction of (k — k')-sets B’ such that B’ € Cons
and C(Ap, B)|pr agrees with g(E’) in Q(1)-fraction of positions.

Note that these two facts imply that C (Ao, B)|g and C(Ag, B") g disagree in a constant fraction
of positions in E’. Since E’ has size close to 3|E|, we get that C'(Ay, B)|g and C(Ao, B') g disagree
in Q(p) fraction of positions. This implies that one can pick, with non-negligible probability, a pair
of sets B and B’ with overlap E such that B, B’ € Cons and C(Ay, B)|g and C(Ay, B')|g disagree
in many positions, contradicting the excellence property of (Ag, By).

We provide the detailed proof next. We abstract away some of the parameters in the statement
of Lemma 3.8, and re-state it as Lemma 3.10 below. Here, we prove the result for the Boolean case;
in Section 5, we reduce the general case to the Boolean case.

Definition 3.9. Let Cons be a subset of U* of measure at least €. Let C’ be a function from Cons
to R¥. We say C' is (o, y)-excellent with respect to Cons if the following holds: Pick E C U of
size k', D1, Dy C U of size k — k' independently at random. Then the probability that £ U D; €

>a
Cons, EU Dy € Cons and C'(E U Dy)|g # C'(EU Dy)|g is at most 7.1°

Define the function g as before. That is, for every x € U, set g(x) = Pluralitypecons: zes C'(B)|;
if there is no B € Cons such that x € B, then we set g(z) to some default value, say 0.

Lemma 3.10. Assume R = {0,1}. If C' is («,y)-excellent with respect to Cons, then there are
fewer than v = O(v/€?) < € fraction of sets B € Cons such that C'(B)|, # g(z) for more than
B = 40« fraction of x € B, where a > Q((In1/e)/(k/kK")).

We will later prove the same lemma without the assumption that R is Boolean, but with a
slightly worse value of 3; see Section 5 below.

>p
Towards a contradiction, suppose that Prpccons[C'(B) # g(B)] > v, where g(B) denotes the
| B|-tuple of values of the direct product of g on the input set B. This means that

Prpcy[B € Cons & C'(B) ;éﬁ g(B)] >/, (5)

for v/ > ve (since Cons has measure at least €).

We will need the following notation. For each x € U, we denote by B, the collection of all sets
B that contain x, and let Cons, = Cons N B,. Analogously, for each k’-subset £ C U, we denote
by Bg the collection of all sets B that contain E, and let Consg = Cons N Bg.

First we show that for almost all z, the measure of Cons, in B, is large.

Claim 3.11. For all but at most O((In1/€)/k) fraction of inputs x € U, we have |Cons,|/|By| =
€/6.

Proof. Apply Lemma 2.6. O

"We point out to the careful reader the following change in notation: before we had Cons of measure ¢/2; k was
k—k's and U was U \ Ao.

16



Claim 3.12. Let x be any input such that Cons, has measure at least €/6 in B,. Then for all but
at most O((In1/€)/(k/K")) fraction of k'-sets E containing x, we get that

Prpeconss [C(B)]s = g(x)] > 1/10.

Proof. Let S be a collection of all (k' — 1)-size subsets F, of U, and let 7 be a collection of all
(k — 1)-size subsets B, of Y. By assumption, we know that the measure p of those sets B, such
that B, U{z} € Cons is at least €/6. Let @) denote the set of all such sets B,.

Let @ be the subset of all those sets B, € @ where C(B, Ux)|; = g(z). Let 1/ be the measure
of this Q" in B,. By the definition of g, we know that p//u > 1/2, and so p’ > €/12; here we use
the assumption that g is a Boolean function.

Let t = ||B.|/|E:|] = k/K ~ Vk. By Corollary 2.7, we get that all but at most § <
O((In1/e€)/t) fraction of subsets E, are such that, among the sets B, containing E,, the mea-
sure of those B, that fall into @ is between p/3 and 5u/3. Simultaneously, the measure of those
B, D E, that fall into @’ is between p'/3 and 5u’/3, for all but at most ¢ fraction of subsets F,.
Hence, for at least 1 — 26 fraction of sets E;, Prp,.p,cB,[C'(B:Uz)|, = g(z) | ByU{z} € Cons| >
(1'/3)/(51/3) > 1/10, as required. O

Claim 3.13. For 6 = O((Inl/e)/(k/K)),
PrE,IEE[PrBEConsE [C/(Bﬂx = g(«’f)] = 1/10] >1-26.

Proof. The distribution (E,z € E) is the same as (z,E > z). By Claim 3.11, we know that
all but at most O((In1/e)/k) of = are such that Cons, is large. For each of these z, we get by
Claim 3.12 that all but O((In1/€)/(k/k')) of E’s will satisfy the event in the statement of the
present claim. So over random choices of x and FE > x, the required event occurs with probability
at least 1 — O((In1/e)/(k/K)). O

By a simple averaging argument, we get from Claim 3.13 the following corollary.

Claim 3.14. Let 6 = O((In1/e)/(k/K")) be as in Claim 3.13, let &' = 100, and let 6" = 1/10 (so
that 6 = 0’6" ). For at least 1 — 8" fraction of sets E, we have that, for at least 1 — &' fraction of
inputs x € E, Prpecons, [C'(B)|z = g(x)] > 1/10].

Finally, we will need the following analogue of Claim 3.11.

Claim 3.15. For all but at most O((In1/e)/(k/k')) fraction of k'-subsets E C U \ Ao, we have
|Consg|/|Be| = €/6.

Proof. Apply Corollary 2.7. O
We now give the proof of Lemma 3.10.

Proof of Lemma 3.10. Let &' = 106 and 6” = 1/10, for the § in Claim 3.14. We get by Claims 3.15
and 3.14 that, for at least 0.3 — o(1) fraction of uniformly random subsets E,

1. the fraction of sets B’ D E that fall into Cons is at least €/6, and

2. for all but ¢’ fraction of inputs x € E, Prpccons, [C'(B)|e = g(x)] > 1/10.
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Now consider the following distribution of subsets E: pick a random k-subset B satisfying the
event of Eq. (5), and then pick a random k’-subset E of B. By Lemmas 2.3 and 2.4, we conclude
that when E' is sampled according to this distribution, we get with probability at least 0.29 a set
E such that both conditions (1) and (2) above still hold.

For sets B and E C B, we denote by E' C E the subset of those z € E where C'(B)|, # g(z).
For every B satisfying the event of Eq. (5), we get by Chernoff-Hoeffding that almost all'! subsets
E C B are such that |E’| > (0.96)|E|. Combining this with our earlier argument, we get that for a
random k-subset B satisfying the event of Eq. (5), if we pick a random subset E' C B, we get with
probability at least 0.29 — o(1) > 1/4, a subset E such that conditions (1) and (2) above hold, and
additionally, |E’| > (0.98)|E|.

Fix any set F that satisfies the three conditions stated above. Let E' C FE be as above. Let
E" C E' be the subset of those inputs z € E’ where Prpccons[C'(B')|z = g(x)] > 1/10. By
condition (2), we get that |E”| > |E|(0.98 — ¢'), which can be made at least |F|3/2 by choosing 3
sufficiently larger than §’ (as assumed in the statement of the lemma).

Thus, for every = € E”, there are at least 1/10 fraction of sets B’ € Consg such that C'(B’)|, =
g(z) # C'(B)|,;. By averaging, for at least 1/20 fraction of B’ € Consg, we have C'(B')|, # C'(B)|s
for at least 1/20 fraction of € E”. Since we also know that |E"| > |E|3/2, we get that

1! >B/40 /
C'(Be # C'(B)le
for at least 1/20 fraction of B’ € Consg. By condition (1) on our fixed set E, we have that Consg
has measure at least €/6, and so
>(/40
PI'B’:ECB’[B/ € Cons & CI(B/)|E 75 C/(B)|E] = 6/120. (6)

Since, for a random B conditioned on satisfying the event of Eq. (5), there are at least 1/4

fraction of sets E such that Eq. (6) holds, we obtain
>(3/40 >0

Prgpcpp-e|B € Cons & C'(B)|p # C'(B)|g| B € Cons & C'(B) # g(B)] > €/480,
where the probability is over picking a random set B first, then picking its random k’-subset E,
and finally picking a random set B’ that contains E. Lifting the conditioning on the set B, we get

>3/40
Prp poppop|B € Cons & C'(B')|g # C'(B)|g & B € Cons| = v'e/480 > ve? /960,

which contradicts the (o, vy)-excellence property for a = 3/40 and v = ve2/960. For v < €3/960,
we get that v < €, as required. O

3.3 Local agreement implies global agreement

Here we prove the following lemma, which implies Theorem 1.1.

