Broué’s Abelian Defect Group Conjecture I

Jay Taylor

All rings are assumed unital. If R is a ring then we take the term R-module to mean
a finitely generated left R-module. We will denote by R—mod the category of all R-
modules and by Irr(R) the isomorphism classes of all simple R-modules. If M is an
R-module then we denote by [M] its isomorphism class. The Grothendieck group Go(R)
of R—mod is a quotient of the free group generated by {{M] | M € R—mod}.

There are a number of standard references for the modular representation theory
of finite groups. A recent comprehensive treatment is given in the two-volume text by
Linckelmann [Lin18a; Lin18b]. An extremely comprehensive encyclopaedic text, also
covering many other areas, is the multi-volume texts by Curtis—Reiner [CR06; CR81;
CR87]. For an approach considering only kG-modules, see the book by Alperin [Alp86].
The texts by Isaacs [Isa06] and Navarro [Nav98] focus on (Brauer) characters. Finally the
text by Nagao-Tsushima [NT89] is a relevant all rounder and the text by Lux-Pahlings
[LP10] offers a more computational viewpoint.

1. Blocks

Let k be a field of characteristic { > 0. A k-algebra A will be assumed unital and finite
dimensional as a k-module. If B is another k-algebra then M is said to be an (A,B)-
bimodule if it is a left A-module and a right B-module such that a(mb) = (am)b for all
a € A,b e B,and m € M. By convention, we assume that cm = (c1po)m = m(clg) = mc
forall c € kand m € M, where 1o € A and 1 € B are the units of the algebra.

Being an (A, B)-bimodule is then the same as being an A ®y B°P-module where BP is
the opposite algebra. Hence, usual module theoretic terms can be applied to bimodules.

Proposition 1.1. For a k-algebra A the following are equivalent:
(i) A decomposition A = A1 & --- & A, into indecomposable (A, A)-bimodules.

(ii) A decomposition 1 = ey + - -+ e, of the unit in A as a sum of primitive central idempo-
tents ey € Z(A) satisfying eiej = d1je; where by is the Kronecker delta.

We call BI(A) ={ei | 1 <1 < 1} the blocks of A and Ay = Ae; the corresponding block algebra.

If M is an A-module then M = TM = } _ g o)€M and this sum is direct. If S
is a simple (or indecomposable) A-module then we must have eS # {0} for a unique
block and S = eS for this block. If Irr(A | e) = {[S] € Irr(A) | eS # {0}} then we get a
corresponding partition Irr(A) = | |.cpa) Irr(A | €). We have a similar partition of the
isomorphism classes of indecomposable modules.

The author thanks Shotaro Makisumi, Geordie Williamson, and Ivan Losev, for their comments on previous versions
of these notes.



Example 1.2. Assume G is a finite group and k = C. To each simple kG-module S
we have a corresponding character xs : kG — k defined by taking the trace xs(g) =
Tr(g | S). The element es = X|SC(§1|) deG xs(g~")g € kG is a block of kG with Irr(kG |
es) = {[S]}. Moreover, the block algebra eskG = Mat, (1)(k) is a matrix algebra and this
construction gives all blocks BI(kG) = {es | [S] € Irr(kG)}.

Example 1.3. If { > 0 and G is an {-group then kG has a unique simple module, namely
the trivial module. Hence, in this case there is only one block so kG is indecomposable
as a (kG,kG)-bimodule. As we will see below this can also happen for groups that are
not {-groups.

The next examples are classical, see [Lin18a, §1.13] for instance.

Example 1.4. Assume n > 1 is an integer and D is a division ring with Z(D) an exten-
sion field of k. Then D is a k-algebra and the k-algebra A = Mat, (D) = D ®y Mat, (k)
is a simple, hence indecomposable, (A, A)-bimodule. If S is the set of column vec-
tors of length n with entries in D then this is naturally a left A module and we have
Irr(A) ={[S]} and D = End A (S)°P.

Example 1.5. Assume A is a semisimple k-algebra and Irr(A) = {[S4],..., [S+]}. Wedder-
burn’s Theorem states that we have a decomposition of A = A1 & --- @ A, into blocks
such that A; = Maty,(Di) where Dy = Enda(S;{)° is a division ring. This implies
A =@i_; Si" as a left A-module.

Recall that a k-algebra A is said to be split if Enda (S) = k for any simple mod-
ule S. By the above example a split semisimple algebra is necessarily isomorphic to
@;_, Mat,, (k). An algebra will split over a finite extension k' of k (recall our algebras
are finite dimensional). Specifically, an extension field k' of k is said to be a splitting field
for A if the k’-algebra k’ ®x A is split.

Split semisimple algebras are the easiest examples of k-algebras. The following gives
a criterion, internal to A, which characterises when A is semisimple over a splitting field,
see [Lin18a, Prop. 1.16.19] and its proof.

Proposition 1.6. If A is a k-algebra then the following are equivalent:
(i) A is projective as an (A, A)-bimodule,

(i) there exists a finite field extension K’/ for which the k’-algebra k" @y A is split semisim-
ple.

Remark 1.7. An algebra satisfying condition (i) of this proposition is usually said to be
separable. The matrix algebra Mat,, (D), with D a division ring, is simple but may not be
separable if the field extension Z(D)/k is not separable.

2. Defect Groups

From this point forward G is a finite group and kG is the corre-
sponding group algebra.




Let H < G be a subgroup. We denote by Indﬁ : kH-mod — kG—mod and
ResS : kG—mod — kH—mod the usual induction and restriction functors between
group algebras so that Ind{j(M) = kG @y M.

