ON REPRESENTATION OF INTEGERS
BY BINARY QUADRATIC FORMS

J. BOURGAIN, E. FucHS

ABSTRACT. Given a negative D > —(log X)logQ"s7 we give a new upper bound on the number
of square free integers < X which are represented by some but not all forms of the genus of a
primitive positive definite binary quadratic form f of discriminant D. We also give an analogous
upper bound for square free integers of the form g + a < X where ¢ is prime and a € Z is
fixed. Combined with the 1/2-dimensional sieve of Iwaniec, this yields a lower bound on the
number of such integers ¢ + a < X represented by a binary quadratic form of discriminant D,
where D is allowed to grow with X as above. An immediate consequence of this, coming from
recent work of the authors in [BF], is a lower bound on the number of primes which come up
as curvatures in a given primitive integer Apollonian circle packing.

§0. Introduction

Let f(x,y) = ax® + bxy + cy? € Z[z,y] be a primitive positive-definite binary quadratic
form of negative discriminant D = b? — 4ac. For X — oo, we denote by Us(X) the number
of positive integers at most X that are representable by f. The problem of understanding
the behavior of Uy(X) when D is not fixed, i.e. |D| may grow with X, has been addressed
in several recent papers, in particular in [Bl] and [B-G]. What is shown in these papers,
on a crude level, is that there are basically three ranges of the discriminant for which one
should consider Us(X) separately (We restrict ourselves to discriminants satisfying log |D| <
O(loglog X))

(i) |D| < (log X)(og2)=¢ Then U;(X) >. X (log X)~2¢ (0.1)

(ii) |D| > (log X)2Uee2)*e Then U;(X) = 75 (0.2)

(iii) The intermediate range.

As Blomer and Granville explain in [B-G], this transitional behavior is due to the interplay
between the size h of the class group C and the typical number of prime factors of an integer
n ~ X. A precise elaboration of the underlying heuristics was kindly communicated by
V. Blomer to the authors and is reproduced next. The number of integers n < X with k
prime factors p split in the quadratic number field (i.e. (%) = 1) is of the order

X 1 (loglog X)**
log X 2k (k—1)!

(0.3)

X
Tog X’
X represented by some form of discriminant D.

Note that summation of (0.3) over k gives which is the number of integers at most
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Moreover, applying Stirling’s formula, we see that the main contribution comes from
integers with k ~ %log log X prime factors.

Next, ignoring ambiguous classes, these k primes yield 2* classes (with possible repetition)
in C that represent the given integer n. Hence, roughly speaking, one would expect that
typically n is represented by each class of its genus provided 2¥ > h, which amounts to

h < (log X)IO%Z_E (0.4)

corresponding to alternative (i).

On the other hand, if D is sufficiently large, the 2* classes will be typically distinct.
Assuming some mild form of equidistribution in the class group when varying n, we expect
for the number of integers n < X with k prime factors represented by a given class to be of
order . -

27.(0.3): X  (loglog X)
h hlog X (k—1)!

(0.5)

with total contribution O (%), attained when k ~ loglog X (at this level of the discussion,
there is no difference between h and v/D).

In this paper, we consider only the lower range (i). Our aim is to substantiate further the
heuristic discussed above according to which, typically, all classes of the genus of n ~ X, n
representable by a form of discriminant D, do actually represent n.

More precisely, we prove the following (as consequence of Theorem 2 in [B-G]).
Theorem 2°. Let D be a negative discriminant satisfying
|D| < (log X )lo82-9 (0.6)

for some fized § > 0. Then there is 6’ = §'(§) > 0 such that

#{n ~ X; n square free, representable by some form of discriminant D but not by all forms
of the genus}
X

“ o057 o

Note that though [BI], [B-G] establish (0.1) (in fact in a more precise form, cf. Theorem
5 in [B-G]), their results do not directly pertain to the phenomenon expressed in Theorem
2’. As pointed out in [B-G], it was shown on the other hand by Bernays that almost all
integers represented by some form in a given genus can be represented by all forms in the
genus, but assuming the much stronger restriction

D <« (loglog X)%_E. (0.8)

A result in the same spirit was also obtained by Golubeva [Go].

The proof of Theorem 2’ rests on a general result from arithmetic combinatorics (Theorem
1 below) that we describe next. Assume G a finite abelian group (G = C? in our application)
in which group operation will be denoted additively. Given a subset A C GG, we introduce
the set
s(A) = { in; {z;} are distinct elements of A}. (0.9)
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The issue is then to understand what it means for A that s(A) # G, which is the undesirable
outcome for our purposes. It turns out that there are basically two possibilities. In the first,
A is contained, up to a bounded number of elements, in a proper subgroup H of G of
bounded index [G:H]. In our application to the class group in Section 2, we give an upper
bound on the number of possibilities for such A.

The second scenario is as follows. There are k elements x1,... ,x; € A with
log |G|
k< (1 0.10
(1+o)5E3 (0.10)
and a subset Q. 5, C G (determined by x1,... ,x), such that A C Q,, . ., and
Q... 2] < elG (0.11)

(we are assuming here that |G| is large). Note that this second scenario occurs in some sense
very rarely. Specifically, denote by K the upper bound on k in (0.10), and let |A] ~ m,
where in our application m ~ K - (1 4 a) for a small fixed a > 0, and m corresponds to the
typical number of prime factors of an integer < X represented by the genus of f. There are
(:; ) possible choices for such A, and of these at most (};{’) - (mgflK) sets A which fall into

b

m), and in this sense this

the second scenario. For small €, the latter is much smaller than (
undesirable scenario is relatively rare.

To prove Theorem 1, one applies the greedy algorithm. Thus given x1,... ,xx € A, we
select xx11 € A as to optimize the size of s(x1, ... ,zk+1). If we do not reach s(x1,... ,z) =
G with k satisfying (0.10), then

AC{a:l,... ,xk}UQ (0.12)
where the elements = € ) have the property that
Is(z1,-.. 2k, 2)| = |s(x1,. .., Tk)|- (0.13)

Assuming Q fails (0.11), the first alternative is shown to occur. The argument involves
combinatorial results, such as a version of the Balog-Szemeredi-Gowers theorem and also
Kneser’s theorem. The reader is referred to the book [T-V] for background material on the
matter.

Once Theorem 1 is established, deriving Theorem 2 is essentially routine. We make use,
of course, of Landau’s result [L2] (established in [Bl] with uniformity in the discriminant),
on the distribution of the primes represented by a given class C' € C — namely, for Pc the
set of primes represented by a class C,

£ g
p € Poip < €} = E(é),l/l @w&e*@) (0.14)

for &€ — oo, with £(C) = 2 if C' is ambiguous and ¢(C) = 1 otherwise.

The nontrivial upper bound (0.7) is then obtained by excluding certain additional prime
divisors, i.e. satisfying (%) # —1, using standard upper bound sieving.

The same approach permits to obtain a similar result considering now shifted primes, i.e.
integers n of the form n = a + ¢ with a fixed and ¢ a prime number. Thus
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Theorem 3°. Under the assumption (0.6), fizing a € Z, we have

{g+a ~ X; q prime, q + a squarefree representable by some form of discriminant D but
not by all forms of the genus} |

< - 0.15
(log X)3+' (0-15)

On the technical side, only crude sieving bounds are needed for our purpose and they
can be obtained by the simple inclusion/exclusion principle without the need of Brun’s
theory. The arguments covering the specific problem at hand were included in the paper
(see Lemmas 4 and 5), which turned out to be more convenient than searching for a reference.
Note that the proof of Lemma 5 involves sieving in the ideals and the required remainder
estimates are provided by Landau’s extension of the Polya-Vinogradov inequality for Hecke
characters [L1].

