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SHARP ESTIMATES FOR SPANNING TREES

STEVEN KLEE, BHARGAV NARAYANAN, AND LISA SAUERMANN

ABSTRACT. We prove the following sharp estimate for the number of spanning trees of a graph in terms of
its vertex-degrees: a simple graph G on n vertices has at most (1/n2) HvGV(G) (deg(v) + 1) spanning trees.
This result is tight (for complete graphs), and improves earlier estimates of Alon from 1990 and Kostochka
from 1995 by a factor of about 1/n (for dense graphs). We additionally show that an analogous bound holds

for the weighted spanning tree enumerator of a (nonnegatively) weighted graph as well.

1. INTRODUCTION

In this paper, we shall be concerned with enumerating spanning trees; this is a fairly old problem in
enumerative combinatorics with its origins in Kirchoft’s matrix-tree theorem [9]. This problem is closely
connected to linear algebra and has applications in geometry, number theory and algebra; see [15] for a survey
of many of the classical results, and [8, 13, 2, 3, 6] for more on applications.

Here, we shall aim to answer the following problem: writing 7(G) for the number of spanning trees of a

simple graph G, what is the best-possible upper bound for 7(G) in terms of the vertex-degrees of G? Our
main result, stated below, answers this question with a sharp bound.

Theorem 1.1. For every simple graph G, we have

T@Sﬁ 1 (deg(v) +1). (1)

veV(G)

The most attractive feature of Theorem 1.1 is that the bound (1) cannot be improved in general; indeed,
Cayley’s formula (see [1]) states that the number of spanning trees of the (unweighted) complete graph K, is

n™~2, and this is precisely what the right-hand side of (1) yields in this case.

Our theorem is by no means the first result in this direction; Kostochka [12], generalising an argument of
Alon [2], showed that every simple graph G satisfies

< o1 ‘_ [T dest (2)

veV(G)

7(G)

By way of comparison, our bound (1) improves on (2) by a factor of about 1/n for dense n-vertex graphs.
On the other hand, for very sparse graphs, our estimate (1) is weaker than (2), and in this regime, very
strong bounds (sharper than both of these estimates) are known for bounded-degree graphs; see [14, 2, 12],
for example.

We shall give two proofs of Theorem 1.1, a combinatorial proof by induction on a more involved proposition,

as well as a linear-algebraic proof based on Hadamard’s inequality.
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Our linear-algebraic approach allows us to generalise Theorem 1.1 to weighted graphs. To state this
generalisation, we need some definitions: given a nonnegative weight function a : E(G) — R>¢ on a simple
graph G, we write 7,(G) for the weighted spanning tree enumerator of G and deg, (v) for the weighted degree
of a vertex v € V(G). In other words, 7a(G) = > _r [[cep(r) @(e), where the sum is taken over all spanning
trees T of G, and deg,, (v) is the sum of the weights of the edges incident to the vertex v. In this language,

we have the following analogue of the bound (1) for nonnegatively weighted graphs.

Theorem 1.2. For every simple graph G equipped with a nonnegative weight function o : E(G) — R, we

have
1
Ta(G) < VP UGI‘JG)(dega(U) +1). (3)

Of course, when the weight function is identically one, we recover the usual spanning tree count and

vertex-degrees of a graph, so Theorem 1.2 readily implies Theorem 1.1.

As mentioned earlier, our proof of Theorem 1.2 proceeds via Hadamard’s inequality. Here, it is also worth
mentioning that an alternate linear-algebraic proof of Theorem 1.1, that gives a different (and incomparable)
estimate for multigraphs as compared to the one in Theorem 1.2, using Schur’s inequality and some

majorization theory was independently found by Chelpanov [5].

Our work here was motivated in part by a beautiful conjecture of Ehrenborg (see [6, 10]) asserting that for

any simple bipartite graph G with partition classes A and B, we have

1
7(G) £ ——=; deg(v). (4)
e 1
We are unfortunately unable to sharpen either Theorem 1.1 or 1.2 in any meaningful way for bipartite graphs.
However, we remain optimistic — indeed, this is our rationale for supplying two proofs of Theorem 1.1 —

that the techniques we introduce may be of some use in resolving Ehrenborg’s conjecture.

This short paper is organised as follows. The proofs of Theorems 1.1 and 1.2 are given in Section 2. We then

conclude with a discussion of some open problems in Section 3.

2. PROOFS OF THE MAIN RESULT

In what follows, all graphs under consideration will be loopless. We shall deal with various types of graphs: a
simple graph is one with at most one edge between any pair of vertices, a weighted graph is a simple graph
along with a nonnegative real-valued weight function on its edges, and a multigraph is a weighted graph with
nonnegative integer weights, which we alternately think of as an unweighted graph that allows multiple edges

between pairs of vertices.