Definition 2.1. An indecomposable module M € kG—mod is said to be relatively H-
projective if M is a direct summand of Indﬁ(Resﬁ (M)).

Remark 2.2. Equivalently we have M is a direct summand of Indf; (V) for some module
V € kH—mod, see [Alp86, 1119, Prop. 1].

A subgroup Q < G is said to be a vertex for the indecomposable module M if M
is relatively Q-projective and Q is minimal with respect to this property. The follow-
ing gives the fundamental properties of vertices, see [Alp86, II1.9, Thm. 4] or [Lin18a,
Thm. 5.1.2].

Proposition 2.3. Assume M € kG—mod is indecomposable.
(i) Any vertex of M is an {-subgroup of G.
(ii) Any two vertices of M are conjugate in G.

A vertex of M measures how far the indecomposable module M is from being pro-
jective. Indeed, the Projective Indecomposable Modules (PIMs) of kG are exactly the direct
summands of kG viewed as a kG-module. Now if H < G is the trivial subgroup then

Ind(Res (M)) = (kG)dim(M)

for any kH-module M. Hence, it follows that M is relatively H-projective if and only
if M is projective. Thus the indecomposable modules with vertex the trivial group are
precisely the PIMs.

We now want to apply these ideas to the blocks of kG to give some measure of the
complexity of a block. If B C kG is a block then this is a kG ®y (kG)°P-module. The
inversion map G — G extends to a k-algebra isomorphism (kG)°? — kG. Hence, we
have an isomorphism of k-algebras kG ®y (kG)°P = kG ® kG = k[G x G]. Thus B is an
indecomposable k[G x G]-module so has a vertex which can be described as follows, see
[Alp86, IV.13, Thm. 4].

Proposition 2.4. If e € BI(kG) is a block then kGe, as an indecomposable k[G x G]-module,
has a vertex of the form AD :={(g, g) | g € D} for some {-subgroup D < G.

Remark 2.5. Note that two subgroups AD; and AD; are G x G-conjugate if and only
if Dy and D, are G-conjugate. So the subgroup D in Proposition 2.4 is unique up to
G-conjugacy.

Notation. If n > 0 is an integer then we denote by v(n) = v¢(n) the largest integer
a > 0 such that n € {¢Z.

Definition 2.6. An {-subgroup D < G is called a defect group of e € Bl(kG) if AD is
a vertex of the block algebra kGe viewed as a k[G x G]-module. We call the integer
d(e) :=v(|D|) the defect of the block.



One should view the defect groups as a measure of complexity of the block. For
example, if kGe is split then d(e) = 0 if and only if kGe is semisimple by Proposition 1.6.
At the other extreme there is a unique block ey € BI(kG), the principal block of kG, which
contains the trivial module. This block has full defect d(ep) = v(|GJ) so the defect groups
of the principal block e( are the Sylow {-subgroups of G. Therefore, we should consider
the principal block to be one of the most complicated blocks of kG.

Notation. If D < G is an {-subgroup then we denote by BI(kG | D) C BI(kG) those
blocks whose defect group is G-conjugate to D.

Remark 2.7. It is not true that every {-subgroup of G is necessarily the defect group of a
block. Let D < G be an {-subgroup and P < G a Sylow {-subgroup containing D. Then
two necessary conditions for D to be the defect group of a block are as follows:

(i) D =PnN9YP for some g € G, see [Alp86, IV.13, Thm. 6],

(ii)) D = O¢(Ng(D)) which is to say D is an {-radical subgroup of G so that D is the
largest normal {-subgroup of Ng (D), see [NT89, Chap. 5, Ex. 2.17].

Note neither of these statements are particularly easy to see.

3. Decomposition Maps

In general, directly computing the decomposition of the algebra kG into block algebras is
very hard. However, one of the important features of the representation theory of finite
groups is that we can pass, bi-directionally, between representations in characteristic
zero and those of positive characteristic. To do this requires a little ring theory, we refer
to [Jan73; Ser79] for more details.

We fix a Discrete Valuation Ring (DVR) O of characteristic zero. This is a local PID,
which is not a field, so it has a unique maximal ideal [ C O. The ideal [ defines a
valuation on O called the [-adic valuation. If the quotient field K of O has characteristic
zero and the residue field k = O/l has characteristic { > 0 then we call the triple (K, O, k)
an {-modular system. To visualise this we have the following commutative diagram of
ring homomorphisms

Q+— Z — Ty

L]

K > 0 k

Example 3.1. If we fix a prime integer { > 0 then the localisation Z ) of Z at the prime
ideal ({) = €Z is a DVR with maximal ideal [ = {Z ). Its quotient field is Q and its
residue field is the finite field Z )/l = Z/({) = IF;. Hence we get the {-modular system
(Q,Z ), Fy). We almost always want to work in the completion of the modular system
defined with respect to the [-adic valuation. Completing in this case gives the {-modular
system (Qg, Z¢, F¢) where Z, = Z( ¢) is the ring of {-adic integers.



Example 3.2. We can generalise this example as follows. Let K O Q be an algebraic
number field, such as a cyclotomic field Q(() with C a root of unity. The ring of algebraic
integers 9 C K is a Dedekind domain so the ideal (£)9 splits as a product [ - - - [g° of
prime ideals. The [; are exactly the prime ideals containing (£) and the localisation Oy,
at [; is a DVR with maximal ideal [0, and residue field ki = O, /O, = O/l;. We have
ki is a finite field of characteristic { and the triple (K, Oy, ki) is an {-modular system.