The motivation behind Theorem 3’ lies in a result due to H. Iwaniec [Iw] on the number
of shifted primes that are representable by the genus of a quadratic form. This in turn is
applicable to counting primes which appear as curvatures in a primitive integer Apollonian
circle packing using a method similar to that in [BF], where the authors prove that the
integers appearing as curvatures in a primitive integer Apollonian packing make up a positive
fraction of Z.

Specifically, let P be a primitive integer Apollonian packing, and let a # 0 denote a
curvature of a circle in P. From [BF], we have that the set S, of integers less than X
represented by certain shifted binary quadratic forms f,(x,y) — a, where the discriminant
D(f.) = —4a?, is contained in the set of curvatures of circles in P. Let B, C S, denote
the set of primes in S,. We may then compute a lower bound for the number of primes less
than X appearing as curvatures in P by bounding

[U%|

where the a’s range over a set of our choice. The aim is to use the %—dimensional sieve of
Iwaniec to first determine the cardinality of PB,. In [Iw], Iwaniec proves upper and lower
bounds for the number of primes less than N represented by ¢(z,y) + A, where ¢(x,y) is a
positive definite binary quadratic form and A is an integer. He shows

X X

— < 5X,0,0) €K —————

log X2 < S0 < o7

where S(X, ¢, a) denotes the number of primes less than X represented by ¢(x,y)+ A. Here
the discriminant of ¢ is fixed, and the bounds above are obtained by considering the count
over all forms in the genus of ¢: namely, for fixed discriminant, bounds for S(X, ¢,a) are
easily derived from bounds for

Sl (Xa ¢7 a) = Z 1
p<X

(z,y)=1,f€Ry

p=f(z,y)+a
where R, denotes the genus of ¢. In order to apply this to finding bounds for |P3,| where
a is allowed to grow with X, we must understand both how S;(X, ¢,a) depends on the
discriminant of ¢, and how S relates to S; in the case that D is not fixed. The latter
is explained by Theorem 3’ for D satisfying (0.6), while the former is done via a careful
analysis of the dependence on the discriminant in [Iw] for D < log X. This is discussed in
the Appendix. Note that in the application to Apollonian packings, the discriminant of ¢
is always of the form —4a?, but our results apply to a more general discriminant.

Indeed, Theorem 1 in [Iw] combined with Theorem 3’ above implies the following
4



Corollary 4. Let D < 0 satisfy (0.6) and f be a primitive positive definite binary form of
discriminant D. Then

{q+a~ X;q prime, q + a representable by f}| > (0.16)

(log X)&+e

(we assume here a € Z fixed for simplicity).

Acknowledgement: The authors are grateful to V. Blomer for several private communi-
cations, as well as B. Green for helpful suggestions on a previous version of this paper.

81. A result in combinatorial group theory

The aim of this section is to prove Theorem 1 below.
(1). Let G be an abelian group, |G| =1'.

For A C G, denote by

s(A) = {Zmz, {z;} distinct elements of A} (1.0)
the set of sums of distinct elements of A.

Assume s(A) # G. We would like to specify the structure of such A.

Start with the following algorithm. Take z; € A. Assume we have obtained z1,... ,z;,
take ;11 as to maximize
8(331, cen ,.13j+1).
Let 9; = ‘g(xlhi,x’)‘ One has
s(z1,...,zj,2)| = |s(z1,... ,2j) U (s(z1,... ,zj) + z)]
=2[s(x1,...,2;)| = [s(@1,... . 2;) N (s(@,. .. 25) + ).
Hence
Eolls(z1,... ,aj,2)|] = 20;h" — 670 = 6,;(2 — 6;)R’. (1.1)
On the other hand, for all x
|s(z1,...,25,2)| < (20,)h'. (1.2)

Fix € > 0. For §; < %, define
Q={zeG;|s(x1,...,xj,z) < (2—¢)d;h'}.

Then, from (1.1), (1.2)

Q Q
EwHS(Z‘l, e ,l‘j,l‘)H < (2(5]‘h/)< — %) + (2 — 5)(5th%
implying 5
|Q] < ?Jh’. (1.3)
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For §; > %, define

O ={z € G;|s(x1,

xga)| < (1—(1- 5j)3/2)h’}.
Similarly
1] < (1-8;)21. (1.4)

It follows from (1.3) that either

(1.5) there exist 1,... ,x, € A s.t.

Is(2z1,...,21)| > 2h (1.6)
with log I
og
k< —F—~
log2 - §
or

(1.8) There exist elements z1,

(1.7)

,2r € A and a set Q,

...z, C G satisfying

AcC {'Tla"' 7xk}UQ$1,...,xk (19)
log b/
k< (1.10)
log2 — £
Q... 20| < B (1.11)
(2). Let A; C A s.t.
5h = s(Ay) > %n.
Fix £1 > 0 and define

(2.1)
Q={zeG;ls(A1U{z})| < (1 —e1)]s(41)

| +e1h'. (2.2)
If (A\A1)NQ° # (), we add an element and increase the density from ¢ in (2.1) to (1—e1)d+e1.
Assume this process can be iterated r times.

We obtain a set A} such that s(A}) has density at least ¢’ satisfying
1-8=(1-¢e1)"(1-9)
and thus |s(A})| > (1 — )R’ for

1
TNlogg

€1
and

(2.3)

Continuing the process with A7 and § > 1—&? > 1 gives a subset A/ C A so that s(A}) =G
log b’
jAf| < 25

+ log < + loglog b’/
(log2) —¢ ¢ €1 08108
unless we are in alternative (1.8) with (1.10) replaced by (2.4).

Thus it remains to analyze the case when the iteration fails.

(2.4)
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If || < eh’, we are again in the situation (1.8) with (1.10) replaced by

log b’ log *
og +Cog€.
log2 — ¢ €1

Assume next 2 defined in (2.2) satisfies
| > eh'. (2.5)

Denoting B = s(A]), we have by (2.1) and definition of Q that

|B| > &h/ (2.6)
and
|IBN (B + )| > (1 —e1672)|B| for z € Q. (2.7)
Hence
Ipx1l_p>(1—¢e1e 2)|B|onQ (2.8)
implying in particular that
|B] > (1 —e167%)|9. (2.9)
(3). Assume (2.6)-(2.9).
Thus
(1p,1p*1g) = (1p*1_p,1g) > (1 —e1e7?)|B||Q| (3.1)
and

115 % lallz > (1 = e1e™?)| BIZ |9,
Squaring and using the fact that  is symmetric
15 % 1 * 1ofl2 > (1 — e1672)%|B|2 Q)2
and for any given r (= power of 2)
115 %18 1l2 > (1 =217 [BI2 Q" (3.2)
(where 18 ) denotes the r fold convolution).
We will rely on the following lemma, which is originally due to Fournier [F].

Lemma 1. Let p be a probability measure on a discrete additive group G and assume (for
small k)

[l pllz > (1= R)lpll2- (3-3)

Then there is a subgroup H of G s.t.

1 _ _ )
Sz < [H| < 2|5 (3.3)
and for some z € G
la—: 1/12
— < . 3.3”
HM [H| lla - (33
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Proof.

From (3.3) we have

S| S ute - wutw)| > 023

and

> (g oYy p(y) > (1= 5)?| 3

Y1,Y2

implying
> ity = 1yl mly)nly2) < 2(1— (1= £)?)[lul3

< 45| l13.

