PCMI 2022 Around the inverse Galois problem

PCMI 2022: AROUND THE INVERSE GALOIS PROBLEM

Diego Izquierdo

Instructions.

1.

Read the course notes and try to do some of the exercises before coming to
the exercise session. You may of course discuss the exercises with other parti-
cipants.

During the session, form small groups of four or five to work together. It is im-
portant in mathematics to collaborate!

There are many exercises you can do in this booklet. You can of course choose
those you want to work on in priority. To help you choose, I have indicated
the difficulty of the exercises with stars. The exercises with 3 stars are bonus
exercises that you should only do once you have done the others.

Sections 1 to 5 roughly correspond to the first class, sections 6 and 7 to the
second, and sections 8 and 9 to the third.

Let me know if you find typos!

1 Warm-up: some explicit examples

Reminder 1.1 Let K be a field and let G be a finite abstract group. We say that the
inverse Galois problem for G has a positive answer over K if there exists a finite Galois
extension L of K with Galois group G.

Exercise 1: * (Inverse Galois problem for abelian groups and cyclotomic extensions)

1.

3.

Let {,, be a primitive n-th root of unity in C. Recall what the Galois group of the
extension Q((;)/Q is.

By using Dirichlet’s Theorem on arithmetic progressions !, prove that every fi-
nite abelian group is a quotient of (Z/nZ)* for some n = 1.

Solve the inverse Galois problem for finite abelian groups over Q.

Exercise 2: x (Symmetric group of prime order)
Let p be a prime number.

1. For any two positive coprime integers a and d, there are infinitely many prime numbers of the
form a+ nd.
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1. Let f € Q[X] be an irreducible polynomial of degree p with exactly p — 2 real
roots. Prove that the Galois group of f over Q is isomorphic to ).

2. Consider the polynomial f = (X?+m) Hfz_lz (X —n;) for some positive integer m
and some pairwise distinct integers n;, ..., n,_». For each prime number ¢, in-

troduce the polynomial f, = ¢P f(X/¥) + ¢. Prove that, if ¢ is large enough, the
Galois group of fy is isomorphic to .#,.

2 Hilbert’s irreducibility Theorem and Hilbertian fields

Reminder 2.1 Let K be a field of characteristic 0.

e Let fi(T,X),..., [y (T, X) be r irreducible polynomials in K(T)[X]. We introduce
the subset Hix(f1,..., fr) of K given by the elements t € K such that the poly-
nomials fi(t,X),..., fr(t,X) are all well-defined and irreducible in K[X]. The
intersection of the set Hx(fi,..., fy) with a Zariski open subset of K is called a
Hilbertian subset of K.

* Wesay that K is Hilbertian if every Hilbertian subset of K is nonempty. Hilbert’s
irreducibility Theorem states that number fields are Hilbertian.

Exercise 3: x (Examples of non-Hilbertian fields)
1. Prove that the maximal solvable extension Qg of @ is not Hilbertian.
2. Let K be a Henselian discretely valued field of characteristic 0.
(@) Let p be a prime number and let 7 be a uniformizer in K. Prove that,

for each a € K*, at least one of the two polynomials f(X) = X +ra—1
and g(X) = XP+a ! -1hasarootin K.

(b) Deduce that K is not Hilbertian.

Exercise 4: x (Hilbertian fields and valuations)

Let K be a Hilbertian field of characteristic 0 endowed with a valuation v. Prove that
every Hilbertian subset of K is v-dense.

Hint: Let H = Hk (fi, ..., fm) be a Hilbertian subset of K, with fi, ..., f, irreducible polynomials
in K(T)[X]. Given a€ K andy = v(c) € v(K™), consider the Hilbertian subset

H' = Hg(gic:1<i<m,ee{£l})
of K, where g; (T, X) = fi(a+cT¢, X).
Exercise 5: xx (Finite extensions of Hilbertian fields)
Let L/K be a finite extension of fields of characteristic 0. Let d be its degree and let S

be a set of representatives of the quotient Gal(K/K)/Gal(K/L). Take an irreducible
polynomial f € L(T)[X].
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1. (a) Assume that the o(f) for o € S are pairwise relatively prime in K(D)[X].
Prove that there exists an irreducible polynomial p € K(T)[X] such that
Hyg(p) < HL(f).
(b) Prove that the same result still holds without the assumption that the o (f)
for o € S are pairwise relatively prime in K (T)[X].

Hint: Prove that there exists ¢ € L(T) such that the polynomials o(f(T,X + ¢))
foro € S are pairwise relatively prime in K(T)[X].

2. Prove that every Hilbertian subset of L contains a Hilbertian subset of K and
deduce that, if K is Hilbertian, then so is L.

3. Let G be a finite group. Assume that K is Hilbertian and that there exists a finite
Galois extension L of K(T) in which K is algebraically closed and that has Galois
group G. Prove that there are infinitely many pairwise linearly disjoint finite
Galois extensions of K with Galois group G.

Exercise 6: xx (Geometrical irreducibility and spreading out)
Let K be a field.