Remark 3.3. Let f; = [k; : IF¢]. In the setting of Example 3.2 the Galois group Gal(K/Q)
permutes transitively the ideals occurring in the decomposition of (£)O and if e :=e7 =

-=egand f:=f; = ... = f4 then efg = [K : Q], see [Jan73, Thm. 6.8]. Note, even
though all choices are Galois conjugate our choice of prime ideal can still cause issues
computationally.

The ring homomorphisms between K, O, and k, extend naturally to ring homomor-
phisms between the corresponding group algebras

KG > 0G kG

We write the projection map as = : OG — kG. Thus if V is an OG-module we get a
KG-module VK := K ®y M and a kG-module V := k @y M.

As an O-module the OG-module V may have torsion, which is lost on passage to
K. Usually we want to avoid this so we typically assume that V is an OG-lattice, which
means V is free as an O-module of finite rank. Equivalently, we could say that V is
projective, or torsion free, as an O-module because O is a PID, see [Lin18a, Thm. 4.2.4].

Lemma 3.4. If M is a KG-module then there exists an OG-lattice V such that the product map
VK — M is an isomorphism of KG-modules.

Proof. If {vq,...,vn} € M is a K-basis of M then take V= 0Gv; +---+0Gv, CM. N

This now gives a method for going from characteristic zero to characteristic £ > 0.
If M is a KG-module we pick an OG-lattice as in Lemma 3.4 and then consider the
reduction V modulo I. There is an issue here that the choice of OG-lattice V is far from
unique. Moreover, if Vi, V, are two OG-lattices such that V¥ = VX then it may happen
that V; % V,. However this issue is removed by considering only composition series,
see [CR81, Prop. 16.16].

Proposition 3.5. We have a well-defined group homomorphism decog : G0(KG) — Go(kG)
defined by setting decog ([VX]) = [V] for any OG-lattice V.

If [S] € Irr(KG) is the isomorphism class of a simple KG-module then for each iso-
morphism class [T] € Irr(kG) there exists a non-negative integer dsj;t; = 0 such that

decoc(IS) =Y digymlT
[Tlelrr(kG)

These integers are encoded in a matrix D = (d(sj[}) called the decomposition matrix. This
matrix is extremely challenging to calculate in general. If this matrix is known then



one can calculate the dimensions of all simple kG-modules, which remains a difficult
open problem. We end by noting that the number of rows and columns of this matrix is
understood, see [CR06, Thm. 83.5, Cor. 83.7].

Theorem 3.6. Assume KG is split semisimple. Then KG is also split semisimple and [Irr(kG)| <
[Irr(KG)|. More precisely we have

(i) Mrr(KG)| is the number of conjugacy classes in G,
(ii) [Irr(kG)| is the number of {-regular conjugacy classes in G.

(Recall an element g € G with order o(g) is said to be L-reqular if v(o(g)) = 0.)

4. Blocks in Characteristic Zero

Let (K, O, k) be an {-modular system for the finite group G. For block theory one needs
to place some additional assumptions on this modular system. Typically we require that
O is complete with respect to its [-adic valuation. However, one can also work with the
assumption that the K-algebra KG is split semisimple. This will be the case if K contains
a primitive |Glth root of unity. Following Curtis—Reiner [CR87, Def. 56.3] we say that an
{-modular system is admissible for G if either of these conditions hold. The following is
[CR87, Prop. 56.7].

Proposition 4.1 (Idempotent Lifting). Assume (K, O,k) is an {-modular system that is ad-
missible for G. Then to each block b € BI(kG) there exists a unique central primitive idempotent
b* € Z(OG) such that b* = b.

From this point forward we assume that (K, O, k) is an {-modular
system which is large enough such that for any subgroup H < G
we consider KH is split semisimple.

As before the blocks BI(OG) = {b* | b € BI(kG)} of OG are the central primitive
idempotents. As for the k-algebra kG we have decompositions

O0G = @ OGb* ~ KG = @ KGb*
beBI(kG) beBI(kG)

as a direct sum of block algebras. In turn this gives a partition of the isomorphism
classes of simple KG-modules Irr(KG) = [ |, cpxg) Irr(KG | b) into ¢-blocks. We now
wish to show how we can calculate this partition.

Recall that if M is a KG-module then we have a corresponding character xp : KG —
K defined by taking the trace xm(g) = Tr(g | M) at g € KG. If Classk(G) = {f :
G — K | f(x"'gx) for all x,g € G} then we have an injective group homomorphism
G0(KG) — Classk (G) satisfying [M] — xnm for any M € KG—mod. In fact, extending
scalars, this defines an isomorphism K ®z Go(KG) — Classk (G) of K-vector spaces. We
will make this identification implicitly moving forward.



Central Characters

Suppose x € Irr(KG) is an irreducible character afforded by the simple module
S € KG—mod. As we assume KG is split we have Endxg(S) = K. Hence we have
a corresponding K-algebra homomorphism wy : Z(KG) — K defined such that zs =
Wy (z)s for all z € Z(KG) and s € S. In terms of x we have

We call wy the central character of x. As one might expect the central character plays a
role in determining the blocks.

For any subset X C G we denote by X = Y cexXx € KG with @ =0. If g € G we let
g% = {x"'gx | x € G} be the corresponding conjugacy classes. If CI(G) is the set of all
conjugacy classes of G then the centre Z(KG) of the group algebra has a K-basis given
by the class sums {C | C € CI(G)}. If C = g€ € CI(G) then

IClx(g)

wox(©) ==

c 0.