For a graph G, we write V(G) and E(G) for its vertex set and edge set respectively. For a subset U C V(G),
we denote the subgraph induced by G on U by G[U]. For a vertex v € V(G), we write deg(v) for the degree
of v in G when G is a simple graph or multigraph, and if G is a weighted graph equipped with a weight
function «, we write deg,, (v) for the weighted degree v in V(G), i.e., the sum of the weights of the edges
incident to v. Finally, we write 7(G) for the number of spanning trees of G when G is a simple graph or
multigraph, counting with multiplicity in the latter case, and if G is a weighted graph equipped with a weight
function o, we write 7,(G) for the weighted spanning tree enumerator of G, i.e., the sum > 7 [[.c g(r) a(€)

over all spanning trees T of G.



For a weighted graph G with a weight function « on its edges, we write £, (G) for the weighted Laplacian of

G, which is the matrix whose rows and columns are indexed by the vertices of G whose entries are given by

deg,, (u) if u=v, and

»Ca G w2 —
(£a(G)) —a({u,v}) fu#wv

for all w,v € V(G). We identify missing edges in a weighted graph with edges whose weight is 0.

Kirchofl’s theorem [9] famously asserts that every cofactor of £, (G) equals 7,(G). We shall make use of the
following result of Klee and Stamps [10, 11], generalising an older result of Temperley [16], for enumerating

spanning trees via rank-one perturbations.

Proposition 2.1. Let G be a weighted graph on n vertices equipped with a weight function o : E(G) — R>o.

For any vectors u = (u;);—, and v = (v;);,, we have

() (5=t s

In particular, by taking u =v = 1,, to be the all-ones vectors, we have

det(Lo(G) + 1yxn)

Ta(G)

)

where 1, x, denotes the n X n matriz of ones. O

We shall also need Hadamard’s inequality in the following formulation; see [7] for a proof.

Proposition 2.2. The determinant of a positive semidefinite matriz is no larger than the product of its

diagonal entries. O
We are now ready to give the first proof of Theorem 1.1 via the more general Theorem 1.2.

Proof of Theorem 1.2. Let n = |V (G)| be the number of vertices of the graph G. We start by verifying that
the matrix £,(G) + 1, xyn is positive semidefinite; indeed, this follows from observing that

2

2T (Lo(G) + Lpxn)z = 2T Lo (G + 271,z = Z <a({1;,v})> (zy — ) + Z Ty | >0

u,veV(G) veV(G)
for all z € RV(&),
We are now done since
det(Lo(G) + 1nxn) 1
o = < d ]. 5
(@) VP T V@GP UGIVL)( )+

the first equality following from Proposition 2.1, and the second inequality from Proposition 2.2; this
establishes the required bound. O

Our second proof of Theorem 1.1 is combinatorial and proceeds by induction. We may deduce Theorem 1.1

from the following stronger — albeit somewhat technical — result about a special class of multigraphs.
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Theorem 2.3. Let G be a multigraph on n vertices and suppose that there is a vertex u € V(G) such that
GV (G)\{u}] is simple; furthermore, let V(G)\ {u} = {v1,v2,...,vn_1}, and for 1 <i<n-—1, let d; denote
the degree of v; in G[V(G)\ {u}] and let m; denote the number of edges between u and v;. Then, we have

n—1 n—1
1
G <|1- _ d; i+ 1). 5
0= (15 o T ®
Theorem 2.3 yields the following result — itself slightly stronger than Theorem 1.1 — when specialised to
simple graphs.

Corollary 2.4. For every simple graph G on n vertices and any vertex u € V(G), we have

(@) < 2B TT (erw) + 1) < 5 T (des) +1). ©

n(n—1)
veV(G)\{u} veV(QG)

Proof. The second inequality in the result follows from the fact that deg(u)/(n — 1) < (deg(u) + 1)/n since
deg(u) <n —1 (as G is simple); it therefore suffices to prove the first inequality.

As in the statement of Theorem 2.3, let V(G) \ {u} = {v1,va,...,vn-1}, let d; denote the degree of v;
in G[V(G) \ {u}], and let m; € {0,1} denote the number of edges between v and v;. Then deg(u) =
my + mg + -+ +my_1, and for each v;, we have deg(v;) = d; + m;, so in this language, the first inequality
in (6) may be rewritten as

n—1

H(di +m; +1). (7)

=1

my+mg+---+Mp_y
G) <
(@) = n(n —1)

Since m; € {0,1} (as G is simple), it is easy to see that

n—1l4+m; n—1 nn—1)

whence we have

n—1 n—1
1 1 m; my+mg+ -+ my
;n—l—i-mi ;(n—l n(n—l)) n(n —1)
With this identity in hand, it is now clear that Theorem 2.3 implies the bound (7), and the corollary
follows. |

We now proceed to give the proof of Theorem 2.3.