1. Let Py,..., P, be r polynomialsin K(T1,..., T,,)[Xj,..., X;x], and assume that the
system {P; = 0,1 < i < r} (with variables Xj,..., X;;;) has no solutions in the al-
gebraic closure of K(T3,..., T,). Prove that there is a non-empty Zariski open
subset U of K such that the system

{Pi(t1,.... th, X1,.., Xm) =0,1<i <71}

is well-defined and has no solution in K for (f,..., ) eU.
Hint: Use the Nullstellensatz.

2. Let f(Ty,..., Ty, X1,..., Xm) € K(T1,..., Ty)[Xy,..., X;] be an absolutely irred_u-
cible polynomial. Prove that there is a non-empty Zariski open subset U of K "
suc_h that the polynomial f(7y,..., t;, X1,..., X;;) is well-defined and irreducible
in K[Xy,...,X;;] foreach (f,...,t;) € U.

3. Let f(Ty,..., Ty, X1,..., Xm) € K(Ty,...,Ty)[X1,..., X;n] be an irreducible poly-
nomial. Is there necessarily a non-empty Zariski open subset U of K" such

that the polynomial f(ty,...,t,, X1,..., X;n) is well-defined and irreducible in
K(Xi,...,X;,] foreach (f1,...,t,) € U?

Exercise 7: x x x (Function fields and Hilbertian subsets of K"*)

Let K be a field of characteristic 0. In this exercise, we prove that the rational function
field K(U) is Hilbertian.

1. Let f € K[U, T, X] be a polynomial with degy f > 0.
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(@) Assume first that f is absolutely irreducible. By using the second question
of exercise 6, prove that there exists a non-empty open subset U of X
such that, for any pair (a, b) € U, the polynomial f(U, a+ bU, X) is abso-
lutely irreducible.

(b) Assume now that f is irreducible (but not necessarily absolutely irredu-
cible). Prove that there exists a non-empty open subset U of K 2 such that,
for any pair (a, b) € U, the polynomial f (U, a+bU, X) isirreducible over K.

2. Deduce from the previous question that the field K(U) is Hilbertian.

3. Assume now that K is Hilbertian. Let f1(T1,..., Ty, X),..., fr(T1,..., Ty, X) be r
irreducible polynomials in K(T7,..., T,)[X]. Use the previous question to prove
that the subset Hx(fi,..., f;) of K" given by the elements (f,..., t;) € K" such
that the polynomials

fl(tl,...,tn,X),...,fr(tl,...,tn,X)

are all well-defined and irreducible in K[X] is Zariski dense in K".

Remark: this last question shows that Theorem 1.4 of the course notes implies Corollary 1.5.

3 Noether’s problem

Reminder 3.1

e Let L/K be a field extension. We say that L is rational (or pure) over K if L is K -
isomorphic to the field of rational functions K(x,...,x,) for some n. We say
that L is stably rational if there exists an integer m such that the field of rational
functions L(y1,..., ym) is rational over K.

e Let K be a field and let G be a finite abstract group of order n. We make G act
on the field K(x,...,x,) by permuting the coordinates. We say that Noether’s
problem has a positive answer for G over K if the fixed field K(x1,...,x,)C is
rational (or stably rational) over K. In that case, the inverse Galois problem for G
also has a positive answer over K.

* The no-name lemma states that, if the fixed field K(V)© is stably rational for
some faithful representation V of G, then the same result holds for any faith-
ful representation of G. Noether’s problem is the particular case of the regular
representation.

Exercise 8: x (Noether’s problem for symmetric groups)

Prove that Noether’s problem has a positive answer for symmetric groups over num-
ber fields.
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Exercise 9: * (Noether’s problem for Z/3Z over C)

The goal of this exercise is to prove that Noether’s problem holds for the group Z/37Z
over C. To do so, make A = Z/3Z act on C(x1, X2, x3) cyclically. Let j be a primitive
third root of unity and introduce the elements:

e1 =X+ X2+ X3
er=X1+ jXxo +j2x3
e3 = X1 + j2Xxo + jx3.
1. Prove that C[x;, x2, x3] = Cley, e2, e3].
2. Compute the action of A on an element of C[x1, xp, x3] of the form e}’ e}’ eé’ .
3. Deduce that C[xy, x2, X314 = Cley, eze3, €3]
4. Deduce that C(x1, X, x3)* = C(ey, ee3, eg).

Exercise 10: * (Fischer’s Theorem over the complex numbers)

The goal of this exercise is to prove that Noether’s problem holds for all finite abelian
groups over C by generalizing the argument of the previous exercise. To do so, fix a
finite abelian group A, consider an embedding A c .%), for some integer n and make A
act on V := C" by permuting the coordinates.