Lemma 3.16. If the Z-test accepts with probability at least € > e UK " then there is a function

g :U — R such that for at least € = €/4 fraction of all k-size sets S, the oracle C(S) agrees with
g*(8) in all but at most o/ = 8la fraction of inputs x € S, where k > Q(k'?).

"more precisely, all but at most exp(—3|E|) fraction
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First we just sketch the argument, blurring over many details. Let (Ao, By) be randomly chosen
in the first step of the Z-Test. If the test does not reject in step 2, we know that (A, By) is a good
set, and moreover, by Corollary 3.7, it is an excellent set. By Lemma 3.8, we get that the oracle C
on (almost all) k-sets (Ao, B), for B € Consa, B,, (mostly) agrees with the direct product of the
majority function g (defined for Consa, p,). We will argue that C' will mostly agree with g* also
globally, on at least ¢ fraction of all k-size sets S.

Consider picking sets By and A; as follows: Pick a random k-set S, then randomly choose a
subset By C S, and set A; = S\ Bj; this choice of By and A; is essentially equivalent to the way
they are chosen by the Test. For the sake of contradiction, suppose that there are fewer than ¢’
sets S where C and ¢g* have agreement in more than 1 — o fraction of positions. Consider picking
a random k-set S. If S is one of these ¢ sets, then Test may accept, but this happens only with
probability € < e. So assume that S is a random k-set that contains more than o’ fraction of inputs
x where C(5)|, # g(x).

Pick a random subset By of S of size k — k’; set Ay = S\ B1. If By € Consga, p,, Test will
reject. Otherwise, by Lemma 3.8, we get that g(B1) = C(Ao, B1)|B, on almost all inputs = € Bj.

/ >a//2
At the same time, since C'(.5) >7Z g(S), we get that with high probability C'(A41, B1)|s, 7&/ g(B1).
But then C(Ay, B1)|p, # C(A1, B1)|p,, and the Z-test rejects (in step 3). Thus, if there are few
sets S where C' and ¢* have large agreement, the Z-test will accept with probability less than e.
We now provide the detailed proof.

Proof of Lemma 3.16. Let (Ag, Bp) be randomly chosen in the first step of Test. Let x be the
measure of the set Consa, g,. If this (Ag, By) is not good (i.e., if & < €/2), then the set B; chosen
in the second step of Test will be in Cons g, g, with probability less than e/2. If this happens, then
Test may accept, but only with the probability less than €/2.

Thus we need to analyze the case where (Ag, Bp) is a random good pair, and so k > €/2. By
Corollary 3.7, all but at most €2 of good pairs (Ao, By) are excellent. If our chosen good pair(Ag, Bo)
is not excellent, then Test may accept, but this happens with probability at most €? < e.

We are left with the case where our chosen pair (Ao, Bp) is («a,)-excellent. For this pair, we
define the function g as the majority function over sets in Consa, B,. By Lemma 3.8, we know that
C mostly agrees with the direct product of g on almost all k-sets (Ag, B), where B € Consa, p,-
We will argue that C' will mostly agree with ¢g* also globally, on at least € fraction of all k-size sets
S.

Consider picking sets By and A; as follows: Pick a random k-set S, then randomly choose a
subset By C S, and set Ay = S\ Bj. This choice of By and A; is essentially equivalent to the
way they are chosen by the Test. The only difference is that the set By chosen by the Test is
disjoint from the set Ay, whereas in our new way of picking B; it may happen that B; intersects
Ap. However, since Bj is uniformly distributed, the probability that it intersects Ag is negligible
(less than k2/|U|). We will ignore this negligible amount, and think of this new choice of B; and
Aj as actually equivalent to the choices in the Test.

For the sake of contradiction, suppose that there are fewer than € sets S where C' and g* have
agreement in more than 1 — o' fraction of positions. Consider picking a random k-set S. If S
is one of these ¢ sets, then Test may accept, but this happens only with probability ¢ < e. So
we may assume that S is a random k-set that contains more than o’ fraction of inputs x where
C(S)|s # g(z). Note that the distribution of such sets S is at most € far in statistical distance
from the completely uniform distribution over k-sets S.

Pick a random subset B; of S of size k — k’; set Ay = S\ Bi. If B & Consa,,p,, Test will
reject. So the probability that Test accepts is at most the probability that Test accepts conditioned
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on By € Consy, B,, times the probability that By € Consa, B,-

By Lemma 3.8, all but at most v = O(v/e?) fraction of sets B € Consa, p, are such that
g(B) agrees with C'(Ap, B)|p in all but at most § = 40« fraction of inputs x € B. Conditioned
on choosing a By € Consa,, B,, the Test chooses one of these v fraction of sets with probability
at most (vk + €)/(k — €'). Indeed, for a uniformly random set S, a random subset B; C S is
uniformly distributed, and so hits the v-fraction of Cons 4, B, with probability at most vx. For the
distribution of sets S that is ¢/-far from uniform, this hitting probability may increase by at most
€¢’. On the other hand, the probability that B; € Consa, B, is at least k — €/. The claimed bound
follows.

>a’
At the same time, since C(S) # g¢(95), we get by Chernoff-Hoeffding that, for all but at most
e~ UYE) of (k — k')-subsets By of S,

>a’/2

CS)s # 9(B). (7)

Conditioning on By € Consy,, g, for a random S means that this probability gets multiplied by at
most 1/(k — €').
So conditioned on By € Consa,,B,, the probability that By C S for a random S was chosen so

>p
that either (7) is violated or that g(By) # C(Ag, B1)|p, is at most p = (vk + € +e X)) /(k —¢).
In this case, Test may accept, but only with probability at most p-Pr[B; € Consa, g,] < p(k+€').

This probability is less than €, since (k +€')/(k —€) < 3 for € =¢/4 and k > €/2.

Finally, for B; that satisfies (7) and is such that g(B) ZLp C(Ao, B1)|B,, we get that

>a'/2—[3

C(A1,B1)l, # C(Ao,Bi)lp,-

Since o/ /2 > 3, Test will reject in this case.

Thus we have argued that, in all cases, the probability that Test accepts is strictly less than e.
Hence, the function g must be an approximate direct-product function for C' on € fraction of all
k-sets. O

3.4 Two queries suffice when ¢ > poly(1/k)

Here we give a simpler proof of the following result of [DGO08]. The same argument also yields
Theorem 1.3.

Theorem 3.17 ([DGO8]). If the V-test accepts with probability at least € > /k'/k, then there is
a function g : U — R such that for at least ¢ = Q(e®) fraction of all k-size sets S, the oracle C(S)
agrees with ¢*(S) in all but at most 1/kY) fraction of inputs x € S.

We provide two proofs of this theorem. The first one (in Section 3.4.1 below) is a direct argument
using our earlier analysis of the V-test. The second proof (in Section 3.4.2) is by a reduction: we
show that if V-test accepts with inverse-polynomial probability e, then (a certain version of) the
Z-test also accepts with probability poly(e), and hence the conclusion follows by the analysis of
(the version of) the Z-test. Both proofs are short and simple, and rely on similar techniques.

3.4.1 Proof of Theorem 3.17

Key to the proof of this theorem is the ability to show that, if the V-test accepts, the following
“double-excellence” holds. For many k-subsets S, two random disjoint k'-subsets A, As of S

20



are simultaneously excellent'?. With such pairs it is possible to move from “local consistency”

to “global consistency” without an additional query (which was needed for exponentially small
success probability). Indeed, we derive the existence of such pairs from the relatively high success
probability assumed here. Moreover, the counterexample of [DGO08] for sublinear success precisely
precludes such disjoint excellent pairs.

Claim 3.18. Assume the V-test accepts with probability e > \/k'/k. Consider the following random
experiment: Pick disjoint random k'-subsets Ay, Ao C U; pick random (k — k')-subsets By C U \ Ay
and By C U\ As; pick random (k — 2k")-subset B C U\ (A1 U Ay). Let B' = BU Ay, and let B” =
BU Ay. Then Pr[(A;, B;) is excellent, i = 1,2, & B’ € Consa, g, & B" € Consa, p,| = Q(e).

Proof. The experiment in the statement of the claim is equivalent to the following experiment: Pick
random k-subset S C U, randomly partition S into £ = k/k’ subsets of size k" each; pick two distinct
random k’-subsets A; and As in this partition of S; pick random By and Ba; set B = S\ (A1 U Aj)
(and, as before, set B = BU A; and B” = BU Aj).

