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When do 2 psa give same field

What is discriminant of Aca
Dk disc Cf

We can answer in individual cases but not systematically
enough to counteasily

Moral i som classes of
fields I polynomials

Nonetheless
looking for algebraic numbers

gives best general approach
to tabulation of deg d fields

listing each field with Dk EX once
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Three Approaches to count Nga

Class Field Theory G abelian
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Can count all abelian fields
this way

Maki

Also reasonable for tabulation



Parametrizations geometry of numbers
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Count Ca b c d in a fundamental domain 51to count one per orbit

Use geometry of numbers

Ns X j X to X

Gives very
fast tabulation of cubic fields

Belabas

Potential for fast tabulation of quartic quintic
using Bhargava's parametrization

s
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Distribution of class groups of number fields
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of the time

Tables of class groups
of quadratic fields both

helped motivate these conjectures

provided evidence for the conjectures

A Matrix Model
KCh 2 Safetof primes of k sufficient to generate Clk

its
Of aek valpato Vp S
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Uk roots of unity in K
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How might these be distributed Mod p uniform
Modp2 uniform

over Ip Haar

A randommatrix question
Take Np E Matata Ip from Haar measure

What is distribution of cokNp

Sketch Zp
2pm
IET Np 2pm Ep

IBI maps 2pm B

Given one what is prob
fgives

Prob 113th
a Np2pm c kerf
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0 Cohen Lenstra dist conj for imay quad
I real

Maybe
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Ostap Ep
Is Ep are

a distributed from Haar measure on Matnentulkp

Would Cohen Lenstradistribution forquadratic fields

Caveat to even make sense of this need basis for

Osten

Preliminary computations suggest fails



Universality

Actually many
more distributions of

random ME Matnentulap EtmIFeasure
have co k Mp cohen Lenstra distribution

Take any distribution
on Ip not all same mod p

1W
EMathena Ip entries i i d from it

l im Prob co k Np B FAIT
nos

Ques What is the distribution lempircally
of

these Mp defining class groups
and does

this universality hold for that distribution



 

Moments of Class Group Distributions
We are interested in averages

E
Kimagquad

f Uk M p odd prime
I E flaker

So far mostlythought about f 11
characteristicfunction of a

finite abelian p group

Rmf Averages of 1B'sdon'tdetermine
other averages

son's homo
because of the limit

Another important class of f f x Sur X B

Average of Sure B is the B moment of

a distribution of groups

Analogy Average of Xk is kth moment of

a distribution of real numbers

Mug Thy Let X Y be random finite abelian groups

If for every finite abelian group
B we have

SysurcxBdu surcx B EL Surly B 7 091331

then for every finite abelian group
A

Prob XIA Prob CY A

We are interested in limits of random variables
distributions



Thin Letp be a prime
W Let Y Xi Xz be random abelian p groups

If for every abelian p group B we have

him I C Suren B EC Surly B 7 091331

then for every finite abelian group
A

him Prob XA probly A

Moral Averages of Surf B over class

groups for all B
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Conversely Lch Galois Gal Lia Bai azz
gives Kla quadratic LIK B extension

LIK un ram a inertia in Gallia n B 1

So Average of Surcak B
49 Bake extns

The only average E flaps we know uses this

Davenport
Heilbronn tha E Sur Ok 432 l

K imag quad

3321 1922 53 53Galoisextensions a non Galois
cubics

imposing conditions on inertia

Thmaspredicted by the later Cohen Lenstra heuristics

Indeed I IÉ for all
B abelian

Aabelian
p groups

Aabelian

Recall our matrix model N E Matnen Ep from

Haar measure



EL Sur Cook N B

Sur Zpygy.pt
space of N

Prob Nap c kero each column
of N independent

eSur Eph B from Haar
measure on Ap

E IBM
OESurCap B
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This doesn't automatically give
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but w a converge theorem we can show
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But not vice versa

Nextlecture generalization to class groups of

higher degree extus

class groupselements orbits of Very large tables
of quad 1 7 binary of class groups
fields Dedekind quadforms of quadratic

fields

Cohen Lenstra conjectures for

quadratic fields look good

In higherdegree smaller tables t no conjectured
speed of convergence

Challenges to using empirical evidence
for conjectures

Suggestion Would be good to have heuristics for

speed of convergence
error terms

for
quad
fields

secondary terms where we are pretty
for Cohen Lenstra conjectures confident in answer