1. Explain why there is a basis (e, ..., ;) of V and characters y;,..., ¥, € Hom(A,C*)
such that:

Yae A, VAy,...,AneC,a-

Zﬂiei) =) xil@A;e;.
i i

2. Let G be the subgroup of C(V)* spanned by e;,...,e,. Check that G is a free
abelian group of rank n.

3. Let H be the kernel of the morphism ¢ : G — Hom(A,C*) that sends each e;
to x;. Prove that C(V)A=C(H).
4. Deduce that Noether’s problem has a positive answer for A over C.

5. Given a number field K, do the previous arguments still hold when one re-
places C by K?

Exercise 11: x (Noether’s problem for Qg)

Let K be a field of characteristic other than 2. Let H be Hamilton’s quaternion algebra
over K and let H* be the multiplicative group of H, seen as an algebraic group over K.
Denote by Qg the quaternion group and set X := H*/Qg.

1. Prove that X = Gy, x SO3/G where G is the finite group:

1 0 O -1 0 O -1 0 0
G=41,{0 -1 O},{0 1 O}J,]0 -1 Ofp.
0 0 -1 0 0 -1 0 0 1

5
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Hint: consider the morphism (N, ¢) : H* — Gy, x SO3 in which N is the reduced norm
and ¢ maps a quaternion x to the rotation y — xyx~' on the 3-dimensional vector space
of quaternions of trace 0.

2. Prove that X is a rational variety and deduce that Noether’s problem has a positive
answer for Qg over K.

Exercise 12: x (Noether’s problem for dihedral groups)
Let K be a field and G a finite group.

1. Consider an action of G on the polynomial ring K[¢] such that K is stable un-
der the action of G. Prove that there exists a G-invariant polynomial f such
that K(1)¢ = KC(f).

2. Consider a linear action of G on a finite dimensional K-vector space V. Prove
that K(V)%isa purely transcendental extension of K (P(V))C.

3. Deduce that Noether’s problem has a positive answer for every finite subgroup
of GL, (K). In particular, this applies to the dihedral groups D», when K is alge-
braically closed or when K =R.

Exercise 13: xx (Noether’s problem for <5)

1. By proceeding as in the previous exercise, prove that Noether’s problem has a
positive answer for every finite subgroup of GL3(C) over C. You may use without

proof Castelnuovo’s Theorem 2.

2. Deduce that Noether’s problem has a positive answer for the alternating group «#;
over C. This result is due to Maeda.

Exercise 14: * x x (No-name lemma)
This exercise aims at proving the no-name lemma. Let K be a field.
1. Let L/K be a finite Galois extension with Galois group G. Prove that, for any
finite dimensional L-vector space V and any semi-linear action® of G on V,
there is a canonical isomorphism:

V=VerL.
Deduce that the extension L(V)¢/K = K(VY)/K is purely transcendental. This

statement is called Speiser’s Lemma.

2. Let G be a finite group. Let V and W be two faithful finite-dimensional linear
representations of G over K. Deduce from question 1 that the fields K (V)¢
and K(W)C are stably equivalent 4

2. Over an algebraically closed field, a unirational surface, that is a surface that is dominated by a
rational variety, is rational.

3. Anactionof Gon V suchthato-(Av) =c(A)(c-v)forceG,Aec Landve V.

4. This means that there exist integers n and m such that KWV)C(x1,...,x0) = K(W)G(yl, v Ym)-

6
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Remark 1: Geometrically, this means that, if we consider two embeddings G — GL,(K) and
G — GL4(K) and we set X; := AIp(/G and X, = A?(/G, then there exist integers m and n such
that Xy x AY and X, x A} are birationally equivalent. We say that X, and X; are stably bira-
tional.

Remark 2: The no-name lemma can also be used to study a quotient of the form X3 :=SL,/G
for some embedding G — SL,(K). If you wish, you can try to prove by yourself that X, and X3
are stably birational.

4 Versal torsors

Reminder 4.1 Let G be a finite abstract group, K an infinite field, and X a K -variety.
A G-torsor f :' Y — X is called versal if, for every extension L/K and for every G-
torsor P — SpecL, there exists an L-point Q in X such that the fiber Xo = f~1(Q) is
isomorphic to the G-torsor P — Spec L.

Exercise 15: x (A torsor under 7127)

Let K be an infinite field. Make G := Z/2Z act on X := A} \ {-1,0,1} by o - x = x7!,
where o is a generator of G. Consider the G-torsor X — X/G. Depending on the cha-
racteristic of K, decide whether it is versal.

Exercise 16: x« (Versal torsors and twisting)
Let K be an infinite field and G a finite abstract group.

1. Consider X a quasi-projective K-variety endowed with an action of G, and P
a G-torsor over K. We define the twist p X of X by P as the quotient (X x P)/G.
The natural map X x P —p X makes X x P into a G-torsor over p X. Prove that
there is a bijection between the set of K-rational points p X (K) and the set of G-
equivariant morphisms P — X.

Hint: when you start with a point Q €p X(K), you may consider its fiber Yo inY := X x P,
construct a G-equivariant morphism from Yq to P, and use the general fact that every
G-equivariant morphism between two G-torsors over K is an isomorphism.