By Lemma 3.5 and Corollary 3.7, we know that, for random S, partition of S, and subset A C S
in this partition, the probability that (4, (S\ A)) is (o, y)-excellent is at least €/2(1—¢?) > ¢/3. By
averaging, for at least €/6 fraction of random sets S and partitions of S, there will be at least €/6
fraction of random subsets A C S (chosen according to the partition of S) such that (A, (S \ A))
is excellent. Conditioned on picking such S and a partition of .S, the probability of picking two
disjoint excellent subsets A1, Ay C S is at least €2/36 — 1/¢ (where 1// is the probability of picking
the same subset of S twice). Hence, the overall probability that both (A1, B”) and (A, B') are
excellent is at least Q(e(e? — 1/¢)), which is at least Q(e3), since 1/£ < €2 by the assumption.

Finally, conditioned on both (A, B”) and (A2, B’) being excellent, we get that By € Consa, p»
with probability at least €/2 and, similarly, By € Consa, pr with probability at least /2. That
is, with probability at least €2/4 over random Bj and Bs, we get that B” € Consya, p, and
B’ € Consa, p,. Lifting the conditioning, we get that, with probability Q(e®), both (A1, B”) and
(Ag, B') are excellent, and B” € Consa, p, and B’ € Consa, p,. This implies the claim since, for
B" € Consa, p,, the pair (A1, B”) is excellent iff so is the pair (A1, B1) (and similarly for B"). O

Using Claim 3.18 and Lemma 3.8, we get the following claim.

Claim 3.19. Assume the V-test accepts with probability € > \/k'/k. Let A1, As, B1, By, B, B', B”

be as in the random experiment of Claim 3.18. Let ga, be the plurality function over sets in
<O(e)
Consa, p,, fori=1,2. Fory < €, we have Pr[(A;, B;) is (a,7)-excellent, i = 1,2, & ga,(B) #

942(B)] = Q(e%).
Proof. Let 3 = 40a. Conditioned on (Ap, B1) being (a,v)-excellent and on B” being a random

>3
set in Consa, p,, we get by Lemma 3.8 that ga,(B”) # C(A;, B")|pn for fewer than v/e? < €
fraction of random (k — k’)-subsets B”; similarly, for (As, By) and B’. Together with Claim 3.18,
this implies that the following event happens with probability at least Q(e’):

B <B
(Ai, Bz) is (a,'y)—excellent, 1=1,2, ga, (B”) # C(Alv B”)|B”7 gA; (B/) # O(A27B/)|B"

<6’ <p'
The latter two equalities imply that ga,(B) # C(A1,B")|p and ga,(B) # C(Ay, B')|p, for
<
B < B(1+0(1)). Since C(A1, B") = C(As, B'), we conclude that ga,(B) # ga,(B). O

“more precisely, both (A1, S \ A1), (A2, S\ A2) are excellent.
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Claim 3.20. For at least Q(€®) fraction of random (A1, B1) and (As, Bs), we have that (A1, By)
and (Aa, B2) are excellent, and that ga,(x) = ga,(x) on all but O(«) fraction of inputs v € U.

Proof. By Claim 3.19 and averaging, we get that for at least Q(¢®) fraction of random (A, B1) and

<o
(Ag, By), it is the case that (A;, B;) is excellent, for i = 1,2, and that Prg[ga,(B) # ga,(B)] >
Q(e%), for some o/ = O(a). Fix any such (Aj, By) and (Ag, Bz). Suppose that Prycy[ga, (v) #
g4, ()] > 2a/. Pick a random B C U \ (A1 U Ag) of size k — 2k’. By Chernoff, the probability that

<o ,
ga,(B) # ga,(B) is less than v = e~ (@'[B) | This is a contradiction since v < €. O

Proof of Theorem 3.17. By Claim 3.19 and an averaging argument, we get that there are (%)

<o
pairs (Aq, By) such that Pra, g, g[(A2, B2) is (o, v)-excellent & g4, (U) \;Z ga,(U)] = Q(e®), where
Ay, By, B are chosen as in the random experiment of Claim 3.19, and o/ = O(«). Fix any such
(A1, B1). We show that C' is close to the direct product of g4, on poly(e€) fraction of k-sets S C U.

Picking a random k-set S is equivalent to picking disjoint random subsets As and E, of size &’/
each, By of size k—k’, and B of size k—2k’, and setting S = BUAs;UFE. Condition on the event that
random (Ag, By) is excellent and g4, and g4, disagree on at most o fraction of inputs in U; this
event happens with probability £(e®). Further condition on the event that (B U E) € Consa, py;
this event happens with probability €2(e) (given the previous conditioning on (Asz, B3)).

Given these conditionings, we get by Lemma 3.8 that, with probability 1 — o(1), ga,(B U
E) = C(S)|pug in all but at most O(«a) fraction of positions. By Chernoff, with probability
1 —exp(a|B|) = 1—0(1), ga,(BUFE) = ga,(BUE) in all but at most O(«) fraction of positions.
Hence, with probability 1 —o(1), ga,(BUE) = C(S)|pur except for O(«) fraction of positions, and
thus g, (S) = C(S) except for O(ak) positions (since k'/k < O(«)). Lifting the conditionings, we
get, for Q(e%) of random k-sets S C U, that ga, (S) = C(S) except for O(ak) positions. O

3.4.2 Alternative proof of Theorem 3.17

In this section, we give an alternative analysis of the V-test and derandomized V-test when g > k=%
for some absolute constant a.

We'll start with an alternative construction of a 3-query direct product test, the Z’-test; this
Z'-test is sound for essentially the same reason as the Z-test defined earlier (for completeness, we
give the proof in the Appendix). We then give a third test, the correlated twice-V test, cV2. We
show that the acceptance probability of the correlated twice-V test is at least ¢>. Then we show
that the acceptance probability of the Z'-test is at least that of the cV/?-test, less some polynomial
in k. It then follows that the Z’-test accepts with probability at least ¢ — poly(1/k). Thus,
if ¢ > k=%, then the Z'-test accepts with probability poly(q). Since the Z’-test is sound (even
with inverse-exponential soundness), this implies that C' is close to a direct product function. The
analogous argument will also work fairly directly for the derandomized case.

Assume ¢ > k~/*/4. The Z'-test is as follows:

Z'-Test:

1. Pick a random k-set (Ag, Bo) C U, where |Ag| = k' = ¢Vk/2.

2. Pick a random k-set (A1, B1) C U, where |A;| =K'

3. Pick a random set M C U \ (Ag U Ay) of size k — 2k'. If C(Ao, Bo)|a, # C(Ag, M U
A1)|a, or if C(A1,By)|a, # C(A1, M U Ap)|a, then reject; else, accept.

Pictorially, the Z’'-test is given in Fig. 2 below. Note that Z’-test is more symmetric than the
Z-test: the Z'-test consists of two identical V-tests “glued together”.
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The ¢V 2-test is:

cV2-Test:

1. Pick a random k-set Ny C U.

2. Pick A() - N(), ’A0| = k/, and B() - Uu \ Ao. If C(A(),B())’AO 75 C(AO,NO - A0)|Ao
then reject, else continue.

3. Pick A1 g No, ’A1| = k/, and Bl g U \ Al.

If C(A1, B1)|a, # C(A1, Nog — A1)|4, then reject, else accept.

Assume C passes the V-test with probability € > ¢. Let ey be the conditional probability of
passing the V-test given that Ag U By = N. Then Exp NCu,| N|:k[€N] = ¢, and the probability of
passing the c¢V? test given that No = N is (ex)?. Thus, the probability of passing the cV? test
overall is Expy[(en)?] > (Expylen])? = €2, by Cauchy-Schwarz.

Note that, given that Ag and A; are disjoint in both tests, the Z’ test and cV? tests are
identically distributed (setting N = AgU Ay U M). Thus, the probability that C' passes the Z’ test
is at least €2 — Pr[(Ag N A1) # 2] > 2 — (K)?/k = €2 — ¢*/4 > (3/4)¢*. So Theorem 3.17 follows
from the analysis of the Z’-test, given in the next theorem.

Theorem 3.21 (Analysis of the Z'-test). Assume C passes the Z'-test with probability p. Then
there exists a function G : U — R so that with probability at least Q(p?) over k-sets S,

>1-0((log 1/p)K' /)

G*(S) C(S).

The proof of Theorem 3.21 is very similar to (in fact, even simpler than) the analysis of the
Z-test given in Lemma 3.16. For completeness, we prove Theorem 3.21 in the Appendix.

4 Derandomized DP testing: Proofs of Theorems 1.2 and 1.3

Here we prove Theorem 1.2. Our proof follows the structure of the proof for the Independent case
from the previous section, but now relying on the subspace samplers from Lemma 2.3. We will fully
prove Theorem 1.2. The proof of Theorem 1.3 is in fact simpler, using the first two parts of the
proof of Theorem 1.2 and a simple additional property of the derandomized partitions.

