
 
Continuation An introduction to Al homotopy

theoryusingenumerativeexamps

deg Csn S 2

Given F S S and pes sit f y E

degfe degeif

degree degaif can be computed

Let Xi Xn be oriented coordinates near q
Let Cy yn n p

Then f f fn IR R

Let J det IF

deg f
1 if Ja o

1 if Jex O

if Jax O

Q What if the zeros of f are not

multiplicity 1



E

4f.ie s inggignatmfomnt
where we kl is the isomorphism class of the

following bilinear form

fact fn Q I I n
finite dimensional
complete intersect

Q Gorenstein
HomaCQ k EQ Better distinguished iso comingfromdistinguishedsocle element

bilinearform
Explicitly

Jac f det Ifj Scheja Storch

choose n Q R
sit NC Jac f dimnQ

isomorphism class of well doesnot dependon choiceof nEy fi Al f z z

Eisenbud Q Bulletin Ams 78 WE defined
over a field k char k 2 and acts as a

degree Does welsh have a topological
interpretation



thy Kass W deg f well in Gwen

for X rational

Brazelton BurklandMckean Montoro kex 2k separable

Opie

Exercises 1 Filth An foxy 4 3
Zy

char R 2

compute degof

DetouronA Milnornumbers

IAtMilnor char k 2

The simplest singularity is a nodes defined
over I be a point pet with Eir É É gne

order

hypersurface singularity pe f o X

If you vary X in a family Xt f x xnltaix.tn tank t
the potentially more complicated singularity
bifurcates into nodes