2. Let now X be a K-variety and f : Y — X a G-torsor. Deduce from the pre-
vious question that f is versal if, and only if, for every field extension L/K and
every G-torsor P over L, the set of L-rational points p X(L) is non-empty.

Exercise 17: x* (A torsor under Z/37)
Let K be an infinite field. Consider the action of G := Z/3Z on IP}< defined by:

o-lx:yl=1[y:y—xl,

where o is a generator of G. Let U be a G-stable open subset of P}< on which the action
is free and consider the G-torsor 7 : U — V := U/G. Let P be a G-torsor over K.
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1. Prove that the twist pH:D}( is a genus 0 smooth projective curve that has a point
in a degree 3 extension of K.
Hint: you may observe that, in general, when you twist a variety X endowed with an
action of G by the trivial G-torsor, you get a variety that is isomorphic to X.

2. By using the Riemann-Roch Theorem, deduce that p[FD}< is a projective line.

3. Deduce that the set of rational points Q € V(K) such that the the fiber Ug is
isomorphic to P as a G-torsor is non-empty. This shows that 7 : U — V is a
versal G-torsor.

Exercise 18: xx (Versal torsors and Noether's problem)

Let K be an infinite field and let G be a finite group. Consider a generically free linear
action of G on AZ. Let U be an open subset of AZ on which G acts freely, consider
the G-torsor 7 : U — V := U/G, and take a G-torsor P over K.

1. Prove that the twist pA} is isomorphic to A.
Hint: recall that, by Hilbert's Theorem 90, every GL,, -torsor over a field is trivial.

2. Deduce that the set of rational points Q € V(K) such that the the fiber Uy is
isomorphic to P as a G-torsor is non-empty. This shows that U — V is a ver-
sal G-torsor.

5 Grunwald-Wang problem

Reminder 5.1 Let K be a number field and let G be a finite abstract group. We say
that the Grunwald-Wang problem for G has a positive answer over K if, whenever
we are given a finite set S of places of K and a Galois extension L,/ K, for each v e S
whose Galois group can be embedded into G, one can find a Galois field extension L/ K
with Galois group G such that the completion of L/ K at any place of L lying above a
place v € S is isomorphic to L,/ K,. A positive answer to Noether’s problem implies a
positive answer to the Grunwald-Wang problem, which itself implies a positive answer
to the inverse Galois problem.

Exercise 19: x (An explicit example)
Find an explicit Galois extension K of Q with Galois group #3 such that, if v, stands
for a place of K above p for each prime number p, then:

Ky, 2Q3(V2), K, =Qs5(V5,)), Ky, 2Q:(l9), Ky, =Qu1,

where j is a primitive third root of unity and (g is a primitive 9-th root of unity.
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Exercise 20: *xx (Wang’s counter-example)
Let L/Q be a Galois extension with Galois group G = Z/8Z. Assume by contradiction
that the prime 2 is unramified.

1. Prove that L contains the field K := Q(y/m) for some integer m such that m=5
mod 8.

2. Let p be a prime divisor of m.
(a) Prove that p is totally ramified in L.

(b) Let p be the unique prime ideal of L lying above p and let L, be the com-
pletion of L at p. Let U be the unit group of 0r,. Prove that the order
of HY(G, U) is divisible by 8.

(c) Prove that there exists an injective morphism H' (G, U) — H'(G,F%).
(d) Deduce that 8 divides p — 1.
3. Get a contradiction!

4. Does Noether’s problem for Z/87 over Q have a positive answer?

6 Regular inverse Galois problem

Reminder 6.1 Let K be a field and let G be a finite abstract group. We say that a finite
Galois extension L of K(t) is regular if K is algebraically closed in L. We say that the re-
gular inverse Galois problem for G has a positive answer over K if there exists a finite
regular Galois extension L of K(t) with Galois group G. A positive answer to Noether’s
problem implies a positive answer to the regular inverse Galois problem, which itself
implies a positive answer to the inverse Galois problem.

Exercise 21: * (Regular inverse Galois problem for products)

Let K be a field. Let G; and G, be two finite groups for which the regular Galois pro-
blem over K has a positive answer. Prove that the regular Galois problem for G; x G,
over K also has a positive answer.

Hint: study the ramification of some given solutions to the regular Galois problems for the
groups Gy and G».

Exercise 22: *x (The regular inverse Galois problem for <f},)

Let K be anumber field. Consider the polynomial f(X, T) = (n—1)X"—nX""1+ T and
let G be the Galois group of f(X, t) over K(¢). In order to compute G, we introduce
the curve C given by the equation f(x, ) = 0 and the finite cover 7 : C — Al that
sends (x, ) to t.

1. Prove that 7 is étale outside 0 and 1.
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2. By studying the ramification of 7 at 0 and 1, prove that G = .%,.

3. Prove that the field fixed by the subgroup <, of G is rational, and deduce that
the regular inverse Galois problem for <, over K has a positive answer. This
result was first proved by Hilbert.

Hint: compute the discriminant of f (X, T) € K(T)[X].