4.1 Excellence

For a pair (Ao, By) (where Ay and By are linearly independent subspaces), we say that a subspace
B (linearly independent from Ag) is consistent with (Ao, Bo) if C(Ao + Bo)|a, = C(Ao + B)|a,-
Let Consy, B, denote the set of all such consistent subspaces B.

| B, A,

Ay B,

Figure 2: Z'-test.
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As before, we say that (Ag, Bo) is good if Consy, p, has measure at least /2. We call (Ao, Bo)
(v, y)-excellent if it is good and, moreover,

>o
Prep, p,[(E+D;) € Consay gy, t =1,2, & C(Ag+E+D1)|ag+r # C(Ao+E+Ds)|ay+E] <7,

where F, D and D are linear subspaces such that F, D and Dy are linearly independent from
Ap, and each D; is linearly independent from E. The dimension of E is the same as that of Ag.
We get the following analogues of Lemmas 3.5 and 3.6.

Lemma 4.1. Assume that Pra, B, B, [C(Ao + Bo)la, = C(Ao + Bi)|a,] = €. Then a random
(Ao, Bop) is good with probability at least €/2.

Proof. The proof is exactly the same as that of Lemma 3.5. O
Lemma 4.2. Pry, p,[(Ao, Bo) is good but not (c,~y)-excellent] < ~' /v, where v' < O(¢*/(ak’)).

Proof. Set o/ = «/2. We need to upperbound the probability of the event & (Ao, By) that (Ag, Bo)
is good but

>a’
PI‘E7D17D2[(E+DZ') S C’OTZSAO’BO, 1=1,2 & C(A0+E+D1)|AO+E + C(A0+E+D2)|AO+E] > 7.

Let £(Ao, By, E, D1, D3) be the event that (Ao, By) is good, (E+ D;) € Consy, g, fori =1,2,

and C(Ao + E + D1)|ag+E >7z C(Ao + E + D3)|ag+E- Denote the subspace Ag + E by A. The
random choices of event & can be equivalently made in the following order: pick a subspace A,
and subspaces Dy and Dy linearly independent from A; pick Ap as a random subspace of A, setting
E to be a random subspace of A that is linearly independent from Ag; pick random By linearly

independent from A. Condition on any (A, D;) and (A, D2) such that C(A+D1)|a >72 C(A+D2)|a.
A random subspace Ag of A will completely miss the inconsistent elements in A with probability
at most 7' < O(q?/(c/|Ag|)) < poly(1/k), by Lemma 2.2 (with Vo = {0}, V; = A, and W = Ag). If
Ay contains such inconsistent positions, then it cannot be the case that both (E+D;) € Consa, B,
and (E + D3) € Consa, B,- Hence, Pri&] <.

We have Pr[& | £1] > 7. On the other hand, Pr[& | &1] = Pr[& & &]/Pr[&i] < v/ /Pr[&i).
So, we obtain that Pr[&1] < 7/ /~, as required. O

As a consequence of these two lemmas, we get

Corollary 4.3. Assume that Pr, B, B, [C(Ao + Bo)|a, = C(Ao + B1)|a,] = €. Then we have
Pra,.5,[(A0, Bo) is (a,7)-excellent | (Ag, By) is good] > 1 — €2,

where a and v are such that ak’ > poly(ye?).

4.2 Excellence implies local agreement

Let us focus on Cons 4, B, for some fixed (a,y)-excellent (Ag, By). For notational convenience, we
will drop the subscript and simply write Cons. By the excellence property, we have the following:

>
PI'E,DI,DQ[(E-FDZ‘) €Cons, 1=1,2 & C(A0+E+D1)’AO+E #* C(A0+E+D2)|AO+E] <, (8)
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where F is a dg-dimensional subspace independent from Ay, and each D; is a (d — 2dp)-dimensional
subspace independent from the subspace Ag + E.

Define the function g as follows. For every x € Ay, set g(x) = C(Ao+ By)|s; for every x € U\ Ay,
set

g(m) = Pluralitypecons: z€A9+B C(AO + B)|;v; (9)

if there is no B € Cons such that € Ay + B, then we set g(x) to some default value, say 0.
We will prove the following.

Lemma 4.4. There are fewer than v = O(y/€e?) < € fraction of B € Cons such that C(Ay+ B)|, #
g(x) for more than = 40« fraction of x € Ao + B.

>p
For the sake of contradiction, suppose that Prpccoons[C(Ao+B) # g(Ao+ B)] > v. This implies
that

>3
Prg[B € Cons & C(Ag + B) # g(Ap + B)] > V/, (10)

for v/ > ve/2 (since Cons has measure at least €/2 by the definition of goodness of (Ag, Bp)).

We will follow the structure of the proof argument used to prove the analogous result for the
Independent case of Lemma 3.8. For technical reasons, we will use different methods for sampling
subspaces containing Ag than those used in Eqgs. (8)—(10), and the statement of Lemma 4.4 above.
However, these alternative sampling methods will preserve the values of the probabilities of the
corresponding events. We give the details in the following subsection.

4.2.1 Equivalent sampling procedures

Subsets of a universe U containing a fixed set Ag, are in 1-1 correspondence with subsets of the
complement, U \ Ap. A similar statement holds for subspaces, i.e., when U is a vector space, Ay
is a fixed subspace, and we consider subspaces containing Ag. Here we formally describe this
correspondence.

For every linear subspace L of the universe ¢ = ", we have a complementary subspace L' that
is disjoint from L except for the common zero vector and such that L + L' = Y. In general, there
are many subspaces complementary to the given subspace L. Among all such spaces, we can choose
some canonical one, and denote by LT this uniquely defined subspace complementary to L. (In the
case of, say, real fields, we could simply take L' to be the uniquely defined orthogonal complement
of L.)

Let Ag be a fixed linear subspace of U/ = F{". For every subspace B linearly independent from
Ay, there is a subspace B, C (Ag)' such that Ag+B = Ag+ B, . Indeed, one can take basis vectors
of B, represent each of them as a sum a + b for a € Ag and b € (Ag)', and take the corresponding
vectors b as the basis for B . It is easy to see that B is uniquely determined by the space Ag+ B;
i.e., for any subspaces B’, B” of (Ag)', if A9+ B’ = Ay + B” then B’ = B".

Let us call two subspaces B and B’ equivalent if Ag+ B = Ag+ B’. All such equivalence classes
are of the same size, and, by the above, they are in one-to-one correspondence with the subspaces
in (A())T

Let £(B) be any random event (of a random subspace B) which depends on the properties of
the space Ag+ B (rather than a particular representative of the equivalence class of B). Then the
probability of the event £(B) for a uniformly chosen subspace B linearly independent from Ay is
equal to that for a uniformly chosen subspace B from the space (Ag)f.

For example, let B denote the set of all (d — dy)-dimensional subspaces independent from Ay,
and let B, denote the set of all (d — dy)-dimensional subspaces in (Ag)f. Recall that Cons is the
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subset of all those B € B such that C(Ao + Bo)|a, = C(Ao + B)|4,. Define Cons; = ConsNB,.
We get that the measure of consistent subspaces remains the same when we sample subspaces from
(Ap)T (rather than from all linearly independent subspaces). That is, we have the following.

Claim 4.5. |Cons|/|B| = |Cons_|/|BL].

For each x € U \ Ay, let B, denote the collection of all subspaces B linearly independent from
Ap such that x € Ag + B. We denote by Cons, the subset of Cons that consists of exactly those
B € Cons such that x € Ag + B.

Each x € U \ Ag can be uniquely represented as x| + 1, where ) € Ag and 0 # z € (Ap)f.
Let L, denote the 1-dimensional linear subspace spanned by z,. Let (B,), denote the set of all
(d — dp)-dimensional subspaces from (Ag)! that contain L,. Let (Cons;), denote the subset of
those B € (B;), that are in Cons. We get the following.

Claim 4.6. |Cons|/|B.| = [(Consz)1|/|(By)1]-

For each subspace E linearly independent from Ag, we denote by Consg the subset of Cons
that consists of exactly those B € Cons that contain F, and we denote by Bg the collection of all
B linearly independent from Ag such that £ C B. Let (Bg), be the set of all subspaces from (Ag)f
that contain E |, and let (Consg), be the set of all those subspaces B’ € (Bg), that are in Cons.
We have the following analogue of Claim 4.6.

Claim 4.7. |Consg|/|Bg| = [(Consg).1|/|(Bg)L].

One can easily show that the probability in Eq. (8) remains the same when one samples the
subspaces F, D1, Dy as follows: choose a uniform dyp-dimensional subspace F from (AO)T, choose
two independently random (d—2dj)-dimensional subspaces D1 and D5 from the subspace (Ag+F )T.
Similarly, one can change the sampling method in Eq. (10) (to subspaces B € B, ), without changing
the probability value. Finally, the function g defined in Eq. (9) remains the same when one samples
Bs from (Cons,)  rather than from Cons,.