Hence there is yg € G such that

> iy = 1yoll3 1(y) < 45|13

and by translation of x, we may assume yy = 0, thus

> iy = w3 1y) < 4k pll3.
Denote
U={yeGlu—pylla < s3|pl2}.

Hence, from the preceding

w(G\U) < 4k1/3.

Since
77 3 = o < 452/l

yeU
it follows by convexity that
ly 1/3
HM — mHz < AR | |2
and in particular
lull2 < |U|1/2 + 4k )2
s < 48T
P2 |U|1/2
Next, write
1 u(U)
= 3 + o — 25
H U] H 2 |U| U]

L2+ 1063 — 2(1 — 4k1/3)
B U]

18k1/3
U]



Hence

1U 5H1/6
|-, < T (34)
and also
o=l < #@+ 3 Jp@ -
ol = ]
zeU
1
LR
<4k 4+ |U| L w7l
< 616, (3.5)
From (3.3), (3.4), (3.5), we have
v 1y H 1/6 1
ok — 1—20 —
H\U|*|U| , > 1= 208 )

hence
E(U,U) =1y * 1y|3 > (1 — 40£"/6).|U®

where E refers to the additive energy.!
We apply now some results from arithmetic combinatorics.

First, by (2.5.4), p.82 from [TV] (B-S-G in near-extreme case), there are subsets U’, U"” C
U s.t.
071,107 > (1= 10s112)|U]

and
U —U"| < (14 20s13)|U|.

Thus from Ruzsa’s triangle inequality, also

|U/ _ U/I|2

U -U'| <
| |— |U”‘

< (1+60s12)|U|

< (1+80xY12)|U). (3.6)

Next, we apply Kneser’s theorem (see [TV], Theorem 5.5, p. 200).

For T' C G, denote
Symi(T)={zeGT+x=T}

the symmetry group of T
Then by Kneser’s theorem, see [T-V]

T =T 2 2|T| = [Sym(T —T)|
and application with T'= U’ gives
|Symy (U' — U")| > (1 — 80k/12)|U"|. (3.7)

11t has been pointed out to us by Ben Green that, in fact, from this bound on Ey the desired result in
(3.33”) of Lemma 1 follows from Fournier’s paper [F], as described in Theorems 1.3.3 and 1.4.6 of notes of
Green- Wigderson [GW]. We include a different argument based on Kneser’s theorem here.
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Denoting H = Sym (U’ —U’),H C U’ — U and thus

HI[U'[< > [HAU +2)]
2eU —U'—U"

<|U'-U"- U'||m3X|Hﬂ U+ 2)|
< (1 +300xY12)|U| mZaX|H N U + 2)]
from (3.6) and sumset inequalities. Therefore, there is some z € G s.t.
|(H—2)nU'| > (1+300x12)71|H|

and in view of (3.7)
U’ A (H — z)| < 100057 |U]|

and
1
|U A (H — z)| < 1000k |U]. (3.8)
From (3.5), (3.8) we have
]-H—z L
Huf ] 1<Cl€12. (3.9)

From (3.4), (3.8), we obtain (3.31) proving Lemma 1.
Returning to (2.5), (3.2), we have that
G
jtl

decreases in r and is between — and —2—. Hence there is some 7
Vi Veh'

2

1
logr < € log — (3.10)
K "€

such that u = (llﬁ“)(r) satisfies (3.3).

From (3.2), (3.3’), we conclude that
1
J1o ], = (@ a7y = 2y

> (1 —cs/12)|B|Y/? (3.11)

provided

1

e < (é)mf . (3.12)

Also, from (3.3’) and the preceding

1
H| > 510] > gh’. (3.13)
10



Let {H,} be the cosets of H C G. Then

e * 1al3 =Y 11w * Lalls.

Let k1 > 0 be a small parameter and define
Iy ={o;|BNH,| > (1 —k1)|H|}

and I; the complement.

One has
11(BAn.) * 1ull3 = B+ (H,BN Hy) < |[BN H,|* - |H]

and hence, by (3.11)

(L —ex'/12)B| - |H* < |H| ) |BN Hal®

< |H|( 2 1HIIBOHo + (1= k1) Y [H|[B O Hal)

a€ly acl;

< [HP(IB| = r1 ) |BN Hal).

acly
Hence B = By U By with
|Bi|= Y |BNH,|<cx'/2k7B. (3.14)
a€cl,
Assume
K< Ky (3.15)

so that in particular Iy # ().
Let y € A\A}. Then y € Q and by (2.7)
IBN(B+y)| > (1—e1e7?)|B|.
LetgoG—>G/H:IOU11

If a € Iy, then

(BN Ha)+y)NB| > [(B+y)NBl— > |BNHul
a’'#a
> (1 —e1e7?)|B| - |B| +|BN H,|
> (1 —k1)|H| — €167 2|B|

> (1 -k — 2516 3)|H|.
(3.13)

Thus certainly
[Hotoy) N Bl > (1 — k1 — 2¢167°)|H|.
11



From (3.14),if B € I

|Hs N B| < c6 2670 < er/Pri1e Y H|.
(3.13)

Assume
g <1073%* (3.16)

and
k< K212 (3.17)

Note that the restriction in (3.17) replaces the earlier one in (3.15).
It follows that |Hg N B| < k1|H| for 8 ¢ Iy while certainly

1
[ Hoto) VBl > 5 |H]|.

Hence a + ¢(y) € Ip and we proved that
In+ p(y) = Iy in G/H for all y € A\A].

Thus
©(A\A}) € Sym;(Ip) in G/H. (3.18)

We distinguish two cases.

If Iy = G/H, then |B| = |s(A})| > (1 — k1)h'. We may then construct A} as in §2 and
conclude (1.8) with k < (2.4), |Q] < /r1h'.

Assume next Iy # G/H. Hence Sym;(ly) # G/H and H' = ¢~ (Symi(Ip)) D H is a
proper subgroup of G. Hence

/

€ h
—h <|H| < —.
2 <IH] =< 2
By (3.18),
v A\A| C H'.

Since I is a union of cosets of Sym;(Iy) in G/H, ¢~ !(lp) is a union of cosets H. of H’,
each satisfying
|BNH.| > (1—r1)|H'| for T € I,

(by definition of Iy), where Iy = UTGI(, Sym; (1)

Thus we may identify H and H' and write
A\A} C H

with W
€
W < |H| < —. .1
5 < |H| < 5 (3.19)

The set s(A}) = By U By with

By= |J (s(4) NHa) and By = | (s(4}) N Ha)
acly acly
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and

|s(A)) N H,| > (1 —k1)|H| for a€ Iy (3.20)
|By| < cxl/?n (3.21)
Iy # 0,1y # G/H. (3.22)
Next, take a set z1,...,2. € Al,r < % of representatives for ¢(A}) and denote Ay =

A\{z1,...,2-}. Then
s(42) C s(47) and [s(Az)| = 277 |s(4})].
Thus there is some a € G/H s.t.
Is(As) N Hal| > §|5(A2)| > e2 1 s(A))] > e27 20

Hence, for each z € s(z1,...,2,)
|S(AD) N Hoy o) = [((A2) + 2) N Hypo(a)| > c9—n—2p/

We claim that a 4+ ¢(z) = 8 € Iy. Otherwise, 8 € I; and s(A}) N Hg C By, implying by
(3.21) that

|s(A}) N Hg| < e 1
and this is impossible, provided

100

k<27 (3.23)

Hence
Io D a+¢(s(z1,...2:)) = a+ p(s(A}))

and since Iy C ¢(s(A})), by (3.20), it follows that In = ¢(s(A})) and therefore by (3.22)

o(s(A4}) # G/H. (3.24)
Next partition
To = p(s(4) = JU T
with J { o o
=Jac€ , 1ﬂHa|>?}.