4. More generally, use the Riemann-Hurwitz formula® to prove the double group
trick: if G is the Galois group of a regular extension L of K(T) ramified at most
at three places which are rational over K, and if H is a subgroup of G of index 2,
then the fixed field L; of H is rational, and hence the regular inverse Galois
problem for H has a positive answer.

Exercise 23: *x (Regular inverse Galois problem for abelian groups)
Let K be a number field. In this exercise, we prove that the regular inverse Galois
problem has a positive answer for finite abelian groups over K.

1. Let B be a finite Galois module® over K. This question aims at proving that
there exists an exact sequence of Galois modules:

0—-P—-F—B—0

inwhich P and F are finitely generated and torsion-free as abelian groups and P
is a permutation module *.

(@) Prove that there exists an exact sequence:
0—-D—-C—-B—0

in which C and D are finitely generated torsion-free Galois modules.

(b) Prove that there exists an exact sequence:
0-D—-P—-E—-0

in which E and P are finitely generated torsion-free Galois modules and P
is a permutation module.

5. Let K be a field of characteristic 0. Let C; and C, be two smooth projective K-curves with res-
pective genera g; and g», and consider a non-constant morphism ¢ : C; — C,. Then:

2g1-2=deg(®) 2g2-2)+ Y. (ep(P) - 1)
PeCy

where ey (P) is the ramification index of ¢ at P.
6. An abelian group on which Gal(K/K) acts compatibly and continuously.
7. A Galois module that has a Galois-stable Z-basis.

10
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(c) Let F be the amalgamated sum of C and P over D. Check that F is torsion-
free and prove that there is an exact sequence:

0—-P—-F—-B—0.

2. Let A be a finite abelian group. By using question 1, prove that there exists an
exact sequence:
1-A-T—-Q—-1

in which T and Q are K-tori and Q is quasi-trivial 8.

Hint: Recall that one defines an equivalence of categories between groups of multiplica-
tive type and finitely generated Galois modules by sending a group of multiplicative type
to its character module.

3. Deduce from question 2 that the regular inverse Galois problem for A over K
has a positive answer.

Exercise 24: x x x (Regular inverse Galois problem for groups of order p®)
Let K be a number field and consider a split exact sequence of finite groups:

1-A-H—-G—1,

so that H is the semi-direct product A x G for some action of G on A. Assume that A
is abelian and that the regular inverse Galois problem for G has a positive answer.
This means that there exists an open subset U of [F"}( and a regular étale G-covering

n:C—-U.
1. In this question, we assume that A = [[4; B and that G acts on A by permu-
ting the coordinates. Question 2 of the previous exercise then gives an exact

sequence:
1-B—-T—Q—1

in which T and Q are tori and Q is quasi-trivial. Construct a free action of H
on X := ([Igeg T) x C such that ¥ := X/H is rational. Deduce that the regular
inverse Galois problem for H has a positive answer.

2. We do not assume anymore that A = B®. Prove that the regular inverse Galois
problem for H still has a positive answer.

3. Let now H’ be a finite group that is generated by a normal abelian subgroup A’
and by a subgroup G’ for which the regular inverse Galois problem has a po-
sitive answer. Prove that the regular inverse Galois problem for H' also has a
positive answer.

8. A torus whose character module is a permutation module.

11
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4. Let p be a prime number. Deduce from the previous question that the regular
inverse Galois problem has a positive answer for all groups of order p3. This
result is due to Schneps.

Exercise 25: * x x (From PAC fields of characteristic 0 to finite fields)

A characteristic 0 field K is said to be pseudo-algebraically closed (PAC) if each geo-
metrically irreducible variety V defined over K has a rational point. In 1991, Fried
and Volklein proved that the regular inverse Galois problem has a positive answer
over characteristic 0 PAC fields. In this exercise, we aim at deducing that every finite
group G is a regular Galois group over [, () for almost all p.

1. (a) Let L be a field. Construct a field ¢p(L) such that every geometrically irre-
ducible L-variety has a ¢(L)-point and L is algebraically closed in ¢(L).

(b) Construct a PAC field K of characteristic 0 in which @ is algebraically clo-
sed.

2. Let G be a finite group.

(@) Use the previous question and Fried and Voélklein’s Theorem on PAC fields
to prove that there exists a finitely generated Z-algebra B, an irreducible
scheme %€ and a finite morphism f: ¢ — IPE satisfying the following pro-
perties:

i. the fibers of ¥ — Spec B are geometrically irreducible,

ii. for each closed point b € Spec B, the function field of the fiber 6}, is
a Galois extension with Galois group G of the function field of the
fiber (P})p,

iii. almost every fiber of Spec B — SpecZ is geometrically irreducible.
Hint: Use exercise 6.

(b) Prove that Spec B has an [F,-point for almost every prime number p.
Hint: Use the Lang-Weil estimates.

(c) Deduce from (a) and (b) that G is a regular Galois group over [,(f) for
almost every prime number p.

