
 
Parabolic version of 2 realizations
applications to modular representations

Party jt w Bezrukavnikon

Part2

Goalof theproject
BezrukavnkovMirkovicprovedLustig's conjecture identifying
thebasis ofsimple g modules wgivenp characterpoor
the canonicalbasis in K theory ofSpringer fiber

However ingeneral the latter is too implicit toget
Kazhdan Lustig type character formulasforthesimples

It turns out that modifying thecategory ofg modules
slightly look at modules that are equivariant w r ta
a reductive subgroup TocG w To torus we can still

get KL type character formulas for thesimples in
the equivariant category

Whenthep character is distinguished to berecalled
later the character formula is a k theoretic

consequenceof an equivalence that is deducedfrom a

parabolic version of the two realizations theorem
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1 Parabolic version of 2 realizations
ADReminder on 2 realizations
G connectedreductivegroup Langlandsdual G
St ojxgsvn.DKCohost

GhsGYADS Is Io Iwahori prounipit radical
Fe GYM I constructible category

II Ies

Thm Bezrukavnikov Have equivalence of thangdcat's
c DE Ee DbCohost

Important this is a 61module equivalence w rt
completed version ofaffine Hecke category

DbCohaSth in the coherent version acting on
the left a
specialized version ofCte 846hastings

acting on the right

Also important t is nicely compatible w t structures
forperverse t structure on II te

perverse61module over NC Springer t structure
on Dbtcohast

q
will elaborate on this later
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12 Statement ofparabolic version
Notation P c Gparabolic ftp.T lG1prsStpgxRgSVp Db
CohaStpI.pcGnsPkGhs

parahoric J C GTHHn
Elp GYEDIT n DE Fep

Thm IRB I L 3 equivalence of triangulated categories
EpDfo Eep 304CohaStp

that hasproperties 1 is below

Property 1 Tp is compatiblewith c the followingdiagram
is commutative

II Eep 146ha Stp

Dfofeel 16 cohost
where ya are as follows

ya 2 Fe Eep w fGenPYD q y dimPYBT

4 Set 2 G got a c E IT 0 2 Ip
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g
grog
2 c

St

Stp
Then gj 4 0 1 line bundle twist

Property 2 op is equivariant w r t theaction of
the completed version of affineHecke category

Property 3 Description of Ip Ept
2 of
Ifp diag Stp

Then TpEpt Ediag

Property4 t exactnessw.atperverse t structures
on the coherentside this t structure is as follows
Tiltinggenerator E onog n End E

Ep 0 0 E is a tiltinggenerator on Ip Tifton
Stp End Ep Z

recaee yo
Both HStp are E g I algebras Ship

ST ftp.P facts on these algebras

31
A ecg AFPmoda



E E ox Db GhsStp DbA
e ftp.Pmedal

Haveperverse t structure on rhs see Roman's talk

Remark the reason we care about 243 is that they
allow to get info on images of Ccdstandards
under Ip

f 3 Steps ofproof
Stept y are faithful but not full Weshowthat

c Dfo Fl Db Ghost intertwines the
full images of ya D Fep DE Ee
g Db GhsStp Db Cohost
This is based on three observations

yup
to Karoubian

i The full image of q is I Epypy completion
Ii The full image of y is G z.gg

lhne6undletwistB

Iii The equivalence t D Fe DbGhcFx ST
sends pups to Q twist shift

Step2 While g y are not full they are t exact
and restrict to full embeddings between the hearts
he triangulated categories Dfa Fep D KahaStp



are derived categories oftheir hearts This together
w Step 1 allows to define t exact

Tp Df Eep Db GhsStp
satisfying property 1 47 Then one checks 223

14 Quotientcategory this is what we needforapplions
to modular representation theory
Categories D Eep and D CCohenStp come

w filtrations by 2sidedcells nilp orbits
Let's look at the topquotient of D Cah Stp

Dpi openGorbit in Ip Qp image of Qp's in g
Richardson orbit for P generic eefo lies inOp
Q's

GlEpCe1QoJxRg
plGeBelZple1 Be oJxRgLees

Springerfiber
So the topquotient of D Gh Stp is

Db CohZPkBe It inheritsthe t structure whose
heart is identifiedwith StemodZple He fiber of
over eeg
Conclusion Have exact functor

Peru tep sHemedZplet

gy
top cellquotient



Remark still have control over the images of
Golstandards inStemed de thx toproperties223
above

2 Applications to modular representations
2 1 Setting
F algebraically closedfield ofcharpro
Can assume e fromabove is defined over 7L

o
reduce medpm Ug i principal block of the

p central reduction of Ucg at ee g

Fact BezrukavnikovMirkovic St End E isdefined
over finite localizationof TL and its fiberSte
is Morita equivalent to Ue F

For this talk we'll be interested in the case
when e is distinguished not contained in a

proper Levi Equivalently the maximal reductive
subgroup of Zale is finite Denote it by T
it coincides with Eg cellEgCei

Example g span Nilpotentorbits are classified
by their Jordan type Distinguished no repeated
arts 2,66 distinguished 12,5s isn't Have
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5 72 22 Parts fordistinguishedelement

Classical fact 3 parabolic P s t e is Richardson
forP Pe is open in ft Zp e Zale
Thisgives us a description of Ste mod Edel as

the quotient of Perv Fep

Observations

1 kdstemodtdeY K.lkmod f Kolkermod
isomorphisms ofbased abeliangroups 6kEdel f Kunip't
2 Hersmod Uf mod

22 Ko classes of simples
So as a basedmodule Ko U p mod is the
top cell quotient of KoPerrie Fep Kwa wpsgnwhere
Wa WKHIT is the affine Weylgroup
WpcWa finiteparabolic corresponding to P
To describe the classes of simples we needto

describe the images in Kofu mod't of thestandards
in Ko Perri Fep These classesgo to classes
of certain induced modules
Set Wat x cWait x is longest in xWp This isthe

labelingset forstandards in Peru Eep Wehaveaction
W THT wju w.ge Ayu ji tpe weWGEHTK Waje c ACTFt



Let LCP beLevisubgroup µ x I20
XeWGP je is dominantfor L
Weylmodule W gud Can assume 5cL then we
can view hi gun as an objectof Ugglamod
Further Nogp UegCgl 6k ee ft k
Ueg is a free rank pd'm940module over U f

Proposition R B I L Theclassofstandard labelledbyx

goes to that of Mex g qq.cpihh.HN
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