Thus

20
= (3.25)

‘ | (4 nm.)l <
acJ’
Take elements Z = {za’t;a e Jt< 1?0} U{za;a € J'} with ¢(2a,) = a.
Then
s(A]) D s(2)

and

10
o(s(A])) D {O;Iuaa;O <ug < ?} +J =)+ J

where (J) is the group generated by J C G/H. Thus |[(J)| < |¢(s(A4}))]-
13



From (3.24), (J) # G/H and H' = p~1(({J)) is a proper subgroup of G.

Hence, by (3.25)
|AI\H'| < c(e) (3.26)

and since A\A} C H,
[A\H'| < c(e)

with H’ a proper subgroup of G, [G : H'] < %

Recalling the constraints (3.12), (3.15), (3.16), (3.17), (3.23) on the parameters €, €1, K, K1,
take

(4). Summarizing the preceding, we proved the following.

Theorem 1.
Let G be a finite abelian group and A C G,|G|=h'. Let € > 0 be a small constant.
There are the following alternatives.

(41) s(A)=@G

(4.2) There is a proper subgroup H of G, such that

[G: H| < g and |A\H| < c(¢).

(4.3)  There are k elements x1,... x5 € A and a subset Qy, ... 5, C G depending only on
T1,...,T, such that
k< (1+ )IOgh/Jrclo log h/ + c(¢) (4.4)
c log 2 108 ¢ ’
[ = (4.5)
and
AC Q. 2 (4.6)

Again, we note that scenario (4.3) makes up for a very small portion of possible A: if K
is the upper bound on k in (4.4) and |A| ~ m, there are (") total choices for A, and of these
at most (};{’) . (mEf/K) sets A are as in (4.3), which is small compared to the total number of
possibilitites for A if € is small.

§2. Application to the class group

(5). We apply the preceding to the class group C for a large discriminant D < 0.
14



Let n € Z4 be square free; n = [[p; with (p;, D) =1 and Xp(p;) # —1. Let Cj’Cj—l be
the classes that represent p;. Then n is representable by all classes in the formal expansion
H{Cj,C’j_l} (see [Bl], Cor. 2.3).

Let G = C2. Thus W' = |G| = h/g with g = |C/C?| the number of genera. Let A =

{C?} € G. We have
[Ticsicry = (TTer)sa) (5.1)
with s(A) defined as in (1.0).

Fix € > 0 a small parameter and apply Theorem 1 to A C G.
If s(A) = G as in (4.1) of Theorem 1, then

[Tic.c = (T e e

Since C/C? is the group G of the genera, it follows that in this case n is representable by any
form of the genus if it’s representable by some form. Our aim is to show that the alternatives
(4.2) and (4.3) of Theorem 1 do not account for many sets A = {C?}, and in doing so to
give lower bounds on the number of integers n which are representable by any form of the
genus once they are representable by some form.

Assume now that A satisfies the conditions of alternative (4.2) of Theorem 1.

Denote 1 : C — C? obtained by squaring and let ¢’ = n~'(H). Since C is a proper
subgroup of C;, we have

€ ,
- <
2h<|C|

ro| >

where h = |C| is the class number.

There is a set of indices J such that |[J| < C(e) and for j ¢ J, C7 € H, hence
C;,Crtec.

Denote P¢ the primes represented by the class C. Thus Pg = Po-1.

It follows from the preceding that n( ]_[jejpj)f1 has all its prime factors in the set

P = | Pe

cec’

We recall the following distributional theorem.

Lemma 2. (Landau; [Bl], Lemma 5.1).
Assume D < (log&)4, A fived.

Then
dt

e —cy/log €
gt Ol VIoEE) (5.2)

1 4
. < = = —
‘{pGPChp,fH WC(&) E(C)h/l
with €(C) = 2 if C is ambiguous and €(C) =1 otherwise.

Recall also that the number of ambiguous classes equals

v = #(C/C?) = number of genera < 2“7,
15



Hence from (5.2)
mer (&) = {p € P(C);p < €}

> om@+y; Y w©

C' ambiguous cec’

IN

not ambiguous
1[5 dt
2h J, logt
and since [C'| < & and h < D2te < (log&)A

1 1 ¢ odt
<|(=-4+-—— — 5.3
(3+7=) , logi (5:3)
Thus, in summary, the number of integers n < X obtained in alternative (4.2), is at most

> #{ng

r<Ceip1...pr<X
c'<cC
2<[ciC]<2
with P(C’) satisfying (5.3) and {p1,... ,p,} unordered and distinct, with Xp(p;) # —1.

To bound the expressions #{- - - }, use the upper bound sieve.

<(y+IC') O(ge Vi)

;m square free with prime factors in P(C’)} (5.4)
Pr---DPr

For instance, in the notation of Corollary 6.2 in [I-K], which we apply with A = Z, and

Pi)= ] » (5.5)

pgP(C’)
p<z

we have g(d) = %, |rq(A)| <1,k =1,K =1, and

v =TT 0-ow)= I (1-1) (56)

plp(2) p<z p
pgP(C’)
and from [IK], (6.2), (6.80), applied with D = z,s =1
#{n < X; (n,p(z)) =1} < CXV(2) + R(2) (5.7)
with
R(z)= > [|ra(A)| <= (5.8)

d|P(z),d<z

Using (5.3) and partial summation

1 1
> » >3 EHP <up g P(C')}
p<z u<z
pgP(C')

:ggéQéu_m@®+ou)

3 1 1
- Z (1 B h1*€) ulogu +001)

exp(hl/A)<u<z

e (25,




Hence

V(z) S exp 7( Z %) <<£1;2)i_0(1)

p<z
pgP(C)

for z > exp(D'/4).
Let Y = —X . Substituting in (5.7) with z = v/Y gives for Y > exp(D'/4)

p1---pr’

hl/A
. . . !/ <
#{n < Y,n squarefree with prime factors in P(C')} < (log V)#/i—(D Y

(here A is an arbitrary large fixed constant).

Returning to (5.4), we have for 7 > 0 fixed, X7 > exp(D/4) that

Z #{n <

p1o.pr<X1TT
Xp(pj)#1

;n square free with primes in P(C/)}
P1---Pr

(5.11) 1/A
< ht/4X

1
~  7(log X)3/4—e(1) Z P1-..Dr
P1...pr<X

Xp(p;)#—1

< hl/AX (3 loglog X)"
~ 1(log X )3/4=0(1) 7l

h/AX
~ 7(log X )10
since r < C(g).