How does it depend on which moment group
in a way that could give insight

for higherdegree



of imaginary
quadraticfields

unramifiedAy
extension

152
moment

an
Zzzmoment

732 32 moment

Cup to DK230

Knownsecondary term

Bhargava
Shankar
Timerman Thin E Sur Ok 23217 1 ex'ÉÉÉTaniguchi
Thorne is

Kimagquad secondary term
070 given
explicitly

k real quad c X'holy's
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Follow up from yesterday
HoughtpaperEquidistribution of

Bounded torsion CM pts
gives theoretical heuristic suggesting

EC Sur Clk Yea 1 ex Etta Itt
K imag quad
Rodd k 3 3 3 16

k 5 2 3 70
Says for k 5,7 looks good w data

639 looks not so good



Class Group Distributions for higherdegree
extensions

G finite group

Kla Galois G ext n

Clk is a REG module

We should ask for its distribution as such

Thoughtexperiment What if the Cohen Lenstra

conjectures had beenabout only 10kt

Try to write EE fatal withoutmentioninggroups



Ok as a Z EG module

N
g

e ZEES NOK p o p prime
pX Gl

Let p prime pX1Gl

R Zp GIN OkEpa is an R module

keeping track of

Sag
GaloisG extns Kia

w decompgroup as Go conjugacy class in
G of complexconjugation

Cohenand Martinet have conjectureswhichimply
see lawn

pt Gl and f
a'ifinition of R modules

E FCQk p'd
a group
iÉÉAtAT

KESGGO

1
1 0

EIGER

Clips is distributed as a R module

with relative probabilities

1ATIARCAT



This distribution has moments

E Surpf B Eos
Mind Thy These moments determine a unique

distribution Cof R modules

WARNING These conjectures need some modifications

Malle through empiricalcomputations
of class

groups

conjswrong at p 2 lov replacing Ch by Ko
when

pl lukol
roots of unity issues

Bartel Lenstra for some G ordered by discriminant

a positive proportion of G fields
contain a fixed

sulefield

So replace Dk by an invariant that doesn't have
this property perhaps tram primes

Rmf For pxluk.lt ordered by tram primes
Liv W Zureick Brown prove that conjectures hold
over Ko qltl with an early apes limit

Class group distributions
of non Galois extns



G finitegroup H subgroup

a Galois G extension K L't

For p prime pX161

Crepe Q pay H

So in principle Cohen Martinet conjectures
for distribution of

Cl Lepa as Clk Epa
a G module as a p group

G modules abelian
groups

In Wang W we work out what this

push forward is
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trivial
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Case when Vg His absolutely irreducible.be

CohenMartinet conj p prime pilot

E FCC Epa
A abelian

W D
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I 1 E LAHAT
260

A abelian
p group

where u cycles of Go on GA unit rank
I of LEK

L
Clips is distributed as an abelian

group with relative probabilities

IA utAl

This is distribution determined by
B moment Bt

Same caveats Rou counting int apply
takeaway When Vo Clay is irreducible

Cly pot has no additional structure

Next when Vgn is reducible

Cl Cps has extra structure

E G Dy 1234 24 H 242
index 4

I a Z

K L is a quartic Dy exth
4 3

IAutCK 1 2



AutCK oak

G Ay H C23 2 45 Lindex 10

L G ext n K L I Autckstal

but Vg not irreducible

Let e Eph ER Zp GIN

idempotent notnecessarily central

T ere or cormdemin Hecke algebra

Ty Qp HIGH

Cl Cpa R mod

If B is an R module
2
capo

T naturally acts on B a peg
B is a T module

using pX1Gl makes this much simpler

Thy T ap if Vg is irreducible

So we ask about dist of Cl pas



as a T module

Cohen Martinet Cp prime px161

f I Epo
B p gp

IIs g_
LES G GO

KetAutTBl
180 B p gp

T module

OkEpo is distributed as a T module with

relative probabilities

IRexo
B.lt

uttB1

It would be great to have computational evidence

for Coragainst these predictions

Many specific suggestions in notes especially
around the caveats t corrections

in cases where no prediction is made

p l II sometimes Cohen Martinet makesa prediction sometimes not



hen pl lol more to say

AlexSmith determined distribution of cydig

OKO for Ce extns

see his webpage for seminar announcement
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