Proof of Theorem 2.3. We proceed by induction on the number of edges of G. Let us treat our base case,
namely where m; =mgo =--- =m,_1 = 0. If n =1, then both sides of the inequality are equal to one. If
n > 2, having m; = mg = --- = m,,—1 = 0 means that u is an isolated vertex, so 7(G) = 0; the right-hand
side of the inequality is also seen to be zero in this case when n > 2.

We may now assume that m; > 1 for some i € {1,...,n— 1}. Relabelling the vertices if necessary, we suppose
that m,_1 > 1 is the maximum of my,mo,..., m,_1, and we then colour one of the m,,_; edges between u

and v,,_1 red.

Now, let G’ be the multigraph obtained from G by deleting the red edge between v and v, _1, and let G* be
the multigraph obtained from G by contracting w and v,,—1 into one vertex (which we again call u in G*). For

each 1 < j <n —2, the number of edges in G* between u and v; is the sum of the number of edges between
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u and v; in G and the number of edges between v,_; and v; in G consequently, for each 1 < j < n — 2, the
degree of v; in G* is the same as its degree in G (namely, d; + m;).

Clearly, 7(G) = 7(G") + 7(G*); indeed, 7(G") is the number of spanning trees of G that do not use the red
edge, whereas 7(G*) is the number of spanning trees of G that use the red edge. Note that both G’ and G*
have fewer edges than G.

By applying the induction hypothesis to G’, we get

n—2

1 1 -
TG < (1-) - (dp—1 4+ mMp_1) - Hd+mj+1 : (8)

jzln—l—i—mj n—2+mMuy_1

For 1 <j <mn—2,let §; € {0,1} denote the number of edges in G between v; and v,,_1, so that the number
of edges in G* between u and v; equals m; + J;. By applying the induction hypothesis to G*, we get

n—2 n—2

(G*) < 1—2; [T +m;+1). (9)

:1n72+mj+6j i=1

Given that 7(G) = 7(G") + 7(G*), it suffices to prove that the sum of the right-hand sides of (8) and (9) is at
most the right-hand side of (5). After dividing by (dy +m1 + 1)(d2 +ma + 1) -+ (dp_2 + mp_2 + 1), this is
equivalent to showing that

n—2 n—2

1 1 1
1- - dp— n 1- _—
j;n—l—kmj n—24+my_ (dn1 +1m0-1) + ;n—2+mj+5j
n—2
1 1
< 1—2 - (dp—14+mp_1+1),

s n—14+m; n—14+mu,_1
j=1 7

which may be rewritten after further rearrangement as

”22( 1 - 1 )< dn1 + Mn1 - 1 10)
= n—14+m; n—24m;j+d6;)  (n=2+mp_1)(n—14+mu_1) n—1+my_1

Recall that m,,_1 is the maximum of my,mo,...,m,_1, S0 we have
1 1
> 11
m=2+mj)in—14+m;) — (n—24+mp_1)(n—14+my_1) (11)
for each 1 < j < n — 2. Note that there are exactly d,_; different j € {1,2,...,n — 2} with §; = 1, and
n—2—d,_q different j € {1,2,...,n—2} with 6; = 0. Summing (11) over all j € {1,2,...,n — 2} for which
d; = 0, we obtain

Z ( 1 2 n—2— dn—l . (12)

ooy 24+mj)n—1+m;) — (n—24+mp_1)(n — 1+ my_1)

Recalling that 0; € {0,1} for each j € {1,2,...,n — 2}, we now conclude that
n—2

e D T
j:1n72+mj+5j n—14+m; {jzajzo}n—2+mj+5j n—1+4+m;

Z 1
(a0} (n—2+mj)(n—1+m;)

> n—2—dn_1
“(n=24my_1)(n—14+my_1)
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1 dn—l + Mp—1
= - ) (13)
n—14+my_1 M—=24+mu_1)(n—14+my_1)

which is precisely the inequality (10) we needed to establish; this completes the proof. ]

3. CONCLUDING REMARKS

We remain cautiously optimistic that some of the ideas introduced here may be relevant in resolving
Ehrenborg’s conjecture (see (4)) which, to us, appears to be the main outstanding problem in this area.

For example, it is plausible that Ehrenborg’s conjecture admits a proof by induction via some analogue
of Theorem 2.3 for bipartite graphs. The main difficulty here lies in the identification of such a bipartite
analogue, and all our attempts to find such a statement have so far been unsuccessful. More generally, any
proof of Ehrenborg’s conjecture must grapple with the fact that the most natural generalisations of this
conjecture to weighted bipartite graphs are false.

We close by mentioning that it was shown by Bozkurt [4] via a linear-algebraic argument that every simple
bipartite graph G satisfies

T(G)S‘E(lG” I des(v).
veV(G)

and this remains the state of the art.
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