4.2.2 Proof of Lemma 4.4

We now show the analogues of Claims 3.11-3.15. By Claims 4.6 and 4.7, it is sufficient for us
to argue about the corresponding |-versions of the involved sets of subspaces. To simplify the
notation, in the rest of this subsection we shall drop the subscript | when denoting these versions.

Claim 4.8. For all but at most 1/(ek'/®) fraction of inputs = € U\ Ay, we have |Cons,|/|Bs| > €/6.

Proof. Consider the bipartite graph where the left vertices are labeled by all 1-dimensional linear
subspaces from (Ag)T, and the right vertices are labeled by all linear D-dimensional subspaces from
(Ap)f, for D = d — dy. By Lemma 2.3, this graph is a (3, \)-sampler, for A = O(1/+/3¢P~2).

We know that Cons has measure 1 > €/2 among all the vertices on the right. Let H be the
subset of all those vertices on the left with fewer than ;/3 fraction of their neighbors falling into
Cons. By Lemma 2.5, we can conclude that the measure of H is at most 1/(eq”/%), which is at
most 1/(ek'/?) (by our choice of D and dy).

Finally, since choosing a random x € U \ Ay is equivalent to choosing a random vector in Ay,
a random 1-dimensional subspace L from (Ap)', and a random non-zero vector in L, we conclude
that choosing a random z with |Cons,|/|B| < €/6 is at most the measure of H. O

Next we prove the following analogue of Claim 3.12.
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Claim 4.9. Let x be any input such that Cons, has measure at least €/6 in By. Then for all but
at most O(1/(ek'/*)) fraction of linear subspaces E from (Ag)T such that © € Ay + E, we get that

PrBEC’onsE [C(AO + B)’m = g(x)] > 1/10

Proof. Let x = |+ L be the unique representation of x such that T € Agand x| € (AO)T. Let
L. be the linear subspace spanned by the vector x| .

A (d — dy)-dimensional linear subspace B € B, is uniquely determined by a (d — dg — 1)-
dimensional linear subspace B’ from (Ag + L)' (with B = B’ + L,). Similarly, a linear do-
dimensional subspace E (from (Ag)") such that 2 € Ag + E is uniquely determined by a (dy — 1)-
dimensional linear subspace E’ from (Ag + L)' (with E = E' + L,).

Consider the bipartite inclusion graph with the left vertices labeled by all (dy — 1)-dimensional
linear subspaces E’, and the right vertices labeled by all (d — dy — 1)-dimensional linear subspaces
B’ (all from (Ag + L;)!). Let @ be the subset of those right vertices B’ such that B’ + L, € Cons.
By the assumption, ) has measure u > €/6.

Let Q' be the subset of all those B’ € Q where C(Ao+ B’ + L;)|. = g(x). Let 1/ be the measure
of this " in the set of right vertices. By the definition of g, we know that y'/u > 1/2, and so
w > e/12.

Let ¢ = [(d —dg — 1)/(dg — 1)| ~ 24. By Lemmas 2.3 and 2.5, all but at most § < 1/(ek'/%)
fraction of subspaces E’ are such that, among the subspaces B’ containing E’, the measure of those
B’ that fall into @ is between p/3 and 5u/3. Simultaneously, the measure of those B’ D E’ that
fall into @’ is between p'/3 and 54//3, for all but at most ¢ fraction of subsets E’. Hence, for
at least 1 — 26 fraction of sets E', Prp.pcp[C(Ao + B’ + L)z = g(z) | B'+ L, € Cons] >
(1'/3)/(51/3) = 1/10, as required. O

Claim 4.10. For § = O(1/(ek!'/?)),
PrE,xe(Ao—i-E)\AO [PrBECOnsE [C(AO + B)‘x = 9(36)] > 1/10] >1-9,

where E is a random dgy-dimensional linear subspace from (AO)T.

Proof. The distribution (E,z € (Ap + E) \ Ap) is the same as (x € U \ Ap, E : x € Ao+ E). By
Claim 4.8, we know that all but at most 1/(ek'/®) of = are such that Cons, is large. For each of
these z, we get by Claim 4.9 that all but O(1/(ek'/4)) of Es will satisfy the event in the statement
of the present claim. So over random choices of z and F such that x € Ag + F, the required event
occurs with probability at least 1 — O(1/(ek'/%)). O

Claim 4.11. PrgVz € Ao+ E Prpeconspy[C(Ao + B)|x = g(x)] > 1/10] = 1 =&, for &' =
O(1/(ek®/?)).

Proof. The proof is by the union bound. Consider the set of all those E with at least one z € Ag+FE
such that Prgecons; [C(Ao+B)|z = g(z)] < 1/10. Let p be the measure of this set of E's. It follows
that Prise, s 5P pcconss[C(Ao + B)ly = g(x)] < 1/10] > /| Ao + B| = /g = /K%,

On the other hand, by Claim 4.10, we have that Prg sc 4.+ E[PrBeConsz[C(Ao+B)|z = g(x)] <
1/10] < 8, for 6 = O(1/(ek'/%)). We conclude that p < 6k*?° < O(1/(ek?/?°)), as required. O

Finally, we will need the following analogue of Claim 4.8.
Claim 4.12. For all but at most 1/(ek'/*) fraction of do-dimensional linear subspaces E from

(A)T, we have |Consg|/|Bg| > €/6.
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Proof. The proof is analogous to that of Claim 4.8, except we use the inclusion graph on vertices
that are dp-dimensional linear subspaces F and (d — dp)-dimensional linear subspaces B, with both
E and B from (Ag)T. O

We now give the proof of Lemma 4.4.

Proof of Lemma 4.4. We have by Claims 4.12 and 4.11 that, for at least 1 — o(1) of uniformly
random do-dimensional linear subspaces E from (4p)f,

1. the fraction of (d — dp)-dimensional linear subspaces B’ O E (from (Ag)") that fall into Cons
is at least €/6, and

2. for every z € Ay + E, Prprccons, [C(Ao + B')|z = g(x)] > 1/10.

Now consider the following distribution of subspaces E: pick a random (d — dp)-dimensional
linear subspace B satisfying the event of Eq. (10), and then pick a random dp-dimensional linear
subspace F inside B. By Lemmas 2.3 and 2.4, we conclude that when E is sampled according to
this distribution, we get with probability at least 1/3—o0(1) a subspace E such that both conditions
(1) and (2) above still hold (assuming that e > 1/k*(1) is large enough).

For subspaces B and E C B, we denote by E' C Ay + E the subset of those z € Ay + F where
C(Ap+ B)|x # g(x). For every B satisfying the event of Eq. (10), we get by Lemma 2.2 that almost
all subspaces E C B are such that |E’| > (8/2)| Ao+ E|. Combining this with our earlier argument,
we get that for a random subspace B satisfying the event of Eq. (10), if we pick a random subspace
E C B, we get with probability at least 1/3 — o(1) > 1/4, a subspace E such that conditions (1)
and (2) above hold, and additionally, |E’| > (5/2)| A + E|.

Fix any subspace E that satisfies the three conditions stated above. Let E/ C Ay + E be as
above. By condition (2), we have that, for every 2 € F’, there are at least 1/10 fraction of subspaces
B’ € Consg such that C(Ag+ B')|, = g(z) # C(Ao+ B)|,. By averaging, for at least 1/20 fraction
of B' € Consg, we have C(Ag+ B')|, # C(Ao + B)|, for at least 1/20 fraction of x € E’. Since we
also know that |E’| > |Ag + E|3/2, we get that

, >[3/40
C(Ag+ B)|ag+e # C(Ag+ B)|ag+E,

for at least 1/20 fraction of B’ € Consg. By condition (1) on our fixed subspace E, we have that
Consg has measure at least €/6, and so

>3/40
PrB’:ECB’[B/ € Cons & C(Ag + B/)|A0+E # C(Ap+ B)|A0+E] > €/120. (11)

Since, for a random B conditioned on satisfying the event of Eq. (10), there are at least 1/4
fraction of subspaces E such that Eq. (11) holds, we obtain

>3/40
Prp pcpp-p|B € Cons & C(Ag+ B)|ag+e # C(Ao+ B)lag+e |

>
B € Cons & C(Ap+ B) # g(Ao+ B)] > €/480,

where the probability is over picking a random (d — dp)-dimensional linear subspace B (from (A}))T)
first, then picking its random dy-dimensional linear subspace F, and finally picking a random

28



(d — dp)-dimensional linear subspace B’ (from (Aj))") that contains E. Lifting the conditioning on
B, we get

>3/40
Prg poppop|B € Cons & C(Ag+B) | agre # C(Ao+B)|ag+r & B € Cons| > 1/¢/480 > ve® /960,

which contradicts the (o, v)-excellence property for a = 3/40 and v = ve2/960. For v < €3/960,
we get that v < ¢, as required. O

4.3 Local agreement implies global agreement

Here we conclude the analysis of the derandomized Z-Test by proving the following.