7 Rigidity method

Reminder 7.1 Let G be a finite group with trivial center. Denote its order by n.

* Let € be the set of conjugation classes of G. We consider the action of the group
I':=GalQ((,)/Q) = (Z/nZ)* on G which sendseach ge Gtog" forr €. It also
induces an action on €. A conjugation class of G is said to be rational if it is
fixed by this action.

12
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e Let (Cy,...,C;) be a finite sequence of conjugacy classes of G. Let Z be the set of
r-tuples (g1,...,8r) € Cy x -+ x C, such that G ={g,...,8r) and g,...gr = 1. We
say that (Cy,...,Cy) is rigid if Z # ¢ and the action of G on X by conjugation is
transitive.

* Rigidity Theorem (Belyi, Fried, Matzat, Shih, Thompson). Let K be a field of
characteristic 0. Let (Cy,...,C;) be a rigid family of rational conjugacy classes
of G, and let P,..., P, be distinct rational points in I]J’}<. Then there exists a re-
gular Galois extension L of K(t) with Galois group G that is unramified outside
P,,..., P, and such that the inertia subgroup at P; is generated by an element
of C; foreachi.

e More generally, let (Cy,...,C;) be a rigid family of conjugacy classes of G and
let Py, ..., P, ber distinct points in IF’}(. Assume that the set {Cy,...,C;} is stable
under the action of Gal(Q/Q), that the set {P,, ..., P,} is stable under the action
of Gal(K/K), and that the Gal(K/K)-sets {Cy,...,C;} and {Py,..., P;} are isomor-
phic. Then there exists a regular Galois extension L of K(t) with Galois group G
that is unramified outside Py, ..., P, and such that the inertia subgroup at P; is
generated by an element of C; for eachi.

Exercise 26: * (Rigidity)
We keep the notations of the previous reminder. Prove that G acts freely on . Deduce
that (Cy,..., C;) isrigid if, and only if, |X| = |G]|.

Exercise 27: x (On the assumption about the triviality of the center)

Prove that every finite group is a quotient of a finite group with trivial center.

Hint: consider well-chosen wreath products.

Remark: this exercise shows that the assumption about the triviality of the center in the rigidity
method is not a big deal.

Exercise 28: x (Rigidity for the symmetric group)
Let n = 4 be an integer.
1. Prove that every conjugacy class in ., is rational.
2. Let Cy, Cy—1 and C,, be the conjugation classes of transpositions, (n — 1)-cycles
and n-cycles respectively. Prove that the triple (C,, C,, C,,—1) is rigid.

3. Thanks to the rigidity method, deduce that, for every characteristic 0 field K,
the group %, is the Galois group of a regular extension of K(f). What local
conditions can one impose?

Exercise 29: xx (Rigidity for <fs)

In the alternating group <, let C, be the conjugation class of double transpositions
and Cs and C; the two conjugation classes of 5-cycles.

13
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1. Prove that the set {C,, Cs, Cé} is stable under the action of the absolute Galois
group of Q.
2. Prove that the triple (Cy, Cs, Cy) is rigid.

3. Thanks to the rigidity method, deduce that the group </ is the Galois group of
aregular extension of Q(#). What local conditions can one impose?

8 Weak approximation

Reminder 8.1 Let K be a number field.

e Let X be a smooth variety over K. We say that X satisfies weak approximation
if, for every non-empty finite set S of places of K, the set of rational points X (K) is
dense in the product [],cs X (K,) (where each X(K,) is endowed with the v-adic
topology).

e Let G be a finite group. Embed it in SL,, for some n. Then the Grunwald-Wang
problem for G over K has a positive answer if, and only if, the homogeneous
space X = SL, /G satisfies weak approximation.

Exercise 30: *x (Artin-Whaples approximation Theorem)
Let K be a number field.

1. Let|:|y,...,| - |, be n inequivalent nontrivial absolute values of K. Prove that
there exists a€ K such that|a|;>1and | a|;<1fori>1.

2. Prove that the affine line A}< satisfies weak approximation.

Exercise 31: x (Weak approximation, birationality, and retract rationality)

1. Let X and Y be two smooth varieties over a number field K. Assume that X
and Y are stably birational, that is there exist integers m and n such that X x A}
and Y x A% are birationally equivalent. Prove that X has weak approximation
if, and only if, so does Y.

2. Prove that smooth retract rational varieties defined over number fields satisfy
weak approximation.

Exercise 32: xx (Cohomological interpretation of weak approximation)
Let K be a number field.

1. Let F be a finite algebraic group over K and embed it in SL,,. Consider the ho-
mogeneous space X := SL,/F. Prove that X satisfies weak approximation if,
and only if, the restriction map:

H' (K, F)— [ H'(K,, F)

veS

14
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is surjective for every non-empty finite set of places S of K. In that case, we say
that F satisfies weak approximation.
Hint: Consider the sequencel — F — SL,, — X — 1 and write the non-abelian cohomo-
logy exact sequence associated to it.