This gives the contribution

2 he) x
< #{c’ <clc: )< f}—
e) r(log X)i—oM

(5.10)

(5.11)

(5.12)

(5.13)

It remains to consider the case (%) in which n < X with prime divisors p1, ... ,p, such that

Pr...pr > X
Lemma 3. Fizr € Z,. Then, for X large enough

{n < X;n represented by C and product of at most r distinct primes}|

- rX (e(% +e) loglogX)T—l
log X r—1 '

Proof.
We get the estimate

Z X(pl"'pr—l)71

log(X (py -+ pr_q)~ L
p1<-<pr_1 B(X(pr---pr-a)™)

Xp(p;)#—1

17
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and since p1...pr—1 < X%l7 this is

rX 1
< e
log X Z P Pro1
1< <pr_1<X
Xp(pj)#—1
rX 1\7—1
< , Z . 5.15
(r—l)!logX( Z p) (5.15)
p<X
Xp(p)#—1

From Lemma 2 and partial summation
1 1 1 1
> ) > > T > 2 »

p<X C non-ambiguous pep C ambiguous pep
Xp(p)#—1 p<X p<X
L[N 1 v dt X 1 /o5
<t-100[5; [ ([ og)avrea [ L emeviEiay]
2h Yy 2 logt exp(D1/4) Yy

1 (X1, v at X 1
1N 1 _rey
+ |g‘[2h/ 2 (/2 —1Ogt)dy+0,4 /XP(DI/A) " e dy}

exp(Dl/A) 1
y* logy

<1/X 2 (i +O(( . z))dy+OAhe*C'D'“”’+M

2 y2 \logy log y) A
1 log | D
<§log10gX+ 0gf|1 |—|—O(1)
1
< (5 +o(1) ) loglog X (5.16)

for X large enough.

Substitution of (5.16) in (5.15) gives by Stirling

rX (e(% +e) loglogX>T*1
log X r—1

proving Lemma 3. [
18



Returning to the case (*), we obtain the bound

Z rXu~! (6(%+€)loglogX)r—l
log X r—1
u<X"
sq-free represented by C
rX (e(%+5)loglogX)r—1{ Z 1}
log X r—1 U
u<X"

sq represented by C

rX (e(§+e)loglogX)’"—1(/XT(W‘+D1/A)
u

~ logX r—1 logu)%f"(l)

e(: +¢)loglog X\ 71 1
<rx( (5 +¢)loglog ) VT -). (5.17)

r—1 (logX)z~%  (log X)'~=
Recall that r < C.. Taking 7 = (log X)*%, we obtain

2 X
5.13 517 < #4C' < C;[c: )< 2 ————— 5.18
(5.13) + (517) < #{€" <Gl €] < Thry (5.18)

with ¢ fixed, D < (log X)¢ and X large enough.

Next, consider the contribution from alternative (4.3) of Theorem 1. This contribution
is clearly bounded by

> Y [

;n square free with primes in 77(77_1(9101,... ,pk)) H
: Pk
kasin (4.4) p;<---<pp

Xp(pj)# 1
P1.--pr<X
(5.19)
where Q,, . ,, C C? satisfies by (4.5)
[0 ] < 261C7|
and hence €, . =11 (Q,, .. p.) satisfies
1y pi| < 2¢h. (5.20)
Repeating (5.3)-(5.11) with C’ replaced by Q,, . p,, we obtain that for
y > exp(D1/4)
[{n < Y, n square free with prime factors in P(Qp, )}
hl/A
< ——V. .21
~ (logY)t—3¢ (5-21)

We will consider two cases.

Case 1: Assume p; ...p, < VX in (5.19).
19



By (5.21), the contribution in (5.19) is bounded above by

hi/Ax Z 1
(log X)t—3¢ D1 Dk

p1<-<pp<X
Xp(pj)=—1

- h'/AX (gloglogX>k
(log X' )1 -3¢ k '

(5.22)

By (4.4), k < (142¢)1°8" " At this point, the size of h becomes essential. Write h = (log X)?

log2 "
and k = ologlog X with o < (};:28)/).

Then (5.22) becomes

hl/AX e \ o loglog X hl/AX 1—log 20 )0
(log X)1-3¢ (%) - (log X)1—3¢ (log X702, (5:23)
Assume k > 4e and log 2
p<(1- m)%. (5.24)
Then
< (1 n) 1
p _MZ
272
and hence
hl/AX 11 _log(l—& _k
(523) < W (logX)z(l log(1-5))(1—%)
<X — (log X )z~ 165" T0(*)
(IOgX)l_g’E_Z
X
< W (5.25)
log X))zt
provided
1
K> 10(ﬁ+ ﬁ)' (5.26)
Case 2: Next, assume in (5.19) that p;...pr > v X. Hence
1
P > X2k,
Rewrite the py,...,pg sum in (5.19) as
X . . . ~
Z Z Hn < P— ;n sq-free with primes in P(Qpl...pk)}’~
e 1-.--Pk
12\1’;(17526:11 X2F <pk<7’1-~-)1(>k71
]Dlmpk—1<X1_ﬁ
(5.27)
Fix p1...pr_1, and denote X' = pluikfl > Xzx.



2a: If plf(jpk < exp(|D]'/4), then expxﬁ < pr < X' and we obtain that (5.27) is

bounded above by

1
X’ Z — < X'{loglog X' —log(log X' — D/4)}
k

X/ ’
(DA <pr<X

1/A 1/A
<x D < kX |D|
log X’ = p1...pg—1 logX

(5.28)

2b: If plX > exp(|D|*/4), applying (5.21) gives us the upper bound

hl/AX’( > - 1) (5.29)

(log X5 py

Pk

1
X 3k <pjp <X’

for (5.27). Write 2¢ < log f—k, < 241 Then we have py > X’ -e~2" and we the inner sum in
(5.29) is

S 0(1—32) [log log X' — log 10g(X/672“)]

S log (1 724 5.30
T 9e(1-3e) og ( o log X/)' (5.30)
Distinguishing between the cases 2¢ < %log X’ and %log X' <2t <log ;% we get

loglog X < kloglog X
(logX/)l—?)s ~ (1OgX)1—35

(5.30) < (5.31)

and so
k|D|'/4(loglog X) X

(log X)'=%=  p1...pk—

(5.29) < (5.32)

Note that this also captures (5.28).
Substitution of (5.32) in (5.27) gives the bound

k|D|1/A(loglogX)X( Z 1 )

(log X)1—3¢ P Pr_1
pr<-<pp_1<X
Xp(pj)=-1

(loglog X)?|D|*/4 (gloglogX)k—l

(log X)1—3¢ k—1 (5:33)

for which the bound (5.25) on (5.22) holds, under the assumption

log 2

h < (log X )17 72 (5.34)

with k satisfying (5.20).

In view of the preceding, in particular estimates (5.18) and (5.25), and taking into account
that |D|27° < h < |D|27= and the number of genera is bounded by 2°(P) < |D|¢, we
conclude
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Theorem 2. Let k > 0 be a fized constant and D < 0 a negative discriminant satisfying
|D| < (log X )(1=r)1es2, (5.35)
Let C be the class group. Then for X large enough

#{n ~ X;n square free, representable by some form but not by all forms of the genus}

103

<k #{C’ subgroup of C;[C : C'] < —}( X X

+ .
logX)%+% (logX)%‘*‘%

= (5.36)

§3. Representation of shifted primes
(6). Next, we establish a version of Theorem 2 for shifted primes.

More precisely we get a bound on
#{q ~ X prime; ¢ + a square-free and representable by some form but not
all of the forms of the genus} (6.1)
We use a similar strategy, combining the combinatorial Theorem 1 with upper bound

sieving, and getting upper bounds on the contributions from alternatives (4.2) and (4.3) of
Theorem 1. In fact, only the following crude upper bound will be needed.

Lemma 4. LetY € Z be a large integer and for each prime { <Y let Ry C Z/VZ be given?.
Then

_1Bd
‘

Y

)Y + (log Y)10"

#{n <Y;m(n) & Ry for each £} < (loglogY)? H (1 (6.2)
¢

Proof.

Denote Q = {n € Zy;n < Y}. and for ¢ prime, let
Q¢ ={n e Xm(n) € R}

Furthermore, for a square-free integer m, write

Q- ﬂQg.