Lemma 4.13. If the derandomized Z-test accepts with probability at least €, then there is a function
g:U — R such that for at least € = €/4 fraction of all subspaces S, the oracle C(S) agrees with
g(S) in all but at most o/ = 8la fraction of points x € S.

Proof. Let (Ap, Bp) be randomly chosen in the first step of the test. Let x be the measure of the
set Consa, B, If this (Ag, Bp) is not good (i.e., if £ < €/2), then the set By chosen in the second
step of the test will be in Consa, g, with probability at most /2. If this happens, then the test
may accept, but only with the probability less than €/2.

Thus we need to analyze the case where (Ag, Bp) is a random good pair, and so k > €/2. By
Corollary 4.3, all but at most €2 of good pairs (Ao, By) are excellent. If our chosen good pair(Ag, By)
is not excellent, then the test may accept, but this happens with probability at most €2 < .

We are left with the case where our chosen pair (Ao, Bo) is («a,)-excellent. For this pair, we
define the function g as the majority function over subspaces in Consa, B,- By Lemma 4.4, we
know that C' mostly agrees with the direct product of g on almost all subspaces (Ag + B), where
B € Consy,,p,- We will argue that C' will mostly agree with g* also globally, on at least ¢ fraction
of all k-size subspaces S.

Consider picking subspaces By and A; as follows: Pick a random d-dimensional subspace S,
then randomly choose a (d— dp)-dimensional subspace By C S, and set A; to be any dy-dimensional
subspace of S that is linearly independent of B;. This choice of B and A; is essentially equivalent
to the way they are chosen by the test. The only difference is that the subspace B; chosen by the
test is linearly independent from the subspace Agp, whereas in our new way of picking B; it may
happen that B; intersects Ag in some non-zero point. However, since Bj is uniformly distributed,
the probability that it intersects Ag in a non-zero point is negligible (less than ¢¢/|U|). We will
ignore this negligible amount, and think of this new choice of By and A; as actually equivalent to
the choices in the test.

For the sake of contradiction, suppose that there are fewer than € subspaces S where C' and ¢*
have agreement in more than 1 — o/ fraction of positions. Consider picking a random d-dimensional
subspace S. If S is one of these € sets, then Test may accept, but this happens only with probability
€ < €. So we may assume that S is a random subspace that contains more than o’ fraction of
inputs x where C(S5)|, # g(x). Note that the distribution of such subspaces S is at most € far in
statistical distance from the uniform distribution over all d-dimensional subspaces S.

For a random S, pick its random subspaces By and A; as above. If By ¢ Consa, B,, Test will
reject. So the probability that Test accepts is at most the probability that Test accepts conditioned
on By € Consa,,B,, times the probability that By € Consa, B,.

By Lemma 4.4, all but at most v = O(v/e?) fraction of subspaces B € Consy, p, are such that
g(B) agrees with C'(Ap, B)|p in all but at most § = 40« fraction of inputs x € B. Conditioned
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on choosing a By € Consy,, p,, the test chooses one of these v fraction of sets with probability at
most (vk + €)/(k — €). Indeed, for a uniformly random subspace S, a random subspace By C S
is uniformly distributed, and so hits the v-fraction of Consy4, g, with probability at most vx. For
the distribution of subspaces S that is €/-far from uniform, this hitting probability may increase by
at most €. On the other hand, the probability that B; € Consy, B, is at least £ — €. The claimed
bound follows.

>a’
At the same time, since C(S) # g¢(5), we get by Lemma 2.2 that, for all but at most
O(q?/(|B1]a)) of subspaces B; of S,

>a’/2

CS)s # 9(B). (12)
Conditioning on By € Consa,, B, for a random S means that this probability gets multiplied by at

most 1/(k — €').
So conditioned on By € Consa,,B,, the probability that By C S for a random S was chosen so

>3
that either (12) is violated or that g(B1) # C(Ao, B1)|p, is at most
p=(vk+ e+ 0"/ (ka)))/(k = €).

In this case, the test may accept, but only with probability at most p - Pr[B; € Consa, B,] <
p(k + €'). This probability is less than e, since (k+€')/(k — €) < 3 for € = ¢/4 and K > €/2.
Finally, for B; that satisfies (12) and is such that g(B) = C (Ao, B1)|B,, we get that

>a'/2—[3

C(A1, B1)|lg, # C(Ao, B1)lp-

Since o’ /2 > f3, the test will reject in this case.

Thus we have argued that, in all cases, the probability that the test accepts is strictly less than
€. Hence, the function g must be an approximate direct-product function for C on € fraction of all
d-dimensional subspaces. O

Proof of Theorem 1.2. The proof easily follows from Lemma 4.13 above. O

4.4 Two queries suffice for the derandomized case

Using the same arguments as in Section 3.4, we also prove Theorem 1.3. The proof is along the
lines of the proof of Theorem 3.17. The only change is the use of Chebyshev’s instead of Chernoff-
Hoeffding’s inequalities (using pairwise independence of random linear subspaces).

5 DP testing for non-Boolean functions

In this section, we generalize Lemma 3.10 to the non-Boolean case. The proof is a reduction to the
Boolean case that gets a slightly weaker value of (.

Lemma 5.1. Let R be an arbitrary finite set. If C' : Cons — RF is (a,7)-excellent with respect
to Cons, and G is its plurality function, then there are fewer than v = O(vy/€%) < € fraction of sets
B € Cons such that C'(B)|, # G(x) for more than 8 = 320« fraction of x € B.
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Proof. Let Bad be the collection of those sets B € Cons such that G(B) and C(Ap, B)|p disagree
in at least 320« fraction of positions.

Let F' = {F}zeu be a family of independent random functions Fy : R — {0,1}. Define
Cp(zy,...,x5) = Fy (1), - -, Fu, (yk), where y1, ..., yp = C'(x1,...,zx). In other words, Cp takes
the values y1,...,y, returned by C’ on x1,...,x;, and maps them into the Boolean values by
applying F, to y;, for 1 <@ < k.

Observe that if C’ is consistent on two overlapping sets, so will be new function Cr on the same
sets. So, for each fixed family F', we get that Cr is excellent with respect to the Cons. Hence,
by Lemma 3.10, we have that for almost all B € Cons, C'(B) is close to the Boolean majority
function gp on B. In particular, the set Badp (of sets in Cons that disagree in 40« fraction of
positions with gp) has measure less than v as above.

On the other hand, we will show that the expected size of Badp is at least almost the same as
that of Bad. (Note that, since G is not a majority, but just a plurality, we needn’t have F,(G(z)) =
gr(z), so Badr may not be contained in Bad.) Indeed, fix an z, and consider an arbitrary u
such that u # G(x). Define a random function Fj on all elements in R, except for v and G(x).
Let b € {0,1} be the majority value gp(x) so far (i.e., the majority of the values of F,(r), for
r = C'(Ap, B)|x for B € Cons containing =, where r € R is not u or G(x)). Since F, independently
maps v and G(z) to {0,1}, we get with probability 1/4 that G(z) is mapped to b and u is mapped
to 1 —b. But G(z) is more popular than u, and so b will be equal to gr(z). Hence, the probability
(over the choice of F') that gp(x) = Fy(u) is at most 1/4.

Recall that every set B € Bad has 320« fraction of elements x where C'(B)|, # G(z). By
the above, each such element has a 1/4 chance of having Cp(B), # gr(x). Thus, almost surely
(with probability at least 1 — e_Q(ak)), B € Badp. Therefore, the expected size of Badp is at least
almost the same as that of Bad. But for each F, Badp has measure less than v (by the Boolean
case analysis of Lemma 3.10). Therefore, Bad has measure less than O(v), as desired. O

Using this new lemma in place of Lemma 3.8 for the case of non-Boolean functions with an
arbitrary range R, we get that our DP testing results (Theorems 1.1 and 1.2) continue to hold in
this case.

6 A 2-query PCP, and a new parallel repetition theorem

Here we analyze the 2-query PCP construction given in the Introduction (Theorem 1.4). We then
show (in Section 6.2) how our analysis can be viewed as a parallel repetition theorem for certain
2-prover games.