2. Deduce that, for each integer n = 1, the group pu, satisfies weak approximation.

3. Canyou find an integer n such that Z/nZ does not satisfy weak approximation
over Q?

Exercise 33: x x x (Weak weak approximation)
Let K be a number field. One says that a smooth K-variety X satisfies the weak weak
approximation property if there exists a finite set of places Sy of K such that, for
every finite set of places S of K that does not intersect Sy, the set X(K) is dense
in [ es X(Ky).
1. Let F be a finite algebraic group over K. Embed it in SL,, and consider the ho-
mogeneous space X :=SL,/F. By proceeding as in the previous exercise, prove
that X has the weak weak approximation property if, and only if, there exists a
finite set of places Sy of K such that, for every non-empty finite set of places S
of K that does not intersect Sy, the diagonal map:
H'(K,F)— [] H'(K,, F)

veS
is surjective. In that case, we say that F satisfies weak weak approximation.
In the following questions, we aim at proving that, if F is abelian, then it satisfies the
weak weak approximation property. This result is due to Neukirch.
2. Let S be a finite set of places of K, set F' := Hom(F, K ), and introduce the Tate-
Shafarevich groups:

1T (K, F') = ker (Hl (K, F)—[]H"(K,, F’)) ,
v

[I4(K, F') == ker(H1 (K, F)— [] H (KU,F')).
vegS

By using Tate’s local duality Theorem ¥ and the Poitou-Tate exact sequence '°,

prove that, for each non-empty finite set of places S of K, the diagonal map:

HY(K,F)— [] H'(K,, F)

veS

9. Let K be a local field of characteristic 0 and M a finite Galois module over K. Set M =
Hom(M, K ). Then the cup-product induces a perfect pairing of finite groups:
H'(K,,M) x H'(K,,M') = BrK, c Q/Z.

10. Let K be a number field and M a finite Galois module over K. Set M’ := Hom(M ,EX). Then there

15
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is surjective if, and only if, III! (K, F') = LH;(K, F.
3. Let L be a finite Galois extension of K over which F’ splits !1. For each finite set
of places S of K, prove that:

1Yk, F)y =T (L/K,F) and IIg(K,F)=1I(L/K,F)

where:

IYL/IK, F) = ker(H1 (LIK,F)— [] H' (Lw/K,,,F’)),

wl|v

HIg(L/K,F') = ker(Hl (LIK,FY— [] H' (Lw/K,,,F')).
w|v,vgS

4. Assume now that S does not contain those places that ramify in L. Prove that:
II§(L/K,F")y = I (L/K, F").
5. Conclude that F satisfies the weak weak approximation property.

Exercise 34: x x x (Hyper-weak approximation)

Let K be a number field and let F be a finite group, that we see as a finite constant K-
group. Following Harari, we say that F has the hyper-weak approximation property if
there exists a finite set of places Sy of K such that, for every non-empty finite set of
places S of K that does not intersect Sy, the image of the diagonal map:

H'(K,F)— [ H'(K,, F)

veS

contains [],cs H (K2/K,, F).

is an exact sequence:

0 —— HY(K, M) —— 1, H*(K,, M) —— H*(K,M")P

|

HY(K, M")P —— T\, H* (K, M) —— H'(K, M)

|

H*(K,M) —— @, H*(K,, M) —— H°(K,M")P? ——0,
where the restricted product is computed with respect to the H 1@,, M) and —P := Hom(-, Q/27) is the

Pontryagyn duality.
11. This means that Gal(K/L) acts trivially on F'.

16
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1. Prove that, if F satisfies the hyper-weak approximation property, then it is the
Galois group of some finite Galois extension L of K.
Hint: you may use the following classical result about abstract finite groups: if H is a
subgroup of a finite group G and if H intersects all the conjugation classes of G, then
H=aG.

2. Prove that quotients of a group satisfying the hyper-weak approximation pro-
perty also satisfy the hyper-weak approximation property.

3. Consider a split exact sequence of finite groups:
1-A—-E—-G—1

in which A is abelian and G satisfies the hyper-weak approximation property.
Prove that E satisfies the hyper-weak approximation property.
Hint: use exercise 33.

9 The Brauer-Manin obstruction

Reminder 9.1 Let K be a number field, X a smooth K -variety and G a finite abstract
group.
e Let X, be a smooth compactification of X. The unramified Brauer group of X is
defined as the étale cohomology group Bry; X := H?(X,,G,,). It can also be com-
puted thanks to the exact sequence:

0— Bry X — BrK(X) — @ H'(K(v),Q/2)

veXé“

where X'V is the set of codimension 1 points in X. and the second arrow is in-
duced by the residue maps. It is a stable birational invariant, and hence we also
denote Bry; K(X) instead of Bry; X.

* Consider an embedding of G in some SL,,. Set X := SL,/G. The following two
theorems are helpful to compute the unramified Brauer group of X.