The following shows that the partition Irrk (G) = ||, epikg) Irrk (G | b) can be deter-
mined from the central characters, see [CR87, Cor. 56.24].

Theorem 4.2. Two characters x,\p € Irr(KG) belong to the same kG-block if and only if

Wy (C) = wy(C) (mod 1)

forall C € CI(G).

Blocks and Decomposition Matrices

The blocks can also be seen in the decomposition matrix. We define a relation on
Irr(KG) by setting [S1] ~ [S3] if there exists [T] € Irr(kG) for which ds,j1) # 0 and
dis,jm # 0. The sets Irr(KG | e), with e € BI(kG), are then the equivalence classes for
the transitive closure of the relation ~.

Projectives

If V € OG—mod is a projective O G-module then the modular reduction V € kG—mod
is a projective kG-module. Moreover, if V is indecomposable then so is V. The map
V — V defines a bijection between isomorphism classes of projective modules sending
indecomposable modules to indecomposable modules.

Now suppose V € OG—mod is a PIM, as in Section 2, and let T = V/Rad(V) be
the head of V € kG—mod, which is a simple kG-module. If @ 1; is the character of the
KG-module VX then, as a consequence of Brauer reciprocity, we have

O = Y  dgmls],
[Slelrr(KG)



see [CR87, 56.26]. We will refer to @) as the character of the PIM. Once the decompo-
sition matrix is known then all characters of PIMs can be determined.

Remark 4.3. If V € OG—mod is a projective module then V must be a direct sum of

PIMs so we have Xxyk =} (1icir(kg) M1 P 1) with m) > 0 an integer.

5. An Example: The group s

g (O (12)(34) (123) (12345) (12354)
Ig&| 1 15 20 12 12
X1 1 1 1 1 1
X4 4 1 —1 -1
X5 5 1 —1 . .
X3+ 3 —1 : Hzf 12f
X3 3 1 _ 15 145

Table 5.1: Character Table of 25

Let G = s be the alternating group of order 60 = 22 -3 -5 which we consider as
a subgroup of the symmetric group &5. The ordinary character table of G is given in
Table 5.1. The columns represent the conjugacy classes and are labelled by a represent-
ing element of the class. The rows give the irreducible characters. The two characters of
degree 3 are distinguished by their value at the 5-cycle (12345).

g () (12)(34) (123) (12345)  (12354)
wp 1 15 20 12 12
Wy 1 . 5 -3 -3
ws 1 3 —4 . .

w3y 1 -5 . 20445 2(1—+/5)

w3 1 -5 . 20=+5) 2(1++5)

Table 5.2: Central Character Table of 25

The quadratic field Q(v/5) is a splitting field for G = 5. For each prime integer
¢ | |G| we pick a prime ideal [ C O containing { > 0 and work with the admissible
modular system (K, Oy, k) where k = /1D which we identify with ©/I. We give the
blocks, defect groups, and decomposition matrices in each case. We also describe the
normaliser Ng(P) of a Sylow {-subgroup P < G and its blocks.

Quadpratic Fields

To do these calculations we need to understand how to choose I. For this we recall
a little elementary algebraic number theory. Let p > 0 be an odd prime and let ¢(p) =
(=1)P=1)/2 Then L = Q( e(p)p) is a quadratic extension of Q. If O1 C L is the ring
of algebraic integers then O1 = Z [@] , see [Jan73, I, Thm. 9.2]. There are three
possibilities for the ideal (¢)O1, see Remark 3.3 and [Jan73, I, Lem. 11.5].



e If { = p then (0)O1 = (mO)? where m = /e(p)p so ¢ is fully ramified in L and
O /O = TFy.

e If { # p and ( is not a quadratic residue modulo p then the ideal (¢)O; is prime
and D]_/(Q)DL = IFez.

e If £ # p and ( is a quadratic residue modulo p then the ideal (£)O1 = [;1; splits as
a product of two distinct prime ideals and Oy /l; = F,.

Exercise 5.1. Let g(X) = X2 — X+ % € ZI[X], which is the minimal polynomial of

Irvelpp "Za(p)p over Q. Let g(X) € IF¢[X] be the modular reduction of this polynomial. Show

that O /(£)O1 = F¢[X]/(g(X)). When p =5 use this, together with Remark 3.3, to show
that the ideal ({)O1 is prime when { € {2,3}.

The prime 3

We have that 3 is not a quadratic residue modulo 5 so we take [ = 39. Reducing the
rows of the central character table in Table 5.2 modulo 39 we see that there are three
blocks of G: the principal block {x1,X4, X5} with defect group P, and the two singleton
blocks {x3,+} and {x3,—} with trivial defect. We have [Irr(kG)| = 4 and the decomposition
matrix in this case is

X1 1

X4 1

X5 11
X3+ .o
X3,~ .

Hence the dimensions of the simple kG-modules are: 1, 4, 3, and 3.

NQ(P) 0 (12)(34) (123)
lghett|

—
w
N

—
—_
"

Xtriv
Xsgn
Xref 2 . —1

—y
—_
—_—

Table 5.3: Character Table of Ng(P) with £ = 3.

We have P = ((123)) is a Sylow 3-subgroup of G and its normaliser Ng(P) = P x
((12)(45)) is isomorphic to &3. The character table of N (P) is as in Table 5.3. There is
only one block, the principal block, and [Irr(kNg (P))| = 2.