6.1 Proof of Theorem 1.4

Here we give a generic reduction from a graph CSP (G, ®) over an alphabet ¥, with completeness
o and soundness 1 —§, to a 2-query PCP over the alphabet X* with completeness 1 —exp(—ock) and
soundness 1 — exp(—0k’), for k' = (k). Throughout this section, we identify U (the vertex set
of the CSP graph ) with the universe U, and the alphabet ¥ with the range R (to be consistent
with the notation used earlier in the paper for direct product testing).

We first re-state the description of our verifier ) and Theorem 1.4 from the Introduction. Recall
that we define the PCP proof to be a function C'g that, given a set of k edges in the constraint
graph G, returns assignments to all of the end-points of these edges. Let k' < k be the parameter
from our DP test above. Our 2-query verifier is the following.
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Verifier V:

1. Pick a set of k' random vertices A. For each vertex v € A, pick a random incident
edge (v,v") in G. Let Ag; be the set of these k' edges. Independently, pick another set
Ap o of k' random edges incident on the vertices in A. Finally, pick two random sets of
edges Bg,1 and B o, of size k — k' each.

2. Query Cp(Ag1,Bg,) and Cg(Ag2, BE2). Accept iff the following checks pass:

(a) the query answers satisfy 0.9 - o fraction of constraints on each of the Bg ;’s, and
(b) they assign the same values to A.

Theorem 6.1. (i) If a CSP-instance (G,®) is o-satisfiable, then there is a proof Cg accepted
by verifier Y with probability o' > 1 — exp(—ok); moreover, if o = 1, then o' = 1. (ii) If the
CSP-instance is d-unsatisfiable, then no proof Cg is accepted by Y with probability greater than
e = e~ WA for some fized constant c.

Proof. For part (i), an honest proof Cr (based on some o-satisfying assignment for (G, ®)) will
be accepted with the stated probability ¢/, by the Chernoff bounds. Moreover, if o = 1, then the
honest proof will be accepted with probability ¢’ = 1.

For part (i), intuitively, we will argue that the consistency of the proof C'r on a vertex set
A implies the existence of an assignment g : U — 3 consistent with C'r. But no assignment can
satisfy significantly more than ¢ fraction of the random edge constraints of Bg o (by the soundness
assumption). Therefore C'y will be rejected by ). We provide the details next.

Let us define (for the sake of the analysis only) a probabilistic function C' from k sets of vertices
to RF as follows: Given a k-size vertex-set S, pick k edges Sg at random, one incident to each node
in S. Output Cg(Sg)|s.

Imagine applying our DP testing analysis (from Section 3) to this function C'. The V-test with
respect to C' is as follows: Pick a random k'-size vertex-set A, pick random (k — k)-size vertex
sets By and By at random, and then check whether C(A, By)|a = C(A, B2)|a. Note that this is
exactly the same as the consistency check done in Step 2(b) of our verifier ) above. (Indeed, C
would pick random edges Ag1 and Ag o incident to A, and then random edges incident to each of
B;, i = 1,2. The latter are just sets of random edges, since the graph is regular, and so have the
same distribution as Bg ;.)

Let a be the values assigned to A by Cg(Ag1,Bg,1) in Step 2 of verifier Y. For § and € in
the statement of the present theorem, we set o = §/320 and v = ¢*. We classify pairs (4,a) as
being good, («,y)-excellent, or neither, with respect to C, using the corresponding definitions from
Section 313.

We consider three ways that verifier ) may accept the given proof Cg:

1. (A,a) is not good. Then the conditional probability of passing the consistency check in
Step 2(b) is the probability that Cg(Ag 2, BE2)|a = a. This is the same as the probability that
C(A, B2)|a = a, which is at most €/2 by the definition of goodness.

2. (A,a) is good but not excellent. By Lemma 3.6, the probability that (A,a) is good but
not (o, y)-excellent is less than e~(®*) /~ which can be made less than ¢/4 by choosing a suffi-
ciently large constant ¢ (in the statement of the present theorem); here and below we also use our
assumption that € < 1/4.

13with a natural modification to allow randomized oracles C; so all the probabilities are now also over the internal
randomness of the oracle C' being tested.
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3. (A, a) is excellent. By Lemma 3.8, there is a function g = g4, : U — %, so that

>40«
Prp[C(A,B)la=a& C(A,B)lp # ¢(B)] <~/ =¢,

where the probability is over random (k — k')-size vertex sets B C U\ A, and internal randomness of
C. Making the internal randomness of C' explicit, we can re-write the probability above as follows:

>40«
Pra,, Bs.8[Ce(Ap2 Be2)la=a& Cp(Ap2, Ba)lp # g(B)] <€, (13)

where Ap o is the set of random edges incident on A, the set B o is the set of (k — k') random
edges (as chosen by our verifier )), and B is the set of vertices obtained by randomly selecting an
end-point from every edge in Bgs. (Note, thanks to the regularity of the graph G, this way of
choosing B 2, B is the same as choosing a k’-size vertex set B first and then choosing its random
incident edges Bg2.)

We claim that

>100«
Pra,,B,,lCe(Ap2, Be)la=a& Cp(Ap2, Be2)|By, # 9(Bpa2)] <€+ exp(—ak).

Indeed, suppose otherwise. Condition on any Ag 2, Bg o satisfying the random event in the above
probability expression. Pick B by randomly selecting an end-point from every edge in Bg 2. Every
edge in Bg s where Cp and g disagree will contribute, with probability at least 1/2, a vertex to
B where Cg and g disagree. (This is because at least one of the end-points of this edge is in
disagreement with g.) By Chernoff, the probability that B contains fewer than 40« fraction of
vertices where Cp and g disagree is less than exp(—ak). But then we get a contradiction to Eq. 13
above.

Finally, by the soundness assumption for (G, ®), every assignment violates at least § fraction of
edge constraints in G. In particular, this is true for our function g. The (k — k') edges in Bg s are
random and independent edges in G. By Chernoff, the probability that fewer than §/2 fraction of
them have their constraints violated by ¢ is e~ (0-(k=k") < €/8.

Assuming that none of the low-probability events above happened, we get that the answers
Cg(Agz2, Bgg) violate at least 6/2 — 100 = (3/16)d fraction of the edges in Bps. But then
verifier ) would reject. It follows that the verifier may accept with probability at most €/2 4 ¢/4 +
€2 + exp(—ak) + €/8 < ¢, as required. O

Remark 6.2. The value k' must satisfy the condition that k> < O(k). So we can choose k' =
O(Vk). Then the € in the statement of Theorem 6.1 becomes e~ UVE),

6.2 A new parallel repetition theorem

Our 2-query PCP from the previous subsection may be viewed as a new parallel repetition theorem
for a certain family of 2-prover games. These restricted games are closely related to general games
and we will explain the connection later.

Let G(V, E) be a d-regular graph, and let C : £ — 2> be a set of edge constraints.

The usual constraint satisfaction problem S = S(G, C) asks for a labeling of the vertices by
symbols from ¥ which maximizes the number of edges whose constraints are satisfied. The game

“Here, for x € U\ A, g(x) is defined to be the most likely value C(A, B)|., over random (k — k')-size vertex-sets
B containing z (and internal randomness of C'), conditioned on C'(A, B)|4 = a; if no such value exists for z, we set
g(z) to equal some default symbol in X.
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S may be viewed as a 2-prover game, in which a verifier picks an edge from E at random, gives an
endpoint to each player and verifies that the answer (the labels proposed by the provers) satisfies
that edge constraint. The value of the game S, i.e., the maximum probability of the provers to
satisfy the verifier, is essentially the maximum fraction of edges satisfied by the optimal assignment.

But one can define another game, T'= T'(G, C') with similar connection to the given CSP. Here
the verifier picks a pair of edges at random (from some distribution P), sends one edge each of
the provers, and checks two things about the answers (that label the endpoints of each edge): (a)
the edge constraints are satisfied, and (b) if the two edges share a vertex, the labels given to that
vertex are the same.

The most natural (and used) distribution P is to pick a pair of incident edges uniformly at
random (so condition (b) always applies). In this case the value of the game T'[P] is essentially the
same as that of the game S.

Here is another natural distribution Q: pick the two edges uniformly at random. In this case,
condition (b) almost never applies, and the value of the game T[Q)] is almost 1.

The family of games we will consider use a mixture of these two distributions, pP + ¢@) with
p+q = 1. In particular, we use p = 1/m. Note that if the value of the game with P is 1 — v, then
the value of the new game T[(P + (m — 1)Q)/m] is 1 — (v/m).

While ”diluting” the quality of the game, the advantage of the mixture is in making it hard for
the players to coordinate. In particular, the famous counterexamples of Feige and Verbitsky[FV02]
and of Raz [Raz08] don’t seem to hold for such games. Indeed, we get the following.

Theorem 6.3. For k = m?, the value of the game T[(P + (m — 1)Q)/m]* (the game T repeated k
Q(k)

times, in the standard sense of parallel repetition) is (1 — (v/m))>*\%).