Llm

We would like to bound
[N@@a) <1 @\) (6.3)

4 £<Yy

with Yy < Y to be specified.

2|Ry| € {0,1,2} for the applications that follow.
22



From the inclusion-exclusion principle

63)<Y =D+ D el D (]

£<Yy £1<£2<Yo 01 <---<l.<Yp

with r € Z4 even to be specified later.

1| = (H@)Y+O(H|RE|).

Llm Llm

Clearly

From (6.4) and (6.5) we have that

( Z|RZ| vy Fal 1B
‘0

Y4
<Yy b<<ly<Yy 1

+%(Z Rl +...+ > |Re1\"'|Rer|)

1<Yy l1<--<L€-<Y0
|Rz| 1 ‘Rg| r1 or+t Yo+r
SO+ 2 7) 5
1<Yy r1>T 1<Yy
1 | Re| 2eloglogY \m rr—1
con(s X DT (- ) 5 (1) oy
32°<€<Y LY ri>r
prime

Take r = 102 loglog YandYy = Y10 *(eglosY)™" {6 ohtain (6.2).

Returning to Theorem 1 and alternative (4.2), we have

X~n=q+a=p1...prm

where n is bquare free and m has its prime factors in P(C’). Thub if ¢ & P(C),
Let X' = r Since ¢ is prime, we have for any prime £ < < ,€ #p1,...

me(m) # me(a)/me(py - - . pr).-
Hence we define for £ € P(C'), ¢ Xy % p1,...,pr the sset Ry by
Ry = {m(a)/w(m cpr)}
and for £ ¢ P(C'),0 < X', ¢ #p1,... ,p, the set Ry by
Ry ={0,m¢(a)/me(p1 - s pr)}

Otherwise we take R, = 0.

Hence, recalling (5.3) and partial summation

S s L S 24 0gogionn)

teP( ) tgP(C’)
<Xl <Xl

1
= 2loglog X' — 1 loglog X’ + o(loglog X")
23
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(6.6)
me(m) # 0.



for log X’ > (log X)'/4.

Therefore, given py ... p,, the number of possibilities for m in (6.6) is at most

X/
(log X7 o
using (6.2).
Assume X’ > X7. We obtain the bound (cf. (5.4))
2 X 1
/ c-ch<V. &~
#{C <Gle:Cls 5} 77/4(log X)7/4~ Z PL...Dr
p1<-<pr<X
Xp (ps)#—1,r<C(e)
, n 2 X (5 loglog X)"
. : < — . .
< #{C <Gle:Cl< 5} 77/4(log X)7/4- r
, , 2 X
;1€ . <=t = .
< #{c <ale:e1<Z} g X (6.9)

For X’ < X7, proceed as follows. Since p; < --- < p, satisfies p1...p, > VX, we have
Dy > Xor.
Writing
n=q+a=p1...pr—1.pr =M

and denoting X" = m, fix p1,...,pr_1, and m and estimate the number of possible

pr ~ X". Thus, for primes £ < iX” such that (¢,p;...p.—1m) =1, we have

mo(pr) € {0, me(a)/me(p1 - .. pr—1m)}
and, by Lemma 2, the number of such primes is at most

X/l 7“2X//

loglog X)* . 6.10
(loglog X) (log X'")2 < (log X)%- ( )
This gives the contribution
X 1
. 6.11
2 P og 0% (611
p1...pr—1m<X
m<X",m sf
Xp(P1),.- XD (Pr—1)#—1
Xp(p)#—1 for pjm
< X (%loglogX)Tfl( Z l)
(log X)2- r—1 m
m<XT
m sq-free
mrepresentable by C
(5.11) X 5loglog X\7 1y
h JA 1 X)) 2
(log X)2- (3) W/ (rogx)
WLB. (6.12)
(log X)2~
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to alternative (4.2) if X/ < X7. Summing (6.9) with the expression in (6.12) we get the
total bound

2 X
<. #lc<cic.cn<i 2 6.13
#{ [ ]7 8}(10gX)§+% ( )

for the number of integers ¢ + a which contribute to scenario (4.2) of Theorem 1 (with an
appropriate choice of 7).

As before, it remains to consider the contribution of the (4.3) alternative from Theorem 1.

This contribution is again bounded by (5.19), with the additional specification that n =
q + a (q prime). Write again
X~n=q+a=p1...p_1pxm with py <--- <py,
and recall that €, ,, depends only on the classes C1, ... ,Cj € C determined by p1, ... , ps.
As before, we have two cases.

Case 1: Assume py...px < VX.

We fix p1,...,pr and observe that the number of possibilities for m with primes in

P(Qp,.... p), is at most
X 1

. 6.14
p1-..Pr—1pr (log X)2—4¢ (6.14)

by Lemma 4.

Therefore the contribution in (5.19) in this case is bounded above by

X 1
I 6.15
(log X)2_48 Z P1..-DPk ( )
P1<...<pk
Xp(p;)#—1

where k again satisfies the condition in (4.4) on Theorem 1. Following the calculations in
(5.22) and (5.26), this is bounded above by

X
—— (6.16)
(log X)2+%5
provided (5.24), i.e.
log h log 2
—_— 1—K)—. 6.17
loglog X < ) 2 ( )

Case 2: Assume p; ...pp > VX, so pj, > Xk,
Proceed as follows.
Fix p1,...,pr_1. Then specify the class {C,C~'} of (pg) so that Q@ = Q,, . . is

specified. Take m with prime factors in P(£2). We are concerned with primes p = pi <
—X___ satisfying the conditions
P1...Pr—1Mm
p represented by C (6.18)
me(p) # me(a)/me(pr ... pe—1m) if (€, p1...pp—1m) = 1,4 < VX, (6.19)

and note that the contribution from (4.3) is then bounded above by

> X > #{ps

pi<..<pr-1 CEC sq-free with primes in P(Q)
Xp(pj)#—1 1

oo (618), (6, 19)} (6.20)

x1" 3k

m
<P Pe—1

We estimate the number of primes p = p, < ——=—— satisfying (6.18) and (6.19) in the

P1.--Pk—1m
following lemma, which we prove later.
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Lemma 5. LetY < X. Then

(loglogX) Y

Hp < Y,p satisfies (6.18), (6.19)}] < e (ogV)E (6.21)
From Lemma 5, we have
#p < 1 (6.18), (6.19)} < k*(log log X)* X
pNPl-upkqm7 IR (log X)2p1...pr—1mhl=¢
(4<4) (loglog X)® X
(10gX)6p1 <o PDEg—1 hi=¢ . (622)
Next, by (5.21),
1 .
> — < hMA(log X ). (6.23)
m
m<p1-«-);k—1
with primes in P(£2)
Coming back to (6.20), after summation over C € C this gives
hetl/AX 1
e 2 G <
(log X)2 4 D1 Prk—1
P1<...<pr—1<X
Xp(p;)#—1
X £ loglog X \ k-1
i (2 08 08 ) . (6.24)
(log X )25~ =% k-1
Using (6.24) and k < 110252 log h, the assumption (6.17) will again ensure (6.16).
Hence from (6.13), (6.16) and the preceding, we can conclude
Theorem 3. Let k > 0 be a fized constant and D < 0 such that
|D| < (log X)(1—r)1es2, (6.25)

Let C be the class group corresponding to D. Then, for X large enough and a fized positive
integer a = o(X), we have

# {q+a ~ X; q prime, such that q + a is squarefree and representable by some form but
not by all forms of the genus} <y

X X
- (6.26)

#{C' subgroup of C;|C : C'] < C(r)} — + -
(log X)2+20  (log X)3+%

Note that by decomposing C into cyclic groups, one easily gets a bound

#{C’ subgroup of C;[C : C'] < C(k)} < C1(k)(log h)**™) < (loglog X)°*).

