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(1) Let G be a triangle-free graph on n vertices with a(G) < Cv/nlogn. Show that e(G) > en/2\/logn,
for some ¢ > 0.

(2) Complete the proof of Shearer’s theorem - discussed in class.

(3) Say that a function f : {0,1}" — R is increasing if f(x) > f(y) whenever x; > y;, for all coordinates
i. We prove the following generalization of Harris’ inequality as seen in class: Let f,g: {0,1}" = R
be increasing functions and let X,..., X,, ~ Ber (p) be independent. Then

Ef(X1,.... X)g(X1,..., X)) 2Ef(X1,..., X0)Eg(X1,...,X,). (1)

Show that equation implies Harris’ inequality, as stated in class (about events in the probability
space G(n,p)). Prove equation by induction on N.
[Hint: Consider one variable functions of the form f(y) =Ex, . x,f(y,X2,...,Xn)]

(4) The purpose of this exercise is to prove Janson’s inequality, which says the following.
Let H be a hypergraph on vertex set V and, for p € [0,1], let X C V be a p-random set. Define

p(H)=> P(XDe) and AMH)= Y PXDeUf),
ecH e, feH: e~ f
where we write e ~ f if e 4 f and e N f # (). Then we have
P(X 2 o, for all 0 € H) < e H+HA0D,
(a) Write H = {e1,...,en} and define the events 4; = {e; C X'}. For i € [m] define
Di= () A5 and L= [) A5
jiejr~e; j<iejole;
For each i € [m], show that
P(Di| AinT) >P(Di| Ai) > 1— > P(4;]A)
J<izi~vg
(b) Finally use the above to prove
P(A; [ASA-NAS ) 2P(A) = Y P(A A A)).
j<iej~e;
(¢) Now use the above to prove Janson’s inequality.

(5) Let G ~ G(n,p) where p = \/n, and A > 0 is fixed. Show that
lim P(G D K3) = e /3,
n—oo

Now let 1/n < p < Cn~1/2. Show that

P(G % K3) = e ©¥""),



(6) There is also a very useful second form of Janson’s inequality. Using the same assumptions as in the
first question and A > u, we have that

P(X 7 o, for all 0 € H) < exp (_ 5&7@;).

Use the first Janson inequality to prove the second Janson inequality.
[Hint: apply the first part to a random subset of the events A;, as defined above.]
(7) Show that if n=%/2 < p < 1/2 then

P(G 5 K3) = e ©@),

(8) A set system A C P([n]) is said to be intersecting if for all z,y € A we have z Ny # () Show that if
A is intersecting then |A| < 2”71, Show that if A;, ..., Ay C P([n]) are such that A; is intersecting
for each i, then |A; U--- U Ay| < 2" — 277k,

(9) For k € N, 7 > 3, show that there exists C' > 0 so that the following holds. If p > Cn~?/" and
G ~ G(n,p), then for every colouring of the vertices ¢ : V(G) — [k], there exists a K, where all its
vertices have the same colour.