Proof. 1t follows immediately from the proof of Theorem 6.1, as the k-tuple of pairs of questions in
the game T[(P + (m — 1)Q)/m] will almost certainly yield about v/k pairs of incident edges, with
the rest being pairs of independent edges. Hence, the analysis of the verifier ) applies. O

Note that the value of the k-wise parallel repetition of the game T'[(P+ (m—1)Q)/m] is roughly
(1 —v)™ (ignoring a constant in the exponent), and this bound does not depend on X! We hope

that we can take m to be an absolute constant, independent of %k, and still have perfect decay
(1 — ).

6.3 The Feige-Kilian parallel repetition: Proof of Theorem 1.5

First, we recall the definition of our verifier )’ and re-state Theorem 1.5. Let (G, ®) be a graph
CSP with the vertex set U and the alphabet ¥. The first prover C; gets as input a k’-subset of
vertices of G and returns an assignment to all these vertices. The second prover is a function Cg
that, given a set of k edges of GG, returns assignments to all the 2k end-points of these edges.

Verifier )':

1. Pick a set of k' random vertices A. For each vertex v € A, pick a random incident
edge (v,v’) in G. Let Ag2 be the set of these &’ edges. Pick a set of (k — k') random
edges Bg .

2. Query C1(A) and Cg(Ag2, Bg2). Accept iff the following checks pass:

(a) the query answers satisfy 0.9 - o fraction of constraints of Bg 2, and

(b) they assign the same values to A.
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Theorem 6.4. (i) If a CSP-instance (G, ®) is o-satisfiable, then there are proofs (C1,CE) accepted
by verifier ' with probability o' > 1 — exp(—ck); moreover, if o =1, then o' = 1. (i) If the CSP-
instance is §-unsatisfiable, then no proofs (C1,Cg) are accepted by V' with probability greater than
e = e~ WK for some fized constant c.

Proof sketch. First we observe that our analysis of the V-test can be easily adapted to the scenario
where the two queries are made to two different provers. The first prover C; gives an assignment
for k’-subsets of the universe U, and the second prover C5 gives an assignment for k-subsets of U.
The test picks a random k’-subset Ag C U and a random k-subset (Ag, B1) C U, and accepts if
C1(Ao) = C2(Ao, B1)] a,-

In this new setting, we define the set Consy, as the set of all those k — k’-subsets B where
C1(Ap) = C2(Ag, B)|a,- We call a set Ay good if the measure of Consg, is at least ¢/2. We call Ay
(ar,y)-excellent if it is good and

>o
PrE,Dl,DQ[(Ea Dl) € CO’I%SAO, 7= 1,2, & CQ(A(),E, Dl)‘E 75 CQ(A(),E, DQ)’E] < Y-

One can easily check that all lemmas in Sections 3.1 and 3.2 continue to hold for this new test
(with the same proofs). That is, we get the following: (1) if the new test accepts with probability
at least €, then a random subset Ag is good with probability at least €/2; (2) the probability that
Ay is good but not (a, 7y)-excellent is less than /v, where v/ = exp(ak’); and (8) for any excellent
Ap and the corresponding plurality function g = g4, (defined with respect to Consga,), there are
fewer than v = O(v/€?) fraction of sets B € Consy, such that Co(Ag, B)|, # g(x) for more than
40« fraction of z € B, where oo > Q((In1/€)/(k/K')).

Now the analysis of the verifier )/’ is very similar to that of the verifier ) given in Section 6.1.
We just define the randomized “vertex-proof” Cy from k-sets of vertices to ¥ as follows: Given a
k-size vertex set S, pick at random k edges Sk, one incident edge per node in S; output Cg(Sg)|s.
Then we observe that the test ) is applying (the 2-prover version of) the V-test to the provers Cy
and C5. The rest of the argument is exactly the same as in Section 6.1. O

7 Open questions

While our current techniques stop at the exponent v/k in the soundness decay, we see no obvious
obstacle to improving it to k, and proving possibility /impossibility of this is one interesting open
question we leave. Another interesting question is whether our PCP construction works for k& <
1/6%; our current analysis seems to require that & > 1/62. Perhaps the most interesting open
question is whether our techniques can be used to construct a 2-query PCP with sub-constant
soundness, thereby providing an alternative construction to [MROS].
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A Analysis of the Z’-test: Proof of Theorem 3.21

We’ll show first that the assumption of Theorem 3.21 implies that with almost the same probability,
both (A, By) and (A1, By) are excellent, and furthermore, the respective plurality functions Gy and
G are close to each other. Then we argue that for some fixed (Ao, By), for the plurality function
Go, G’g is close to C on a poly(€¢') fraction of assignments. A more formal proof is given next.

For the rest of the proof, assume that p = 2¢/. Let a = C(log1/€)k/k’ for a suitably large
constant C. Let 3 = 320a.. Let v = 4 - e’ /¢’ for ¢ the hidden constant in the expression for v/
from Lemma 3.6, so that 7'/ < /4. By picking C suitably large, we can assume v = o(¢’).

Claim A.1. The probability that C passes the Z'-test and both (Ao, By) and (A1, By) are good is
at least €.

Proof. Since NUA; is independent of Ay, and passing the Z’-test implies that NUA; € Consa,,B,,
the probability of passing given that (Ao, Bp) is not good is at most €'/2, as is the probability of
(Ag, Bp) not being good and C' passing the Z’-test. Similarly for (A1, B1) not being good and C
passing the Z’-test. Subtracting the probability of both of these events from the 2¢’ probability of
passing the Z’ test gives the claim. O
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Claim A.2. The probability that C passes the Z'-test and both (Ao, By) and (A1, B1) are (o, 7)-
excellent is at least € /2.

Proof. By Lemma 3.6, the probability that (Ag, By) is good but not («,)-excellent is at most
7' /v = €' /4 by our choice of parameters, and similarly for (A, By). Subtracting these two bad
events from the probability of Claim A.1 yields the bound. 0

Claim A.3. The probability over sets Ao, By, A1, B1, N that both (Ao, By) and (A1, B1) are excel-
lent, and, for the respective plurality functions Gg, G1,

>1-28—2k'/k

Gy~ (N) Gy ()

is at least € /4.

>p
Proof. Consider the event that (Ao, By) is excellent, NUA; € Consa, B, and Go(NUA;) # C(ApU
N U Aj)nua,- By Lemma 5.1, this event occurs with probability at most v = O(y/€?) = o(¢€').
Similarly for the corresponding event concerning (A;, By) and N UA for the function Gy. If neither

/ —B—K'/k —B—k'/k ’
of these two events occurs, then G~ 2¥ (N) 2Bk C(A)UA; UN)N 21=Bk/ G 2K (N), so

’ —28-2K'/k ’
GE=2(N) 21-23- 2K/ G%=2F(N). Thus, we get the bound in the claim by subtracting two o(e’)
events from the €’/2 probability event in Claim A.2. O

Claim A.4. The probability over sets Ay, By, A1, By that (Ao, By), (A1, B1) are both excellent, and
Go(x) = G1(x) for all but a 403 fraction of x’s is at least €' /8.

Proof. Consider the event that Go(z) # G1(x) for a 45 fraction of x, but Glg_Qk/(N) 21=20 2K [k
G’f%/ (N). For any fixed (Ap, By) and (A1, B1) with Gy, G; that distant, since N is uniformly
distributed subset of U, we get by Chernoff bounds that the likelihood of almost equality on N is
e~ OBk) — o(€’) by the choice of parameters. Subtracting this probability from that in Claim A.3
gives the bound. O

Claim A.5. There exists an excellent (Ag, By) so that with probability at least Q(€"?) over k-sets
—0 /

S, Gk(s) T O o),

Proof. Pick any (Ao, By) so that the conditional probability of the event in the previous claim is
at least € /8. Pick S as follows: Pick random sets Aj, By and By of sizes k', k — k' and k — £/,
respectively. Let S = A; U By. Note that since |A;| is small, we only need to look at the circuit
and Go on Bs. Then the probability that (A1, By) is («,y)-excellent and G is O(f) close to Gy is
Q). If (Ay, By) is excellent, and hence good, the conditional probability that By € Consa, p, is

Q(¢’). If this occurs, by Lemma 5.1, almost certainly C' (A1, Be)g, 21-0@+K/k) G’f‘k/(Bg). Thus,
with probability Q(e?), C(S)z, 21=O0@+k /k) G’f_k/(Bg). Also, since G and Gy are close, with
>1-0(8—K' /k)

probability 1 — o(e”2), G¥ ¥ (By) GE=¥'(By). The claim then follows. O

The proof of the theorem is immediate from the last claim.
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