Proof of Lemma 5.
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In order to estimate the size of the set
{p < Y,p satisfies (6.18), (6.19)} (6.27)
we factor in prime ideals and consider the larger set
{a€l;a e C,N(a) <Y and m(N(a)) & Ry for £ < Yy} (6.28)

where I denotes the integral ideals in O, K = Q(v/D), D = Dy f? with Dy < 0 squarefree,
N(«) stands for the norm of o and ¢ runs over primes,

Ry ={0,&}, & = me(a)/me(pr - .. pg—1m) if (6,p1...pp—1m) =1 (6.29)
Ry = {0} otherwise. ’
In fact, we restrict ourselves in (6.28) to primes ¢ < Y such that
(,p1...pr—1m) = 1. (6.30)
Define
Q={ael;,aeC,N(a)<Y}
and
Qp = {a S Q;T(@(N(a)) S Re}
for ¢ prime, with
Q=%
Ln
for n square-free.
Proceeding as in the proof of Lemma 4, estimate
N @<
{<Yo
£ satisfies (6.30)
|2 — > U+ > Qe+ D Qe
(<Y 01<l<Yp 1< <l <Yy (6.31)
£ satisfies (6.30)
with r ~ loglog Y a suitably chosen positive integer.
We evaluate |Q,| using Hecke characters.
The condition that o € C' is equivalent to
1 N
- > AMONa) =1 (6.32)
reC
where A runs over the class group characters C.
Denote X the principal character of Q(mod £).
If ¢ satisfies (6.30), the requirement 7 (N(c)) € R, may be expressed as
1 _
1 - X(N(a)) + = > (&)X (N(e) =1. (6.33)
X (mod ¢)
Thus 1
Ql= > {E 3 A(C)A(a)} [](6.33). (6.34)
N(@)<Y  xec fn

We will use the following classical extension of the Polya-Vinogradov inequality for finite
order Hecke characters.
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Proposition 6.

(i) Let X be a non-principal finite order Hecke character (mod f) of K. Then

| > x(@)] < (DN og IDIN(N)]? 22 (6.35)
N(a)<z
and also
(i1)
> 1=ciz+0(|D|"*(log |D|)?)z'/? (6.36)
N(a)<z
where )
a=]] (1 - E)L(l, XD). (6.37)
plf

This statement follows from [L], (1), (2) p. 479; for (6.37), see [Bl], (2.5).

Analyzing (6.33), (6.34) more carefully, we see that

Q] = % S 10 (1 - i:?Xg(N(a))) (6.38)

N(a)<Y £|n

+ O(T,,)

where T;, is a bound on sums

> X(a) with X(e) = M) X' (N(a)) (6.40)
N(a)<Y

where A € C, X is a (mod ny )-Dirichlet character with n|n and either X or X’ non-principal.

By (6.35), we have
T, < C|D|.nY'/3 < C|D|YgY/3 (6.41)

so the collected contribution of T}, in (6.31) is at most
C|D|YFYY? <y/? (6.42)

imposing the condition
ID|Y] <Y, (6.43)

Analyzing further (6.37) using (6.36), we obtain

mi-g v T - 23091 T 0-656-D)

Xp(0)=1 XDZ(IET;:O
O [-220- 4 vors o
(et
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Substituting (6.44) in (6.31) gives

M (-5+p) I (-3 I (a2

<Yy £<Yp £<Yo
£ satisfies (6.30) £ satisfies (6.30) £ satisfies (6.30)
Xp(0)=1 Xp (£)=0 Xp()=—1
1 3\" 1/2yr
ov( X 7) +vv)
£<Yo
¢ prime
|DJ¢ _ (loglog X)3 3loglog Yo\ 1/2
Y Oy (Z222520) 4 yiayy ). 6.45
< (log Yp)? + r + 0 (6.45)

Taking r = 102loglog Y and Yy = Y10 "(0810sY)™" e have that (6.43) holds and we obtain
(6.20). This proves Lemma 5. O

Theorem 3 may be combined with Iwaniec’ result [I] on representing shifted primes by
the genus of a binary quadratic form (see the Appendix for a quantitative review of that
argument, when the quadratic form Ax? + By + Cy? = f(x,y) is not fixed). Thus, fixing
a # 0, and assuming D = B? — 4AC not a perfect square, it follows from [I] that

#{q+ a ~ X;q prime and ¢ + a squarefree and representable by the genus of f}

R o0
and this statement is certainly uniform assuming |A|, |B]|, |C| < log X
Corollary 4. Let f be as above with discriminant D < 0, and assume for some k > 0
|D| < (log X )(1—r)log2 (6.47)
with X sufficiently large. Then
#{q+ a ~ X;q prime, such that g + a is representable by f}

SO S
(log X)3/2+e"

29



Appendix

Let ¢(x,y) be a primitive positive definite binary quadratic form of discriminant —D
where D < log X, and let

Sl (Xu ¢7a) = Z 1
p<X,p /D
p=f(z,y)+a
(z,y)=1,fERy

where R, denotes the genus of ¢. Then Theorem 1 of [Iw] gives us the following lower
bounds for S;.

Theorem A.1. For a € Z and ¢ a primitive positive definite binary quadratic form of
discriminant —D where D < log X, let S1(X, ¢,a) be as above. Then for € > 0 we have

X -D~°¢

S1(X A D
1( 7¢’ a/) > (10gX)3/2

where the implied constant does not depend on D.
The following two lemmas are essentially Theorems 2 and 3 from [Iw] in the case D <

log X, where the integer m represented by R, is assumed to be square free and (m, D) < 2.

Lemma A.2. (Iwaniec). Let —D < 0 be the discriminant of f(x,y) = Az? + 2Bzy + Cy?,
and write ; .
_D=_9% ptteepe, Dy =p~%.D,

where 6, > 1 for 1 < ¢ < r, and 03 > 0. Write m = dn = 2°>n where m is a positive square
free integer (so 0 < €5 < 1) such that (n,2D) = 1. Then m is represented by the genus of f
iff the conditions on m in Table 1 are satisfied®.

With the notation above, for p # 2, let

E;(n){lo<l<p, (;) (A.p262)},
L(n) = {z|0<l<p, (;) = (_A.Qezg;k(_Dp>>}

3Table 1 also specifies a quantity & and 7 for each described case. These do not have to do with whether
m is represented or not, but will be used later.
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TABLE 1. Representation of 2°2n by f

Description of 0, K T Contributions on n Contributions on D

Op, > 1, pi#2 | 2L |p; (ﬁ) = (Ai;z) none (1)
pm, 6, =0 1 1 none (%) =1 (2)
€62=0,0,=0 1 1 none D=-1(4) (3)
e2=0,0; =2 lor2 |4 n=A(4)orn=—-AD; (4) Dy=—-1(4)or D =1(4) |(4)
e2=0,60,=3 2 8 n=A(8)orn=A(1l-2D) (8) none (5)
e2=0, 0y =4 1 4 n=A(4) none (6)
e2=0,602>5 1 8 n=A(8) none (7)
e2=1,0,=0 1 1 none =-1(8) (8)
e =1,0,=2 1 4 n= AL (4) Dy = —1 (4) (9)
e2=1,60,=3 2 8 In=—-ADy(8)orn=A(2—-Ds)(8) none (10)

where k(—D,) denotes the square free kernel of —D,,. Note that each of £}, and L always
contains (p — 1)/2 elements. Define £2(n) as follows:

{l‘0<l<4,l5A()OI’l——AD2 4}if62:0792:2

{l]0<i<8l=—-ADy(8)orl=A

(

(
{l|0<l<4,l=A(
{l|0<l<8 I=A(
(

L

(lo<i<dai=-aP

)
{l10<1<81l=AR) orl=A(1—-2D,) (8)}ifes =0, 6, =3

4)}1f €2 :O7 92 =4
8)}if €2 = 0,05 >5
(2 Dg) 8)}1f € = 1,92 :3
4)Mf ey =1,05 =2, Dy = —1 (4)
{O}lf€2 292

Note that L£4(n) contains x elements, where £ is as in Table 1. With this notation, we have

Lemma A.3.