The prime 5

Here we are in the fully ramified case so we take [ = 79 where m = v/5. There are
two blocks of G: the principal block {x1,Xx4,X3,+,X3,—} with defect P, and the singleton
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{x5} with trivial defect. We have [Irr(kG)| = 3 and the decomposition matrix in this case
is

X1 1
X3,+ ]
X3,— ]
X4 11
xs | .o

Hence the dimensions of the simple kG-modules are: 1, 3, and 5.

g () (12)(34) (12345) (12354)

IgNe(P)] 1 5 2 2
Xtriv 1 1 1 1
Xsgn 1 —1 1 1

Xrefr 2 =l =SS
Xref, 2 —15\/5 715\/5

Table 5.4: Character Table of Ng(P) with £ = 5.

We have P = ((12345)) is a Sylow 5-subgroup of G and its normaliser Ng(P) =

X ((25)(34)) is isomorphic to a dihedral group D1y of order 10. The character ta-
ble of Ng(P) is g1ven in Table 5.4. There is only one block, the principal block, and
Irr(kNg (P))| =

Exercise 5.2. Assume G = s and { = 2. Calculate the partition of Irr(KG) into {-blocks,
a Sylow {-subgroup of G, its normaliser N (P), and the partition of Irr(KNg(P)) into
{-blocks.

g la 2a 3a 6a 4a 8a 8b 5a 11a 11b
Ig&] 1 1584 720 720 165 440 1320 990 9290 990
X1 1 1 1 1 1 1 1 1 1 1
x2 10 2 T -1 2 . . . —1 —1
x3 10 =2 1 1 .o =/=2 V=2 . -1 —1
xa 10 =2 1 1 . V=2 /=2 . —1 —1
x5 11 3 2 =1 —1 —1 1 . .

Xe 16 . -2 . . . . L vl
x> 16 . =2 .. . . [V L SV
xs 44 4 -1 1 . . . —1 . .
xo 45 =3 . . 1 —1 —1 . 1 1
X0 55 -1 T =1 =1 1 1

Table 5.5: Character Table of M.

Exercise 5.3. The ordinary character of the finite simple group G = Mj; with order
2%.32.5.11 is given in Table 5.5. The labelling of the conjugacy classes and the table
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itself are taken from the GAP character table library [Gap]. It is known that the field
K =Q(vV—-2,v-11) = Q(vV—-2) ®g Q(v—11) is a splitting field for G. Using this com-
pute the {-blocks of G. By [Jan73, I, Thm. 9.5] the ring of algebraic integers O C K is
Z[vV/—=2, *1% V11 .

6. Brauer’s First Main Theorem

Assume H < G is a subgroup. The subgroup H acts by left and right multiplication on G
and these actions preserve the partition G = HU (G —H) where G—H ={g € G | g € H}.
If kK[G — H] := @, cg_n kx then we have two decompositions of kG

kHeklG-H =kG= (P kGe. (6.1)
ecBl(kG)

By restriction each block algebra of kG is a (kH, kH)-bimodule so these are direct sum
decompositions of (kH, kH)-bimodules.

Every block algebra of kH occurs as a summand of the left hand side. Hence, for
each block b € Bl(kH) there is at least one block e € BI(kG) such that be # 0, i.e., the
projection of b onto kGe is nonzero. In general, we could have be # 0 for several kG-
blocks e € Bl(kG). Moreover, if e € Bl(kG) then the projection of e onto the summand
kH may be zero. However when H = N (D) is the normaliser of an {-subgroup D < G
then the following result of Brauer gives the best possible relationship for those blocks
of kH with defect group D, see [Alp86, IV.14, Thm. 2] for a proof in the language we use
here.

Theorem 6.2 (Brauer’s First Main Theorem). If D < G is an (-subgroup then there is a
bijection BI(kNg(D) | D) — BI(kG | D) denoted by b + b® such that b € kGbEC.

The block b® occurring in Theorem 6.2 is called the Brauer correspondent of b or we
say b and bC are Brauer corresponding blocks. Note that, despite the suggestive notation,
the Brauer correspondence is not given by induction but is closely related to it. It is at
the very heart of modular representation theory of finite groups to determine to what
extent Brauer corresponding blocks determine each other.

Remark 6.3. Recall that not every {-subgroup of G is necessarily a defect group so
BI(kG | D) may be empty. Of course, Bl(kNg(D) | D) may also be empty. If D is
a Sylow subgroup of Ng(D) then Bl(kNg(D) | D) # @ because it must contain the
principal block. Hence, in this case D must be the defect group of a block of kG.

In fact, we can be more precise here. Assume b € Bl(kNg(D) | D) is a block. Then
by another result of Brauer, known as Brauer’s Third Main Theorem [NT89, Chap. 5,
Thm. 6.1], we have that if b¢ € Bl(kG) is the principal block then b € BI(kNg (D)) is the
principal block.
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Computing the Brauer Correspondence

One remarkable property of the Brauer correspondence is that it can be determined
from the ordinary character table of G. This is not the case for the Green correspondence
[Alp86, 1I1.11, Thm. 1], of which the Brauer correspondence is a special case. To state
the relevant result we associate to each block e € Bl(kG) a group homomorphism Proj, :
G0(KG) — G0(KG) by setting

Proje( Z mxx) = Z myX.

x€lrr(KG) x€lrr(KGle)

With this we have the following characterisation of the Brauer correspondence at the
level of characters, see [NT89, Chap. 5, Cor. 3.2].