Theorem (Bogomolov). Let 9B be the set of bicyclic subgroups of G (i.e. those
subgroups of G that are spanned by at most two elements). Then:

Brnrizker(ﬂ?’(G,Z)—» I1 H3(H,Z)).
He%g

Theorem (Harari). Let G2° be the abelianization of G and set M := Hom(G®, K.
Consider the algebraic unramified Brauer group of X:

Bry, X :=ker (Brnr X— BrnrY) .

17
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Then the quotient Bry;, X/BrK is isomorphic to the subgroup of H (K, M) gi-
ven by those elements a whose restriction a, € H'(K,, M) is orthogonal*? to the
imageim (H'(K,, G) — H'(K,, G®)) for almost all v.

e The Brauer-Manin pairing is defined by:

BM: X(Kqg) xBrpy X - Q/Z
((pv)v; a)— Z]v(p:;a)»
v

where X (Kq) :=[[, X(K,) and j, : Br K, — Q/ Z is the local invariant. The Brauer-
Manin pairing is continuous with respect to the v-adic topologies on the X (K,).
The Brauer-Manin set X (Kq)®™ of X is the orthogonal of Bry X with respect to
BM. It always contains the set of rational points of X.

e We say that G is supersolvable if there exists a normal series
1=Hy<H;<:---<H,_1<H, =G

such that each quotient group H;/ H; is cyclic and each H; is normal in G.

* Theorem (Harpaz-Wittenberg). Assume that G is supersolvable and consider an
embedding of G in someSL,,. Set X :=SL,/G. Then X(K) is dense in X (Kg)Brr,

Exercise 35: x (Brauer-Manin obstruction and weak weak approximation)

Let K be a number field and let X be a smooth K-variety such that X(K) is a dense
non-empty subset of X (Kq)Brr . Assume that Bry, X/BrK is finite. Prove that X satis-
fies the weak weak approximation property.

Exercise 36: x* (Generalized quaternion groups)
For n = 3, consider the generalized quaternion group:
. . . n_z . o o .
Quni= (i, jli* " =j%iji=]).
Let V be a finite-dimensional )-vector space on which Q2» acts faithfully and linearly.

1. In this question, we aim at computing the group Br,,Q(V)%" thanks to Bogo-
molov’s formula.

12. With respect to Tate’s perfect pairing of finite groups:
H'(Ky, M) x H' (K,, G) — Br(K,) < Q/Z

given by the cup-product.
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(a) Prove that the following square is exact:

Z[Qyr]
27N
Z[Qan] Z[Qon]?
Z[Qon)?
where:
(i1 _(zETctm ij+1) A ~
fl_(—(ij—l))’ fz_( MGy i) AL, f4—XEZanx.

(b) Thanks to the previous question, compute the cohomology groups H* (Q2», Z).
(c) Use Bogomolov’s formula to compute Br,,Q(V)2".

2. In this question, we aim at computing the group Bry,, Q(V)%" thanks to Hara-
ri’'s formula. This computation is due to Demarche.
(a) Compute the group QSE.
Let now p be an odd prime number and let @g be the maximal tamely ramified
extension of Q. Set T, := Gal(Q};/Q).

(b) Prove that, for each b e Q;‘E, there exist elements ay, ..., a,, by,..., b, € Qon

such that the product b; ... b, lifts b and asbsas‘1 = bf for each s.
(c) Deduce that the image of the natural map ¢ : H 1 (Tp,Qon) — H 1 Iy, QSE)
spans the whole group H'(T ps Q;‘E).

Hint: recall that the group T, is the profinite group generated by two elements o
and 7 satisfying the relation oto™! = 7P.

(d) Deduce that the image of the natural map H! (@p,Qon) — H 1 (@p,QSE)
spans the whole group H () pr Q;‘E).
(e) Use Harari’s formula to compute Bryy, Q(V)Qr,

3. Compute the group Br,;Q(V)%" and use supersolvable descent to prove that
the group Q2 satisfies the weak approximation property over Q.

Remark: this result is not at all obvious, since for n = 4, the field Q(V) Q1 s not rational.

Exercise 37: x (Inverse Galois problem with norm conditions)

Let K be a number field and «f ¢ K™ a finitely generated subgroup. Let G be a super-
solvable finite group. In this exercise, we are going to prove the following Theorem
of Harpaz and Wittenberg: there exists a Galois extension L/K with Galois group G
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such that every element of «/ is a norm from L. To do so, we choose an embed-
ding G — SL,(K) and a finite system of generators ay, ..., @, € /. We then consider
the variety Y := SL;, x T*! x --- x T%m where, for each a, we denote by T* the fiber
above « of the multiplication map [[gegGm — Gm. Note that G acts on the T%’s by
permutation of the coordinates.

1. We make G act on Y diagonally and we set X := Y/G. It is well-known that
the quotient Br,(X)/Br(K) is finite. Use Ekedahl’s irreducibility Theorem ' to
prove that there exists x € X (K) such that the fiber Y, is irreducible.

2. Conclude that the function field L of Yy is a Galois extension of K with group G
such that of < N,k (L>).

13. See Theorem 1.8 of the course notes.
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