(Iwaniec).

Let D, 6,, m, n, and § be as in Lemma 0.2, and let T5 be the

corresponding value of T in the case p = 2 in Table 1. Define Q = 75 - HMD2 pi, and let

-1 (52)-

(A1)

where k(—D) is the square free kernel of —D. Then m = 2°2n is represented by the genus
of ¢ iff m satisfies the conditions in Table 1, all the prime factors of n belong to P, and

n=1L(Q)

where L > 0 is an integer satisfying the conditions

e 0<L<Q,
9) for some | € Lo(n),

o L=1I(r

e for each p;| Dy there exists | € L, (n) such that L =1 (p;).
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Furthermore, if L denotes the set of L satisfying these conditions, (@) =1 for each

LecL.
Let P = {primes p /D s.t. (@) — 1}, let E = Q8, and let ¢p(N) = ¢(N - E)/6(E).

For D fixed, it is crucial to the %—dimensional sieve that the condition

logp 1
——logz| <c A2
2 op(p) 2 (4.2)
p<z
pEP

is satisfied for some constant ¢ for all z > 1. In our case of D < log X, this holds in the
following form for some constant C; not depending on D:

log p 1
— —logz| <. C1D° A3
g oe(p) 2 ' (4.3)

pEP

for any z > 1. This can be seen from the proof of Theorem 3.2.1 of [Gl] and the fact that

1 1
> BP_ °§Z + D 0(1)
(552 )=1p<= i

where the implied constant depends only on €. As in [Iw], let

. 1
Cy:= zll}ngog (1 — ¢E(M) v/log z

pEP

for which Iwaniec shows in [Iw]

Lemma A.4. (Iwaniec). Let Cy be as above. We have

ot Igm) L0 L)
pEP

Finally, we recall the following theorem of Bombieri:

Lemma A.5. (Bombieri). Let w(x,k,!) denote the number of primes less than x which are
I modulo k. There exists an absolute constant U such that

max |m(x, k1) — Liz < °
2, max (o kl) = 5] < oy
Rl (Lk)=1
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We are now ready to introduce the notation relevant to our problem and recall the lemmas
resulting from the 2 5-dimensional sieve. For L and ¢ as above, and 1 < s < 4

Di=2o0rl= greatest divisor of 2D prime to Q - a
M={meN|m=2%p<X,p=06L+a(Qd), (m D) =1}
Md—{m€M|m_0(d)}

Y =¢(E)-|M|= '(X)

Rd( ) |Md| dE)

_ VX
Y = GQsDllog x)T
AM,y"*) =#{m e Mst. m#0(p), y/* >pe P}

By Lemma A.3, the following is precisely what is needed to evaluate S;:

> =2 > ]

la|< f(z,y)+a=p<X d LeL X>p=5L+a (QF)
(z,y)=1,f€ERy ql((p—a)/8)=qeP
((p—a)/s,2D)=1,p>|a| (A.5)

Y L X R

Le
2|a6 (6L+a, Qé) 1 q|m=>qu

where R < 2|D|. It is the innermost sum in (A.5) that we evaluate with the help of the
sieve. Note that if (d, QA) = 1, there exists an integer d’ such that d'Q + L =0 (d) and

Mdz{m\m:$,ngpEA+5L+Q5d’ Q5 d)).

(From [Iw] we then have
LiX

m(X,Q6d,1) — 03D (A.6)

<2 max
l
(,Qdd)=1

LiX
'|Md| - ‘

¢(Qd)

With the notation above, the expression in (A.3) combined with the %—dimensional sieve
gives the following in our case:

Theorem A.6.

1/s ev CoY odt (log X )¢
R e = </ i1 <1og3y>1/1°> © o2 Imn)

d<y
C’O-,/2‘5

pld=peP
> : /
~ 6(Q)) (10gX3/2 ( \/ t—1)

+ (log X)¢ - o(1 )) + O(X log™?" X).

The estimation of the remainder term comes from Lemma A.5 and (A.6). Also, for
sufficiently large X (such that (X'/?(log X)~15=U)1/s > X1/3) and 1 < s < % we have

AMy = > 1+ > L

meM p1pameEM
glm=q€P glm=q€eP
y'/*<p1,p2EP
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We have a lower bound for A(M,y'/#), and we would like a lower bound for the first sum
in the equation above. To this end, Iwaniec shows:

Lemma A.7. (Iwaniec). Let |Q3] < (log X)'5 and s > 1. Then

4e7/2Cy/5 — 1 452X
Y ooi< 2OV — 1 s — 1) 25X (1o
VAd(Q0)/5 (log X)3/2
p1p2mEM
qlm=q€P

y'/5<p1,p2€P

Together with Theorem A.6, for 1 < s < % and Q6 < log X, this gives us

Z 1> \/?.QS((C}S(S) ' (log))i')fi/? ' (/: \/t((titil) - 882\/28?1%(23 -1)+ o(l)) +0(X log™* X),

meM
qlm=-q€P

where the implied constants do not depend on D.

We now compute a lower bound for the expression in (A.5) as in [Iw]. Since D; in our
case is 1 or 2, the expression Qp in (4.8) of [Iw] becomes

1
Op=c-> Y 50%) (A7)

s LeL
2|D§ (§L+a,Q8)=1

where ¢ is a constant not depending on D (coming from the products over p|D; in (4.8) of
[Iw]) and 6 = 1 or 2 as in Table 1. Note that the innermost sum of the expression in (4.8)
is > D~ for € > 0. This follows from |£| = Hp|D2 (p—1)/2 > D¢ Define

. 1
o= > 2 505

5 LeL
|Q6|<log®® X (§L+a,Qé)=1
2|Dé

and note that, since 6 < 2 and D < log X in our case,

~ Q 1
|Qa_Qa|S Z 7<‘8D| Z —_—
R I RN 2V ()
Q5>1 X
p\5zo>%>|D
. _Ispl
log’? X
1
<
“log® X

Combined with Theorem 1 of [Iw], this gives us the following bounds for S;(¢, X, a) where
D <logX and § =1 or 2:

2e7 ~ X
>0/ —Co- Qy— (1 +0(1 Xlog 2 X
S1 >0 - Co (logX)3/2( +0(1)) + O(X log )
- X 6
= O\PDQDWG +0(1)) +O(X10g X)
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where the implied constants do not depend on D,

2(s—1)

6= sup 8s? log(2s —1) |,

/S dt B
1<s<asz \J1 /t(t—1)
e TIL) T T (gt () e

p|2Da pf2Da pf2Da

(552) =1

N

and Qp >, D7¢ as well for € > 0. This gives us the desired generalization of Iwaniec’s
theorem to Theorem A.1.
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