Theorem 6.4. Assume D < G is an {-subgroup and b € Bl(kNg (D) | D) and e € BI(kG | D)
are blocks. If & € Irr(KNg(D) | b) and ) = Indﬁ < (D) (&) is the induced character then the
following hold:

(i) If e = bC then v(Proj, (b)(1)) = v((1)),

(ii) If e # bS then v(Proj,(¥)(1)) > v(P(1)).
7. Alperin’s Conjecture

In the case where D is abelian Broué’s Conjecture predicts a very strong structural cor-
respondence between a block and its Brauer correspondent. We’ll take this up in the
next few sections. Before doing this we mention a conjecture of Alperin, generalising a
conjecture of McKay, that gives some numerical evidence to suggest that Brauer corre-
sponding blocks are very closely related.

Assume e € BI(kG) is a block and x € Irr(KG | e). Then there exists an integer
ht(x) € Z such that the {-part of the character degree x(1) is described by the formula

v(x(1)) = v(IG]) — d(e) +ht(x).

Here d(e) is the defect of the block defined as in Definition 2.6. Note that x(1) | |G| so
we have 0 < v(x(1)) < v(|G]). We call the integer ht(x) the height of x. For the following
see [Lin18b, Prop. 6.5.12].

Proposition 7.1. For any character x € Irr(KG) we have ht(x) > 0.

Remark 7.2. It is known that each block contains a height zero character. For example,
if e is the principal block then the trivial character has height 0.

In general when we consider equivalences between blocks, like Morita equivalences,
the degrees of irreducible characters will not be preserved. However, the height is
a relative measure that can be interpreted somewhat independently of the block and
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group to which the character belongs. Letting
Irrg (KG | e) ={x € Irr(KG | e) | ht(x) = 0}

be the height zero characters in a block we have the following conjecture of Alperin, see
[Alp76].

Conjecture 7.3 (Alperin-McKay Conjecture). Assume D < G is an {-subgroup of G. For
any block b € Bl(kNg (D) | D) with defect group D we have

Irro (KNG (D) | b)] = [Trro (KG | bS]

Let us denote by Irry/(KG) = {x € Irr(KG) | v(x(1)) = 0} the set of irreducible
characters with degree coprime to {. If P < G is a Sylow {-subgroup then it is clear that
we have

Ire(KG) = | | Trro(KG | b)
beBL(kG|P)
are the height zero characters in the blocks of full defect. Applying this remark in Ng(P),
together with the Brauer correspondence, we recover the following earlier conjecture of
McKay.

Conjecture 7.4 (McKay’s Conjecture). If P < G is a Sylow (-subgroup then |Irry (G)| =
[rre: (N (P))I-

This conjecture is a major focus of the representation theory of finite groups and has
recently been solved in the case { = 2 using the classification of finite simple groups, see
[MS16]. It has a number of fascinating generalisations involving Galois automorphisms,
local Schur indices, etc., which we will not discuss here.

8. Equivalences Between Blocks: The Morita Case

The strongest possible equivalence relation between rings is given by isomorphism. A
weaker equivalence, still preserving representation theoretic data, is given by a Morita
equivalence. By Morita’s Theorem if A and B are k-algebras then any equivalence
A—mod — B—mod is of the form M ®g — where M is an (A, B)-bimodule which is
projective as a left A-module and right B-module, see [Lin18a, Thm. 2.8.2].

Morita Equivalences Between Blocks

The first basic question we can ask in the direction of Brauer corresponding blocks
is as follows. If D < G is an {-subgroup and b € BI(kNg(D) | D) is a block then are
the block algebras kNg(D)b and kGbS Morita equivalent? However, we're interested
in preserving both characteristic zero and positive characteristic information simultane-
ously. So a better question would be the following.

Question 8.1. If b € BI(ONg(D) | D) is a block then when are the block algebras
ONg(D)b and OGb® Morita equivalent?
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To answer this question we need to know when an (OGbS, ONg(D)b)-bimodule V
gives a Morita equivalence between ONg(D)b and OG bC. The following result of Broué,
see [Bro90a, Thm. 0.2], shows how to reduce this to a computation with characters in

characteristic zero, assuming we know our modules are projective.

Theorem 8.2 (Broué). Assume e € BI(OG) and b € BI(OH) are blocks of two finite groups
G and H. Let V be an (0Ge, OHb)-bimodule that is projective as a left OGe-module and right
OHb-module. Then the following are equivalent:

(i) The functor V®@enp —: OHb—mod — OGe—mod is a Morita equivalence.

(ii) The group homomorphism Go(KHb) — Go(KGe), given by [S] — VK @xnb Sl restricts
to a bijection Irr(KH | b) — Irr(KG | e).

Remark 8.3. For a generalisation of this to symmetric algebras see [Bro90a, Thm. 2.4].

To do the calculation in (ii) we need to understand what happens when we tensor
with a bimodule. So assume G and H are finite groups and M is a (KG, KH)-bimodule.
If xm is the character of M, viewed as a (KG ® KH)-module, then we have

Mm@ = Y XMews(9)xs(h) (8.4)
[S]elrr(KH)

for any g € G and h € H. Moreover, for any g € G we have

XMens(@) =HIT" D> xmlg,h™xs(h). (8.5)
heH

By the orthogonality relations these decompositions are equivalent. Hence, understand-
ing M as a (KG, KH)-bimodule is equivalent to understanding the corresponding homo-
morphism Go(KHb) — Go(KGe).