Forany Ca an sufficiently

R node's
degli's grad f Milnorinfamily

lp Milnor

over R char R 2
nodes come in different types

4 residue field L
REL separable SGA 7 XV

tangent directions are
defined over Lfa

eg R R

xitxi o
X Z

Xi 0
non split non rational split

way ratretgtdirections



Def The type of a node p with

Ep I
knfgj.pt is defined

type p Tr
pep n

22 ai EGWer

Def IA Milnor

Mp's deg gradf
type p

Kass W nodes

fatuity
Pauli W dynamic interpretation forgeneric

9 an

Ey fax y X y char 43

polo o E f o

grad 1 3 3 24
deggradf deg 3

2
degGay

If h ranks
I c I So M 2



family y X tax t
a

Iatonyt
Disc xtaxttio

493 2762 0

bifurcates into 2 nodes

over Is 417 2 17 can't bifurcate into a
split non split node

over 17 417 17 I can't bifurcate into

2 Split or 2 nonsplit
no des

Exercise compute n't for ADE singularities

sina.it fixit
Dn Xaciriexi
EG XP txt



Ez IX exit X

Er I XP txt
which ones are not multiples of Al

The classical Milnor number can also be

computed using the Euler
characteristic Z

of the Milnor fiber and is related to

conductor formulas

M Levine Lehalleur Srinivas

R Azouri

have subtle results on Gwen enrichment's

fun reference

Milnornumbers
P Orlik The multiplicity
of a holomorphicmap at an

isolated critical point

IA Euler characteristic XA

Xsmyprojectivet
Last time A vector bundle X is relatively

oriented by CL E where Lex
is a line bundle and Y is an



isomorphism O
Ey
HomldettX detr

TX has a canonical relative orientation

Since Hom detTX det TX 0 002

It follows that we may define

X y

healer
number

n TX E GW R

thy M Levine X X equals

the categorical Euler characteristic
definition
omitted

reference M Levine Aspects of Enumerative

Geometry with Quadratic Forms

Ex CM Levine Lehalleur Srinivas

x c IP n even

X f o for Fe RCxo An



homogeneous degree e

Define Bsac to be the restriction of

QxQÉ r

Clebsch cubic surface Qt ÉÉiEphoto Zanzig
model in collectionof Universitatn

Gottingento

E o cense n z
The degree
qtl e n 2

part
ELEX Le s e Bjact Eh

h 1 2 17

EI Cto x Xz x Ex Ex3 CIP Q
Clebsch cubic surface Xcc q

x C 2h 4 107 5 6 217 1 147

4 27

computed with Macaulay 2



cohomology suck stable IAhomotopy theory

cohomology theories H on smooth R schemesX

ex H

HI motivic con

HI generalized motivic cob

K K theory
KO Hermitian K theory

H'CX In Hom X H X EH

X vector bundle

MVC X X ThCV AH
Th V VIVA o twisted suspension

EI V Qt trivial bundle of rank n
on X



then write H for H

HK X EH X Zen EH'm X

ICH X Chow group
of

algebraic cycles
codin n

m

geometric
degrees

HI X ECT x Chow Witt groups
or oriented Chow groups
formal sums of codim n

subvarieties Z with coefficients
in GWCKCZ subject to conditions
mod equivalence

ref Barge Morel Groupe de Chow des

cycles orientes et classed Euler

des fibres vectoriels

Bachmann Calmes Déglise Fasel Ostraer
Milnor Witt Motives



K X E group completion vector
bundles on X

KO X E group completion vector
bundles on X

with non degenerate symmetric form on

representable

HI HI K KO e SH CR

cohomology with support Z X closed subschene

Def HI X Xx z Ther 1H

Eulerclass

H cohomology theory H ring

1
Vector bundle with a section

x

Def The Euler class of V with respect to f

e V f e H
V
fo

X is the htpy
classof

a

xx to Fo 1H



s is ki or a local complete

intersection morphism
if it locally factors as

u p s
smoothclosed

immersion
determined

by a Kostal
regular sequence

roperties

well behaved cotangent
complex Lf

L t No A conormal bundle i.e dual of
normal
bundle

Lp Trp s
t Ts

Lpi determined by I Lp Lpi Li

coherent serre duality
related to Lf

pushforward p X S proper lci

Becker Gottlieb transfer IS Th Lp

Pa H P X Hols

ed X sm r p HT XX 4 CR



orientedtheories H is GL oriented if

HICHEHICX n rankr

the twisted suspension is just a suspension
to the eyes of H

ex HR K none HEY Ko

His SEiriented if

HECHE HE Cx

whenever V and V have the same

rank and detredetV 202

L X line bundle

Ananyerskiy

ex HI KO

For V relatively oriented on XJR Psm
proper



and H an Ste oriented theory

HV x HT x

Let f be any section of
V for example fo

ur x EMINEMHEY HID
f o

µ
U

Ecu f seller nHir

2 Celler f X Ej Theban

since any
two sections f f of V are connected

byCA s 2 e V f 2CeH Vfa

Let HCV 2CeHCV fl

Def The Eulernutber n'ly of

V in Hock is n'Cr p e r

This agrees with our previous definition
for the HE or KO



So we have shown n V I degf
X s t
f x O

is independent of the choice of section f

reference Déglise Jin Khan
Bachmann W

An Arithmetic Count of the lines on

it.si
iosu

A cubicsurface is X E P

X CW x y Z I FCW X Y Z 0

where f is homogeneous of degree 3

Thy Salmon Cayley 1849 Any smooth cubic

surface over Cl contains exactly 2.7 lines

EI Fermat cubic surface

FCW x y z W 1 3 43 23



lines CS S T T CST e car EX
or w 13 1

IS IS T WT CSTJepical EX

permutevariables I 2 3 ways

Total 3 3 3 27 lines
Proof for any smooth cubic surface over Q

Gr 1,3 Grassmannian parameterizing
lines in P

equivalently
WE k dim W 2

S Gr 1,3 tautological bundle

Scipwy W

Sym's Gr 1,3 rank y vector
bundle

Sym's Sym W
pay

Cubic polynomials on W



f determines a section of of V

TICCIPWJ f
w

Tf CPW O E line L corresponding
to w is in X

so we have reduced to counting
The zeros of a section of M

n V I deg Tf
Fulernumber lines 2

Sit TfCL O
same as Euler
class using ordinary

singular homology
of d points

Fact cubic surface smooth all zeros have
multiplicity

since Tf is over I of preserves
orientation deg of L



NCV lines

and in particular is independent of f

compute n V 27 from splitting principle
H'CGrCl 3

or from the above example

cubic surfaces over IR Schlafli 1863

there can be 3,7115 or 27 lines

Segre 1942 distinguished between

hyperbolic andelliptic lines

LEX
L real line

Aside Ant L I IPGLR IEPCLR
ZHÉÉ d as É be Fix I Z IG z

Ie PGLzR is hyperbolic if Fix is 2 realpts

K elliptic if Fix I is a conjugate
pairofcomplexpts



L gives rise to an involution I L L

Icp defined

Trn
TX

LUG
degree3 FEont

LAC p g

Icp q

L is hyperbolic elliptic when I is

Alternatively use Gpinstructures

L Planes in

containing

p Tp X

elliptic spins around

hyperbolic doesn't

W3tx't43 23 0Cig P3

j.IE wtozallIR lines hyperbolic
is
above t



Okonek Teleman ily
Thy Segre t Finashin Kharlamov 12

Benedetti Silhol ay
Horer Solomon 12

hyperbolic elliptic 3lines lines

elliptic
Q What about a pajgfishfield

noteshyperbolic_g

makes
sense

I The above proof works in A homotopy

theory We obtain

line Lf Yubicsurface

Def the type of L is D E Gweru

where DeRCLY cLtj2iss.t
Fix I is a conjugate pair of points in RCL TD

D Lab ed I Ed



D L i deg I

Fact KERCL is separable

Traci nGWc KCL
Gluck

Vx KUJI Curr RUTER

Thin Kass W Letrbe a field chark 2 Let X
be a smooth cubic surface in 3 Then

E Tracy Type L 1547 122 1
lines
LEX

Rmf
K G

Apply rk is 27 lines one G

R R Apply Signatures hyperbolic elliptic 3



R Tq Figg Ebu

So natural to say type 1
hyperbolic

type cu elliptic

and Hirschfield did

CI elliptic hyperbolic
lines defined lines defined

70 mod

over Iqraover IFqzat

e.g when all lines defined one K

elliptic EO moda
lines

Pauli analogue for Quintic 3 folds

For Euler numbers see M Levine Witt valued
characteristic classes

Bachmann W IA Euler classes lefactors