Exercise 8.6. Taking the group algebra M = KG as a (KG, KH)-bimodule, under left and
right multiplication, obtain from the formula above the usual formula for an induced

character.

The Green Correspondence in the TI Case

A subgroup P < G is said to be TI or have the trivial intersection property if P N 9P

is either {1} or P for each g € G, where 9P = gPg~!

is the conjugate. Of course, any
cyclic subgroup is TI. In the next section we will need the following special case of
the Green correspondence, see [Lin18a, Cor. 5.2.4] (for a proof over k see [Alp86, II1.10,
Thm. 1]). In both cases the result is a consequence of the Mackey formula for induction

and restriction.

Theorem 8.7. Assume P < G is a Sylow (-subgroup that is TI and let H < G be a subgroup
containing Ng (P). Suppose U € OG—mod and V € OH—mod are non-projective indecom-
posable modules. Then the following hold:
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i) Resﬁ(U) = ¢(U) ¢ Q with Q € OH—mod a projective module and $(U) € OH—mod
a non-projective indecomposable module,

(ii) Indﬁ(V) =1P(V) @ Rwith R € OG—mod a projective module and (V) € OG—mod a
non-projective indecomposable module.

Moreover, we have P(d(U)) = U and (P(V)) = V.

Remark 8.8. In thinking of generalisations of this result one should replace the condi-
tion “non-projective” with “has a non-trivial vertex”.

An Example: The Principal Block of G = 205 when { =3

We assume now that G = 25 and ¢ = 3. Let P = ((123)) and set H = Ng(P) =
P x ((12)(45)) = &3. The characters of the PIMs for G and H are given by

O =x1+X5 Diriv = Xtriv 1 Xref
Oy =x4+X5 (Dsgn = Xsgn + Xref-

Let e € BI(OG) be the principal block. Then the character of eOG is @1 +4®4. There
is only one block of OH and its character is @iy + Psgn. We wish to show that eOG is
Morita equivalent to OH.

We consider the functor eOG ®9ony — : OH-mod — OGe—mod which is simply
inducing from H to G and then cutting by the block. Computing the induction from H
to G we see that the character of eKG as a (KGe, KH)-bimodule is given by

XekG = (X1 + X4 +X5) @ Xtriv + X4 @ Xsgn + (X4 + 2X5) @ Xref
= (Xl + (D4) @ Xtriv T X4 ®ngn + (XS + ®4) @ Xref
= (X1 @ Xtriv + X4 ®ngn +TX5® Xref) + D4 @ Dy

This calculation hints that the functor is potentially very close to giving a Morita
equivalence. Whilst this character calculation is yet to be borne out by a calculation with
the underlying modules, it suggests that the bimodule eOG gives a Morita equivalence
up to removing a projective error term. More precisely, one can show that eOG induces
a stable equivalence of Morita type between OH and OG, see [Lin18a, §2.17] and [Lin18b,
Prop. 9.8.3] for more details on this.

For our purposes we will be able to establish the Morita equivalence using just
Theorem 8.7. By the definition of blocks, the bimodule eOG is indecomposable as an
O[G x G]-module. Moreover, it must be non-projective otherwise OGe = kGe would be
a projective k[G x G]-module so split semisimple as a k-algebra by Proposition 1.6. This
is clearly not the case.

Clearly P x P < G x G is a Sylow {-subgroup that is TI and G x H is a subgroup
containing Ngxg(P x P) = H x H. Hence, applying Theorem 8.7 in G x G we see
that Resg ig(eOG) =V & R with V € O[G x Hl—mod a non-projective indecomposable
module and R € O[G x H]—mod a projective module. Clearly we have an equality of
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characters

XeKG = XvK T XRrK-.

The PIMs of O[G x H] are of the form Qg ®© Qn with Qg a PIM of OG and Qp a
PIM of OH. It follows easily from the calculation of x.kg above and Remark 4.3 that
Xk = @4 ® Dy s0 we must have

Xvk = X1 @ Xtriv T X4 @ Xsgn + X5 @ Xref-

Hence the bimodule V satisfies the condition in (ii) of Theorem 8.2.

Being a block algebra eOG is a summand of OG so V is a summand of OG. As OG =
D grecc\n gOH is free both as a left OG-module and a right OH-module it follows that
V is projective as a left 0G-module and a right OH-module. Hence all the assumptions
of Theorem 8.2 are satisfied so the functor V ®yn — gives a Morita equivalence between
OH and OGe.

Exercise 8.9. Express the character of MX first as a left KG-module and then as a right
KH-module as a sum of PIMs.

Remark 8.10. Explicitly constructing the underlying bimodule V can be quite challeng-
ing. Here we have dim(VX) = 15. The subgroup U = ((12)(34), (14)(23)) < G is a Sylow
2-subgroup normalised by P. The induced module V = Ind{;(0) = O[G/U] is naturally
an (OG, OP)-bimodule that is projective as a left OG-module and as a right OP-module
because |U]| is invertible in k. Moreover, dim(VX) = 15. This module can be extended to
an (0G, OH)-bimodule, giving the summand of OGe used above, but this takes work.

An Example: The Principal Block of G = 25 when { =3

We continue to assume that G = 25 but now { = 5. Let P = ((12345)) and set
H = Ng(P) = P x((25)(34)) = Dyo. This time the characters of the PIMs for G and H
are given by

(D1 =X1+X4 (Dtriv = Xtriv T Xref,+ + Xref,—
O3 =x3,+ +X3,— tX4 (Dsgn = Xsgn T Xref+ T Xref,—

Let e € BI(OG) be the principal block. Then the character of eOG is @ + 3®3. Again,
there is only one block of OH and its character is @iy + @sgn. We wish to investigate
whether eOG is Morita equivalent to OH.

Again we consider the functor eOG ® 9y — : OH—mod — eOG—mod. The character
of eKG as a (KGe, KH)-bimodule is given by

XeKG = X1 @ Xtriv + (X3,+ +XS,—) @ Xsgn T (X3,+ +X4) & Xref,+ T (X3,— +X4) ® Xref,—
= (X] @ Xtriv — X4 @ Xsgn —X3,— 029 Xref,+ — X3,+ @ Xref,f) + CD3 ® q)sgn~

Again, this seems close to giving a Morita equivalence. However, in this case we can

only split off a projective summand by introducing signs and constructing a virtual
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character. So this won’t come from a factorisation of eOG in terms of modules.

In fact in this instance the block algebras eOG and OH are not Morita equivalent. To
see this we compute the Brauer trees of these blocks. This is a combinatorial structure
which encodes the decomposition of the PIMs into ordinary irreducible characters, see
[HL89] for more details and examples of Brauer trees. Indeed, each PIM is the sum of
two adjacent vertices on the tree.

O O o O @ O
X1 X4 X3+ +X3,— Xtriv Xref+ 1 Xref,—  Xsgn

The darkly shaded node on the tree is called the exceptional vertex.

Theorem 8.11 (Brauer). Assume G and H are two finite groups with blocks e € Bl(kG) and
b € Bl(kH). If the defect groups of e and b are both cyclic of the same order then the blocks ekG
and bkH are Morita equivalent if and only if they have the same planar embedded Brauer tree.

9. Equivalences Between Blocks: The Derived Case

The Morita equivalences considered in the previous section are too narrow to capture
all the relationships between blocks that we want to consider. Instead, Broué proposed
the following more general relationship between a block and its Brauer correspondent.

Conjecture 9.1 (Broué’s Abelian Defect Group Conjecture). Assume D < G is an abelian
C-subgroup of G. Then for any block b € Bl(ONg (D) | D) there is a derived equivalence

Z°(ONg(D)b—mod) ~ 2°(OGbS—mod)

between the bounded derived categories of the module categories of b and its Brauer correspon-
dent.

If A and A’ are two O-free O-algebras then a Rickard equivalence between A and A’ is

an equivalence of triangulated categories ¢ é A —: Z°(A'—mod) — 2°(A—mod) where
¢ is a complex of (A, A’)-bimodules that is perfect as a complex of left A-modules and
also perfect as a complex of right A’-modules. In other words, when viewed from the
left and right these should be complexes of projective modules.

L
Remark 9.2. If € ®onp — is a Rickard equivalence between two block algebras OHb
L
and OGe of finite groups then we naturally obtain Rickard equivalences ¢’* @xpp —

L
and € RxnHp —-

An Example: The Principal Block of G = A5 when { =5

Let P = ((12345)), H = Ng(P), and Ry, R3 € OG—mod be the two PIMs affording the
characters @7 and @3 respectively. Similarly, we let Quiv, Qsgn € OH—mod be the PIMs
affording the characters @y and @gg, respectively. Let eOG be the principal block and
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let P = ((12345)). If M € OG—mod then we denote by M* = Homyg (M, O) the dual
module. In [Rou95, Lem. 2] Rouquier shows that we have a projective cover

V1 (R1 @ Qiy) @ (R3 ® Q) — €06

of (0G, OH)-bimodules.

Proposition 9.3 (Rouquier [Rou95]). Assume G = s and £ =5. Let Q = R3 @ Q. Then
the 2-term complex
0—Q ¥ e0G —0,

with eOG in degree 0, gives a Rickard equivalence between OGe and OH.

Remark 9.4. The results in [Rou95] actually apply to all blocks with cyclic defect group
and yield a positive answer to Broué’s conjecture in this case, see [Lin18b, Thm. 11.12.1].

Let us briefly explain how this relates to the character calculation we did in the
previous section. Given a bounded complex ¢’

e— My — Mg —My— M —M; — -
of (KG, KH)-bimodules we define a corresponding virtual character

X¢ = Z(_])iXMi € Go(KG ®x KH).
icz

Viewing a module S € KH—mod as a complex in degree 0 we can form the tensor

product € %_QKH S. Replacing M by ¢, and tensor products of modules with those of
complexes, the formulas in (8.4) and (8.5) still hold. However these are now expressions
between virtual characters not genuine characters.

Now let ¢ be the complex given in Proposition 9.3 then we saw in the previous
section that

Xgx = —D3 @ Dggn + XekG = X1 @ Xtriv — X4 © Xsgn — X3,— @ Xref,+ — X3,+ @ Xref,—-

Hence tensoring with €’X gives a signed bijection Irr(KH) — Irr(KG | e). This is an
example of a perfect isometry, which is a certain signed bijection between irreducible
characters introduced by Broué in [Bro90b].

It was shown by Broué that a Rickard equivalence between block algebras induces a
perfect isometry and that such a signed bijection between irreducible characters is height
preserving, see [Lin18b, Cor. 9.2.5, Cor. 9.3.3]. Hence, in the case of abelian defect groups
Broué’s conjecture gives a structural explanation for Alperin’s conjecture described in
Section 7.
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